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practice is to choose a finite step size which is small enough to make finite step size

errors small compared to other statistical and systematic errors of the simulation.

RHMC Algorithm

Another approach to simulating an arbitrary number of fermions is to rewrite Eq.(5.9)

as

Z =

∫

[dU ][dφ][dφ†]e−φ†r2(D)φ−Sg , (5.25)

where r2(x) = x−α/2. r(D) is a rational function of the Dirac operator D, which

approximates D−α/4 to the desired precision. When applied to a source vector φ, it

can be written as

r(D)φ = α0

∏n
i=1 D + γi

∏d
i=1 D + βi

φ, (5.26)

where n and d are the degrees of approximation for the numerator and denominator,

respectively, which are often chosen to be identical. In this case, the above rational

function can be further expressed in terms of partial-fraction expansions [24]

r(D)φ =

[

α0 +
d

∑

i=1

αi

D + βi

]

φ. (5.27)

The shifts βi are found to be all positive and real, which allows us to use the multi-

shift solver [68] which computes the matrix inversions (D + βi)−1φ for different βi’s

simultaneously. Thus the rational approximation does not incur much additional cost

to the matrix inversions [24] compared to the standard HMC algorithm.

In the RHMC algorithm, the gauge configurations are updated through the fol-

lowing steps:

1. Heatbath update for the conjugate momentum according to the distribution

P [π] ∝ exp(−π2/2);


