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whose integrated autocorrelations are measured,
but also on the physics of the system, such as the
presence of nearby phase transitions.

Computations have been carried out on differ-
ent lattice sizes, so we obviously need to com-
pare the “cost per unit volume.” It would be
wrong to assume näıvely that the cost of all al-
gorithms scale linearly with the number of lat-
tice sites V/a4 at fixed lattice spacing a: while
the R algorithm (§6.1) cost scales as V for fixed
(volume-independent) O(δτ2) errors in the pa-
rameters of the effective action being simulated,
the cost of the Hybrid Monte Carlo (HMC) al-
gorithm1 grows as V 5/4. Fortunately the effects
of such different volume extrapolations are small
compared to the errors in the cost estimates any-
how.

Figure 1 shows the approximate cost of evolv-
ing a 163 × 32 lattice through one unit of MD
time as a function of the dynamical π mass
achieved. Four types of fermion action have been
used recently for large-scale computations. Wil-
son/Clover fermions seem to increase in cost as
the π mass is reduced much more rapidly than
the other formulations; indeed, there are runs
at smaller π mass which are so expensive that
they lie significantly above the graph. It may be
conjectured that this is because the Dirac spec-
trum not bounded below, which is not the case for
KS/Staggered fermions (where recent data from
the MILC collaboration use the asqtad improved
action), twisted mass (QCDTM) fermions, or do-
main wall (GW/Overlap) fermions. The question
of which formulation on-shell chiral fermions is
best, or indeed whether such formulations are to
be preferred at all, depends on how much chi-
ral symmetry is required. At present dynami-
cal GW fermions seem to be about 10–100 times
more expensive than the corresponding asqtad

or QCDTM runs at comparable masses.
The figure also indicates subjective extrapola-

1This is because it is necessary to scale the molecular dy-
namics (MD) step size δτ ∝ V 1/4 in free field HMC for a
constant acceptance rate. We shall see later (§7) that for
HMC computations involving light fermions the step size
δτ is constrained by instability in the integrator rather
than by the bulk behaviour of the HMC Hamiltonian, so
a V dependence might be more appropriate for HMC too.

Figure 1. Comparison of cost of various algo-
rithms. The Wilson fermion data is taken from
[1,2], the asqtad data from [3,4], the QCDTM

data from [5], and the domain wall data from [6].
The scatter of the points gives a rough indication
of the uncertainties in the cost estimates. For
the QCDTM fermions there are number of points
at the same value for the π mass, because the
system shows a first-order phase transition with
different costs in each phase [7]. The bands are a
subjective extrapolation of the costs.

tions for the costs. In particular it seems rea-
sonable that the cost for dynamical domain wall
fermions, or any other formulation exhibiting ex-
act on-shell lattice chiral symmetry, should even-
tually become cheaper for light enough quarks be-
cause the chiral limit for them does not require
taking the continuum limit.2

3. Locality

There has been much debate recently about
whether dynamical fermion formulations that
weight configurations with a non-integral power
of the fermion determinant correspond to local
quantum field theories (QFTs) or not, and how
significant locality is. For example, staggered
quarks appear in multiples of four “tastes;” when
the staggered fermion fields are integrated over we
are left with a fermion determinant detM in the

2Of course we need to be close enough to the continuum
limit in all cases to extract real-world physics.


