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quantity, and its direct computation is numerically expensive. One solution is to set

the fermion determinant in the partition function to be 1, leaving

Z =

∫

[dU ] e−Sg . (5.6)

Now the probability distribution is just e−Sg [U ], which involves only the gauge field

and is relatively easy to calculate. This is the so-called quenched approximation [17].

In perturbation theory, it is equivalent to ignoring the internal fermion loops to all

orders, which is unphysical and can introduce uncontrollable systematic errors [63].

To evaluate the correct full path integral while avoiding the direct calculation of

the determinant, one can also introduce pseudofermion fields, φ(x) and φ†(x), which

obey bosonic statistics, to simplify the evaluation of P [U ]. Making use of the identity

for a positive definite matrix M ,
∫

[dφ][dφ†]e−φ†Mφ ≡
1

det M
, (5.7)

we can rewrite the partition function as

Z =

∫

[dU ][dφ][dφ†]e−Spf−Sg (5.8)

where Spf = φ†D−1φ is the action for the pseudofermion fields, given D is hermitian

and positive definite. At this point it is useful to note that the lattice Dirac operator

D is not necessarily hermitian, hence its eigenvalues are not all real. And e−Spf−Sg

can not be treated as a probability measure. The solution is to use the hermitian

operator D = D†D instead, which describes two degenerate fermions. For a theory

with Nf flavors, the partition function becomes

Z =

∫

[dU ][dφ][dφ†]e−φ†D−αφ−Sg , . (5.9)

where α = Nf/2.


