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Phase	  diagram	  of	  QCD	  



Mo:va:on	  to	  study	  heavy	  ion	  collisions	  

•  QCD	  predicts	  the	  existence	  of	  Quark	  Gluon	  Plasma	  (QGP)	  
•  Recreate	  in	  laboratory	  condi:ons	  the	  maGer	  that	  was	  present	  
in	  the	  Early	  Universe,	  microseconds	  aVer	  the	  Big	  Bang	  

• To study the properties of Quark Gluon 
Plasma, predicted by QCD

• Connection to Early Universe (a few 
microseconds after the Big Bang)

Motivation to study heavy-ion collisions

Tuesday, March 8, 2011



Experimental	  facili:es	  
RHIC:	  Au-‐Au,	  ENN=20-‐200	  GeV	   LHC:	  Pb-‐Pb,	  ENN=2.76	  TeV	  

•  LHC	  has	  confirmed	  at	  much	  higher	  energies	  
the	  jet	  quenching	  data	  from	  RHIC	  

•  QGP	  created	  in	  both	  experiments	  



Jet	  Quenching	  

RAA(pT ) =
�AA(pT )

hN
coll

i�pp(pT )

Measuring	  a	  suppressed	  nuclear	  modifica:on	  factor	  is	  
observa:onal	  evidence	  for	  jet	  quenching	  in	  heavy	  ion	  collisions	  
	  
Jet	  quenching	  can	  be	  described	  as	  a	  combina:on	  of	  energy	  loss	  
and	  the	  steepness	  of	  the	  produc:on	  cross	  sec:on	  
	  

Inclusive	  produc:on	  of	  jets	  
LHC,	  7	  TeV	  



Jet	  Quenching	  

Data	  from	  RHIC	  and	  LHC	  on	  RAA	  both	  show	  suppression	  for	  hadrons	  
compared	  to	  1,	  as	  a	  strong	  indica:on	  of	  final	  state	  effects	  in	  the	  
medium	  created	  in	  heavy	  ion	  collisions	  

Similar	  data	  on	  photons	  has	  no	  such	  suppression	  



Jets	  at	  RHIC	  vs	  LHC	  

Events	  at	  LHC	  look	  much	  more	  “jeGy”	  than	  at	  RHIC	  even	  by	  eye	  
Asympto:c	  freedom	  tells	  us	  that	  high-‐pT	  observables	  can	  be	  	  
described	  using	  perturba:ve	  QCD	  



Jet	  quenching	  for	  high-‐pT	  data	  can	  
be	  described	  using	  perturba:ve	  
QCD,	  and	  a	  model	  for	  the	  medium.	  	  

Baier-‐Dokshitzer-‐Mueller-‐Peigne-‐
Schiff	  (BDMPS)	  1996	  
Gyulassy-‐Levai-‐Vitev	  (GLV)	  1999	  
Higher	  Twist	  2000	  
Arnold-‐Moore-‐Yaffe	  (AMY)	  2001	  
B.G.	  Zakharov	  (1995)	  

Variety	  of	  approaches,	  each	  of	  the	  
methods	  uses	  slightly	  different	  
kinema:cal	  assump:ons/
approxima:ons.	  
	  
Eventually	  all	  methods	  
converged	  roughly	  within	  a	  
factor	  of	  2	  



Energy	  loss	  approach,	  valid	  in	  the	  limit	  x	  <<	  1	  
Two	  relevant	  spliLngs	  g-‐>gg	  and	  q-‐>qg	  (remaining	  2	  suppressed	  by	  x)	  

Energy	  loss	  approach	  
GLV	  approach	  (1999)	  

x=Q+/p+	  

for dNg/dy ∼ 800 − 1200. We emphasize that none
of the nuclear effects alone would lead to such a flat
RAA(pT ). At LHC shadowing and Cronin effect in the
6 ≤ pT ≤ 100 GeV range were found to be essentially
negligible, leading to ≤ 15% correction, while the jet
quenching was predicted to be large and with a strong
pT dependence. We emphasize the importance of future
d + Au data at RHIC to isolate and test the initial state
Cronin and shadowing effects predicted in Fig. 2. While
it is still too early to draw conclusions from the prelim-
inary data [20,21] shown in Fig. 3, the combined future
analysis of d + Au and Au + Au high-pT measurements
will improve the tomographic determination of the initial
gluon densities produced at RHIC.
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FIG. 3. The suppression/enhancement ratio RAA(pT )
(A = B = Au) for neutral pions at

√

s
NN

= 17, 200,
5500 GeV. Solid (dashed) lines correspond to the smaller
(larger) effective initial gluon rapidity densities at given

√

s
that drive parton energy loss. Data on π0 production in cen-
tral Pb + Pb at

√

s
NN

= 17.4 GeV from WA98 [8] and in
central Au + Au at

√

s
NN

= 130 GeV [19], as well as pre-
liminary data at 200 GeV [20] from PHENIX and h± cen-
tral/peripheral data from STAR [21] are shown. The sum of
estimated statistical and systematic errors are indicated.
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Gyulassy,	  Levai,	  Vitev	  2002	  

to rewrite the ↵,�1,2,�1,2 in terms of standard definitions in the literature16 [51, 40]:

H1 =
k?

k2
?

, C1 =
k? � q?

(k? � q?)2
, B1 = H1 � C1 . (9.30)

The corresponding x ! 0 limit is particularly simple:

↵0 = 2H1 , (9.31)

�1 = 2B1 ei!0�z + 2C1 ei(!0�!1)�z
, �2 = 2H1 � 2B1 ei!0�z � 2C1 ei(!0�!1)�z

, (9.32)

�1 = �3H1 + 2B1 ei!0�z + 2C1 ei(!0�!1)�z
, �2 = 2H1 � 2B1 ei!0�z � 2C1 ei(!0�!1)�z

. (9.33)

Useful relations between these vectors, that help in deriving the expression for the form-factors F

i

are the

following ones:

�1 + �2 = 2H1 , �1 + �2 = �H1 . (9.34)

From the definitions in Eq. (9.15)-Eq. (9.18) we get:

F

SB
1 = |�1|2 + |2H1 � �1|2 = 2|�1|2 + 4H2

1 � 4 ReH1 ·�1

= 8B2
1 + 8C2

1 + 4H2
1 + 16B1 ·C1 cos(!1�z) � 8H1 ·B1 cos(!0�z) � 8H1 ·C1 cos((!0 � !1)�z) , (9.35)

F

SB
2 = �1 (2H1 � �1)

⇤ + (2H1 � �2)
⇤�2 = �F

SB
1 + 4H2

1 , (9.36)

F

DB
1 = 2H1 · 2 Re�1 = �12H2

1 + 8H1 · B1 cos(!0�z) + 8H1 · C1 cos((!0 � !1)�z) , (9.37)

F

DB
2 = 2H1 · 2 Re�2 = �F

DB
1 � 4H2

1 . (9.38)

Finally, using these equations we combine the single and double Born form-factors into the sum:

F

SB
1 + F

DB
1 = 8B2

1 + 8C2
1 � 8H2

1 + 16B1 ·C1 cos(!1�z) = �16B1 ·C1 (1 � cos(!1�z)) , (9.39)

F

SB
2 + F

DB
2 = �F

SB
1 � F

DB
1 . (9.40)

Thus, in the soft gluon approximation we get:
�
⇢

SB + ⇢

DB
�
x⌧1

⇡ (c1 � c2) (�16B1 ·C1) (1 � cos(!1�z)) . (9.41)

Taking into account the phase space factors, the color factors and the final-state coherent medium-induced

emission contribution above, we find:

x

dN

g

dxd

2k? |x⌧1
= C

F

↵

s

⇡

2

Z
d�z

�

g

(z)

Z
d

2q?
1

�

el

d�

g medium
el

d

2q?
(�2B1 ·C1) (1 � cos(!1�z)) . (9.42)

in agreement with Eq. (70) of [51].

Beyond the soft gluon approximation, the full result for the coherent medium-induced bremsstrahlung

reads:

x

dN

g

dxd

2k?
= C

F

↵

s

⇡

2

✓
1 � x +

x

2

2

◆Z
d�z

�

g

(z)

Z
d

2q?
1

�

el

d�

g medium
el

d

2q?

"
�
✓
A?

A2
?

◆2

+ 2

✓
C?

C2
?

◆2

� A?

A2
?

·C?

C2
?

�B?

B2
?

·C?

C2
?

�
1 � cos[(⌦1 � ⌦2)�z] + cos[(⌦2 � ⌦3)�z]

�

+
C?

C2
?

·
✓
A?

A2
?

+
B?

B2
?

� 2
C?

C2
?

◆
cos[(⌦1 � ⌦3)�z] +

A?

A2
?

·
✓
A?

A2
?

� D?

D2
?

◆
cos[⌦4�z]

+
A?

A2
?

·D?

D2
?

cos[⌦5�z] +

 
N

2
c

� 1

N

2
c

✓
B?

B2
?

◆2

+
1

N

2
c

A?

A2
?

·B?

B2
?

!
�
1 � cos[(⌦1 � ⌦2)�z]

�
#

. (9.43)

16Note that B1 is distinct from B? and C1 is distinct from C?.
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SCETG:	  Effec:ve	  Theory	  for	  Jets	  in	  dense	  QCD	  maGer	  



• Clear separation of scales between 
hard emission, collinear splittings and 
soft radiation

• In SCET the small parameter λ 
describes how close to the jet axis the 
collinear emissions occur

• Power counting of SCET requires 
couplings between collinear quarks, 
gluons, and soft gluons

e+ e-

ψ, A
Q

E

Mj

ΛQCD

ξn1, ξn2,  An1, An2

As

1/Q

Λ-1
QCD

1/MJ

Soft Collinear Effective Theory
Bauer, Fleming, Luke, Pirjol, Stewart, (00-01)

Need to include Glauber gluons 
to SCET

Monday, January 10, 2011



• The medium is modeled with a finite number of 
scattering centers with static Debye-screened 
potential

H =
NX

n=1

H(q;x
n

) = 2⇡�(q0) v(q)
NX

n=1

eiqxn T a(R)⌦ T a(n)

v(q) =
4⇡↵s

q2z + q2 + µ2

Gyulassy, Wang, 94

• The momentum scaling of the 
exchange gluon is that of the 
Glauber gluon:  q(�2,�2,�)

Gyulassy-Wang model

⌦ ⌦ ⌦

⌦

⌦

⌦
⌦

⌦

Tuesday, March 8, 2011

SoV	  Collinear	  Effec:ve	  Theory	  is	  not	  enough!	  

Gyulassy-‐Wang	  model	  of	  QGP,	  1994	  

Collinear	  branchings	  in	  the	  parton	  shower	  correctly	  captured	  by	  SCET	  
Elas:c	  scaGering	  with	  medium	  quasipar:cles	  are	  not	  included	  (need	  to	  go	  beyond	  SCET)	  	  

q ⇠
�
�2,�2,�

�
Momentum	  scaling	  of	  the	  t-‐channel	  gluon:	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  (Glauber	  gluon)	  



SoV	  Collinear	  Effec:ve	  Theory	  with	  
Glauber	  Gluons	  

•  Glauber	  gluons	  are	  needed	  
to	  describe	  t-‐channel	  
exchanges	  between	  jets	  and	  
medium	  quasi-‐par:cles	  

•  Emission	  of	  collinear	  
par:cles	  is	  described	  by	  
SCET	  Lagrangian	  

•  Allows	  for	  calcula:ons	  
beyond	  the	  small	  x	  limit	  

Idilbi,	  Majumder,	  2008	  
D’Eramo,	  Liu,	  Rajagopal,	  2010	  
GO,	  Vitev,	  2011	  
	  

LSCETG = LSCET + LG (⇠n, An, ⌘)



Applica:ons	  of	  SCETG	  
GO,	  Vitev,	  2011	  •  Gauge	  invariance	  explicitly	  

demonstrated	  
•  Factoriza:on	  of	  the	  
medium-‐induced	  spliLng	  
from	  the	  produc:on	  proved	  

•  All	  four	  medium-‐induced	  
spliLngs	  calculated	  beyond	  
small	  x	  approxima:on	  

•  In	  the	  small	  x	  limit	  only	  two	  
spliLngs	  survive	  and	  they	  
are	  in	  agreement	  with	  GLV	  
expressions	  

6
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FIG. 2: The intensity spectrum x(dN/dx) for infinite phase space cuts and neglecting nuclear recoil is shown as a function of
the splitting parameter x. Comparison of the analytic formulas in Eq. (27)-Eq. (29) (solid lines) to a numerical integration
method (dashed lines) are presented. We also illustrate the difference between the full in-medium splitting results and the
small-x approximation on the example of a parton of initial energy E0 = 100GeV. The medium parameters are set to:
µ = 0.75 GeV, λg = 1 fm, L = 5 fm for definiteness and the scattering length is independent of ∆z.

The intensity spectrum for the last splitting q → gq can
be obtained from substitution x → 1 − x in the q → qg
splitting and is given in Eq. (25).

IV. NUMERICAL RESULTS

In this section we study the effects of kinematic cuts
and recoil of the medium by evaluating dN/dx numer-
ically. In so doing, we demonstrate control over the
numerical evaluation, keeping in mind that future ap-
plications will require such approach to incorporate the
finite kinematics, the spatially non-uniform and time-
dependent density of the QCD matter, and the recoil
of the in-medium partons. For each splitting we con-
sider the full result given by Eq. (16) - Eq. (17) and
compare it to the small-x limit presented in Eq. (18).
In this paper we consider a medium of uniform density
for simplicity and set the parameters of the simulation
as follows: the typical inverse range of the parton scat-
tering in the medium is µ = 0.75 GeV, the size of the
QCD medium is L = 5 fm, the gluon mean free path in
matter is λg = 1 fm, and the parent parton energy is
E0 = p+0 /2 = 100 GeV.

For infinite limits of the k⊥, q⊥ integrations, ignor-
ing the medium recoil effects and assuming static QCD
matter, we checked numerically our analytic formulas in
Eq. (27) - Eq. (29). We found perfect agreement that
validates the numerical integration methods and the an-
alytic results. This can be seen from figure 2. Solid lines
represents the analytic results of Eq. (27) - Eq. (29).
Dashed lines represent numerical results. Our conclu-
sions are valid for both the full in-medium splitting in-
tensity x(dN/dx) and its small-x limit. Note that for
such comparison to be possible we have retained the sub-
leading O(x) term for the g → qq̄ and q → gq processes.
As expected, the deviation between the full in-medium
splittings (red and blue lines) and their small-x approx-
imation (green and black lines) is the largest as x → 1.
For intermediate x ∼ 0.5 the deviation is on the order of
a factor of 2 and changes sign.

In figure 3 we present the comparison of the splitting
intensities without transverse momentum cuts and with-
out parton recoil in the medium (solid red curve) to three
different cut scenarios. In all three cases we use the
same cut on kmax =

√

Q2x(1− x), which is unambigu-
ous, and we choose Q = E0. The three scenarios for the
q⊥ cut are: a) the dashed green curve corresponds to

q ! qg (full	  x)	  



What	  to	  do	  with	  these	  spliLng	  func:ons	  ?	  

•  These	  spliLng	  func:ons	  cannot	  be	  inserted	  
into	  the	  tradi:onal	  energy	  loss	  calcula:ons	  
because	  of	  flavor	  changing	  processes	  

•  Need	  a	  new	  framework	  beyond	  energy	  loss	  
approach	  to	  incorporate	  the	  finite	  x	  
correc:ons	  

•  This	  was	  achieved	  recently	  using	  the	  QCD	  
evolu:on	  approach	  to	  jet	  quenching	  

g ! qq̄ q ! gq



Jet	  quenching	  from	  QCD	  evolu:on	  



Jet	  quenching	  from	  evolu:on	  

•  With	  this	  scale	  choice	  the	  Hard	  func:on	  need	  not	  be	  evolved.	  The	  PDF’s	  
and	  the	  Fragmenta:on	  func:on	  need	  to	  be	  evolved	  from	  low	  to	  high	  scale	  

•  Because	  medium-‐induced	  spliLng	  is	  a	  final	  state	  effect,	  PDF’s	  need	  to	  be	  
evolved	  with	  vacuum	  (Altarelli-‐Parisi)	  spliLng	  func:ons	  

•  The	  Fragmenta:on	  func:on	  needs	  to	  be	  evolved	  with	  medium-‐induced	  
spliLng	  func:on	  

•  Can	  we	  predict	  RAA	  suppression	  from	  QCD	  evolu:on?	  
•  This	  method	  will	  allow	  to	  include	  consistently	  finite	  x	  correc:ons	  

⇤QCD

pT H	  

f,	  D	  

The	  simplest	  choice	  is:	  
	  

µ = pT

RAA(pT ) =
H(µ, pT )⌦ f(µ)⌦ f(µ)⌦Dmed(µ)

H(µ, pT )⌦ f(µ)⌦ f(µ)⌦D(µ)



SCETG+QCD	  evolu:on	  
Kang,	  Lashof-‐Regas,	  Ovanesyan,	  Saad,	  Vitev,	  2014	  
Chien,	  Emerman,	  Kang,	  Ovanesyan,	  Vitev,	  2015	  
(medium	  DGLAP+SCETG)	  
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probability not to emit a gluon, exp(−⟨Ng⟩). Con-
versely, solving Eqs. (8) and (9) numerically allows
us to unify the treatment of the vacuum and medium-
induced parton showers.
We now turn to the numerical comparison be-

tween the medium-modified evolution approach to
jet quenching and the traditional energy loss formal-
ism. We elect to include all QGP effects in the frag-
mentation functions, such that the invariant inclusive
hadron production cross section reads:

1

⟨Ncoll⟩
dσh

AA

dyd2pT
=
∑

c

∫ 1

zmin

dz
dσc(pc = pT /z)

dyd2pTc

×
1

z2
Dmed/quench

c (z) . (15)

Here, c = {q, q̄, g} and we choose the factorization,
fragmentation and renormalization scales Q = pTc

,
and dσc/dyd2pTc

is the unmodified hard parton pro-
duction cross section.
Should an energy loss approach be adopted, it is

important to realize that the soft gluon emission limit
must be consistently implemented. If the fractional
energy loss becomes significant, it is carried away
through multiple gluon bremsstrahlung. In the in-
dependent Poisson gluon emission limit, we can con-
struct the probability density Pc(ϵ) of this fractional
energy loss ϵ =

∑

i ωi/E ≈
∑

iQ
+
i /p

+, such that:

∫ 1

0
dϵ P (ϵ) = 1 ,

∫ 1

0
dϵ ϵP (ϵ) =

〈

∆E

E

〉

. (16)

A more detailed discussion is given in [7]. If a parton
loses this energy fraction ϵ during its propagation in
the QGP to escape with momentum pquenchTc

, immedi-

ately after the hard collision pTc
= pquenchTc

/(1 − ϵ).

Noting the additional Jacobian |dpquenchTc
/dpTc

| =
(1 − ϵ), the kinematic modification to the FFs due
to energy loss is:

Dquench
c (z) =

∫ 1−z

0
dϵ

Pc(ϵ)

(1 − ϵ)
Dc

(

z

1− ϵ

)

, (17)

and can be directly implemented in Eq. (15).
In Figure 1 we present our calculations of the nu-

clear modification factor RAA in the limit of soft
gluon bremsstrahlung. Results are obtained from the
parton energy loss approach (cyan band) and by us-
ing the analytic solution to the in-medium evolution
given in Eq. (12) (yellow band). The upper edge of
the uncertainty bands (solid lines) corresponds to a
coupling between the jet and the medium g = 2.0 and
the lower edge (dashed lines) corresponds to g = 2.1.
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FIG. 1: Nuclear modification factor comparison between
the traditional energy loss approach (cyan band) and the
analytic solution to QCD evolution in the soft gluon limit
(yellow band). The upper and lower edges of the bands
correspond to couplings between the jet and the medium
g = 2.0 and g = 2.1, respectively. The insets show the
ratios of different RAA curves. Data is form ALICE an
CMS.

The results of the two calculations are remarkably
similar and both reproduce well the suppression of
inclusive charged hadron production in 0-10% central
Pb+Pb collisions at the LHC measured by ALICE [4]
and CMS [5]. In both approaches the coupling g be-
tween the jet and the medium can be constrained
with an accuracy of 5% and the transport properties
of the medium, which scale as g4, can be extracted
with 20% uncertainty. The inset shows the ratio for
the different RAA curves relative to the g = 2.0 en-
ergy loss result. We observe from this inset that the
only difference between the two approaches is a small
variation in the shape of the nuclear modification ra-
tio as a function of pT . At any fixed transverse mo-
mentum the difference in the predicted magnitude of
jet quenching can be absorbed in less than 2% change
of the coupling g between the jet and the medium.

In Figure 2 we show RAAs obtained with medium-
modified FFs that are numerical solutions to the
DGLAP evolution equations, Eqs. (8), (9), with full
medium-induced splitting kernels [12] (cyan band)
and their small-x energy loss limit [20] (yellow band).
In this figure, the uncertainty bands correspond to
g = 1.9−2.0. The difference between the small-x and
full evolution is only noticeable below pT = 20 GeV,
as can be seen from the inset. At small and interme-
diate transverse momenta the solution to the DGLAP
equations beyond the soft gluon limit yields a slightly
better agreement between theory and experiment.

To understand the numerical results, we further
scrutinize the in-medium modification of FFs in Fig-
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Figure 3. Same as in Fig. 1 except the comparison is made to CMS charged hadron data for the
RAA for Pb+Pb collisions at the LHC

p
sNN = 2.76 TeV.

relatively low pT . 25 GeV, the two curves are degenerate and yield practically the same

suppression. However, at high pT & 75 GeV, the calculations with the CNM energy

loss e↵ect included appear to describe the data slightly better, even though the current

experimental uncertainty cannot definitively resolve such a di↵erence. We further illustrate

such a “degeneracy” for mid-peripheral Pb+Pb collisions in the middle panels of Fig. 1:

both the calculations with g = 2.0±0.1 without CNM energy loss in the left panel, and the

one with g = 1.9± 0.1 but with CNM energy loss in the right panel, describe the ATLAS

charged hadron suppression equally well.

Similarly, we compare our calculations to ALICE charged hadron production [19] in

central and mid-peripheral Pb+Pb collisions at the LHC
p
sNN = 2.76 TeV in the top
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•  The	  full	  x	  SCETG	  calcula:ons	  of	  
medium-‐induced	  spliLng	  func:ons	  
implemented	  in	  the	  QCD	  evolu:on	  
(DGLAP)	  equa:ons	  

•  A	  consistent	  framework	  to	  go	  beyond	  
energy	  loss	  approach	  and	  include	  
flavor	  changing	  processes	  

•  Comparison	  of	  theory	  to	  LHC	  data	  for	  
different	  centrali:es,	  including	  cold	  
nuclear	  maGer	  effects	  

•  Predic:ons	  for	  LHC	  run	  II	  

combining real and virtual contributions take the following forms,

Pqq(x) =
h

P real

qq (x)
i

+

+A �(x), (3.6)

Pgg(x) = 2CA

✓

1� 2x

x
+ x(1� x)

�

+

+
1

1� x

◆

+B �(x), (3.7)

Pgq(x) = P real

gq (x), (3.8)

Pqg(x) = P real

qg (x), (3.9)

where we have written the real emission contributions as plus functions. The last two

splitting functions do not have �-function pieces since there does not exist a one-loop

virtual diagram which would change the flavor of the parton. The flavor and momentum

conservation sum rules are given by,
Z

1

0

Pqq(x) dx = 0, (3.10)

Z

1

0

[Pqq(x) + Pqg(x)] (1� x) dx = 0, (3.11)

Z

1

0

[2nfPgq(x) + Pgg(x)] (1� x) dx = 0, (3.12)

with nf the number of active quark flavors. Because P real

qq and P real

qg are related by x $ 1�x,

the second sum rule follows from the first one. Therefore we obtain

A =0, (3.13)

B =

Z

dx0
⇢

2CA

✓

x0
✓

1� 2x0

x0
+ x0(1� x0)

◆

� 1

◆

� 2nf (1� x0)Pg!qq̄(x
0)

�

=� 11CA

6
� 2nfTR

3
. (3.14)

Note that our plus function pieces are defined slightly di↵erently than those in the literature.

In particular, we combine some extra x-dependent terms into the plus functions and there

is a di↵erence between [f(x)/x]
+

and f(x)/(x)
+

. In the small-x approximation, the real

contributions to the splitting functions reduce to:

P real

qq (x) ⇡ 2CF

x
, P real

gg (x) ⇡ 2CA

x
, (3.15)

P real

gq (x) ⇡ 0, P real

qg (x) ⇡ 0. (3.16)

The flavor-diagonal splitting functions dominate, and the parton does not change its flavor

in this limit.

The fragmentation functions satisfy the DGLAP evolution equations,

dDh/q(z,Q)

d lnQ
=

↵s(Q)

⇡

Z

1

z

dz0

z0

h

Pq!qg(z
0)Dh/q

⇣ z

z0
, Q

⌘

+ Pq!gq(z
0)Dh/g

⇣ z

z0
, Q

⌘i

, (3.17)

dDh/g(z,Q)

d lnQ
=

↵s(Q)

⇡

Z

1

z

dz0

z0

"

Pg!gg(z
0)Dh/g

⇣ z

z0
, Q

⌘

+ Pg!qq̄(z
0)
X

q

Dh/q

⇣ z

z0
, Q

⌘

#

,

(3.18)
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Deng,	  Wang,	  2009	  (medium	  DGLAP)	  



Evolu:on	  in	  the	  small	  x	  limit	  

•  Expand	  the	  convolu:on	  integrand	  around	  z’=1	  
•  Assume	  fixed	  steepness	  n(z)	  (approximately	  true)	  
•  Solve	  DGLAP	  equa:ons	  exactly	  

2

particle rapidity density [7]. The position and time
dependence of the Debye screening scale mD and
the quark and gluon scattering lengths, necessary to
evaluate P

real

i (x,Q?;↵), are obtained using an opti-
cal Glauber model for the collision geometry and a
Bjorken expansion ansatz. The coupling g between
the jet and the medium is a free parameter in the
calculation.

Special attention has to be paid to the gluon split-
ting function because it diverges for both x ! 0
and x ! 1. The first divergence is regulated with
a plus function prescription, while the second diver-
gence need not be regulated owing to the form of the
evolution equations:

Pq!qg(x) =
⇥
P

real

q!qg(x)
⇤
+

+A �(x) , (3)

Pg!gg(x) = 2CA

(✓
1� 2x

x

+ x(1� x)

◆
g

2

(x)

�

+

+
g

2

(x)

1� x

)
+B �(x) , (4)

Pg!qq̄(x) = P

real

g!qq̄(x) , Pq!gq(x) = P

real

q!gq(x) . (5)

In the equations above we have suppressed the ex-
plicit Q? and ↵ dependence for simplicity. The vir-
tual pieces of the splitting functions can be extracted
from flavor and momentum sum rules in complete
analogy to the vacuum case:

A = 0 , (6)

B =

Z
1

0

dx0

(
� 2nf (1� x

0)Pg!qq̄(x
0)

+2CA

"
x

0
✓
1� 2x0

x

0 + x

0(1� x

0)

◆
� 1

#
g

2

(x0)

)
. (7)

The DGLAP evolution equations for the fragmenta-
tion functions (FFs) read:

dDq(z,Q)

d lnQ
=

↵s(Q2)

⇡

Z
1

z

dz0

z

0

h
Pq!qg(z

0)Dq

⇣
z

z

0 , Q
⌘

+Pq!gq(z
0)Dg

⇣
z

z

0 , Q
⌘ i

, (8)

dDg(z,Q)

d lnQ
=

↵s(Q2)

⇡

Z
1

z

dz0

z

0

"
Pg!gg(z

0)Dg

⇣
z

z

0 , Q
⌘

+Pg!qq̄(z
0)
X

q

⇣
Dq

⇣
z

z

0 , Q
⌘
+Dq̄

⇣
z

z

0 , Q
⌘⌘#

, (9)

where z ⌘ 1 � x in the splitting functions and
Q ⌘ |Q?|. The equation for the evolution of the
anti-quark FF can be found from quark equation by
substituting everywhere Dq ! Dq̄.
QCD evolution and the energy loss approach repre-

sent two very di↵erent implementations of jet quench-
ing. It is critical to establish this connection between
them in light of the fact that energy loss phenomenol-
ogy has been very successful [7, 15, 16]. This can be
achieved only in the soft gluon bremsstrahlung limit,
where the two diagonal splitting functions Pq!qg

and Pg!gg survive. Up to (2⇡2

/↵s)Q2

?, these are
the Gyulassy-Levai-Vitev (GLV) double di↵erential
medium-induced gluon number distributions to first
order in opacity [19]. There is no flavor mixing, and
the entire branching is given by a plus function. The
DGLAP evolution equations decouple and reduce to:

dD(z,Q)

d lnQ
=

↵s

⇡

Z
1

z

dz0

z

0 [P (z0, Q)]
+

D

⇣
z

z

0 , Q
⌘
. (10)

Because the fragmentation functions D(z) are
typically steeply falling with increasing z =
p

hadron

T /p

parton

T , the main contribution in Eq. (10)
comes predominantly from z

0 ⇡ 1. We expand the
integrand in this limit, keeping the first derivative
terms, and approximate the steepness of the fragmen-
tation function with its unperturbed vacuum value:

n(z) = �d lnDvac(z)/d ln z . (11)

The analytical solution to the Eq. (10) reads:

D

med(z,Q) ⇡ e�(n(z)�1)h�E
E i

z
�hNgiz

D

vac(z,Q) , (12)

and shows explicitly that the vacuum evolution and
the medium-induced evolution factorize. We have
used the following definitions in the above formula:

⌧
�E

E

�

z

=

Z
1�z

0

dxx
dN

dx
(x)

z!0���!
⌧
�E

E

�
, (13)

hNgiz =

Z
1

1�z
dx

dN

dx
(x)

z!1���! hNgi , (14)

where xdN/dx is the medium-induced gluon intensity
distribution [19]. Note, that we have made the choice
to put all the in-medium e↵ects into the DGLAP evo-
lution. The analytic formula in Eq. (12) gives us for
the first time an insight into the deep connections be-
tween the evolution and energy loss approaches to jet
quenching. Over most of the z range the suppression
of the FFs is dominated by the the fractional energy
loss, amplified by the steepness of D(z). Near thresh-
old (z = 1) the modification is determined by the

2

particle rapidity density [7]. The position and time
dependence of the Debye screening scale mD and
the quark and gluon scattering lengths, necessary to
evaluate P

real

i (x,Q?;↵), are obtained using an opti-
cal Glauber model for the collision geometry and a
Bjorken expansion ansatz. The coupling g between
the jet and the medium is a free parameter in the
calculation.

Special attention has to be paid to the gluon split-
ting function because it diverges for both x ! 0
and x ! 1. The first divergence is regulated with
a plus function prescription, while the second diver-
gence need not be regulated owing to the form of the
evolution equations:
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In the equations above we have suppressed the ex-
plicit Q? and ↵ dependence for simplicity. The vir-
tual pieces of the splitting functions can be extracted
from flavor and momentum sum rules in complete
analogy to the vacuum case:

A = 0 , (6)
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The DGLAP evolution equations for the fragmenta-
tion functions (FFs) read:
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where z ⌘ 1 � x in the splitting functions and
Q ⌘ |Q?|. The equation for the evolution of the
anti-quark FF can be found from quark equation by
substituting everywhere Dq ! Dq̄.
QCD evolution and the energy loss approach repre-

sent two very di↵erent implementations of jet quench-
ing. It is critical to establish this connection between
them in light of the fact that energy loss phenomenol-
ogy has been very successful [7, 15, 16]. This can be
achieved only in the soft gluon bremsstrahlung limit,
where the two diagonal splitting functions Pq!qg

and Pg!gg survive. Up to (2⇡2

/↵s)Q2

?, these are
the Gyulassy-Levai-Vitev (GLV) double di↵erential
medium-induced gluon number distributions to first
order in opacity [19]. There is no flavor mixing, and
the entire branching is given by a plus function. The
DGLAP evolution equations decouple and reduce to:
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Because the fragmentation functions D(z) are
typically steeply falling with increasing z =
p

hadron

T /p

parton

T , the main contribution in Eq. (10)
comes predominantly from z

0 ⇡ 1. We expand the
integrand in this limit, keeping the first derivative
terms, and approximate the steepness of the fragmen-
tation function with its unperturbed vacuum value:

n(z) = �d lnDvac(z)/d ln z . (11)

The analytical solution to the Eq. (10) reads:

D

med(z,Q) ⇡ e�(n(z)�1)h�E
E i

z
�hNgiz

D

vac(z,Q) , (12)

and shows explicitly that the vacuum evolution and
the medium-induced evolution factorize. We have
used the following definitions in the above formula:

⌧
�E

E

�

z

=

Z
1�z

0

dxx
dN

dx
(x)

z!0���!
⌧
�E

E

�
, (13)

hNgiz =

Z
1

1�z
dx

dN

dx
(x)

z!1���! hNgi , (14)

where xdN/dx is the medium-induced gluon intensity
distribution [19]. Note, that we have made the choice
to put all the in-medium e↵ects into the DGLAP evo-
lution. The analytic formula in Eq. (12) gives us for
the first time an insight into the deep connections be-
tween the evolution and energy loss approaches to jet
quenching. Over most of the z range the suppression
of the FFs is dominated by the the fractional energy
loss, amplified by the steepness of D(z). Near thresh-
old (z = 1) the modification is determined by the

D(z,Q)med = e�(n(z)�1)h�E
E i

z
�hNgiz D(z,Q)vac

n(z) = �d lnD(z,Q)vac

d ln z

Kang,	  Lashof-‐Regas,	  GO,	  Saad,	  Vitev,	  2014	  	  
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FIG. 1: Feynman diagrams contributing to the initial-state
medium-induced splittings kernels at first order in opacity.
Red lines correspond to the exchange of Glauber gluons with
the medium. The kinematics and topology are common to all
splitting processes: q ! qg, q ! gq, g ! gg, g ! qq̄.

We now present our results for the initial-state in-
medium splitting kernels, which constitutes the main re-
sult of this paper. In order to simplify our notation, we
define the following two dimensional transverse vectors
A?, B?, C? and phases ⌦

1,2,3

similar to the notation
in [42, 44]

A? = k?, B? = k? � xq?,

C? = k? � q?,
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where q? is the transverse momentum of the partons ob-
tained due to Glauber gluon exchange with the medium.
For the two splitting processes q ! qg and q ! gq, we
obtain
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Here, �

g,q

(z) is the scattering length of a gluon or quark
in the medium respectively, which are related by �

q

/�

g

=
C

A

/C

F

to lowest order. Furthermore, we need to take the
integral over the interaction region 0 < �z < L, where L

is the size of the QCD medium and (1/�

el

) d�

el

/d2q? is
the normalized in-medium elastic scattering cross section.
Note that independent of the parton type, the elastic

cross section is dominated by t-channel gluon exchange
at high energies.

Similar to the final-state results, the two splitting ker-
nels for the processes g ! gg and g ! qq̄ di↵er only
by their respective color factors and the overall vacuum
splitting kernel
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GO,	  Ringer,	  Vitev,	  2015 	  	   •  So	  far	  in	  the	  phenomenology	  
we	  treated	  the	  final-‐state	  
effects	  using	  SCETG	  and	  QCD	  
evolu:on	  

•  The	  ini:al	  state	  effects	  were	  
s:ll	  treated	  using	  the	  energy	  
loss	  approach	  

•  Using	  SCETG	  we	  can	  go	  beyond	  
small	  x	  approxima:on	  

•  “simple	  calcula:on”	  
x	  is	  frac:on	  of	  the	  energy	  released	  
in	  the	  spliLng	  process	  
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medium-induced splittings kernels at first order in opacity.
Red lines correspond to the exchange of Glauber gluons with
the medium. The kinematics and topology are common to all
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integral over the interaction region 0 < �z < L, where L
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the normalized in-medium elastic scattering cross section.
Note that independent of the parton type, the elastic

cross section is dominated by t-channel gluon exchange
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nels for the processes g ! gg and g ! qq̄ di↵er only
by their respective color factors and the overall vacuum
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FIG. 2: The finite-x (solid) and small-x (dashed) intensity spectra x(dN/dx) for all four splitting kernels are shown using
infinite phase space cuts. We chose a parent parton energy of E

0

= 100 GeV and three di↵erent values of the momentum
transfer µ = 0.1, 0.3, 0.5 GeV (red, green, blue) using certain assumptions as described in the text.

splitting kernels. Instead, we will perform the remaining
integrations numerically in the next Section IV. Finally,
we note that unlike the final-state splitting kernels which
are finite in the limit m

e↵

= 0, this is not the case for
the initial-state splitting kernels that are logarithmically
divergent in the mass. This is true both in the finite-x
and SGA limit [14].

IV. NUMERICAL RESULTS

In this Section, we analyze numerically the e↵ect of
our newly derived initial-state splitting kernels at finite-
x compared to the small-x kernels used in the tradi-
tional energy loss approach. We start with the assump-
tion of no phase space cuts, which we relax afterwards.
In addition, we also analyze the energy dependence of
the intensity spectra x(dN/dx). We also would like to
stress that our numerical results are obtained without
imposing any positivity constraints on the splitting ker-
nels x(dN/dx/d2k?) � 0 as it was done for the small-x
results in [14].

Throughout this Section, we assume that the scatter-
ing length �

q,g

for quarks and gluons is independent of
the position �z. This assumption corresponds to a uni-
form static QCD medium. For definiteness, we choose
the following numerical values for the medium parame-

ters: ↵

s

= 0.3 for the strong coupling constant, �

g

= 1 fm
for the gluon mean free path, m

e↵

= 0.94 GeV for the
parton mass acquired in the medium and L = 5 fm for
the size of the medium.

We start by considering no additional phase space cuts
for the d2k?, d2q? integrals, hence, we perform the in-
tegration up to infinity. In addition, we neglect recoil
e↵ects in the medium which allows us to write the elastic
scattering cross section as

1

�

el

d�

el

d2q?
=

µ

2

⇡(q2

? + µ

2)2
, (13)

where µ is the momentum transfer. In Fig. 2, we present
numerical results for the intensity spectra x(dN/dx) for
all four splitting kernels. We choose a parent parton
energy of E

0

= p

+

0

/2 = 100 GeV and we plot the re-
sults for three di↵erent values of the momentum transfer
µ = 0.1, 0.3, 0.5 GeV (red, green, blue). We show both
the finite-x results (solid) as well as the small-x results
(SGA, dashed). Note that the intensity spectra for the
diagonal splitting kernels remain flat for small-x, whereas
the o↵-diagonal ones fall o↵ linearly on the logarithmic
scale used for the plots in Fig. 2. As expected, we find
that our new results di↵er the most from the small-x ap-
proximations at large values of x. The di↵erence between
the finite- and small-x intensity spectra changes sign for
both processes q ! qg and g ! qq̄. One clearly notices

•  Analy:cal	  result	  
for	  ini:al	  state	  
medium	  	  spliLng	  
func:on	  q	  à	  qg	  

•  Numerical	  results	  
for	  all	  four	  
spliLngs	  



Ini:al	  state	  interac:ons	  
•  Using	  SCETG	  we	  calculated	  all	  medium-‐induced	  ini:al-‐
state	  spliLng	  kernels	  valid	  beyond	  previously	  known	  
approxima:ons	  

•  Even	  though	  at	  the	  amplitude	  level	  ini:al	  and	  final	  state	  
spliLng	  func:ons	  are	  related	  via	  crossing	  symmetry,	  
integra:on	  over	  Glauber	  gluon	  momenta	  leads	  to	  a	  
different	  interference	  paGern	  

•  The	  next	  step	  is	  to	  include	  the	  effect	  of	  these	  results	  on	  
the	  QCD	  evolu:on	  applied	  to	  the	  PDFs	  in	  heavy	  ion	  
collisions	  

•  Will	  give	  us	  a	  self-‐consistent	  robust	  framework	  for	  jet	  
quenching	  phenomenology	  based	  on	  EFT+QCD	  evolu:on	  



Conclusions	  

•  Using	  effec:ve	  field	  theories	  allowed	  us	  for	  a	  
robust	  and	  precise	  method	  for	  jet	  quenching	  
phenomenology	  that	  is	  based	  on	  EFT+QCD	  
evolu:on	  

•  Descrip:on	  of	  RHIC	  and	  LHC	  data	  by	  the	  new	  
method	  is	  very	  good	  over	  a	  wide	  pT	  range	  and	  
different	  centrali:es	  

•  The	  next	  step	  is	  to	  combine	  both	  the	  ini:al	  and	  
final-‐state	  effects	  into	  the	  jet	  quenching	  
phenomenology	  beyond	  small	  x.	  Stay	  tuned…	  

	  
	  


