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Spurious singularities

6 c c -
107 1 | | I I ppwwwonn numerical D-dimensional

— _numerical ] generalised unitarity

\AS:

analytic computation with
finite integrals basis
(e.g. Bern, Dixon, Kosower

Thep-ph/9302280])

#points
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removing spurious poles also
simplifies coefficients = faster

(~100x In this case)

-16 —-14 -12 -10 —8 —6 —4 —2

accuracy (digits)

need to switch to quadruple

applications of loop amplitudes in NNLO precision evaluation
computations more intensive



one-loop finite amplitudes In
QCD

all multiplicity expressions!

» Off-shell currents for one-loop amplitudes to O(€°)

[Mahlon (1993)]
+ all-plus & N = 4 D-dimensional unitarity cuts

[Bern, Dixon, Dunbar, Kosower (1996)]

« BCFW recursion for O(€°) |
[Bern, Dixon, Kosower (2005)]

* CSW(MHV) rules for D-dimensional integrands

[Elvang, Freedman, Kiermaier (2012)]



outline

» d-dimensional generalised unitarity

= multi-loops from trees

* two-loop all-plus amplitudes

* local integrands in d-dimensional amplitudes



automated one-loop amplitudes
solving on-shell conditions requires complex momenta
= factorise residues into tree amplitudes

Integrand reduction [OPP '05]

N =

D-dim. generalized unitarity [GKM '08]

Unitarity: double cuts
[BDDK "94] G
[triple cuts BDK '97] |

Generalized unitarity:
quadruple cuts [BCF '04] #+%

triple cuts [e.g. Forde '07/]

multi-scale / Z
A= Z(rational)i(integral)i kinematic algebra propagators
' performed
find complex contour to Isolate numerically explicitly remove poles

integral coefficient



multi-loop amplitudes from trees

Integrand reduction via

Maximal unitarrt R
/ polynomial division

[Kosower, Larsen, Johansson,

Caron-Huot, Zhang, Segaard] [Mastrolia, Ossola, SB, Frellesvig,

Zhang, Mirabella, Peraro, Malamos,
Kleiss, Papadopolous, Verheyen,
Feng, Huang]

e Z(rational)i(integral)i < / Z propagators

IBPs must be free of [Gluza, Kosower, Kajda 1009.0472] [Schabinger | | | [.4220]
doubled propagator Ml [lta 1510.05626] [Larsen, Zhang 151 1.01071]



a toolbox for multi-loop
iNtegrands

sIX-dimensional

momentum twistors

[Hodges (2009)] spinor-helicity

B
i /,{z@: (propagators);
5 ™~
generalised unitarity integrand reduction
Ol ARy colour/kinematics
A=) 5 f[ D) e |
; 3C]J relations




multi-loop Integrand reduction

[Mastrolia, Ossola | 107.6041] [SB, Frellesvig, Zhang 1202.2019]
[Zhang 1205.5707] [Mastrolia, Mirabella, Ossola, Peraro 1205.7087]

ISP monomials

: : : extra-dimensional ISPs
spurious directions

rational coefficients I = _].CZ.—QE . ,lgj—QE



integrand reduction

AC5T = H A(O) Z [ 1 s

T//T cut
on-shell the numerators can
be written as products of fix basis of monomials in
tree-level amplitudes irreducible scalar products
via polynomial division
(Grobner basis)

integrand parameterisations

not unique - freedom In the
choices of ISP monomials




sIX-dimensional trees

six dimensional spinor helicity [Cheung, O'Connell 0902.098 ]
(one-loop applications [Bern at al. [010.0494] [Davies | 108.0398])

dimensional reduction to 4 — 2¢ using additional scalar amplitudes

1 (s @ i il
N S T, ST,

6D Is a convenient way to manage all helicities simultaneously

1
A(Laas 2 3gdr 4ad) = —(La2p3c4a) (1523364 4]

st



General colour decompositions

[Dixon, Del Duca, Maltoni (1999)]

N
Inserting the DDM
decomposition
into colour dressed
cuts leads to a
compact loop
decomposition

general tree-level DDM colour bases including fermions [Johansson, Ochirov arXiv: [ 507.00332]



non-planar from planar

e.g. [Bern, Carrasco, Dixon, Johansson, Roiban 1201.5366]

PIARDRSE = 4502, 4)
512 see talks by Carrasco and Johansson

factorization
= P R B (R = Res (A1 23 40— S ANIS DR,

s12=0

P nr
(k1+k2+p3)?

s12=0




applications:

all-plus amplrtL

des in QC




one-loop 4pt all-plus

g5 +

D)y — 2

— (12)(23)(34)(41) A {I( ) [un]}
g +
Bl : S

/ D)y =2 —st

D EhEn 6 O
—I— ‘ +

[Bern, Kosower (1991)]



one-loop 4pt single minus

Jiot (1) bl

I =OR) ol T (<OR) w}
7 (D, — 2)[24)* {st s*t? t?(s —u) s*(t —u) _t(t—u) _S(S—u)}
[L2)( 28 bl s o e P 2

[Bern, Morgan (1995)]

e (Ds o 2)[24]2 u
= Aoy aoune O

3 > [Bern, Kosower (199 1)]




one-loop Spt all-plus

) [ui],f( ) [uﬂf( ) [ui],f( ) i), ( ) [ui]}

(Ds - 2)

o (12)(23)(34) (45) (51 ) trs (1234) {=512823834845551,

812823tr_(1345), 823834tf_(2451), 834845t1'_ (3512), 545351tr_ (4123), 851812tr_ (5234)}

[Bern, Morgan (1995)]

\ (Ds = 2) 512523 85 523534 = 534545 I S45S551 I S51512 I tr5(1234)
s + O(e)
6 (12)(23)(34) (45)(51)

[Bern, Dixon, Kosower (1993)]



one-loop Spt all-plus

D, —2 _
[ AW 27 3T nT) = o 12, A<1>,W4]<17273+,_._7n+>J

[Bern, Dixon, Dunbar; Kosower (1996)]

) [ui],f( ) [ui]al( ) [ui],l( ) [/ﬁl],f( ) [ui]}

(Ds . 2)
(12)(23)(34)(45)(51

C =

) {2t15(1234), 5125923, S23534, 534545, S45551, S51512 }



two-loop 4pt all-plus

(drop Parke-Taylor
pre-factors from now on.... [Bern, Dixon, Kosower (2000)]

) = {52,500 {1 (L) (RLT | |17 (<) 17+ Retstayy
- )
Fy = )(Mn,uzz + (pa1 + po2)® + 2(pa1 + N22)M12) + 16(p1y — fi11p122),
dimneu”;i::ats::irzti”g P = 4( —2)(p11 + p22) 2,
Fy = (Ds—2)* 11 122
L J




two-loop Spt all-plus

[SB, Frellesvig, Zhang (201 3)]

A LG R R NS

812:5::345 {534545515, tr4.(1345)} - {1 Oi}) [F1) Oi}) £}
334325?2(1235)} (1 (j:l:o R}

512523834845815} {] O:

trs
s L

Slgtl’+ (1345)

2513

() e et

(845 812)151"+(1345)
e 1Rl

() 191 (P

) [Fy(ky - 8) (ks - 3)], 1




two-loop Spt all-plus

D, —2 _
( AP (1F,27,3%, ... n) = 3y A A(z)’[N4](1,2,3+,...,n+)—|—(1—100p)2j

all genuine two-loop topologies related to N=4 MHV

non-planar cuts via BC| Al
[SB, Mogull, Ochirov, O'Connell (2015)] 3= 1| e () (32 () - () + 52 (o)
() (p) 1)
complete BCJ numerator () (EA(E:O*%A(W)*%AOIO
representation () + 52 ()
[Mogull, O'Connell (2015)] +C@<§A@+%A(<Z:>+%A<{X§>>]




two-loop Spt all-plus amplitude

|Gehrmann, Henn, Lo Presti |51 1.05409]

planar master integrals using canonical
differential equation approach

simple
F5(2) :%Fél) + 24:01' {v5tr g(l +75)¢4?5§”1Pm;1€ti0ﬂ Of |_|2
; U 52 g Ul

\

1t [(1 i 75)%4%5%1?2} : 10 2
e

— = . (8
6 V1U4 i 3 Hile 2 3‘01?)3 > ( )

/



local integrands

[Arkani-Hamed, Bounjailly, Cachazo, Trnka 1012.6032]

[Arkani-Hamed, Bourjallly, Cachazo, Caron-Huot, Trnka 1008.2958]

manage Infra-red
divergences at the
integrand level

simple Iintegrals with
unit leading

singularr

les

h=k — [ZL—QG [tr (1[1[23)] — [2_26[1]



one-loop Integrand bases

+ZC4I<

7

; o ) +Y el O>) +Y oI () + rational
Petalis

) +) & <j>> + ) eI (<) + rational
\' 3

still complicated functions at
hish multiplicity



one-loop 4pt single minus

) ], £ O>‘) par), £ G>‘) ], I (=) leul, I (=OF) [Mu]}

L (D,—2)24p (1 2% 2s
© T T12](23)(34) [41] {u2’ U T}

1 ( ) [,ull] — ,LL11tI'_|_(1lll23)2 — bubbles




one-loop Spt all-plus

()bt (1) (1)

I (@) 1] = ﬁm(kzkzkﬂ(k +2)) — bubbles

i1 (

)i }



two-loop Spt all-plus

[SB, Mogull (in progress)]

)+ 2 () +4 ()

45 12
ws0lo0)] (T () [Fa2l - 3) (510 + ZeBsldy)y



towards two-loop 6pt all-plus

[SB, Mogull (in progress)]

)+a (%) +a (7)) +a ()

IN progress

follows the expected N'=4 x F structure

\

[Bern, Dixon, Kosower; Roiban, Spradlin,Vergu, Volovich (2008)]
[Arkani-Hamed, Bourjallly, Cachazo, Caron-Huot, Trnka (2010)]



outlook

« Automated loop amplitude methods

* purely algebraic algorithms with rational momenta (momentum twistors)

* automated D-dimensional cuts with 6D spinor-helicity

* First complete five-point amplitude in Yang-Mills

* Aim: apply to high multiplicity amplitudes at one and two loops

« compact analytic expressions using local integrands: all multiplicity all-plus

» general helicity configurations for 2—3: LHC physics at NNLO






momentum twistors

[Hodges (2009)]

an all multiplicity parameterisation (not unique)

e (1231)(34)[23] —(13)(1244) + (14)(123¢)
Zae— —, 1 = 015, : ; :
S19 (1234)(14)[12] (1234)(17)
, In[21]:= NN - 6;
R 125 1 GetMTrepALT (NN ;
i = asye |
T =1 mtZ // MatrixForm // SymbolForm
Out[23)//DisplayForm=
" . N ‘1 0 2 4 = &
build spinors products S12 512 512 512
' 2 1 1 1 1 1
etc. from rational
- 0 0 0 X34 X1235 1
phase—space pOlntS v v o
9 ) 00 1 1 1235 -X1245 1246

X1234 X1234



momentum twistors

example: BCFW using rational kinematics

In[143]= NN = 7;
GetMTrepALT [NN] ;
mtZ // MatrixForm // SymbolForm
mtZ = mtZ /. 1pS[1,2]-1; mtW = mtW /. 1pS[1,2]-1;
{p1,p2,p3,p4,p5,p6,p7} = Map [ToSPN4 [MT|[:]]&,RangeshN| ;
Map [Simplify, BCFW4 [AMP[{p1,1,gluon}, {p2,1,gluon}, |{p3,1,gluon}, {p4,2,gluon}, {p5,2,gluon}, {p6,2,gluen}, |p7,2,gluon}|,1,2|] // SymbolForm

Jut|145)i/Lesplaytorm=

19 L 4 s 6 a
512 512 512 512 512
01 1 1 1 1 1
00 0 X34  Xp3s X1236 1
X X X X 1.x
00 1 1 1235 %1245  *X1236 X1246 1247
| X1234 X1234 X1234

Jut|148)i/Lrsplaytorm=

- |
1 (X1234 - X1235 + X1245)

(-1+04) (04 -05) (05 - 0g) (O - O7) X1234 X1235 X1245 (05 X1234 - 04 X1235 + X1245)

- : ' .3
1 (X1234 (X1235 - X1236) - X1236 X1245 + X1235 X1246 )

+

(-1+04) (04 -05) (05 -0g) (0 - 07) X1234 X1235 X1236 (- X1236 X1245 + X1235 X1246) (-X1236 (05 X1234 + X1245) + X1235 (0g X1234 + X1246) )

. . . .3
i (X1234 (-1 + X1236) - X1246 + X1236 X1247)

(-1+04) (04 -05) (05 -0g) (0g - 07) X1234 X1236 (-X1246 + X1236 X1247) (Og X1234 + X1246 - X1236 (07 X1234 + X1247))

[c.T. bctw mathematica package Bourjaily (2010)]



