A Curious Story of Quantum Gravity
in the Ultraviolet
MHV@30
Fermilab
March 17, 2016
Zvi Bern
UCLA
ZB, Carrasco, Johansson, arXiv:1004.0476
ZB, T. Dennen, S. Davies, V. Smirnov and A. Smirnov, arXiv:1309.2496
ZB, T. Dennen, S. Davies, arXiv:1409.3089; arXiv:1412.2441
ZB, C. Cheung, H.H. Chi, S. Davies, L. Dixon, J. Nohle. arXiv:1507.06118
ZB, S. Davies, J. Nohle, arXiv:1510.03448
1

Simplicity in Scattering Amplitudes
For the history, see other talks: Kunszt, Kosower, Hodges and others.
Here I will only talk about history directly relevant for the rest of my talk.

28 years ago David Kosower mentioned the “Parke-Taylor formula”.

I said, “What’s that?”

(Words to be forgotten!)

David Kosower’s response should be immortalized:
“Everyone needs to know the Parke-Taylor formula!”
David was right.
28 years later everyone does indeed know it!
MHV amplitude in spinor notation:

Mangano, Parke and Xu (1988)

h12i4
A(1 , 2 , 3 , . . . , n ) = i
h12ih23i · · · hn1i
+

+
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MHV Amplitudes
(educated guess)
4
h12i
A(1 , 2 , 3+ , . . . , n+ ) = i
h12ih23i · · · hn1i

It wasn’t so obvious this formula would be important:
• It’s too special. Limited helicities.
• No masses.
• Not directly applicable to phenomenology.
• No obvious generalization to loops.
• Etc.
But those of us who were young at the time did not know we were supposed
to worry about the above problems.
Instead we could see:
• Great beauty and simplicity!
• Huge potential for loops! A revolution waiting to happen!
Why would we not want to work on generalizing this?!!
Instead of problems we saw opportunities!
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See Kosower’s talk

Simplicity at Loops

BDK 1993

Using string-based methods, with Lance Dixon, David Kosower we obtained the
one-loop QCD five-gluon amplitude proving simplicity at loop level.
N = 4 sYM

Certain loop-level helicity amplitudes are simple!
N = 4 sYM even simpler!
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MHV Gravity Amplitudes
Kawai-Lewellen-Tye relations (derived from string theory):
gravity

gauge theory

Etc.
(educated guess)

Berends, Giele and Kuijf

MHV gravity tree amplitudes are simple!
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MHV One-loop Gravity Amplitudes
ZB, Dixon, Rozowsky, Perelstein (1998)

Pure gravity one-loop identical helicity:

N = 8 supergravity MHV amplitude

(educated guess)

(educated guess)

One-loop MHV gravity amplitudes are simple!
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Multi Loop Integrands
ZB, Yan, Rozowsky (1997);
ZB, Dixon, Rozowsky, Perelstein (1998)

Multiloop integrands in N = 4 sYM susy are simple!

Scalar double boxes

Simplicity remains for integrated expressions!

See Lance’s talk

N = 8 supergravity integrands just as simple!

Simplicity of gravity integrands is key for rest of the talk.
The most powerful means available for studying UV in gravity!
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Ultraviolet Behavior of Gravity
Dimensionful coupling

Z Y
µ ⌫
L
D
(p
d pi
j pj )
Einstein gravity:
D propagators
(2⇡)
i=1
Z Y
L
(gp⌫j )
d D pi
Gauge theory:
D propagators
(2⇡)
i=1
Extra powers of loop momenta in numerator:
Integrals are badly behaved in the UV.

Origin of simplistic statement that all point-like theories
of gravity must be ultraviolet divergent.

Are we sure there must be divergence?
Cancellations between pieces?
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Test case: N = 8 Supergravity
The best theories to look at are supersymmetric theories.
Supersymmetry relates bosons (forces) and fermions (matter)

We first consider N = 8 supergravity.
Einstein gravity + 254 other physical states
Reasons to focus on N ≥ 4 supergravity:
• With more supersymmetry expect better UV properties.
• High symmetry implies technical simplicity.
In the late 70’s and early 80’s supergravity was seen as the
primary means for unifying gravity with other forces.
Ferrara, Freedman, van Nieuwenhuizen
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UV Finiteness of N = 8 Supergravity?
If N = 8 supergravity is perturbatively finite it would imply a
new symmetry or non-trivial dynamical mechanism.
Such a mechanism would have a fundamental impact on our
understanding of gravity.
Of course, perturbative finiteness is not the only issue for
consistent gravity:
• Nonperturbative completions?
• High-energy behavior?
• Realistic models?
Here we are trying to answer a simple question:
Is N = 8 supergravity ultraviolet finite to all order of perturbation
theory? Yes, or no?
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Opinions from the 80’s
If certain patterns that emerge should persist in the higher
orders of perturbation theory, then … N = 8 supergravity
in four dimensions would have ultraviolet divergences
Green, Schwarz, Brink, (1982)
starting at three loops.
It is therefore very likely that all supergravity theories will diverge
at three loops in four dimensions… The final word on these issues
may have to await further explicit calculations.
Marcus, Sagnotti (1985)

The idea that all supergravity theories diverge has been
accepted wisdom for over 25 years, with a only a handful
of contrarian voices.
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Feynman Diagrams for Gravity
SUPPOSE WE WANT TO CHECK IF
CONSENSUS OPINION IS TRUE

3 loops

4 loops

No surprise it has

~1020 never been
TERMS

calculated via
Feynman diagrams.

~1026
TERMS

5 loops

~1031 More terms than

TERMS atoms in your brain!

− Calculations to settle
this seemed utterly
hopeless!
− Seemed destined for
dustbin of undecidable
questions.

With Modern Ideas
Z B, Carrasco, Dixon, Johansson, Roiban

For N = 8 supergravity.

3 loops

~10

4 loops

~102

TERMS

TERMS

5 loops

~104
TERMS

Much more manageable!
(Not yet done—1000 diagrams)

We now have the ability to settle the 35 year debate and
determine the true UV behavior gravity theories.

Where is First Potential D = 4 UV Divergence?

•
•

3 loops
N=8

Green, Schwarz, Brink (1982); Howe and
Stelle (1989);
Marcus and Sagnotti (1985)

✗

5 loops
N=8

Bern, Dixon, Dunbar, Perelstein, Rozowsky
(1998); Howe and Stelle (2003,2009)

✗

6 loops
N=8

Howe and Stelle (2003)

✗

7 loops
N=8

Grisaru and Siegel (1982); Bossard, Howe,
Stelle (2009);Vanhove; Björnsson, Green
(2010); Kiermaier, Elvang, Freedman(2010);
Ramond, Kallosh (2010); Biesert et al (2010);
Bossard, Howe, Stelle, Vanhove (2011)

3 loops
N=4

Bossard, Howe, Stelle, Vanhove (2011)

4 loops
N=5

Bossard, Howe, Stelle, Vanhove (2011)

4 loops
N=4

Vanhove and Tourkine (2012)

9 loops
N=8

Bekovits, Green, Russo and Vanhove (2009)

?
✗
✗
✓
✗

ZB, Kosower, Carrasco, Dixon,
Johansson, Roiban; ZB, Davies,
Dennen, A. Smirnov, V. Smirnov;
series of calculations.

Don’t bet on this now!
“Enhanced cancellations”
Weird structure.
Anomaly
behind divergence.
retracted

Conventional wisdom: divergence are expected at some high loop order.
So far, every specific prediction of divergences in pure supergravity has
either been wrong or missed crucial details.
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New Structures?

Might there be a new unaccounted structure in gravity theories
that suggests the UV might be is tamer than conventional
arguments suggest?

Yes!
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Duality Between Color and Kinematics
Consider five-point tree amplitude:

ZB, Carrasco, Johansson (BCJ)

color factor
kinematic numerator factor
Feynman propagators

c1 = f a3 a4 b f ba5 c f ca1 a2

c2 = f a3 a4 b f ba2 c f ca1 a5

c3 = f a3 a4 b f ba1 c f ca2 a5
See talks from Carrasco
and Johansson

c 1 + c 2 + c 3 = 0 ⇔ n1 + n2 + n3 = 0
Claim: We can always find a rearrangement so color and
kinematics satisfy the same algebraic constraint equations.
Progress on unraveling relations.
BCJ, Bjerrum-Bohr, Feng, Damgaard, Vanhove, ; Mafra, Stieberger, Schlotterer;
Tye and Zhang; Feng, Huang, Jia; Chen, Du, Feng; Du, Feng, Fu; Naculich, Nastase, Schnitzer
O’Connell and Montiero; Bjerrum-Bohr, Damgaard, O’Connell and Montiero; O’Connell, Montiero, White, etc.
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Gravity loop integrands are free!

BCJ

Ideas conjectured to generalize to loops:

(i)

(k)

color factor

(j)

kinematic
numerator

If you have a set of duality satisfying numerators.
To get:

gauge theory

gravity theory

simply take

color factor

kinematic numerator
ck

nk

Gravity loop integrands follow from gauge theory! 17

N = 8 Supergravity Three-Loop Result
ZB, Carrasco, Dixon, Johansson, Kosower, Roiban; hep-th/0702112
ZB, Carrasco, Dixon, Johansson, Roiban arXiv:0808.4112 [hep-th]

Obtained via on-shell unitarity method:

Three-loop is not only
ultraviolet finite it is
“superfinite”—cancellations
beyond those needed for
finiteness in four dimensions.
UV finite for D < 6
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More Recent Opinion
In 2009 Bossard, Howe and Stelle had a careful look at
the question of how much supersymmetry can tame UV
divergences.
In particular … suggest that maximal supergravity is likely to
diverge at four loops in D = 5 and at five loops in D = 4 …
Bossard, Howe, Stelle (2009)

Bottles of wine were at stake!
We had tools to collect the wine.
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N = 8 Supergravity Four-Loop Calculation
ZB, Carrasco, Dixon, Johansson, Roiban (2010)

50 distinct planar and non-planar diagrammatic topologies

UV finite for D = 4 and 5
actually finite for D < 11/2

Very very finite.

A very nice Barolo!
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A New Consensus from Supergravity Experts
More recent papers argue that trouble starts at 5 loops and by
7 loops we have valid potential UV counterterm in D = 4,
accounting for all known symmetries.
Bossard, Howe, Stelle; Elvang, Freedman, Kiermaier; Green, Russo, Vanhove ; Green and Bjornsson ;
Bossard , Hillmann and Nicolai; Kallosh; Ramond and Kallosh; Broedel and Dixon; Elvang and
Kiermaier; Beisert, Elvang, Freedman, Kiermaier, Morales, Stieberger

All previous calculations explained and divergences predicted.
Based on this a reasonable person would conclude that N = 8
supergravity almost certainly diverges at 7 loops in D = 4.
Same methods also predict:

• N = 8 sugra should diverge at 7 loops in D = 4
• N = 8 sugra should diverge at 5 loops in D = 24/5
• N = 4 sugra should diverge at 3 loops in D = 4
• N = 5 sugra should diverge at 4 loops in D = 4
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N = 8 Sugra 5 Loop Calculation
ZB, Carrasco, Johannson, Roiban

~1000 such diagrams with ~10,000s terms each

Being reasonable and being right are not the same.

Place your bets:

• At 5 loops in D = 24/5 does
N = 8 supergravity diverge?
• At 7 loops in D = 4 does
N = 8 supergravity diverge?

5 loops

Kelly Stelle:
Zvi Bern:
English wine
California wine
“It will diverge” “It won’t diverge”
22

N = 8 Sugra 5 Loop Calculation
ZB, Carrasco, Johannson, Roiban

~1000 such diagrams with ~10,000s terms each

Being reasonable and being right are not the same

Place your bets:

• At 5 loops in D = 24/5 does
N = 8 supergravity diverge?
• At 7 loops in D = 4 does
N = 8 supergravity diverge?

7 loops

David Gross:
Zvi Bern:
California wine
California wine
“It will diverge” “It won’t diverge”
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N = 4 Supergravity UV Cancellation
ZB, Davies, Dennen, Huang

All three-loop divergences and subdivergences cancel completely!
Still no symmetry explanation, despite valiant attempt.
Bossard, Howe, Stelle; ZB, Davies, Dennen

A pity we did not bet on this theory!
Prediction based supergravity imply divergences
24

Enhanced UV Cancellations
ZB, Davies, Dennen (2014)

Suppose diagrams in all possible Lorentz
covariant representations are UV divergent,
but the amplitude is well behaved.
• By definition this is an enhanced cancellation.
• Not the way gauge theory works.
already log divergent

N=4
sugra

2
1

3
4

p

q

N = 4 sugra: pure YM x N = 4 sYM
2
ni ⇠ s3 tAtree
(p
·
q)
"1 · p "2 · p "3 · q "4 · q + . . .
4

This diagram is log divergent

3 loop UV finiteness of N = 4 supergravity proves existence of
“enhanced cancellation” in supergravity theories.
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N = 5 Supergravity at Four Loops
ZB, Davies and Dennen

We also calculated four-loop divergence in N = 5 supergravity.
Industrial strength software needed: FIRE5 and C++

N = 5 sugra: (N = 4 sYM) x (N = 1 sYM)
N = 1 sYM
N = 4 sYM

Crucial help
from FIRE5
and (Smirnov)2

Diagrams necessarily
UV divergent.

N = 5 supergravity has no divergence at four loops.
Another example of an “enhanced cancellations”.
A pity we did not bet on this theory as well!
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82 nonvanishing numerators in BCJ representation
ZB, Carrasco, Dixon, Johansson, Roiban (N = 4 sYM)

Enhanced cancellation in N = 5 supergravity
27

N = 5 supergravity at Four Loops
ZB, Davies and Dennen (2014)

Adds up to zero: no divergence. Enhanced cancellations!
No standard symmetry explanation exists.
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Where does new magic come from?
ZB, Davies, Dennen, Huang; Bossard, Howe, Stelle

To analyze we need a simpler example: Half-maximal supergravity
in D = 5 at 2 loop.
Similar to N = 4, D = 4 sugra at 3 loops, except much simpler.

Quick summary:
— Finiteness in D = 5 tied to double-copy structure.
— Cancellations in certain forbidden gauge-theory color structures
imply hidden UV cancellations in supergravity, even when no
standard symmetry explanation.
Double copy structure implies extra cancellations!
Unfortunately, our 1, 2 loop proof not easy to extend beyond 2
loops.
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The 4 loop Divergence of N = 4 Supergravity
ZB, Davies, Dennen, A.V. Smirnov, V.A. Smirnov

4 loops similar to 3 loops except we need industrial strength
software: FIRE5 + special purpose C++ code.
dim. reg. UV pole

kinematic factor

D=4

2✏

It diverges but it has strange properties:
• Contributions to helicity configurations that vanish were it not for
a quantum anomaly in U(1) subgroup of duality symmetry.
•

These helicity configuration have vanishing integrands in D = 4.
Divergence is 0/0. Anomaly-like behavior not found in N ≥ 5 sugra.
Carrasco, Kallosh, Tseytlin and Roiban

Motivates closer examination of divergences.
Want simpler example: Pure Einstein gravity is simpler.
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Pure Einstein Gravity
Standard argument for 1 loop finiteness of pure gravity:

’t Hooft and Veltman (1974)

R2

Divergences vanish by equation of motion
and can be eliminated by field redefinition.

2
Rµ⌫

In D = 4 topologically trivial space, Gauss-Bonnet
theorem eliminates Riemann square term.

2
Rµ⌫⇢

Z

4

d x

p

g(R2

2
2
4Rµ⌫
+ Rµ⌫⇢
) = 32⇡ 2

Euler
Characteristic.

Pure gravity divergence with nontrivial topology:
Capper and Duff; Tsao ; Critchley; Gibbons, Hawking, Perry Goroff and Sagnotti, etc

LGB =

1
1 ⇣
4 · 53 + 1 + 91
2
(4⇡) 360✏
graviton

scalar

antisym.
tensor

⌘

180 (R2
3 form
tensor

2
4Rµ⌫ + Rµ⌫⇢
)

Gauss-Bonnet

Related to “trace anomaly”. (Also called conformal or Weyl anomaly.)

Gauss-Bonnet one-loop divergence is “evanescent”
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Two-Loop Pure Gravity
By two loops there is a valid R3 counterterm and corresponding
divergence.
Goroff and Sagnotti (1986); Van de Ven (1992)
Divergence in pure Einstein gravity (no matter):

D=4

2✏

UV divergence

L

R3

209 1
1 ↵
=
R
4
2880 (4⇡) 2✏

R

⇢

R⇢

↵

On surface nothing weird going on.
However, when we apply modern tools we find results are
subtle and weird, just like in N = 4 supergravity, once you
probe carefully.
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Two Loop Identical Helicity Amplitude
+

+
+

R3

+

Pure gravity identical helicity amplitude sensitive
to Goroff and Sagnotti divergence.
D = 4 2✏

✓ ◆6
✓
◆2
209

i
[12][34]
MR
=
K
K=
stu
2 (4⇡)4
h12ih34i
24✏
div.
Curious feature:
tree amplitude vanishes
3

+

+

+

+

+

+

+

+

• Integrand vanishes for fourdimensional loop momenta.
• Nonvanishing because of ✏dimensional loop momenta.

Bardeen and Cangemi pointed out nonvanishing of identical
helicity is connected to an anomaly in self-dual sector.
A surprise:
Divergence is not generic but appears tied to anomaly-like behavior.33

Full Two-Loop Integrand

3+

2+

Using spinor helicity very compact:

1+

p

4+

n

Bow-tie and nonplanar contributions similar:

p

(4)

pi = pi

+

i

q

• Integrand vanishes for D = 4 loop momenta:
• Upon integration ultraviolet divergent.
• Awesome simplicity in a seemingly impossibly complicated theory.
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Pure Gravity Divergence
ZB, Cheung, Chi, Davies, Dixon and Nohle

D=4
single GB
subdivergence

2 loop bare

M24-loop

div.

M14-loop GB
tree GB2
M4

=

div.

div.

2✏

double GB
subdivergence

1 3431
K
✏ 5400

1 689
=
K
✏ 675

1 5618
=
K
✏ 675

Mtotal
4

div.

1 209
=
K
✏ 24

Goroff and Sagnotti
divergence reproduced

Surprise: Evanescent Gauss-Bonnet (GB) operator crucial part
of UV structure. Dependence on trace anomaly!
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Meaning of Divergence?
What does the divergence mean?

⇤1/2 $ "µ⌫⇢ H µ⌫⇢

Adding n3 3-form field offers good way to understand this:
• On the one hand, no degrees of freedom in D = 4, so no change
in divergence expected.
• On the other hand, the trace anomaly is affected, so
expect change in divergence.
• Note that 3 form proposed as way to dynamically neutralize
Brown and Teitelboim; Bousso and Polchinski
cosmological constant.
bare

GB

GB2

Divergence depends on
nondynamical 3-form fields!

But wait: what about finite parts?
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Scattering Amplitudes
Pure Gravity:

Gravity + 3 Form:

IR singularities
subtracted and
independent of 3 form

divergences different.
logarithms identical!

• Value of divergence not physical. Absorb into counterterm.
• 3 form is a Cheshire Cat field: scattering unaffected.
Similar results comparing scalar and two-forms.
Results consistent with quantum equivalence under duality.
Firmly in quantum equivalence camp.
Duff and van Nieuwenhuizen; Siegel; Fradkin and Tseytlin; Grisaru, Nielsen, Siegel, Zanon, etc
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N = 1 Supergravity
ZB, Chi, Dixon, Edison (to appear)

Divergence violates susy ward identity even though regulator
should be supersymmetric! Due to trace anomaly.
Result for N = 1 supergravity with 1 matter multiplet

Mtotal
4

div.

1 81871
=
K + 0 ln(µ2 )K + finite
✏ 21600

Very strange, but no stranger than earlier results.

Have no fear: no physical effect! Local
counterterm eats the divergence restoring susy.
Still working on case with no matter multiple, but no reason to
expect different outcome.
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New Directions in Gravity Loops
If you want to solve a difficult problem get an army of energetic
young people to help with new ideas:
• Better understanding and applications of BCJ duality.

Chiodaroli, Gunaydin, Johansson and Roiban,; Johannsson, Ochirov; O’Connell, Montiero, White; ZB, Davies, Nohle;
Boels, Isermann, Monteiro, and O'Connel; Mogull and O’Connell, He, Monteiro, and Schlotterer

• Scattering equations and double-copy relations.

Cachazo, He, Yuan

• Twistor strings now at loop level for N = 8 supergravity.

Adamo, Casali and Skinner; Geyer, Mason, Monteiro and Tourkine

• New ideas on unitarity cuts based on Feynman Tree Theorem
Baadsgaard, Bjerrum-Bohr, Bourjaily, Caron-Huot, Damgaard and Feng

• Important advances in related string theory amplitudes.
Carlos Mafra and Oliver Schlotterer

• Nonplanar analytic hints from Amplituhedron.

ZB, Hermann, Litsey, Stankowicz, Trnka

• Awesome equation solver. Millions of equations encountered
at 5 loops can be dealt with! Very cool algorithm!
Schabinger and von Manteuffel
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Outlook

•

We have only scratched the surface. Multi-loop gravity very rich.

• “Reports of the death of supergravity are an exaggeration”
Stephan Hawking (with help from Mark Twain)

•

UV finiteness of supergravity, given up for dead twice, is
back in business, with new surprises: Enhanced UV cancellations.

•

I don’t know if this will lead to a completely satisfactory
description of nature via supergravity. At least people are
looking again at this possibility and we uncovered some
interesting things along the way.
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Summary
• Modern amplitudes approach is a powerful tool for quantum
gravity. Is it possible to have perturbatively UV finite versions
of Einstein gravity?
• Remarkable connection between gauge and gravity theories:
— color
kinematics.
— gravity ~ (gauge theory)2
• Pure supergravities surprisingly tame in the UV.
New phenomenon: Enhanced cancellations.
• Strange anomaly-like behavior of divergences in gravity.
Strange delinking of divergences from scaling behavior.

Supersymmetric versions of Einstein’s General Relativity
are surprisingly tame in the ultraviolet. Expect that the
curious story will continue.
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Extra Slides
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Further Reading
If you wish to read more see following non-technical descriptions.
Hermann Nicolai, PRL Physics Viewpoint, “Vanquishing Infinity”
http://physics.aps.org/articles/v2/70
Z. Bern, L. Dixon, D. Kosower,
May 2012 Scientific American,
“Loops, Trees and the Search for New Physics”
Anthony Zee, Quantum Field Theory in a Nutshell,
2nd Edition is first textbook to contain modern
formulation of scattering and commentary
on new developments. 4 new chapters.
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Our Basic Tools
We have powerful tools for computing scattering amplitudes
in quantum gravity and for uncovering new structures:
• Unitarity method.

ZB, Dixon, Dunbar, Kosower
ZB, Carrasco, Johansson , Kosower

• Advanced loop integration technology.
Chetyrkin, Kataev and Tkachov; A.V. Smirnov; V. A. Smirnov, Vladimirov; Marcus,
Sagnotti; Czakon; etc

• Duality between color and kinematics.
ZB, Carrasco and Johansson

Many other tools and advances discussed in other talks
that I won’t discuss here.
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