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Motivation

= The long way towards multi-loop multi- | 1oops . gggg
scale processes 3 —+—¢

= In the last decade automation boosted
NLO calculations

Automation

= Computation of virtual amplitudes
allowed by new techniques :

- Generalised unitarity (see W. Torres’ talk )

= Integrand decomposition method Ossola, Papadopoulos, Pittau (07), ElliS, Giele Kunszt (08),
Giele, Kunszt, Melnikov (08), Mastrolia Ossola, Papadopoulos,

Pittau (08), Pittau, del Aguila (04), Mastrolia, Ossola, Reiter,
Tramontano (10), Mastrolia, Mirabella, Peraro (12), ...

= Extension to NNLO and beyond has been under intense investigation

Mastrolia, Ossola (11), Badger, Frellesvig, Zhang (12),

Zhang (12), Mastrolia, Mirabella, Ossola, Peraro (12),

Kleiss Malamos, Papadopoulos, Verheyen (12), Feng, Huang (13),
Sogaard, Zhang (13), Feng, Zhen, Huang, Zhou (14),

Badger Mogull, Ochirov, O'Connell (16), Badger, Mogull, Peraro (16), ...



Outline

= Integrand Decomposition in d = 4 — 2¢

- Feynman integrals ind = 4 — 2¢

- Multivariate Polynomial Division and Maximum-cut Theorem

= Adaptive Integrand Decomposition in d = d T e d |

- Feynman integralsin d = d| + d .

- Transverse space and spurious directions

- Divide and Integrate and Divide algorithm
- 1-Loop decomposition revisited

- 2-Loop decomposition

- Examples

= Summary and Conclusions



Ossola, Papadopoulos, Pittau(2007)
Ellis, Giele, Kunszt, Melnikov (08)

Integrand decomposition Masote vl

Papadopoulos,Pittau (08)

Goal : decompose Feynman amplitudes in a minimal set of integrals

e.g. Passarino-Veltman decomposition of one-loop amplitudes
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Idea : find a decomposition of the integrand first

N(q) ~ Aijri(q) ik (g h . A
= : + A + [he residues A:..x(¢) are
“iM'D.D.DyD; " - kaDDk > G wDD Zcz

i<l i<k i<k polynomials in q

Monomials in A,..,(¢) which do not vanish upon integration, give a representation of the amplitude
in terms of a (non-minimal) set of integrals

If the parametric expression of the residue is known, coefficients can be fixed by sampling the
numerator on cuts
[s there a general way to obtain the residues? Does this hold in d dimensions?



Feynman Integrals in d =4 — 2e

Arbitrary £-loop integral with n external legs

dq;
14O\ = b/m< d%z

~

N(q;)
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I1; Di(a:)’

Parametrise the integral as

d 4 —2¢
qual [ [a]l _|_|qua|
Qi 95 = q[a]s - 9145 + Hij
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= Introduce a four-dimensional basis £ = {e;, es,e3,¢e4}
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= Po; T X1i€1 + Taiey + T3i€z + Taiey




Mastrolia, Ossola (11)
Zhang (12)

Multivariate Polynomial Division s

Ossola, Peraro (12)

= Given an integrand, consider the ideal generated by the set of denominators

N (2) =) Trp1kt1m(2)gr(2) + A1.p(2)

| | Remainder |

= [Iterate and read off the decomposition

Quotient

Nl...n(z) =

Ty..n(

-y > T

k=0 {i-- z}

Ay, ..ip (2)

> Nik—1k41-n(2)Di(2) + Ar..n(2)
k=1 | Subtopology |

| Residue |

(2) -~ Dy, (2)

/dZIl. ‘n

T Er>Ty
Aspurlous N
I

k=0 {i1--ip} D,

Y D /dZD ) ZkZ)()]




Maximum-cut Theorem

Mirabella, Ossola, Peraro, Mastrolia (12)

- ——— = — — ———— — e ——— E—

- = Maximum-cut theorem: if the cut-conditions have ns solutions, the residue is

Britto, Cachazo, Feng (05) Mirabella, Ossola, Peraro, Mastrolia (12)

four-dim: [z] =4

ne = 4 Ne = 8 ne =4
d- . . p—
dim: [z]=5 .
ﬂ?,f_:_l ns = 1] W_i_:_l




Integrand decomposition @1Loop

YARS {%1,%2,[133,[[‘4 qu}

J1 .32 .73 J4 .75
E OzZl 2’2 23 2425

= Integrands with n > 6 are reducible. For n < 5the universal residues are

e

2
Aijkim =Colt

Ajjrr =co + c174 + cap® + cgzap® + cap?

2 3 2 3 2 2 2
Ajjk =co + 124 + camy + 3Ty + caT3 + C5x5 + cex3 + Ccrp” + cgTapl” + coTap

2 2 3 2
A'L’j =cp + Cc12X1 + Cax] + €3%4 + Caxy + C5X3 + CeT3 + Crx1T4 + CT1X3 + Colt

Ai =cg + c1x1 + caxo + 33 + 44

~

Ossola, Papadopoulos, Pittau (07)
Ellis, Giele, Kunszt, Melnikov(08),
Mirabella, Ossola, Peraro, Mastrolia (12)




Integrand decomposition @1Loop

s

= g Cijkm \ [ T+ E Cijkl

\v){\ﬁﬂ}/ {1,ILL2,ILL4} {LMQ} {17M23M47(Q'62)7(Q'62)2} {1}

<<Km / N\ 1<

+ Z Cijiﬂ}>¥ —+ Z Cij —4<—>;_ + Z C; 1’(-)

1<J

= Integrands with n > 6 are reducible. For n < 5the universal residues are

g 2
Aijkim =Colt

Ajjrr =co + 174 + cop® + cgzap® + cqp’

At =co + 121 + coT2 + 323 + c424

2 3 2 3 2 2 2
Ajjr =co + c1x4 + oy + 3y + caws + c523 + cexy + crp” + cgrapt” + o

2 2 2 2 z e e R NG
Aij =Cp + €11 + Cox] + C3x4 + Caxy + C5T3 + CeT3 + CTT1Ta + C8T1T3 + Colt Azl---m = Azl---zk -+ R

) Ossola, Papadopoulos, Pittau (07)

Ellis, Giele, Kunszt, Melnikov(08),
Mirabella, Ossola, Peraro, Mastrolia (12)

spurious |

N

= The set of integrals in the decomposition is not minimal due to integral relations

r Lgl)d[luz] _ _Elqgl)d—wm
IV "] = —e(1 — ) IV 4+ 1]

Bern, Morgan (95)

\L

1 n
(1) d+2 _ (1)d _ (1) d

Tarasov (96), Lee (10)

= Pentagon residue fixed by the maximum-cut theorem. What about lower-point residues?

= [s there any symmetry? How to find spurious terms at higher loops?

see M. Jaquier’s talk



Feynman Integrals in d = d + d

» In an arbitrary ¢-loop integral with n < 4 legs external momenta span a reduced space

¢

i dlg;\  N(g)
I, N —/<H 7Tal/?) [L; Dj(a:)

1=1

d 4 —2€

L P
qi =qa); T K

Qi " Q5 = q[4]i - q[4]§ T Mij

= Split space-time in parallel d; = n — 1 and orthogonal d, = 5 — n — 2¢ space

7~

E = {617 €2, €3, 64}

ei-pjz(), Z>d||

€i°€j:5@'j, Z,]>d||

Collins(84), van Neerven and
Vermaseren (84), Kreimer (92)

d d|| d|
I al IC\{I | C¥|
qi :qni_'_)‘i
Gi Q5 =i Q15+ Aij

0l +9)
e
€(€-|-2d|| +1)/2
Z=TUX |

(0%
> €d|| +j




Feynman Integrals in d = d + d

s Recursively define orthonormal basis for the transverse space of each loop momentum

= Any /-loop integral withn < 4 can be parametrised as

Gram-Schmidt

7~

A1 {eq +1,- -, €4, i}
/ !~

)\2 {ed||—|—17"‘76471ui}
. 7 TN

A3 {ed”—l—l?'”aeélmui}

~

Mastrolia, Peraro, A.P. (16)

s

V4
IZOIN] = Qfﬁ/ﬂdnlqm/d
=1

0(041)
2

A / d4-dte |

N(g; |, A, ©O1)
11, Dj(qi: A)




Feynman Integrals in d = d + d

s Recursively define orthonormal bases for the transverse space of each loop momentum

e A1l {€d||+1, coseq, i}
A — A I CANRTRR N 11
" Gram-Schmidt Az {eg” ISP N
= Any /-loop integral withn < 4 can be parametrised as Mastrolia, Peraro, A.P. (16)
! el dj -space ' d, -space _/\/'I( )
1 L ALO
Id (£) [N] — Qw)/ dn—lq i/dae; )A/d(4—d|)€®J_ Qi|l> s
o J L [T, Dj(qy: A)

i=1 —li<icj<e

0o ! ol 4 ,
/ag—wz+ A :/ Hd)\ii()\iz')dé / H decos 05 (sin ;)% 727" b e
0o - {l )\ZJ —E [)\kk,Sin[@A] [(-)A

| Tdy+ji P [Akk,sin[@ 1 4], cos[@ 1 4]

S——

, COS

= All O, integrals reduced to orthogonality relations for Gegenbauer polynomials

1 1—2a
2 I 2
/ dcos 0(sin 0)2*~1C(Y (cos 0)CLY (cos ) = §n mhin + 2q)
1 nl(n+ o) («a)

=



Examples

= Four-point integrals : d| =3

7

q; =61f§]i+>\?

— e @ a «
E :%169 A = wyed + g

N(CI[3] 1, A11,c0801)
| - Do (qpa) 15 A11)

1 > as [ : -
I WIN = () /d3Q[3]1/O dA11 (A1) 2 /1d008911(81n911)d "
: _

1
Id(l)[l] /d3 / d>\11 )\11 2 .
4 3 /QF [T Do (@12 00) scalar integral
Transverse variable : Tensor integrals :
41 — V )\1 COS 911 : IZ(l) :51341 _Id(l)[ T4 ] — 0
1 (432) (432) | d(1); 2 - L qa I 41201
0,1 = 2 0 2 0 2 - d(1) _ L pd+2(1)
cos b =7 5)00 (cosb11)Cy * “(cosbhr) Iy e ) =— 1 M) =51 1]
1 (432) 2 d(1); 4 ; 3
01, = 2 0 1=
COS 11 (d_5)2 |:Cl (COS ]_]_)] I4 21341 (d_3>(d_




Examples

= Four-point integrals : d| =3

q; :CI%]iJF)\?

3

o L«

di314 = E :mﬂej A = xyey + ps
j=1

d—17 3 0o 3 1 3
I3[ AT = 2 3 O 4 (gin 0,45

Li<i<ji<s

1 3 ‘ N - Nig .. sin 0. :
/ Hdcosﬁj j(sinej j)d—5j 5 (Q[3]z> iiy COS U;5, 81N ZJ) |
_1j:1 H

m—0 Dm (q[3),i> Ais, cos 012, cos 13, cos fa3)

Transverse variables : Tensor integrals :

(>\12 = VA11A22c080i2 o
A23 =  V/Ax2A33cos i3 A3 [as B
I xtaiaxid] =0, as+Bs+va=2n+1
)\13 = vV )\11)\33(008 912 COS 013 + sin 912 sin 013 COS 923) ' 4 [ 41742 43] 4 64 T4
/ d (3
Auz €08 b1 14( )[$4ix4j] = 7 ol
Tgo = V/Aa2(cos b1 cos b + sin 617 sin O15 cos Oa9) d—3

8
N
—

|

T43 = )\33 (COS 911 COS 012 COS 913 + sin 911 sin 912 CcOS 922 COS 913

— sin 011 sin 013 cos B2 cos B2 cos O3 + sin B4 sin 013 cos O11 cos Oa3

+ sin 041 sin 643 sin f95 sin O93 cos 1933)




Feynman Integrals in d = d + d

= Any /-loop integral with n < 4 can be parametrised as

d; -space d, -space
Iy ]! 1
1 N(q A @J_)
14O = Q(f)/ 4" g i/dW; )A/d(‘*—d)e@L iy £
. 1] ” [T, Dj(qy s, A)

= Polynomial dependence on transverse directions is exposed

= Integration over transverse directions through Gegenbauer polynomials

- All spurious contributions detected

- Alternative to Passarino-Veltman reduction

- Holds for all variables not appearing in the

denominators (e.g. in factorised and ladder

integrals)

= What happens if combined with integrand decomposition?



Adaptive Integrand Decomposition

» In d=d; +d; denominators depend on a reduced set of variables

N f N (rxn)
Izl'"zr (Z) ~ Dil(z) “e Dir (Z) Iil tr (T’XL) - Dq;l(T) D; (T)
z = {x, j1i;} | T = {xy, Aij} |

= Cuts are adaptive, the dimension of the cut-solution space depends on d |

= Ind=dj +d, on-shell conditions <> linear equations for the (reducible) variables

E.g. 1-loop:
Di(r) = (ay+ 3 )" + 22+ m?| [ DilT) = Drlm) =gy vit e
j=0 b= Dl(T):q||+)\ +m? AR
i:l,...,n Pi—9 \Tn = Kn

\, \, \,

= Polynomial division reduced to a substitution rule (of reducible variables in terms of
denominators and physical ISP)



Divide and Integrate and Divide

= Residues are determined in three steps:
1) Divide

Mastrolia, Peraro, A.P. (2016)

- Monomial order A;; < x
Niy.ip(T,x1) = Z-/\/—il...ik_likJrl...ir(TyXJ_)Dz’k (7) + Ay i (X5 x0) .w |
k=1 Subtopology #1 | Aij are reducible

2) Integrate

ddq] RRRRLA X||7Xl) (0) ¢ 1 0(e+1) A;Ift L (7) 4m e {
/H md/2 D, () = (1, /Hd C]||z'/d p AD~ ) ”D' ) NXM_)P[ ,sSin[@ | |, cos[@L]]

@r

Integrate over © |

11...%pr

Amt . ( ) /d(4_d)£@LAi1...ir(Ta®J—)

3) Divide

, hvysical ISP
AR ()= SN (1) Diy (7) + A () L

110 U — 1'Lk+1 Ay

k=1 | Subtopology #2 |

monomials only

s The final residue is free from spurious terms and suitable for integral reduction



Mastrolia, Peraro, A.P. (16)

Adaptive Integrand Decomposition @]Loop

» @ILoop:|[r]=n= Dy (r) = = D; (1) = 0
1) Divide o e

a )
Aijk:lm ZCOM2

Aijkl =Cp + C1T4 + CQZ’Z + 0333431 + 04333
Aijk —=Cp + C1X3 + Coxy4 + c;;x% + C4X3x4 + C5£Bi + c6ac§ + C7£E§$4 + 6833356421 + ngi
Ajj =co + 122 + coxs + c3zq + c4x§ + c5x9T3 + cgroxry + C7x§ + cgT3x4 + Cg:lji
Aij|p2:0 = Cop+ C1T1 + Cox3 + C3x4 + 0451;% + C5X1X3 + CgL1T4 + 0733% + cgr3x4 + ngi

A1 =Co + C121 + CoX2 + C3T3 + C4X4

N\

all cuts are zero-dimensional (No ISP)

All residues fixed by the
Maximum-cut theorem



Mastrolia, Peraro, A.P. (16)

Adaptive Integrand Decomposition @]1Loop

. @1L00p ;( = n = — = B N

1) Divide : ced o el ol
. )
Aijkim =Copt?

2 3 4

Aijkl =Co + C1T4 + CoXy + C3T, + C4y
2 2 3 2 2 3
Aijk =Co + C1T3 + Coly + C3T3 + C4X3T4 + C5Ty + CoL3 + C7x304 + CIT3T, + CoTy
2 2 2
Aij =Co + C1T9 + Co3 + C3T4 + C4T5 + C502T3 + CeLoXy + C7X3 + CT3T4 + CoTy

2 2 2
Aij|p2:0 = Co + C1T1 + CoX3 + C3X4 + C4X] + C5X123 + CeT1T4 + C7T3 + C8L3T4 + CoXy

A1 =co + 121 + oo + c3x3 + 424

N ——————————————————————————————
2) Integrate

( in
Az‘ﬁclm :COM2
. 1
ANt — 22 A4
ikt €0+ TR A T T )
; 1
A?}Z; =co + > (c3 4 c4)\?
: 1
ABY =co + T (ca + c7 + co) N2
Aintl - 2 1 /\2
i lp2—0 = co + 171 + cawy + T3 (c7 + c9)
Aiint =Cy

L

Spurious terms drop out
Dim-shifted integrals (but A\*reducible)

all cuts are zero-dimensional (No ISP)

All residues fixed by the
Maximum-cut theorem



Mastrolia, Peraro, A.P. (16)

Adaptlve Integrand Decomposition @]1Loop

1) D1V1de

-
Az’jklm ZCOM2

2 3 4
Aijkl =Co + C1T4 + CoXy + C3T, + C4y

Aijlp2=0

A1 =co + 121 + oo + c3x3 + 424

2) Integrate

2 2 3 2 2 3

Aijk =Cp + 123 + C2T4 + €3T3 + CaX3X4 + C5XTy + Co3 + CTT3T4 + CRT3T, + CoTy
2 2 2

Aij =Co + C1T9 + Co3 + C3T4 + C4T5 + C502T3 + CeLoXy + C7X3 + CT3T4 + CoTy

2 2 2
= Co + C1T1 + C2X3 + C3T4 + C4T] + C5T1X3 + CL1T4 + C7T3 + C3T3T4 + C9Ty

-

int _ 2
A’L] kim —CoM

1
Co )\2 +cy )\4

At
ikt =0T T3 (d—1)(d—3)

int
A’L]k =Cp +

1
d—9 (03 + 64))\2

. 1
AP =cy + . 1(04 + c7 + cg) N2

t 2
Am |p2—0 = Co + c121 + cax] +

1
d— 2
Agint =y

L

(C7 + Cg)/\2

all cuts are zero-dimensional (No ISP)

All residues fixed by the
Maximum-cut theorem

3) Divide
-
A;jklm ZCOM2
zgk:l =co(d)
ik =Co(d)
—co(d)
Aij|p2:O = co(d) + 11 + C4x%
Ai’ =c

.

Spurious terms drop out
Dim-shifted integrals (but A\*reducible)

Dim-recurrence
@integrand level



= @]Loop : [ ]—n=>D (T ):... P f

Mastrolia, Peraro, A.P. (16)

Adaptive Integrand Decomp051t10n @1Loop

all cuts are zero-dimensional (No ISP)

e ——

1) D1V1de

r
Aiinim =copi?
ijklm —CoH

4

Aijkl =Cop + C1T4 + CQCBZ + 03332 + cqy
Aijk =Cop + C123 + Coy + Cg:E% + Cc4x34 + C5$421 + 06:15% + 07$§$4 + 0835337421 + Cgl’i AH re81dues ﬁxed by the

1
((33 + 64))\2

Aljk CO+d—2

1
(04 + Cr + Cg)>\2

ANt —
ij CO+d—1

Az‘j|p?:0 = Co(d) +c1x1 + 6458%

/
Al =cq

1
(07 + Cg)/\2

Amt|pz _o = cCo+ 1Ty + cqx] + 3

A’Lmt —co

\.

Spurious terms drop out Dim-recurrence

Dim-shifted integrals (but A*reducible) @integrand level



Mastrolia, Peraro, A.P. (16)

Adaptive Integrand Decomposition @2Loops

g rp=ry=295, ra2=1 r1 =295, 19 =4, rig =2 rN=09,T2=23, 2 =3

P NP1 NP2
. (a) 1—12.‘345678910 11 (b) I12345678910 11 (C) I12325678910 11

. . 0
s Three maximum-cut topologies 2] =

= Universal parametrisation of the residues in renormalisable theories

4 . . .
N it s i 'Zézl Ji + 2J9 + J11 < s1, 81 =11+ 712
iy (2) = E Q721 2y --- 211 8 D iss Ji + 2910 + j11 < s2, S2 = T2 1T T12
- 8 . - : ;
J€J11(51,52,5¢0t) D izt Ji + 209 +J10 +J11) < 812, Stot =71+ 712+ 712 — 1




Mastrolia, Peraro, A.P. (16)

Adaptive Integrand Decomposition @2Loops

L. Aj i T ..q, Ay, L, .4, Ay i, I,'l. i, Ay ..,
1 6 15 20
e] p &
A A— m Tioasers Li3567s010 11 -
12345678910 1 1245678910 11 39675 1. Ilrﬁ'-‘
T T3], T 5678010 11
{1} {124} {1,231, 741} ' {1,721, z31, 241}
D)
NP1 I155678010 11 Iis4567010 11 > 76
1123436.891011113:} (1 ° {1,240} {1, 241, 242} Tiss6r010 11
39 {1.1?31.;1‘41,1'42}
1 NP1 6 NP1
NP2 I 1534568010 11 23568910 11 1 0
Ii315678010 11 (1) {1,240} {1 za1, 710} I iets010 11
DB
. 10 - 15 {1,231, 241, T2}
6 INP2 T 153456910 11
P 1245678910 11 1. - -
Los4567s010 11 {L,zg} {1, z32, 742} p 15
{1,z4} . 15 Ligrsor0 11
, 15 NP2 : {1.1‘11,1‘21.1?31.;1‘41}
Tk Tiveies ’
. 10 245678910 11 135678910 11 L.
T¥iersor0 11 {1, 231, 741} {1z, 240} 116
- 207
{1, w2} b 33 P 20 T1%56s010 11 szi o
G 1123!7&910 11 25678910 11 ) . ) {1‘ ‘13] ? xI 32' II?}
NP2 )j;i {1,241, 249} {1,221, 231, 241} o
Ii%34578910 11 :
I'I § . ) ?6 P
{1,242} INPL jj:} 39 I csonons Lisemo1011 1 2o .
10 124568010 11 (1,241,742} ' {1,231, x41, z42} { ‘I21€1317I‘1]-‘142}
1)316"8910 11 $:( (1,240} . | 15 NP1 80 TP 66
I 15345681011 25678910 11 1. a1, Ta1.: 1678911
15 {1,239, 249} {1,231, 41, 742} {1, 211,221, 231, T41, 742}
I)‘ —
1678910 11 / . 116
{1. I31.T41 } I!\T’? 45 lg\‘l:éggm 1 jgi P 160
124678910 11 4568 1. a1 . T30 T4 Tioxe
(1,24, 74) {1,241, 732, 42} 1256910 11
33 s Ta1, Ta2 {1,231, z41, Y32, T42}
I)&mamo 11 20 P 15 —
{1,241, 249} 011 37501011 (1,211,791, 31, 201} 185
] {1,;1‘2|.I3]..1‘.11} P11 21, 31 4l Il i"‘f)lOll
578910 11 S NP1 A -
{1,241, 242} L34rs010 11 ]:t} (1, 231, 241, 740) =T {1,291, 231, 241, T2} 180
- | s T3], T41. Tg2 Il)jﬁgll .
? 116 7P 160 {1,211, 231, %41, T32, T42}
1>sh691011 1 2o 2 INPL 2357910 11
{1,232, 242} HSTRIO {1,241, 732, 242} {1,231, 241,32, T2 } NP1 <> 246
1r : 35 246910 11
45 - 80 NP1 155 {1, 231,241, T22, 32, T42}
E '
’&16"891011 Ti545781011 2457910 11 1 v -
{1.1‘41.1.;-_)} A0 {1,231, 241, 242) {1, 231,741, %39, T42}




Mastrolia, Peraro, A.P. (16)

Adaptive Integrand Decomposition

@21.00

PS

Ly ir “ Biy iy | AR, Al Li,..i, Ay, AR, Al i,
Iserot011 Q . ” v P ' [>— 150 2 1
e 01 . L Tac Tol. T+ 59 A1+ 1. I 1356911
{1,721, 731, 741, 742} {1,221, 731, A11, A22, A12} {1,221, 231} 5 {1,231, 241,722, T32, T42} {1,222, A11, A22, A12) {1, 22
) 160 93 22 .
Thoseo1011 jj:[ NP S 240 30 6
= 1,231, T41, T30, T4 1,231, Tag, M1, Ag2, Ar: 1,23, 73 Lise
{ T3 Tl T8 IL)} { o ]2} { rl 132} t6ato {1..1?31..1'4].1'2-'_)..1;).J“p} {1..1'2-‘_)./\]]./\22./\]2} {1..172-2}
) 184 105 25
ot 1 ]Z> > 180 33 13
{1.1‘31.1‘.12..1?32..1‘4-’_)} {1.1‘3[..1?32./\]1./\22./\]2} {1..1‘3].1'32} 115710“
120 - 20 {1,291, x31, 41, 712, 732, T42} {1, 91, 212, A11, A22, A2} {1,z21, 712}
Lo P - :
e {1,231, 741, 722, T3, T4} {1,231, T22, 732, A1, Aoz, Ara} {1,231, 792, Y32} I{;QIOH b e 20 o
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Adaptive Integrand Decomposition @2Loops
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D&I&D : A%27'°°P(pl po, o, py)

= Four-point kinematics dr—3

X1 = {5641, 51342} ]

X| = {$11,CE21,$31,$12,51332,$42}

= Rank-six numerator with 2025 terms in

Z = {X||, X1 A1, A2, A2}, |z] =11

0

Dl(T) T — D7(7-) —
7] =

T = {X||7>\11,>\227>\12}7

1) Divide :

Mastrolia, Peraro, A.P. (16)
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contains 70 terms

2) Integrate : i'
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contains 39 terms

3) Divide :

contains 15 terms
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Mastrolia, Peraro, A.P. (16)
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Divide : A2-°°P(pt pt pF, pt, pd

) Mastrolia, Peraro, A.P, Torres-Bobadilla (16)

Badger, Frellesvig, Zhang (13)

e Badger, Mogull, Ochirov et al (15),
mult1phc1ty processes ad NNLO Papadopoulos, Tommasini, Wever (16)
Gehrmann, Henn Lo Presti (16)
Dunbar, Perkins (16)

Dunbar, Jehu, Perkins (16)

Badger, Mogull, Perabo (16)

= Recent developments in the computation of higher

= Integrand built from diagrams in Feynman gauge

dq, d*
(2) 1+ ~+ 2+ g4+ 5+) g1 4 92
ATAT27,374 ’5)/7rd/27td/2{:\%+

-

= Leading-colour contribution recovered through AID Badger, Frellesvig, Zhang (13)
(
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Summary and Outlook

= Algebraic analysis of integrands is an efficient tool for the computation of
multi-leg /scale amplitudes

- Integrand decomposition fully automated @1-Loop (CuTooLs, SAMURAI, NINJA ...)

= We proposed an adaptive version of the algorithm, based on the splitting of
the space-time dimensions according to the kinematics of each integrand

- Polynomial division modulo Grobner basis trivialised @all-Loops
- Detection of spurious terms via Gegenbauer polynomials @all-Loops
- Transverse space symmetries of the residues exposed (e.g. maximum-cut @1-Loop)

= Integral basis still non-minimal (IBP, LI identities) but in a suitable form for
further integral reduction

- On the way to the translate integral properties at the integrand level (e.g. dim-
recurrence @1-Loop)

Thank you!



