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Introduction

® Scattering amplitudes are necessary to test our theoretical models by
comparing their predictions against the experiments.

[Anastasiou, Duhr, Dulat, Herzog, Mistlberger (2015)] @ Tree-level (LO) prediCtiOnS are qualitative due to
the poor convergence of the truncated expansion

| =% |NLO = NLO WINNLO M NNNLO at Strong Coupling.

. 4 as (100GeV) ~ 0.12
i e e _ - @ Kfactors
. : NLO

. I K= —— ~30%—=80°

iiiiiiii 3 LO 4 &

| | | | | | ® Feynman diagrams, based on the Lagrangian,
S e I are not optimised for these processes.

o | e On-shell methods are based on amplitudes and
° e take full advantage of the analyticity of the S-

: ; matrix. See J.Huston’s Talk

Motivation St

e Simplify the calculations in High-Energy Physics.
® Discover hidden properties of Quantum Field Theories : |
@ Towards NNLO is the Present Frontier. |
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Outline

® Analytic one-loop amplitudes
— d dimensional generalised unitarity
— Four dimensional formulation of dimensional regularisation
— Results

® Further simplifications from colour/kinematics duality
— C/K relations @ tree-level in dimensional regularisation
— C/K relations @ one-loop
— Unitarity + C/K-relations @ work

® Summary and Outlook
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Analytic one-loop scattering amplitudes

4 1
p

Standard Unitarity in 4D £‘>C_’><[9

< ~ t/ I

@i | - r 13

Glue together the two amplitudes and uplift the 3 > ~ >

integral with L=p=—h-k 3" p—ki—ki'n

2m6(H) (p? — m?) — :
o (p L ) p% —m? — e [Bern, Dixon, Dunbar, Kosower (1994)]

Generalised Unitarity in 4D

Isolate the leading discontinuity [[Bgfft'lg?é’;"c'?{a'iﬁf"é‘é“:; 83333}

A Z_c Known basis of L-loop scalar integrals

For L=1, [Passarino - Veltman (1979)]

Agll)’Dzll({pz‘}) — ZC«[SLM + ch?ks A - ZC£0K2 { } + 201 K1 (}—
Kli

K4

Scalar Master Integrals: Made of polylogarlthmlc functions

- If an amplitude is determined by its branch cuts, it is said to be cut-constructible.
- All one-loop amplitudes are cut-constructible in dimensional regularisation.
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Analytic one-loop scattering amplitudes

In D=4-2¢ we can do the decomposition =+

/

The on-shell condition D= D=-2¢

g0 -0 ——>£2:@3\)M
ass term

Any massless one-loop becomes

Py = Sl ||+ Xl
K
+ Z C£OK3 A + Zdﬂm A
K3

+ ;sz {} + 202211{2 0

0] [Ossola,Papadopoulos,Pittau (2006)]
T Z Crrr [Giele,Kunszt,Melnikov (2008)]
K [Badger (2008)]

[Mastrolia, Mirabella, Peraro (2012)]
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How to compute those coefficients?

D-dimensional unitarity offers the determination of all pieces together

Live in 4 dimensions! [Fazio, Mastrolia, Mirabella, W.).T (2014)]

— Explicit 4D representation of polarisation and. spinors
— 4D representation of D-reg loop propagators

— 4D Feynman rules + (-2&)-Selection Rules

— Easy to implement in existing generators

William J. Torres Bobadilla



FDH: 4D helicity scheme e e Nosower ap2)]

The d-dimensional metric tensor can be split as g —g +q°
d-dimensional i -Zs-dimensional
where 4-dimensional
oty — = Iy " ey
w0 5 %ol et § G

and the Clifford Algebra

[;}'Ia,,yS] = 0, {;)'/aa Nﬁ} = 2§a,6, {'?aa’)/“} = 0.

Extend FDH by using 4D-objects only

In 4-dimensions, one can infer: ;)'/ ~ 75

Sl . 5.,5
And the Clifford algebra "}’“"m Zz:Z 0 while piiae —

Excludes any four-dimensional
representation of the —2¢g-subspace

—Jg-subspace =il —2e-Selection Rules (—2¢)-SRs

[Fazio, Mastrolia, Mirabella, W.].T. (2014)] 7~
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FDH: 4D helicity scheme

The d-dimensional metric tensor can be split as

[Bern and Kosower (1992)]

‘ ghv = g’ + G

d-dimensional i -Zs-dimensional
where 4-dimensional
~ UV - o L 7 ~2 T e 7,
g g0, g,="2¢-0 . g, =4 i = 3" quqy = —p

d—4

and the Clifford Algebra

[;}',a,,}ﬁ] = 0, {;)'/aa Nﬁ} = 2§aﬂ,

-2¢e-Selection Rules

The Clifford algebra conditions are satisfied by imposing

§e e 9 s i)

A,B := —2e-dimensional vectorial indices traded for (—2¢€)-SRs
GABGBC £ GAC GAA = 0

B ) s L

FAGAB e FB, FAFA o 0,

QAGAB - QB, QAQA — ]

19,9 = 0.

;)',a _)75 FA.

GAB it GBA

QG4 =1,

[Fazio, Mastrolia, Mirabella, W.].T. (2014)] 7~
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Completeness relations within FDF

[Fazio, Mastrolia, Mirabella, W.].T. (2014)]
Gluon propagator

The helicity sum of the transverse polarisation vector is

massive gluon

]
(_gw e )

Allows to generalise the Dirac Equation

(£+Zﬂ75+m) u)\(e)=0, £2=m2—|—“2, e:eb—{— gy , (eb)2=(qe)2=0.
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Feynman Rules in FDF

. ) 1 ke kP
SR = i0¢ k2 — 42 + 0 [gaﬂ - 112 (gluon),
AB
k  .w G
Sas =it k2 — 42 440’ (scalar),
k k+ipy® +m :
7 =1i6" R —m?— 12430 (fermion),
2.6, 8
e = —g f*° [(k1 — k2)"g*”
3.c.v
+ (k2 — k3)*gP + (ks — k1)Pg7®]
2,6, B
s = —g f% (ky — k3)* GPC,
3 c,C\

William J. Torres Bobadilla

[Fazio, Mastrolia, Mirabella, W.J.T. (2014)]

sse’ = Fg f° (i) g QP
: '3,c_.'y

(ky =0, ks==0),

21613
Liaa — 2| pzad pxbe ( aB by  _avy, B6
:fg@i = —ig?[f4 7 (90" — g1")
3, ¢,

+ foac fmbd (gaﬂgév _ 905937)

+ f:z:ab fa:dc (gaégﬁ'y . ga'ygﬁts)] ’

2,b, B .
1,a, .
| 4,:;:2?\ — 2292 gaé’ (fa:ab f:z:cd + f:z:ac f:rbd) GBC,




Results

® 4-gluons amplitudes [Bern and Kosower (1992)]

® Annihilation of quark & antiquark in two gluons
[Kunszt, Sigher and Trocsanyi (1993)]

® Higgs + 3-gluon amplitudes [Schmidt (1997)]

® 5-gluon amplitudes [Njet]

® 6-gluon amplitudes [Njet]

® Higgs + 4-gluon amplitudes [Badger, Glover, Mastrolia, Williams (2009)]

® Higgs + 5-gluon amplitudes (preliminary results) [GoSam]

10
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What about multi-loop level?
ki -Dj, ks €5,k kg, i = —ki - k;

(2),[D] [ &Pk 47k | N ({K},W)
Sy /(QW)D @mye [l 2 e o)

Write everything in terms of
o * Irreducible Scalar Products

Diagrammatic approach [Mastrolia, Peraro, Primo (2016)]
[Mastrolia, Peraro, Primo, W.].T. (2016)]

More details in A. Primo’s Talk

S
.
""’333_\

[Bern, Dixon, Kosower (2000)]

%ﬁ - %ﬁg M{
gy P gy, 227

[Badger, Frellesvig, Zhang (2013)] 11

Sodll

.
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Further simplifications from colour/kinematics duality

At integrand level,

Generalised Unitarity and C/K duality dance together.

12
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[H. Johansson (MHV@30 2016)]

Which “gauge” theories obey C-K duality

Bern, Carrasco, HJ ('08)

® Pure N=0,1,2,4 super-Yang-Mills (any dimension)_| Bierrum-Bohr, Damgaard,
Vanhove; Stieberger; Feng et al.

® Self-dual Yang-Mills theory O’Connell, Monteiro ('11) Mafra, Schiotterer, etc (08-11)

® Heterotic string theory Stieberger, Taylor ('14)
® Yang-Mills + F3 theory Broedel, Dixon ('12)
® QCD, super-QCD, higher-dim QCD HJ, Ochirov('15)

Chiodaroli, Gunaydin,
® Generic matter coupled to = 0,1,2,4 super-Yang-Mills {Ro'iga?ﬁ_,;’ Oﬂ?ryo\:r(',ﬂ)

® Spontaneously broken N'=0,2,4 SYM chiodaroli, Gunaydin, HJ, Roiban ('15)

® Yang-Mills + scalar ¢3 theory Chiodaroli, Gunaydin, HJ, Roiban ('14)

. . . Bern, de Freitas, Wong ('99), Bern, Dennen, Huang;
) 3
# Bi-adjoint scalar ¢ theory{Du, Feng, Fu; Bjerrum-Bohr, Damgaard, Monteiro, O'Connell

® NLSM/Chiral Lagrangian Chen, Du ('13)

® D=3 Bagger-Lambert-Gustavsson theory (Chern-Simons-matter)
Bargheer, He, McLoughlin; Huang, HJ, Lee ('12 -’13)13
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Colour-kinematics duality

® Colour-kinematics duality strong relation gravity amplitudes and Yang-Mills
amplitudes [Bern, Carrasco, Johansson (2008),(2010)]

® Write QCD amplitudes in terms of cubic graphs

An . gn—2 Z 7;1,;:?,

® Colour factors 6~ firre

® Kinematic factors i ~ (€1 k2)(e2 - k3)(e3-€4) + ...

Jacobi Relation (colour)

2 3 22—, —3 2 3 Cs — Cf — Ly
1> <4 - T - 1><__4 fa102b £a304b _ faqanb pazash _ raiash fazasb
Cs Ct Cu alazb b e al a2 . a aj
i 1 =17 ffo A

— Satisfied automatically for 4-point tree amplitudes Ng = Nt — Ny

14
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Off-shell Colour-kinematics duality

Consider a tensor as the Jacobi identity of humerators
2~ /N9 2——+—3 2 3 2 —3
\J /) = + +

Four-gluon identity N = Jti-bag, (p1)en, (D2)en; (p3)ep, (a),

N;ree =€ (p1)-p1|(€ (p2) - p1 + 2¢€ (p2) - p4) € (P3)-€ (p4)
— € (p2) - € (pa) (€ (p3) - P1 + 2€ (P3) * P4)

+ € (p2) -€(p3) (€ (pa) - P1 + 2€ (pa) - P3)]
+ cyclic permutations. [Zhu (1980)]

L S
Ngree s 0
by imposing Momentum Conservation and Transversality condition.

15
William J. Torres Bobadilla



Off-shell Colour-kinematics duality
[Mastrolia, Primo, Schubert, W.].T. (2015)]

O At multi-loop level or higher-points

”@ J\ y ﬂ )\\ )\ /;r:-:f\ External particles become internal

|+ | ) . .
< ﬂ/ \\r v/ X j D7 u(pi),v(p:) = P,
\ / / \\ ghi (pi ;q'i) —y IH:vi (pz ; Qi)

Propagator in axial gauge

© Numerator built from the J-block is decomposed in terms of squared momenta

(NIOOP)OH e — J#1--#4H“1a1(p1, ql) #20-'2(p29 Q2) H#303(p39 q3) Hu40-'4(p4a Q4) )
Ag = Ag({p:i})

Nloop A ; Az al o i : C"«J 0 A
( )al .0l ;p wzlp pj ) Cg o Cg({pz'})
i#£]

16
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Off-shell Colour-kinematics duality
[Mastrolia, Primo, Schubert, W.].T. (2015)]

O At multi-loop level or higher-points

) | me internal
”@ J /ﬂ )\\ )\ / \ External particles become interna

|+ | '| ‘| .
\ / / \\ ghi (pi ;q'i) —y IH:vi (pz ; Qi)

Propagator in axial gauge

© Numerator built from the J-block is decomposed in terms of squared momenta

/L% y]\\ // \I + l/lkm“’ \\' + ||//a J\ Iﬁ}f*“«u\
Y/ ¢ 837 37/’ O 5\?
Ve AN AN A
+ f "/ " dﬁ | +- ' /cﬂ)\‘ ||, @\,.’ + ‘335\ /CJ}

=~ Any loop diagram built from the J-block can be written as the sum of diagrams with
one or two propagators less.

16
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Off-shell Colour-kinematics duality
[Mastrolia, Primo, Schubert, W.].T. (2015)]

O At multi-loop level or higher-points

@ J zﬁf‘\‘:j\\\ AR 4}><I’N External particles become internal
X))+ (=< ))+ ) w(p;), v (p;) = P,
\( N \\If‘__;___]/' \\/_Ty L/ (i), v (p:) = p i
T T e gHi ( a ) 3 JHave (p . )
p 2 ?q’b ) q'z,

Propagator in axial gauge

© Numerator built from the J-block is decomposed in terms of squared momenta

D) - @) (@D (&) (&)

A | IA4

@“& /4 5\7/ \\_,.._55_7 " \{ 5\7/

- : =" A\ éﬁ | + (| * I - lil 97‘* ;| . cﬁ. | + :‘. (:' © & :,
&) & *‘7/ &Y\ Y

=~ Any loop diagram built from the J-block can be written as the sum of diagrams with
one or two propagators less.

@ — (0 © By imposing on-shellness of the four particles

R ——

16
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Off-shell Colour-kinematics duality
[Mastrolia, Primo, Schubert, W.].T. (2015)]

O At multi-loop level or higher-points

”@ J\ /ﬂ:)\\ )\ /:\\ External particles become internal

[ | \ l /—( ) . .,' ,| : :
— eflisa) IV (1145

Propagator in axial gauge

© Numerator built from the J-block is decomposed in terms of squared momenta

w\\ //9\ A //» AR

I + |

“"& J7/ ‘{g\; ) l\{&V/’ '\{ // Ssﬁ?

e \\ // Ve
N " \) éﬁ|+' “61-] 1 + |ﬁ\cﬂ + ! C” | + ‘ “3}

N

=~ Any loop diagram built from the J-block can be written as the sum of diagrams with
one or two propagators less.

@ — (0 © By imposing on-shellness of the four particles

e O Colour-kinematics duality is also manifest for d-dimensional
regulated amplitudes —> Novel approach w/in FDF
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C/K relations @ tree-level in DimReg w/in FDF

[Mastrolia, Primo, Schubert, W.].T. (2015)]

2191,;1,212!’5'5555FV3 2%((}. e<~€3 2“3({. 33.55'55\5613'3’3 2*{&@; ) (gﬂgﬁ'g
= 2 n u .E ;‘meu 6;\ ‘};}@&;; };\f&?;j} = = =
Consider the 4-point amplitude ., = % .50 and the Jacobi identity
ni n2 n3
A4(p1, P2, p3,P4) = €1 + C2 75 1 C3 ‘
e Py — p? P, Psy — pi?

17
William J. Torres Bobadilla



C/K relations @ tree-level in DimReg w/in FDF

[Mastrolia, Primo, Schubert, W.].T. (2015)]

2 JJJ,;,H,H ggﬂ 2] 5r1§‘3 2\€€ (\(“3 2\{ . 4 ' 2LLLE 3 2\{2 i; )

.?’ e{):';mu{)“é Q(:)@f?x <4{¢£€6'€CS(3 = . =
b P and the Jacobi identity

Mnmr4 1}} ° }3\4

\4 M —c1+cp+c3 =0
nq ns

A4(p1ap27p37p4) = C

Consider the 4-point amplitude

Py — 12 Pp Py — 2
Solving for ¢
Aa(p1, P2, P3,pa) = 1K1+ e Kinematic numerators
being obey Jacobi identity
n1 n2 ns n2
K, = + K3 = —; — S5 —nq + ng + ng = 0.
2 Py, —u? Py, 1 2 3

Colour-ordered amplitudes
K1 = A(1,2,3,4) K3 = A(2,1,3,4)

17
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C/K relations @ tree-level in DimReg w/in FDF
[Mastrolia, Primo, Schubert, W.].T. (2015)]

“ 5 2 2““@ mm“3 2% €53 2\« ) 2%4 3 VT L
Consider the 4-point amplitude | .- == ¥ w0 and the Jacobi identity
\ M —c1+ca+c3 =0
A4(p17p27p3)p4) = C1 + CZ + C3 |
PQ%, Py =

Solving for ¢

A4(p1,p2,p3,p4) = c1 K1 + c3K3

Kinematic numerators
obey Jacobi identity

beiNg _ snesmmens

Colour-ordered amplitudes 1 1
Ph-n?  Pf n1 Ky
K1 :A(1,2,3,4) K3=A(2,1,3,4) 0 — Bz ﬁ ( N9 ):( K3 )
_1 112 241 n3 O

17
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C/K relations @ tree-level in DimReg w/in FDF

[Mastrolia, Primo, Schubert, W.].T. (2015)]

: . . 2“‘&“ oo 2% . &3 2\« W3 2, s :
Consider the 4-point amplitude | .- = 3 1»)””%4 and the Jacobi identity

\ M —c1+ca+c3 =0

-A4(p17p27p3ap4) = C

+Cz + C3
P223 sz Py —
Solving for ¢
A , D2, P3, =c1 K1+ 3K : .
1(P1, P2, P, Pa) = c1By + cay Kinematic numerators
o]<]] 1 [o [E—————— obey Jacobi identity
Colour-ordered amplitudes 1 1
Ph-n?  Pf n1 Ky
-1 1 1 ns

. P2 2
4-pt C/K-relations | A(2,1,3,4) = 22 Z2A(1,2,3,4)-
24
_ 17

——c

William J. Torres Bobadilla



C/K relations @ tree-level in DimReg w/in FDF

[Mastrolia, Primo, Schubert, W.].T. (2015)]
As well, for the 5-point

—P%PEA5(1,2,3,4,5) + (PE, — pn?)(Ps, + Pis — 2u®)As(1,4,3,2,5)

ol shne = (PE — u?)(P3; — 1?) ’
A5(1,2,4,3.5) = — (P} — p®) (P —p*)As(1,4,3,2,5)+ P (Ph+ Py — p*)As(1,2,3,4, )
P325(P224—/$2)
A5(1’4, 2,3, 5) _ _P122P425A5(17 2,3,4, 5) + (P225 - :uz)(P124 + P225 B 2N2)A5(1747 3,2, 5)’
P325(P224 — p?)
A5(1’ 3,2.4, 5) _ _(P124_N2)(P225_UZ)A5(17 4,3, 2, 5)+P122(P224+P425_U2)A5(17 2,3,4, 5) .

(Pfs—p?)(Pgy—p?)

Making use of the photon decoupling identity

P{ + PL — p?)As5(1,2,3,4,5) + (P — p?)As(1,2,3,5,4)
(P224 - ”2)

As5(1,2,4,3,5) = (

18
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C/K relations @ 1-loop

[Primo, W.].T. (2016)]

Inspired by the generalised unitarity

k k+1
=+ __ Atree (% + tree ( 7+ +
Clas. bk 1)t 1).m = A4 (05 1,2,13) ALY (=157, Paok, Ly 1) ~N L
tree + + tree - + e
X A% o (=01 Prrs i) AnSte (05 Pyt 1) S
1 n
2 2 k k+ 1
P, —p .
C:t = l3 2 Ci 3 :
21|3...k|(k+1)...l|(I+1)..n P2 L — 'u2 12]3...k|(k+1)...l|(I14+1)...n"
_ll o M 7T e e e R l
: +1
19
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C/K relations @ 1-loop

[Primo, W.].T. (2016)]

Inspired by the generalised unitarity

k k+1
+ __ Atree (1t + tree (7L +
C'12|3...l<:|(lH—l)...l|(l—l—l)...n o A4 ( ll ? 1’ 2’ l3 ) Ak ( l3 ’P3"‘k’ lk+l) ’ L
tree + + tree + + 1. 7T
X Al—k+2(_lk+1’ Pry1..1, lH—l) An—l+2(_ll+1a Pri1..n 3 ) 2 '
1 n
k k+1
C:l: { b 3 :
21|3...k|(k-+1)..0|(1+1).. 1913...k|(k+1)...J| (14+1)..n"
W &»H = ' e oo L .

» C/K relation

PZ .2
A(2,1,3,4) = =28~ F_4(1.2 3, 4).
Psy — p?

— One-loop amplitudes in N=4 sYM

[Bjerrum-Bohr, Damgaard, Sondergaard, Vanhove (2010)’

— Cut constructible part of One-loop QCD amplitudes [Chester (2016)]
— One-loop QCD amplitudes [RImo, W -1 (29060
19
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C/K relations @ 1-loop

[Primo, W.].T. (2016)]

Same behaviour for lower topologies

-
Cl23|4...k|(k+1)...n

A (T 1,2,8, 1) AT (1, PatsTEy1) A% (T, Pt 1)

2 2 2\t 2 2\ =+
(Pljf2+P23_“ )0123|4...k|(k+1)...n+(Pz4i2_“ )C132|4...k|(k+1)...n

Ci
2 .9
(P—lﬁ H )

213|4...k|(k+1)..n —

due to

P{ + P — u?)A5(1,2,3,4,5) + (P, — pn?)As(1,2,3,5,4)
(P224 — p?)

A5(1,2,4,3,5) = (

20
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Unitarity + C/K-relations @ work

[Mastrolia, Primo, W.].T. (in progress)]

® Target :: Reduce the number of independent residues needed to compute any colour-dressed one-loop amplitude

_ 2 n—1 n—1 n—1
A;’-loop _ ddl N(l"u’ ) N(l, ,LL2) o A'ijlm(ly ,u/z) 4+ AZ]k‘l (l7 lu’2) + A'l]k(l7 iu’2)

DoD;1...D, 1 —
DoD; ... Dy i;DiDjDleDm Z(;DiDjDle 2 D;D; Dy

n—1 B 2 n—1 ‘ 2
3 Al p7) | 3 Ai(l, p7)

Di= ([ +p)? —m? = (I +p)? —m2 — u. 2. DiD; 4 Di

21
William J. Torres Bobadilla



Unitarity + C/K-relations @ work

[Mastrolia, Primo, W.].T. (in progress)]

® Target :: Reduce the number of independent residues needed to compute any colour-dressed one-loop amplitude

_ 1, u? :
ATIL-loop — ddlDOI'/;fl("U’l)) _1’ N(l, 'LL2) m @ W
" 1<k D U

DoDq...D,—1 D i DDy D
z<<m
FoN2 2 2 2 2 + 4 Z ;
Di:(l+pi) _mi:(l+pi) —m; — K. i<j i i Vi

® Ingredients :: Residues @cut —> Keep under control their polynomial structure

Aijkim = cp?,
Ajjki = o + 134 + cop® + c3map® + capt,
Aijk = co,o—i—ciozczl—i—czosci+c§:0:cz+cl_’0x3+02_,0:c§+c?:0x§+00,2u2 + c‘lt23:4,u2+cl_’23:3,u2,
Ajj = co,0,0 + €0,1,0T1 + 00,2,058% + 01+,0,0-"’34 + C:_zto,of”z + €1 0073 + 02_’0,0:133, + ct1,0$1334
+ €11 07173 + 002147,

_ = +
A; = 0,000+ €0,1,0,0T1 + C0,0,1,0T2 + C1,0,0,0Z3 1 €1,00,0%4

21
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Unitarity + C/K-relations @ work

[Mastrolia, Primo, W.].T. (in progress)]

® Target :: Reduce the number of independent residues needed to compute any colour-dressed one-loop amplitude

ATIL-loop — ddl DOI'/;/I(Z’ 'U’l)) _1’ N(l, 'LL2) m @ W
n = D; U

DoDq...D,—1 D i DDy D
z<<m
ToN2 2 2 2 2 + 4 Z ;
Di:(l+pi) _mi:(l+pi) —m; — K. i<j i i Vi

® Ingredients :: Residues @cut —> Keep under control their polynomial structure

Aijkim = cp?,
Aijri = co + c1Z4 + cap® + cazap® + cap?,
Aijk = CO,O+C]L,OCU4+C§L,OCC¢21+C§L,0$CZ+C£0$3+02_,0$§+09:0$§+00,2M2 + ci2x4,u2+cl_’2:c3,u2,
A = 0,00 + €0,1,0%1 + C0,2,077 + ¢ g0%a + CZO,OIEE +¢10,0Z3 + 02_,0,0-’13;%, +¢i 1 oT1%4
+ €11 07173 + 002147,

_ = +
A; = 0,000+ €0,1,0,0T1 + C0,0,1,0T2 + C1,0,0,0Z3 1 €1,00,0%4

® Procedure :: C/K-relations @work —> Generate a system of equations that relates

residues of different ordering through C/K-relations |, 3 P2 2 o 3
. . l3 2 :
>®< . >C><

21
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Unitarity + C/K-relations @ work

[Mastrolia, Primo, W.].T. (in progress)]

® Target :: Reduce the number of independent residues needed to compute any colour-dressed one-loop amplitude

A;’-loop — ddlDOZ'/;/l(l’ 'U’l)) _1’ N(l, 'LL2) Gm @ W
n = D; U

DoDq...D,—1 D i DDy D
z<<m
ToN2 2 2 2 2 + 4 Z "
D;=(+p)—mi=(+p) —mi— p°. = DiD; - D;

® Ingredients :: Residues @cut —> Keep under control their polynomial structure

2
Az’jklm =Cl-,
2 2 4
Ajjki = €o + C1T4 + cou” + c3Tap” + capt”,
— 2 3 — - .2 - .3 2 + 2 — 2
Az-jk = c0,0+ci0w4+c§tox4+c§tom4+cl,0x3+02’0x3+c3,0x3+co,2u -+ Cl T4l +01,2$3M ,

B 2, + + 2, - — 2, 4+
Aij = €0,00 + €0,1,0Z1 + €0,2,0Z1 + €1 g 0%4 + 5 T4 + €1 0 0T3 + €59 0T3 + €] 1 o T124

— 2
+ €1,1,07173 + €0,0,2147,

_ - +
A; = ¢0,00,0 + €0,1,0,0Z1 + €0,0,1,0Z2 + €1 9 9 0Z3 + €] g 0 0%4;

® Procedure :: ¢/K-relations @work —> Generate a system of equations that relates

esidues of different ordering through C/K-relations 3 P2 .2 o

— Unisarity @work —> Compute the independent residues through Unitarity Based Methods

l,eS
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Unitarity + C/K-relations @ work

[Mastrolia, Primo, W.].T. (in progress)]

5pt one-mass-boxes

Start with 120 residues

{al{{1, 2}, 3, 4, 5}], A[{{L, 2}, 3, 5, 4}], A[{{1, 2}, 4, 3, 5}], A[{{1, 2}, 4, 5, 3}], A[{{1, 2}, 5, 3, 4}], A[{{1, 2}, 5, 4, 3}], A[{{1, 3}, 2, 4, 5}], A[{{1, 3}, 2, 5, 4}],
A[{{1, 3}, 4, 2, 5}], A[{{1, 3}, 4, 5, 2}], A[{{1, 3}, 5, 2, 4}], &[{{1, 3}, 5, 4, 2}], A[{{1, 4}, 2, 3, 5}], A[{{1, 4}, 2, 5, 3}], A[{{1, 4}, 3, 2, 5}], A[{{1, 4}, 3, 5, 2}],
A[{{1, 4}, 5, 2, 3}], A[{{1, 4}, 5, 3, 2}], Aa[{{1, 5}, 2, 3, 4}], &[{{1, 5}, 2, 4, 3}], A[{{1, 5}, 3, 2, 4}], A[{{1, 5}, 3, 4, 2}], A[{{1, 5}, 4, 2, 3}], A[{{1, 5}, 4, 3, 2}],
A[{{2, 1}, 3, 4, 5}], A[{{2, 1}, 3, 5, 4}], A[{{2, 1}, 4, 3, 5}], A[{{2, 1}, 4, 5, 3}], &({{2, 1}, 5, 3, 4}], &({{2, 1}, 5, 4, 3}], A[{{2, 3}, 1, 4, 5}], A[{{2, 3}, 1, 5, 4}],
A[{{2, 3}, 4, 1, 5}], A[{{2, 3}, 4, 5, 1}], A[{{2, 3}, 5, 1, 4}], A[{{2, 3}, 5, 4, 1}], A({{2, 4}, 1, 3, 5}], &({{2, 4}, 1, 5, 3}], A[{{2, 4}, 3, 1, 5}], A[{{2, 4}, 3, 5, 1}],
A[{{2, 4}, 5, 1, 3}], A[{{2, 4}, 5, 3, 1}], A[{{2, 5}, 1, 3, 4}], A[{{2, 5}, 1, 4, 3}], A({{2, 5}, 3, 1, 4}], &({{2, 5}, 3, 4, 1}], A[{{2, 5}, 4, 1, 3}], A[{{2, 5}, 4, 3, 1}],
A[{{3, 1}, 2, 4, 5}], A[{{3, 1}, 2, 5, 4}], A[{{3, 1}, 4, 2, 5}], A[{{3, 1}, 4, 5, 2}], A[{{(3, 1}, 5, 2, 4}], A[{{3, 1}, 5, 4, 2}], A[{{3, 2}, 1, 4, 5}], A[{{3, 2}, 1, 5, 4}],
AL{{3, 2}, 4, 1, 5}], A[{{3, 2}, 4, 5, 1}], A[{{3, 2}, 5, 1, 4}], A[{{3, 2}, 5, 4, 1}], A[{{3, 4}, 1, 2, 5}], A[{{(3, 4}, 1, 5, 2}], A[{{(3, 4}, 2, 1, 5}], A[{{(3, 4}, 2, 5, 1}],
A[{{3, 4}, 5, 1, 2}], A[{{(3, 4}, 5, 2, 1}], A[{{(3, 5}, 1, 2, 4}], A[{{(3, 5}, 1, 4, 2}], A([{{(3, 5}, 2, 1, 4}], A[{{(3, 5}, 2, 4, 1}], A[{{3, 5}, 4, 1, 2}], A[{{3, 5}, 4, 2, 1}],
A[{{4, 1}, 2, 3, 5}], A[{{4, 1}, 2, 5, 3}], A[{{4, 1}, 3, 2, 5}], A[{{4, 1}, 3, 5, 2}], A({{4, 1}, 5, 2, 3}], &[{{4, 1}, 5, 3, 2}], A[{{4, 2}, 1, 3, 5}], A[{{4, 2}, 1, 5, 3}],
A[{{4, 2}, 3, 1, 5}], A[{{4, 2}, 3, 5, 1}], A[{{4, 2}, 5, 1, 3}], A[{{4, 2}, 5, 3, 1}], A({{4, 3}, 1, 2, 5}], A[{{4, 3}, 1, 5, 2}], A[{{4, 3}, 2, 1, 5}], A[{{4, 3}, 2, 5, 1}],
A[{{4, 3}, 5, 1, 2}], A[{{4, 3}, 5, 2, 1}], A[{{4, 5}, 1, 2, 3}], A[{{4, 5}, 1, 3, 2}], A({{4, 5}, 2, 1, 3}], A[{{4, 5}, 2, 3, 1}], A[{{4, 5}, 3, 1, 2}], A[{{4, 5}, 3, 2, 1}],
AL{{5, 1}, 2, 3, 4}], A[{{5, 1}, 2, 4, 3}], A[{{5, 1}, 3, 2, 4}], &[{{5, 1}, 3, 4, 2}], A[{{5, 1}, 4, 2, 3}], A[{{5, 1}, 4, 3, 2}], A[{{(5, 2}, 1, 3, 4}], A[{{5, 2}, 1, 4, 3}],
A[{{5, 2}, 3, 1, 4}], A[{{5, 2}, 3, 4, 1}], A[{{(5, 2}, 4, 1, 3}], A[{{5, 2}, 4, 3, 1}], A({{5, 3}, 1, 2, 4}], &[{{5, 3}, 1, 4, 2}], A[{{5, 3}, 2, 1, 4}], A[{{5, 3}, 2, 4, 1}],
A[{{5, 3}, 4, 1, 2}], A[{{5, 3}, 4, 2, 1}], A[{{(5, 4}, 1, 2, 3}], A[{{(5, 4}, 1, 3, 2}], A[{{(5, 4}, 2, 1, 3}], A[{{5, 4}, 2, 3, 1}], A[{{5, 4}, 3, 1, 2}], A[{{5, 4}, 3, 2, 1}]}
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Unitarity + C/K-relations @ work

[Mastrolia, Primo, W.].T. (in progress)]

5pt one-mass-boxes

Start with 120 residues

— T —

(AL((1, 2}, 3, 4, 5)], A[{{1, 2}, 3, 5, 4} ), AL(LLaddr=7T, 5} ], ({1, 2}, 4, 5, 3) ), AL((L 20777, AL((Luddm=d7; 3], A[((1, 3}, 2, 4, 5}], A[{(1, 3}, 2, 5, 4}],
ALl T, 5) ], A1((1, 3}, 4, 5, 2)], ALLLLadmr377; 4}], ALLLLudome=5T; 2)], B[({1, 4}, 2, 3, 5}], A[{{1, 4}, 2, 5, 3}], ALLLLadsms77; 5}], A[{{L, 4}, 3, 5, 2},
AL, Al 73TT, AL((L 771 ], AL((1, 5, 2, 3, 4)], AL((1, 5), 2, 4, 3}], AL P, AL, 5), 3, 4, 2)], 8L {{LSbrtr T D) ], Ll ({1t T,
al{12, 1}, 3, 4, 5}, A[{{2, 1}, 3, 5, 4}],M],A[{{2, 1), 4, 5, 3}],A[W,W],A[{{2 3}, 1, 4, 511, A[{{(2, 3}, 1, 5, 4}],
D[L2 T, 5) ], AL((2, 3}, 4, 5, 1)), ALLL2dS7 T, 4}, ALLL2mddr7 T, 1)), A[((2, 4}, 1, 3, 5)), A[((2, 4}, 1, 5, 3}, ALLL2eddr=7 T, 5], A[((2, 4}, 3, 5, 1)),
AM],WI}],A[ (2, 5}, 1, 3, 431, 8[{(2, 5}, 1, 4, 3}], A[{[2ummdT™T; 811, A[{(2, 5}, 3, 4, 1}], ALl T, 3}, A[LL2urrT, 1)),
AL{(3, 1}, 2, 4, 5)], A[{{3, 1}, 2, 5, 4}],M}],A[{{3, 1), 4, 5, 2}, A {[3uddra77, 7)), ALLETT, 2)], 8[((3, 2}, 1, 4, 5)1, A[((3, 2}, 1, 5, 4},
AL (a7 5) ), A[((3, 2}, 4, 5, 1)1, AL T; 4}, ALLLIr7 T, 1)], 0[((3, 4), 1, 2, 5)], A[((3, 4}, 1, 5, 2)], AL Z T, 5)], A[((3, 4}, 2, 5, 1],
D[ (ST, 2) ), ALLL3 b T T 1, A1((3, 50, 1,2, 4], 8(((3, 50, 1, 4, 2)], =7, T, 4)), AL((3, 5}, 2, 4, 1)), ALL b T, 2)], 4 52, 1)1,
A[{{4, 1}, 2, 3, 5}], A[{{4, 1}, 2, 5, 3}],M}],A[{{4, 1}, 3, 5, 2)], A[{{dudsr7T; 37, 4 ; 2}, A[{{4, 2}, 1, 3, 5}], A[{{4, 2}, 1, 5, 3}],
AL{(8 it 5) ), A((4, 2}, 3, 5, 1)], ALLLbwddr 5T, 3)], 4 ; T, a4 3, 1, 2, 591, aL((4, 3}, 1, 5, 2}],M}],A[{{4, 3), 2, 5, 1}],
B[ (LT 2} ], [ ([T 1)1, A[{{4, 5}, 1, 2, 3}], B[{{4, 5,1, 3, 2}],A[M,A[{{4 5}, 2, 3, 1}],M}],A 1)1,
AL{(5, 1}, 2, 3, 4}], A[((5, 1}, 2, 4, 3}],M,,,4}],A[{{5 1}, 3, 4, 2}], & =52, 30, 4 ; 2}), AL{{5, 2}, 1, 3, 4}], A[{(5, 2}, 1, 4, 3},
B[ {{52mrTT; 4], A1((5, 2}, 3, 4, 1}], AL{LSdirrT, 3} ], & ; T, 81105, 3, 1, 2, 411, aL((5, 3}, 1, 4, 2)1, T, 4}1, AL((5, 3}, 2, 4, 1],
5[ (ST 7)), O (LS5 1)), AL{{5, 4}, 1, 2, 3}, A[{{(5, 4,13, 2}J,A[M,A[{{5 4}, 2, 3, 1}], 1, 2}], AL{ (ST, 1))

-60 residues because of reflection.
At the intengrand level this is equivalent
to performing the shift [, — —I; ;.
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Unitarity + C/K-relations @ work

[Mastrolia, Primo, W.].T. (in progress)]

5pt one-mass-boxes

Start with 120 residues

——
(AT{{1, 2}, 3, 4, 5}1, B[{{1, 2}, 3, 5, 4}], 4] =T 500, AL((1, 2}, 4, 5, 3)], AL({L2dbrSTHT], 4] =T 511, AL((1, 3}, 2, 4, 5}], AL{{1, 3}, 2, 5, 4}],
ALl T5 5) 1, AL((L, 3}, 4, 5, 2}), AL LLuddr7"T; 4)], AL{LLudom5T; 2}, A[((1, 4}, 2, 3, 5}1, A[{(1, 4}, 2, 5, 3}], AL{LLukd=77; 5}, A[({1, 4}, 3, 5, 2},
BLUL Ader25ST, 0 ({1 Adebr=T7] 1, AL{(1, 53, 2, 3, 430, AL({L, 53, 2, 4, 3}], ALLLL, Slaeer®T™TT, A1{{1, 5}, 3, 4, 2}], A 75 3], AL LSt 7))
D127, 5) )5 [ ([20ddey37S; 411, A =3, 511, A S5 30 )5 AL 2uddeer ST A, A[(2udamtTT; 311, A1{{2, 3}, 1, 4, 5}], A[{{2, 3}, 1, 5, 4}],
ALt T, 5] ), A1((2, 3}, 4, 5, 1)1, ALt T, 4)), ALLL2dr7 T, 1)1, A[((2, 41, 1, 3, 5}, A[((2, 4), 1, 5, 3)], ALLL2dr= T, 5)], A[((2, 4}, 3, 5, 1],
AWuW}],A[{{z 5}5 1, 3, 431, AL{{2, 5}, 1, 4, 3}], B[ ([ 2uBded7T5 411, A1{(2, 5}, 3, 4, 1}], AL T, 3) ], 8[([2BprT; 1) ],
5[ {3l 5], A[((3 ':,:‘(}],M}],A[m LTS, 2], O[3l 8TT; 81, AL LT, 2}, 80 {(30 2T, 5}, A[{[32TTS; 41,
A3t 5) ), O35, 1)), AL 7T, )], ALLLBirr T, 1)), A1((3, 4}, 1, 2, 5}], AL((3, 4}, 1, 5, 2)], AL, T, 511, A[((3, 4}, 2, 5, 1},
A (BT, 7)), AL LBk 7 T, 1)1, AL((3, 5), 1, 2, 4)], AL((3, 5}, 1, 4, 2)], & =TT, )1, 8[((3, 5}, 2, 4, 1}], ALLL3mblr T, 2}], A S 2, 1,
ALt T, 3, 5)) 5 L[ 4udrT5 3) |, ALl T3, 5) ], ALLLAddrSTS; 20, AL AT, 3) ), AL ST, 2)], AL {(4.20mtT5T 5], A[({4 21T, 30 ],
AL{(8 i T 5) ), AL ST S, 1)), AL S5 T, 3) ), ALLUU 7T, 1)), ALL(4ddr 17T, 5], AL([4 2?7, 2)], AL T, 5)], A[((429r27"S, 1)),
AL {[4uimrT, 3) ), ALL[Audirs7 T, 1)1, 8(((4, 5}, 1, 2, 3)1, AL{{4, 5}, 1, 3, 2}, A[([4uStrr; 311, B[((4; 5}, 2, 3, 1)1, ALLLbubdr T, 2}, [ ([dSis77; 1) ],
LT 0 ), AL AT T ) ), ALSr T T ) ], & 5T, 2) ), O LS, 31 ), ALLLST T S, 2) ), ALLLST TS, 4)), A[{(5. 27T 3],
DL (5 udimarT; )], B1((5 11, ALLLSdr T, 3) ), AL S, 1)), AL((5, 3?7 T] , 4 T 4, 2)], ALLS#TTZ, 1, 4}], AL((S T,
W],W,l}],i b7 T, 3]s O ( LSl t5T; 2)] 5 AL {(SudheetrT5 31, A TTT), ArT T L, 2)), AL (ST 1))

-60 residues because of reflection. * =30 residues because of C/K-relations
At the intengrand level this is equivalent s ’ A(1,2},3,4,5),

A B BR s T
to performing the shift [, — —I; ;. o lneit) (I —2)2 — p?
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Unitarity + C/K-relations @ work

[Mastrolia, Primo, W.].T. (in progress)]

5pt one-mass-boxes

Start with 120 residues

S
(AT{{1, 2}, 3, 4, 5}1, B[{{1, 2}, 3, 5, 4}], 4] =T 500, AL((1, 2}, 4, 5, 3)], AL({L2dbrSTHT], 4] =7, 311, a1((1, 3}, 2, 4, 5)], A[{(1, 3}, 2, 5, 4}],
ALl T5 5) 1, AL((L, 3}, 4, 5, 2}), AL LLuddr7"T; 4)], AL{LLudom5T; 2}, A[((1, 4}, 2, 3, 5}1, A[{(1, 4}, 2, 5, 3}], AL{LLukd=77; 5}, A[({1, 4}, 3, 5, 2},
AL, bt TST], AL b7 T} ], 01({1, 5}, 2, 3, 4}), B[{(L, 5}, 2, 4, 3)], ALLLL, Shudets™™TT, 81((1, 5}, 3, 4, 2}], ] T 5, AL LS ) ],
B[ {287, 5} 1, A[{(2 1:,37(}],W1,A[ 755 51 )5 A(([2udderrSTAT ), ALLL2udamtTT, 31, ({2, 3}, 1, 4, 5}], 8[{{2, 3}, 1, 5, 4}],
ALt T, 5] ), A1((2, 3}, 4, 5, 1)1, ALt T, 4)), ALLL2dr7 T, 1)1, A[((2, 41, 1, 3, 5}, A[((2, 4), 1, 5, 3)], ALLL2dr= T, 5)], A[((2, 4}, 3, 5, 1],
AW],W}],A[{Q 5}5 15 3, 4)], 81((2, 5}, 1, 4, 3)], A[{{2u5ded5T5 21 ], B[((2, 5}, 3, 4, 1)1, AL LL2mbimr5 T, 3)], A[{2bpersT; 1) ],
5[ ({3l T, 5}, AL{(3 ':,:‘(}],M}],A[m LTS, 2], O[3l 8TT; 81, AL LT, 2}, 80 {(30 2T, 5}, A[{[32TTS; 41,
A3t 5) ), O35, 1)), AL 7T, )], ALLLBirr T, 1)), A1((3, 4}, 1, 2, 5}], AL((3, 4}, 1, 5, 2)], AL, T, 511, A[((3, 4}, 2, 5, 1},
A (BT, 7)), AL LBk 7 T, 1)1, AL((3, 5), 1, 2, 4)], AL((3, 5}, 1, 4, 2)], & =TT, )1, 8[((3, 5}, 2, 4, 1}], ALLL3mblr T, 2}], A S 2, 1,
ALt T, 3, 5)) 5 L[ 4udrT5 3) |, ALl T3, 5) ], ALLLAddrSTS; 20, AL AT, 3) ), AL ST, 2)], AL {(4.20mtT5T 5], A[({4 21T, 30 ],
AL{(8 i T 5) ), AL ST S, 1)), AL S5 T, 3) ), ALLUU 7T, 1)), ALL(4ddr 17T, 5], AL([4 2?7, 2)], AL T, 5)], A[((429r27"S, 1)),
AL {[4uimrT, 3) ), ALL[Audirs7 T, 1)1, 8(((4, 5}, 1, 2, 3)1, AL{{4, 5}, 1, 3, 2}, A[([4uStrr; 311, B[((4; 5}, 2, 3, 1)1, ALLLbubdr T, 2}, [ ([dSis77; 1) ],
LT 0 ), AL AT T ) ), ALSr T T ) ], & 5T, 2) ), O LS, 31 ), ALLLST T S, 2) ), ALLLST TS, 4)), A[{(5. 27T 3],
DL (5 udimarT; )], B1((5 11, ALLLSdr T, 3) ), AL S, 1)), AL((5, 3?7 T] , 4 T 4, 2}, ALLSeTTZ, 1, 4)], AL{(5 T,
M],W,U],AL b7 T, 3]s O ( LSl t5T; 2)] 5 AL {(SudheetrT5 31, A TTT), ArT T L, 2)), AL (ST 1))

-60 residues because of reflection. * =30 residues because of C/K-relations
At the intengrand level this is equivalent “ e
to performing the shift I; — —I;41. el i 20 WL2hs 4l
End up with 30 independent residues
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Inspired by Momentum Twistors

[Hodges (2009)]
[Badger, Frellesvig, Zhang (2013)]
[Peraro (2016)]

3"_ (519 1=1 |

Results

4pt single minus

2-|—

. (1) (i+21) e
1 5 92 ~A0G+1i12) =i s i)
— T g2 P12 (z2 +1) L g gm i—n-1
n ) _[2|P2,i—n+4li—n+5) Al e
[21](1]i—n+5) L="MN,...,4N

1
5pt single minus

2 3

4-|— — _

S23 <1| i—2n—|—10)

8123 t=3n—10

[Badger (Amplitudes 2015)’

4—|_ (1] P23 P3,i—2n49|i—2n+10) 1=2n-95,...,3n—11

)
4872

3
To — X4)° T
LTS3 [(:cg +1)z4 + (23 + 1) zoz3T5 — (22 = z4) 3]

T2 — T4+ Ts
1 o
Write Lorentz invariant quantities
in terms of 3n-10 variables

6pt single minus

2—|—

1 i B2 X2 X5 X3 X5 (¥ X3 X6 +Xs5 (x3 (02 (07 — 1) = 1) = 1)) (%6 — 1)*
_ ’ _
3—'— 487 T T 02 (@ + D)xs + 1) xg (56 — 1) +x6) (x5 (6 + x4 (¥ +3 (6 + X3 (7 — 1) — 1) = 1)) + x5 X3 X3 X6 Xs)

(x3 X4 X5 ((x2 x3 (3 +1)x4 (xg — 1) +x(,)x% —2xyx3x6x7 + (2 +1)x3 + l)x(,)xg —2 x5 x3 X6 (X6 +x2 X3 x4 (X6 — 1) x7) X5 +x% X3 x% (223 +1) x4 (x6 — 1) +x6))

4 —|— (6 = 1))/ (%6 (G2 + 1) x3 + 1) x4 (6 — 1) +x6) (x5 (66 —x7) — X6 X3)) +
2 2
X3 X5 X X3 X4 (x5 x3 (x4 + 1) x¢ — x5) x7 1
3x; X3 27576 + ( 2 5) - (ng4 (X4+1)x2 (x6 +2)xg—
X3 X6 — X5 X7 X6 x% (0 X6 — X5 X7)

i .

William J. Torres Bobadilla

X5 X6 (x4 (g4 + 1) x5 x6 (x7 — 1) x7 xg +x5 (x6 (x7 = 1)x7 +x4 B x6 +x7 — 1))x§ + x5 X6 (x7 — 1) x7 X3 +xg)x% +

2 2 2 2 2
Xs (x3 x4 x7 3 x6 +x7 — 1) x5 + 3 X3 X5 X5 + X5 (%5 X7 —xs))xz + x5 X6 (X6 X7 — X3 x5))+

5 _I_ X3 x% (x4 (x4 + 1)(x§ +(=x7x5 +x5 — 1) x¢ + x5 x7 2 X7 + 1))x§ +xg (X7 X5 + X5 + X6 + X4 (x4 (x¢ — 1) +2x6 — 1)) x3 — x¢ (xg + x5 (X7 — 1)))xg -

X x% X4 (—xg — X2 X3 (x4 + 1) x6 x5 +x§ x3 (x4 + l)xg)xg . x% x% (x4 +1)x6 (x4 (—x6 +x3 (—x6 +Xx2 (x6 —2x7 +1)+ 1)+ 1) —x¢) x2x§x4 xg (7 —1)?

X5 X6

X2

X6 — X5 X7

X8



Summary and Outlook

Unitarity, On-shellness & Integrand Decomposition

— Dramatic developments for One-Loop Amplitudes
— NLO: automating analytic one-loop calculations
— NN...LO

— many legs

— massive particles in the loops

Formal Properties of Scattering Amplitudes

— Hidden properties can emerge only from direct calculations.

— An open problem: C/K duality of higher loop amplitudes.
— Scattering Amplitudes in Gauge theories still reserve a lot of surprises.

William J. Torres Bobadilla
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