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Motivation

FAIR @ GSI →
with elliptic beam pipe: SIS 100, NESR, RESR
consice description of the field required
valid within the whole aperture

describe / compare the quality of the magnet(s)
managable data for users: e.g. beam dynanics
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Circular Multipoles vs. Elliptic Multipoles
Converting Elliptic to Cyclic Multipoles

Coordiante systems I/II
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Circular Multipoles vs. Elliptic Multipoles
Converting Elliptic to Cyclic Multipoles

Coordiante systems II/II

Plane polar coordinates

0 ≤ r <∞ − π ≤ φ ≤ π,

x = r cosφ y = r sinφ,

Elliptic coordiantes:

x = e cosh η cosψ

y = e sinh η sinψ

0 ≤ η <∞,

−π ≤ ψ ≤ π.

ε := e/a =
√

1− b2/a2

Reference ellipse:

a = e cosh η0, b = e sinh η0.
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Circular Multipoles vs. Elliptic Multipoles
Converting Elliptic to Cyclic Multipoles

Field description for potential equation ∆Φ = 0

Set of functions

rmeimφ

rme−imφ −∞ < m <∞

sinh(nη) einψ cosh(nη) einψ for n 6= 0
1 η for n = 0

General solution

circular:

Φ(r , φ) =
∞∑

m=−∞
Cm (r/RRef )

|m| eimφ

elliptic:

Ψg (η, ψ) = A0 + B0η +
n=∞∑

n=−∞

′
[Bn sinh(|n|η) + An cosh(|n|η)] e inψ

The primed sum does not contain the term n = 0.
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Circular Multipoles vs. Elliptic Multipoles
Converting Elliptic to Cyclic Multipoles

Elliptic Multipoles

Required solution with real functions

Ψ(η, ψ) = A0
1

2︸︷︷︸
:=ce0

+
∞∑

n=1

[
An cos(nψ)

cosh(nη)

cosh(nη0)︸ ︷︷ ︸
:=cen

+

Bn sin(nψ)
sinh(nη)

sinh(nη0)︸ ︷︷ ︸
:=sen

]
. (1)

Ψ(η, ψ) can represent a scalar or e. g. B = By + i Bx .
η0 corresponds to RRef .
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Circular Multipoles vs. Elliptic Multipoles
Converting Elliptic to Cyclic Multipoles

Calculating An, Bn

Calculation of Am and Bm using Ψ(η0, ψ) (Euler Formulas) or
a FFT.

A0 = 2D0;

An = Re(Dn + D−n) + i Im(Dn + D−n),

Bn = i Re(Dn − D−n)− Im(Dn − D−n); (2)

n = 1, 2, 3, ....

Dn =
1

2π

∫ π

−π
Ψ(η0, ψ) e(−in ψ)dψ, −∞ < n <∞; (3)

The last formulas still simplify if Ψ(η0, ψ) is real, since then
D∗

n = D−n.

Pierre Schnizer, Bernhard Schnizer, Pavel Akishin, Egbert Fischer Rotating Coils in Elliptic Aperture



Theory
Test on Field Calculations for SIS 100
Field Reconstruction for Measurement

Circular Multipoles vs. Elliptic Multipoles
Converting Elliptic to Cyclic Multipoles

From Elliptic to Cyclic Multipoles

Circular multipoles widespread (e.g beam dynamics)

calculation of the multipoles:

elliptic multipoles An, Bn

the inverse transformation matrix Ŝ elliptic → circular

calculating Ŝ

insert elliptic coordinates (7) and (8) into (z/R0)
m and

(z∗/R0)
m; m ≥ 0.

expand resulting expression in harmonics of hyperbolic
and trignometric functions → cen(η, ψ), sen(η, ψ)
invert the matrix T̂ → Ŝ
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Circular Multipoles vs. Elliptic Multipoles
Converting Elliptic to Cyclic Multipoles

Theory Summary

Circular Multipoles: Fourier Series on Circles

Elliptic Multipoles: Fourier Series on Ellipse

harmonics for both can be calculated using FFT

but

only the circular ones correspond to the Carthesian ones
for the elliptic: only if By + iBx is imposed on the ellipse
ones gets a straightforward transform to circular ones
SSW measurement on ellipse measures Bη!
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8 Turn Single Layer Dipole
5 Turn L Quadrupole

Test on SIS 100 magnet options

dipole 8 turn single layer dipole 0.13 T at 873A

quadrupole 5 turn quadrupole providing 35 T/m at 6600A

high current in the cable → field quality
Field quality in units

∆B(z) =

[
B(z)− Cm

(
z

RRef

)m−1
]

104

Cm

with Cm the strength of the main multipole
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8 Turn Single Layer Dipole
5 Turn L Quadrupole

Dipole: Original Data

By :
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8 Turn Single Layer Dipole
5 Turn L Quadrupole

Dipole: Interpolation
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8 Turn Single Layer Dipole
5 Turn L Quadrupole

Quadrupole: Original Data

By :
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8 Turn Single Layer Dipole
5 Turn L Quadrupole

Quadrupole: Interpolation
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measurement description
Connecting measurements

Motiviation for rotating coils measurements

rectangular apertures → search coils

require a precise reference surface → pol
do not provide angle of the magnet

SIS 100 → superconducting → anticryostat (circular,
moveable)

rotating coils → circular multipoles
not covering whole area of interest
thus measurements at different locations
how many locations are enough?
how to combine the measurements?
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measurement description
Connecting measurements

Postion of measurement
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Not the whole ellipse is covered!
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measurement description
Connecting measurements

Connecting measurement data I/II

Interpolation between the circles

Bi(z) = (1− λ)
N∑

n=1

Cn
c
(

z

RRef

)(n−1)

+ λ
N∑

n=1

Cn
l,r

(
z± a

RRef

)(n−1)

How calculate lambda?

validity of extrapolation: eg. distance from centre

w l =
RRef

|z− a|
w c =

RRef

|z|
w r =

RRef

|z + a|
λcl = w c/

(
w c + w l

)
λcr = w c/ (w c + w r)
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measurement description
Connecting measurements

Connecting measurement data II/II

λ(p0) = 0 λ(p1) =
1
λ′(p0) = 0 λ′(p0)

λ(p) = 3p2 − 2p3

p0 intersection el-
lipse, measurment
at left/right, p1 at
ψ = 90(270) (cen-
tre)
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measurement description
Connecting measurements

Field on the ellipse

Field on the el-
lipse B(z) ={ ∑N

n=1 Cn
l,r

(
z±a
RRef

)(n−1)

ψ ≤ ψc

Bi(z) ψ < ψc

ψ = cosh−1(z/e)
Multipoles on the
interpolation
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measurement description
Connecting measurements

Archieved precision

for dipole: difference reconstructed ↔ field 1 ppm

for quadrupole 1 per mille → improvement required
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measurement description
Connecting measurements

Conclusion

elliptic multipoles solution of ∆Φ = 0

describe field within reference ellipse

elliptic multipole → cicular multipoles

field reconstruction from measurement

demonstrated for dipole
refinement required for quadrupole
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