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Most Standard-Model extensions have additional sources of flavor & CP violation

Quark-flavor-changing processes receive contributions from exchange of new 
particles that arise in wide range of models:

Precision quark-flavor measurements sensitive to QM loop effects from new 
particles too heavy to be directly accessible at the LHC���������	
��
������������������  (or���������	
��
������������������  forseeable���������	
��
������������������  colliders)���������	
��
������������������  
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τ leptons sensitive to charged scalars 
that couple preferentially to heavier 
particles (e.g. 2HDM)1                2    3

s→d & b→d,s flavor-changing
neutral currents sensitive to SUSY, 

flavor-changing Z’, leptoquarks, 4th 
generation, composite Higgs, ...
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Why study quark-flavor physics?
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Lattice QCD for quark-flavor physics

3

Quark-flavor sector provides numerous experimental observables to compare with 
Standard Model (differential decay rates, angular distributions & asymmetries, oscillation 
frequencies, ...)

Revealing new-physics effects requires reliable Standard-Model predictions with 
uncertainties commensurate with experimental measurements

Theory error often limited by QCD matrix elements ➜ nonperturbative���������	
��
������������������  lattice-QCD���������	
��
������������������  
calculations���������	
��
������������������  crucial���������	
��
������������������  to���������	
��
������������������  maximize���������	
��
������������������  scientific���������	
��
������������������  impact���������	
��
������������������  of���������	
��
������������������  current���������	
��
������������������  &���������	
��
������������������  future���������	
��
������������������  quark-
flavor���������	
��
������������������  experiments!

Broad experimental effort to study flavor-changing interactions of strange, 
charm, and beauty hadrons



Precision lattice QCD

“In the last five years lattice QCD has matured into a precision tool.  Results with fully 
controlled errors are available for nearly 20 matrix elements. ... The ultimate aim of 

lattice-QCD calculations is to reduce errors in hadronic quantities to the level at which
they become subdominant either to experimental errors or other sources of error.”

— Snowmass 2013 Quark-flavor WG report (1311.1076)
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QCD Lagrangian contains 1 + nf + 1 parameters that can be fixed from equal number of 
experimental inputs

Fundamental parameter                                 Experimental input

Gauge coupling g2                                                       r1, mΩ, Υ(2S-1S), or fπ

nf quark masses mf                                                       mπ, mK, mJ/ψ, mΥ, ...

θ = 0                                                                       neutron EDM (|θ| <10-11)

Once the parameters are fixed, everything else is a prediction of the theory

Calculations of hadronic parameters challenging in practice because low-energy QCD is 
nonperturbative

5
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Numerical lattice QCD

Systematic method for calculating 
hadronic parameters from QCD first 
principles 

Define QCD on (Euclidean) spacetime 
lattice and solve path integral 
numerically

Recover QCD when lattice spacing 
a→0 and box size L→∞

a

L = N
S
a

L
4
 =

 N
4
a T = NT a

L 
= 

N
S 

a

Simulate using Monte-Carlo methods and 
importance sampling

Sample from all possible field 
configurations using a distribution given 
by exp(-SQCD)

Run codes upon supercomputers and 
dedicated clusters

Argonne Natl. Lab BG/Q
∼10 PetaFlops peakl
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Modern lattice-QCD simulations

7

Standard simulations include dynamical
u, d, s (& c) quarks in the vacuum 

(Typically���������	
��
������������������  sea���������	
��
������������������  mu=md)

Control systematic errors using gauge-
field ensembles with different parameters:

Multiple lattice spacings to extrapolate to 
continuum limit (a→0)

Multiple up/down-quark masses to 
extrapolate to physical Mπ =135 MeV

Multiple spatial volumes to estimate finite-
size effects

Test and validate methods by

(1)  Comparison with experiment

(2)  Independent calculations sensitive to different systematics
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“Gold-plated” lattice processes
Most precise results for simple processes with single (stable) initial hadron & at most 
1 final-state hadron

Includes numerous quantities needed to obtain
CKM matrix elements and test Standard Model

Excludes QCD resonances (ρ, K*, ...);
fully hadronic decays (K→ππ, B→DK, ...);
long-distance dominated quantities
(ΔMK, D-mixing, ...)
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Light- and heavy-
hadron spectrum 
(including n-p mass 
difference) 
Most precise αS 
determination and 
competitive b-, c-quark 
masses

Predictions of Bc 
meson mass, decay 
constants fD & fDs, and 
D→Klν form factor 

Demonstrate that 
lattice-QCD calculations 
are reliable with 
controlled uncertainties

Reproduce experimental results for wide variety of hadron properties and provide the only 
ab initio QCD calculation of others

9

Lattice-QCD validation
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Recent lattice results
for the CKM matrix

“[An] area of striking progress has been lattice gauge theory. ... It is now possible to 
compute the spectrum of hadrons with high accuracy, and lattice computations have 

been crucial in the measurement of the properties of heavy quarks.  Continuing 
improvements in calculational methods are anticipated in coming years.”

— Snowmass 2013 Executive Summary (1401.6075)
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(Experiment) = (known) x (CKM factors) × (Hadronic Matrix Element)

Compute nonperturbative QCD parameters 
(decay constants, form factors, B-parameters,...) 
numerically with Lattice QCD

�m(d,s) ,

d�(B ! ⇡`⌫)
dq2

,
d�(B ! D(⇤)`⌫)

dw
, . . .

Determination of CKM elements
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Infer CKM elements within Standard 
Model by comparing experimental 
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Absorb nonperturbative QCD 
dynamics into hadronic 
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Lattice QCD & the CKM matrix

12

Lattice-QCD community has mature & successful program to calculate weak matrix 
elements needed to obtain CKM elements & phase (see recent lattice reviews)

Here focus on new results since FPCP 2014:  appendices present additional results for 
light flavors (u,d,s) and heavy flavors (c,b)

Simple lattice processes
enable determinations
of all CKM elements
except |Vtb| 

Neutral kaon mixing also
gold-plated & can be used
to obtain phase (ρ ̅, η̅)
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1.3%

For all simple quantities

Physical light-quark masses
Nonperturbative or no renormalization
Confirmation from independent results

(Sub-)percent precision ➔ EM & isospin-
breaking becoming relevant
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0.2%

τ−

ντ

d

K0

s̄

s

d̄

K0
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1.3%

For all simple quantities

Physical light-quark masses
Nonperturbative or no renormalization
Confirmation from independent results

(Sub-)percent precision ➔ EM & isospin-
breaking becoming relevant

13

0.3%

0.2%

Kaon-mixing 
matrix elements 
of all possible 
ΔS=2 BSM 
operators also 
available

Kaon physics summary
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~2σ tension between leptonic π & K 
decays, semileptonic K decays, β-decay, 
and CKM unitarity [see e.g. Rosner, Stone, 
& RV (PDG), 1509.02220]

Unitarity test using |Vus| from Kl3 decay 
[FLAG 2015 prel. + Moulson, 1411.5252]
and |Vud| from superallowed β-decay 
[Hardy & Towner, 1411.5987]
limited by error on: |Vud|2:

➡  Can |Vud| from β-decay be improved?

Implications for 1st-row CKM unitarity

14

0.9484 0.9488 0.9492 0.9496

|Vud|
2

0.0492

0.0496

0.05

0.0504

0.0508

|V
us
|2

fK+/f
π+

(FNAL/MILC)

Kl3
(FNAL/MILC)

nuclear 
β-decay

unitarity prediction

|Vud|2 +|Vus|2 +|Vub|2 -1 =

-0.0021(29)Vus(41)Vud
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ūū

f+D→π(q2=0)

µ+

νµ

W+

K0

sc

D+

d̄dd̄d

f+D→K(q2=0)



R. Van de Water Lattice QCD for the CKM matrix
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Recent highlights: 
First 3-flavor Ds→φlυ form factors 
[HPQCD, PRD90 (2014) 7, 074506]

First 4-flavor D-mixing matrix elements 
(all five ΔC=2 SM & BSM operators, 
only short-distance contributions)
[ETM, 1505.06639]

Small errors due to

Physical light-quark masses
Improved charm-quark actions
+ fine lattice spacings

No renormalization (PCAC)
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D-meson physics summary
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Errors on |Vcd| & |Vcs| from leptonic D(s) 
decays limited by experimental branching 
fractions [Rosner, Stone, & RV (PDG), 
1509.02220]

Some tension with CKM unitarity

➡ Reaching precision where need estimate of 
hadronic structure-dependent EM 
contributions to D(s) leptonic decay rates0.044 0.046 0.048 0.05

|Vcd|
2

0.95

1

1.05

|V
cs
|2

fD+ (FNAL/MILC)

fDs
(FNAL/MILC)

unitarity prediction

Implications for 2nd-row CKM unitarity

|Vcd| = 0. 217(1)LQCD(5)expt

|Vcs| = 1.007(4)LQCD(16) expt

|Vcd|2 + |Vcs|2 + |Vcb|2 -1 = 0.064(36)
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Lattice B-physics calculations rapidly maturing to the level of pion/kaon calculations

For leptonic decay constants, confirmation from several independent calculations using 
different gauge-field configurations, light-, and b-quark actions [see Rosner, Stone, & RV 
(PDG 2016), 1509.02220]

17

B-meson physics overview

fB+ obtained with physical-mass pions 
[HPQCD, PRL110, 222003 (2013)] 

➡ No chiral-extrapolation error

fBs obtained with highly-improved 
staggered (HISQ) b-quark action 
[HPQCD, PRD85, 031503 (2012)]

Lattice axial current absolutely 
normalized ➡ no renormalization 
error
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B-meson physics overview

fB+ obtained with physical-mass pions 
[HPQCD, PRL110, 222003 (2013)] 

➡ No chiral-extrapolation error

fBs obtained with highly-improved 
staggered (HISQ) b-quark action 
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For many quantities, still only
1 or 2 lattice calculations with ≳3 

dynamical quarks...
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~3.5%
f+ error

Two independent calculations 
last year!

First RBC/UKQCD f+ & f0  

[PRDD91 (2015) 7, 074510]

New FNAL/MILC f+ with 
more statistics & finer lattice 
spacings, and first f0
[PRDD92 (2015) 1, 014024]

Extend lattice results to 
q2≲16 GeV2 using model-
independent z-expansion

f+(q2) shape consistent with 
measured B→πlν dB/dq2

Obtain |Vub| from joint z-fit to 
lattice + experimental data Use of all experimental & theoretical 

information minimizes error on |Vub|

z-expansion
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B→Dlν form factors @ nonzero recoil (2015)

19

Comparing theory & experiment at 
w=1 ➜ large experimental errors in
|Vcb| because decay rate suppressed

First three-flavor form-factor results 
over full kinematic range [Fermilab/
MILC, PRD92, 034506 (2015); HPQCD, 
PRD92, 054510 (2015)]

Independent calculations agree
Shapes consistent with experiment

Joint lattice + experiment fit using 
w>1 data reduces error on |Vcb|

!+

ν!
W+

D(∗)−

cb

B0

dd

(w ≡ vB·vD)
Combination with 

experimental rate enables 
|Vcb| determination

~1.4%
lattice 
error
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Λb→plν and Λb→Λclν form factors (2015)

First three-flavor Λb→p form factors with 
relativistic b-quark at physical mass; first 
three-flavor Λb→Λc form factors
[Detmold, Lehner, & Meinel, PRD92, 
034503 (2015)]
Combine chiral-continuum extrapolation 
with q2 fit via modified z-expansion

➡ 5.3% LQCD error on |Vub| /|Vcb|

20

Combination with ratio of experimental rates enables 
determination of |Vub| /|Vcb| → first from baryon decay!

28

VI. PREDICTIONS FOR THE ⇤b ! p `�⌫̄` AND ⇤b ! ⇤c `�⌫̄` DECAY RATES

In this section, we present predictions for the ⇤b ! p `�⌫̄` and ⇤b ! ⇤c `�⌫̄` di↵erential and integrated decay rates
using our form factor results. Including possible right-handed currents with real-valued ✏Rq , the e↵ective Hamiltonian
in Eq. (2) leads to the following expression for the di↵erential decay rate in terms of the helicity form factors,

d�

dq2
=

G2
F |V L

qb|2
p

s+s�

768⇡3m3
⇤b

✓
1 � m2

`

q2

◆2

⇥
(

4
�
m2

` + 2q2
� ⇣

s+
⇥
(1 � ✏Rq )g?

⇤2
+ s�

⇥
(1 + ✏Rq )f?

⇤2⌘

+2
m2

` + 2q2

q2

⇣
s+

⇥
(m⇤b � mX) (1 � ✏Rq )g+

⇤2
+ s�

⇥
(m⇤b + mX) (1 + ✏Rq )f+

⇤2⌘

+
6m2

`

q2

⇣
s+

⇥
(m⇤b � mX) (1 + ✏Rq )f0

⇤2
+ s�

⇥
(m⇤b + mX) (1 � ✏Rq )g0

⇤2⌘
)

, (84)

where, as before, X = p, ⇤c denotes the final-state baryon, and

s± = (m⇤b ± mX)2 � q2. (85)

Expressions for the individual helicity amplitudes and the angular distributions can be found in Refs. [27, 28, 65]. By
combining experimental data with our form factor results, novel constraints in the (V L

qb, ✏Rq ) plane can be obtained.

In the following, we consider the Standard Model with V L
qb = Vqb and ✏Rq = 0. Our predictions of the ⇤b ! p `�⌫̄`

and ⇤b ! ⇤c `�⌫̄` di↵erential decay rates for ` = e, µ, ⌧ are shown in Figs. 14 and 15. The central values, statistical
uncertainties, and systematic uncertainties have been calculated using Eq. (83); all baryon and lepton masses were
taken from Ref. [1]. Our results are most precise in the high-q2 region, where the form factor shapes are most tightly
constrained by the lattice QCD data. We obtain the following partially integrated decay rates

1

|Vub|2
Z q2

max

15 GeV2

d�(⇤b ! p µ�⌫̄µ)

dq2
dq2 = (12.32 ± 0.93 ± 0.80) ps�1, (86)

1

|Vcb|2
Z q2

max

7 GeV2

d�(⇤b ! ⇤c µ�⌫̄µ)

dq2
dq2 = (8.39 ± 0.18 ± 0.32) ps�1, (87)

and their ratio

|Vcb|2
|Vub|2

R q2
max

15 GeV2

d�(⇤b!p µ�⌫̄µ)
dq2 dq2

R q2
max

7 GeV2

d�(⇤b!⇤c µ�⌫̄µ)
dq2 dq2

= 1.470 ± 0.115 ± 0.104, (88)

where the first uncertainty is statistical and the second uncertainty is systematic. Together with experimental data,
Eqs. (86), (87), and (88) will allow determinations of |Vub|, |Vcb|, and |Vub/Vcb| with theory uncertainties of 5.0%,
2.2%, and 5.3%, respectively. The predicted total decay rates for all possible lepton flavors are

�(⇤b ! p e�⌫̄e)/|Vub|2 = (24.8 ± 2.8 ± 4.2) ps�1 (89)

�(⇤b ! p µ�⌫̄µ)/|Vub|2 = (24.8 ± 2.8 ± 4.2) ps�1, (90)

�(⇤b ! p ⌧�⌫̄µ)/|Vub|2 = (17.5 ± 1.5 ± 1.9) ps�1, (91)

�(⇤b ! ⇤c e�⌫̄e)/|Vcb|2 = (21.1 ± 0.8 ± 1.4) ps�1, (92)

�(⇤b ! ⇤c µ�⌫̄µ)/|Vcb|2 = (21.1 ± 0.8 ± 1.4) ps�1, (93)

�(⇤b ! ⇤c ⌧�⌫̄µ)/|Vcb|2 = (7.13 ± 0.17 ± 0.29) ps�1. (94)

Motivated by the R(D(⇤)) puzzle [14], we also provide predictions for the following ratios:

�(⇤b ! ⇤c ⌧�⌫̄µ)

�(⇤b ! ⇤c e�⌫̄µ)
= 0.3378 ± 0.0079 ± 0.0085, (95)

�(⇤b ! ⇤c ⌧�⌫̄µ)

�(⇤b ! ⇤c µ�⌫̄µ)
= 0.3388 ± 0.0078 ± 0.0085. (96)

QED corrections to the decay rates, which may be relevant at this level of precision, have been neglected here.
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VI. PREDICTIONS FOR THE ⇤b ! p `�⌫̄` AND ⇤b ! ⇤c `�⌫̄` DECAY RATES

In this section, we present predictions for the ⇤b ! p `�⌫̄` and ⇤b ! ⇤c `�⌫̄` di↵erential and integrated decay rates
using our form factor results. Including possible right-handed currents with real-valued ✏Rq , the e↵ective Hamiltonian
in Eq. (2) leads to the following expression for the di↵erential decay rate in terms of the helicity form factors,
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, (84)

where, as before, X = p, ⇤c denotes the final-state baryon, and

s± = (m⇤b ± mX)2 � q2. (85)

Expressions for the individual helicity amplitudes and the angular distributions can be found in Refs. [27, 28, 65]. By
combining experimental data with our form factor results, novel constraints in the (V L

qb, ✏Rq ) plane can be obtained.

In the following, we consider the Standard Model with V L
qb = Vqb and ✏Rq = 0. Our predictions of the ⇤b ! p `�⌫̄`

and ⇤b ! ⇤c `�⌫̄` di↵erential decay rates for ` = e, µ, ⌧ are shown in Figs. 14 and 15. The central values, statistical
uncertainties, and systematic uncertainties have been calculated using Eq. (83); all baryon and lepton masses were
taken from Ref. [1]. Our results are most precise in the high-q2 region, where the form factor shapes are most tightly
constrained by the lattice QCD data. We obtain the following partially integrated decay rates

1

|Vub|2
Z q2

max

15 GeV2

d�(⇤b ! p µ�⌫̄µ)

dq2
dq2 = (12.32 ± 0.93 ± 0.80) ps�1, (86)

1

|Vcb|2
Z q2
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d�(⇤b ! ⇤c µ�⌫̄µ)

dq2
dq2 = (8.39 ± 0.18 ± 0.32) ps�1, (87)

and their ratio
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|Vub|2

R q2
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dq2 dq2

R q2
max

7 GeV2

d�(⇤b!⇤c µ�⌫̄µ)
dq2 dq2

= 1.470 ± 0.115 ± 0.104, (88)

where the first uncertainty is statistical and the second uncertainty is systematic. Together with experimental data,
Eqs. (86), (87), and (88) will allow determinations of |Vub|, |Vcb|, and |Vub/Vcb| with theory uncertainties of 5.0%,
2.2%, and 5.3%, respectively. The predicted total decay rates for all possible lepton flavors are

�(⇤b ! p e�⌫̄e)/|Vub|2 = (24.8 ± 2.8 ± 4.2) ps�1 (89)

�(⇤b ! p µ�⌫̄µ)/|Vub|2 = (24.8 ± 2.8 ± 4.2) ps�1, (90)
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�(⇤b ! ⇤c µ�⌫̄µ)/|Vcb|2 = (21.1 ± 0.8 ± 1.4) ps�1, (93)

�(⇤b ! ⇤c ⌧�⌫̄µ)/|Vcb|2 = (7.13 ± 0.17 ± 0.29) ps�1. (94)

Motivated by the R(D(⇤)) puzzle [14], we also provide predictions for the following ratios:

�(⇤b ! ⇤c ⌧�⌫̄µ)

�(⇤b ! ⇤c e�⌫̄µ)
= 0.3378 ± 0.0079 ± 0.0085, (95)

�(⇤b ! ⇤c ⌧�⌫̄µ)

�(⇤b ! ⇤c µ�⌫̄µ)
= 0.3388 ± 0.0078 ± 0.0085. (96)

QED corrections to the decay rates, which may be relevant at this level of precision, have been neglected here.
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Implications for |Vub| & |Vcb|

21
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Error on |Vub| from B→πlν reduced 
by factor of 2!
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QCD error in |Vcb| from B→D*lν 
now commensurate with 
experimental error

New Belle nonzero-recoil B→D 
measurement raises |Vcb|
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Implications for the “|Vxb| puzzle”
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ï¿½ 2015 Andreas Kronfeld, Fermi National Accelerator Laboratory
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68% CL
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B→D*lν
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Λb→plν

Λb→Λ
clν

B→πlν

B→Xulν
& B→Xclν

[fit from Kronfeld]

Increased lattice-QCD 
precision + new measurements 
sharpening picture of inclusive-

exclusive tensions

LQCD will continue to address “Vxb” 
puzzle through: 

❖ New b→u decays (e.g. Bs→Klν)

❖ Independent Λb→p & Λb→Λc 
form factors

❖ B→D*lν form factors at w>1

|Vcb| from B→D*lν extrapolates 
measurement to zero recoil using 

CLN parameterization ➜ time for 
model-independent analysis!
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Neutral B-meson mixing

Ratio of Bd to Bs oscillation frequencies (Δmq) 
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in lattice QCD because:

Statistical fluctuations 
correlated

Matrix elements equal in 
SU(3) limit ms=mud, so some 
systematic errors suppressed 
by (ms-mud)/ΛQCD
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Significant Fermilab/MILC 
update of 2012 ξ calculation 
with increased statistics, finer 
lattice spacings, better 
treatment of chiral 
extrapolation

➜ Error on ξ reduced from ~5% 
to 1.6%!

✦ Also present individual Bd- 
and Bs-mixing matrix elements

✦ ... and first three-flavor 
results for all five local 
operators that contribute 
to neutral B-meson mixing 
in and beyond the 
Standard Model

New! B-mixing matrix elements
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Implications for |Vtd| & |Vts|

Errors on |Vtq| from B-mixing 
~2-3 x smaller with new 
lattice matrix elements, but 
still limited by theory

|Vts| & |Vtd / Vts| from 
semileptonic decays >2x more 
precise using new lattice B→π 
& B→K form factors, with 
commensurate theory & 
experimental errors [c.f. 
LHCb, JHEP 1406, 133 
(2014); JHEP 1510 (2015) 
034]

Both display ~2σ tensions 
with CKM unitarity!
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|Vtd  / Vts |  

0.18 0.19 0.20 0.21 0.22 0.23      

|Vtd |  × 10
3

|Vts |  × 10
3

7 8 9 35 39 43

∆Mq:

this work

PDG

B!K(π)µ
+
µ

−

CKM unitarity:

full

tree

   

   
[Fermilab/MILC, 1602.03560]

Standard-Model rates for Bd,s-meson mixing and B→πμ+μ- & B→Kμ+μ- decays proportional 
to |VtbVtd

*| & |VtbVts
*| ➜ enable independent determinations of |Vtd|, |Vts|, and |Vtd/Vts|

1.6%
4.4% 3.2%
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[figures from Lunghi]

ξ

|Vub|/|Vcb|excl. from fit of 
B➜π, B➜D(*), and 
Λb➜p/Λb➜Λc decay 
results [Kronfeld]

Summer 2015
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new B(s)-mixing 
matrix elements 
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[figures from Lunghi]
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Tension between
measurements growing!
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“Lattice QCD has become an important tool in flavor physics. ... Matrix elements
which contain at most one hadron in the final state [such as (semi)leptonic decays 
and meson mixing] should soon be calculable with percent level uncertainties. ...
The full exploitation of the experimental program requires continued support of 

theoretical developments.” — Snowmass 2013 Quark-flavor WG report (1311.1076)

Conclusions
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CKM summary

29

New since 
FPCP 2014!

I

I

CKM element process LQCD input |Vq1q2 | % error

|Vud| ⇡ ! `⌫ f⇡ 0.9764 (1.3)
LQCD

(0.0)
exp

(0.1)
EM

|Vus| K ! `⌫ fK 0.2255 (0.3)
LQCD

(0.1)
exp

(0.1)
EM

K ! ⇡`⌫ fK⇡
+

(0) 0.22310 (0.3)
LQCD

(0.2)
exp

|Vus|/|Vud| K ! `⌫/⇡ ! `⌫ fK/f⇡ 0.2314 (0.2)
LQCD

(0.1)
exp

(0.1)
EM

|Vub| B ! ⇡`⌫ fB⇡
+

(q2
) 3.72⇥ 10�3

(⇠ 3.4)
LQCD

(⇠ 2.8)
exp

B ! `⌫ fB 4.12⇥ 10

�3

(2.2)
LQCD

(9.0)
exp

|Vcd| D ! `⌫ fD 0.217 (0.5)
LQCD

(2.3)
exp

D ! ⇡`⌫ fD⇡
+

(0) 0.2140 (4.4)
LQCD

(1.3)
exp

|Vcs| Ds ! `⌫ fDs 1.007 (0.5)
LQCD

(1.6)
exp

Ds ! K`⌫ fDK
+

(0) 0.9746 (2.5)
LQCD

(0.7)
exp

|Vcb| B ! D⇤`⌫ F (1) 38.9⇥ 10

�3

(1.3)
LQCD

(1.3)
exp

(0.5)
QED

B ! D`⌫ fBD
+

(w) 40.7⇥ 10�3
(⇠ 1.2)

LQCD

(⇠ 2.1)
exp

(0.5)
QED

|Vtd| �Md fBd(B̂Bd)
�1/2 8.00⇥ 10�3

(4.1)
LQCD

(0.3)
exp

(0.4)
other

|Vts| �Ms fBs(B̂Bs)
�1/2 39.0⇥ 10�3

(3.1)
LQCD

(0.0)
exp

(0.5)
other

|Vtd|/|Vts| �Md/�Ms ⇠ 0.2052 (1.5)
LQCD

(0.2)
exp

(0.0)
other

(⇢̄, ⌘̄) ✏ ˆBK – (1.3)BK [cf . (0.7)✏,exp]

I
I

I
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CKM summary
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FPCP 2014!
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Lattice-QCD results + experimental measurements imply several 2σ “tensions” with 
Standard-Model CKM framework:

❖ |Vus| from semileptonic K decay inconsistent with leptonic π & K decays + 
superallowed β-decay

❖ |Vcd| & |Vcs| from leptonic decays differ from second-row unitarity expectations

❖ |Vub| & |Vcb| from inclusive and exclusive B decays differ (although new B→Dlν 
nonzero-recoil measurements and form factors yield exclusive |Vcb| in better agreement 
with inclusive value)

❖ |Vtd| & |Vts| from B(d,s)-meson mixing and rare B→π(K)ll decays differ from global 
CKM unitarity-triangle fit

Global CKM unitarity-triangle fit still compatible with Standard Model, but 
tension is growing...

30

Hints of new physics?
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Quark-flavor physics program needs lattice-QCD calculations on same time scale 
as experiments with reliable uncertainties and commensurate precision

Lattice���������	
��
������������������  flavor-physics���������	
��
������������������  community���������	
��
������������������  devoting���������	
��
������������������  considerable���������	
��
������������������  human���������	
��
������������������  effort���������	
��
������������������  &���������	
��
������������������  computing���������	
��
������������������  
resources���������	
��
������������������  to���������	
��
������������������  meet���������	
��
������������������  theory���������	
��
������������������  needs���������	
��
������������������  of���������	
��
������������������  current���������	
��
������������������  &���������	
��
������������������  upcoming���������	
��
������������������  experiments

Petascale computing enabling simulations with physical-mass pions, very fine lattice 
spacings, very large volumes, & dynamical charm quarks ➜ increased precision

Precision on simple quantities approaching level where strong isospin 
(straightforward) & EM corrections (methods���������	
��
������������������  being���������	
��
������������������  developed) are becoming relevant

Working towards first QCD calculations with controlled uncertainties of more 
challenging quantities such as long-distance amplitudes, decays to QCD resonances 
or multi-hadron final states, baryon form factors, ...

Future quark-flavor measurements + anticipated lattice-QCD improvements will 
increase precision on CKM elements & sharpen Standard-Model tests

If deviations are seen, pattern of measurements will provide information on new 
particle masses and couplings and helps distinguish between high-scale models!

Outlook

31
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Precision on simple quantities approaching level where strong isospin 
(straightforward) & EM corrections (methods���������	
��
������������������  being���������	
��
������������������  developed) are becoming relevant

Working towards first QCD calculations with controlled uncertainties of more 
challenging quantities such as long-distance amplitudes, decays to QCD resonances 
or multi-hadron final states, baryon form factors, ...

Future quark-flavor measurements + anticipated lattice-QCD improvements will 
increase precision on CKM elements & sharpen Standard-Model tests

If deviations are seen, pattern of measurements will provide information on new 
particle masses and couplings and helps distinguish between high-scale models!

Outlook
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Continued support for lattice-QCD hardware & software essential 
to achieve scientific goals and fully capitalize on enormous 
investments in experimental quark-flavor physics program 
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Predictions for semileptonic decay rates and other observables depend upon 
hadronic form factors

Standard-Model tree-level B→πlν decays mediated by vector current

Flavor-changing-neutral-current decays (B→πl+l-, B→Kl+l-, B→πνν ̅, & B→Kνν ̅) also 
involve tensor current
Three form factors f+, f0, & fT suffice to parameterize (factorizable) hadronic 
contributions to ALL Standard Model and new-physics B→π(K) processes
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Semileptonic���������	
��
������������������  B→π���������	
��
������������������  and���������	
��
������������������  B→K���������	
��
������������������  decays
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d̄

u

µ+

µ−

u

u, c, t

W−

b̄

γ

b̄

B→πll:
f+ , f0 , & fT 
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−
q
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/
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)f
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q2 2

(1
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2 /M
2 B
∗ )

 f T
(q

2 )

q2 (GeV2)

B→π tensor form factor
[PRL115, 152002 (2015)]

B→πll &���������	
��
������������������  B→Kll���������	
��
������������������  form���������	
��
������������������  factors���������	
��
������������������  (2015)

B→K form factors consistent with HPQCD results obtained with different b-quark action 
[PRD88, 054509 (2013)] and LCSR at q2=0 [JHEP 1009, 089 (2010)]

New lattice-QCD B→π and B→K form factors enable calculations of B→π(K)l+l-, B→π(K)νν̅, 
and B→πτν observables with fewer assumptions than previously possible!
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First lattice result for B→π
tensor form factor!

B→K form factors
[Fermilab/MILC, PRD 93, 025026 (2016)]

f T
(q

2 )

q2 (GeV2)

0

0.5

1

1.5

2

2.5

3

0 5 10 15 20

f
T

q2(GeV2)

fT

f
T

HPQCD 13 (LQCD)
Khodjamirian 10 (LCSR)

f +
,0
(q

2 )

q2 (GeV2)

0.5

1

1.5

2

2.5

3

0 5 10 15 20

f
+
,
0

q2(GeV2)

f+

f0

f+
f0

HPQCD 13 (LQCD)
Khodjamirian 10 (LCSR)



R.���������	
��
������������������  Van���������	
��
������������������  de���������	
��
������������������  Water Lattice���������	
��
������������������  QCD���������	
��
������������������  for���������	
��
������������������  the���������	
��
������������������  CKM���������	
��
������������������  matrix

Shapes consistent, but measurements slightly below Standard-Model expectations

★ Lattice prediction for dB(B→πμ+μ-)/dq2 appeared before LHCb measurement!

Large difference for B→πμ+μ- in lowest q2 bin from effects of light (ρ,ω,φ) resonances, 
which are difficult to estimate in model-independent manner
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��
������������������  and���������	
��
������������������  B→K���������	
��
������������������  μ+μ-���������	
��
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������������������  rates
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B→πμ+μ-���������	
��
������������������  and���������	
��
������������������  B→K���������	
��
������������������  μ+μ-���������	
��
������������������  decay���������	
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For quantitative comparison, use measurements of B+→π+μ+μ- and B+→K+μ+μ- partially 
integrated branching ratios in wide q2 bins away from charmonium resonances

Theory errors commensurate with experiment!
Measurements in 1.7σ (combined) tension with Standard Model

37

100

150

200

250

0 5 10 15 20 25

∆
B
(B

+
→

K
+
µ
+
µ
−

)(
10

−
9
)

q2(GeV)2

Form factors + CKM + Others
Form factors only

LHCb [JHEP 1406, 133 (2014)]

0

2

4

6

8

10

0 5 10 15 20 25

∆
B
(B

+
→

π
+
µ
+
µ
−

)(
10

−
9
)

q2(GeV)2

Form factors + CKM + Others
Form factors only

LHCb [arXiv:1509.00414]

ΔBR(B+→π+μ+μ-) ΔBR(B+→K+μ+μ-) 

J/Ψ,
Ψ(2S)

J/Ψ,
Ψ(2S)



R.���������	
��
������������������  Van���������	
��
������������������  de���������	
��
������������������  Water Lattice���������	
��
������������������  QCD���������	
��
������������������  for���������	
��
������������������  the���������	
��
������������������  CKM���������	
��
������������������  matrix

(B→π)-to-(B→K)���������	
��
������������������  ratios���������	
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������������������  

Probes new-physics scenarios that 
would alter shape of q2 distribution 
differently for B→πl+l- and B→Kl+l-

(...but insensitive to new physics that 
would affect overall rates)

Standard Model and experiment 
compatible within 1.1σ for both 
individual bins and combination
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More sensitive B→π & B→K observables?
Angular observables

Flat term in angular distribution FH of 
O(ml2/mB2) in Standard Model

B→π(K)μ+μ- FH large enough to measure 
in future experiments

B→π(K)e+e- FH so small that nonzero 
measurement would suggest new physics
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Because masses of W, Z, top, Higgs ≫ bottom quark, can integrate out to yield effective 
Hamiltonian

Contributions of particles at or above electroweak scale parameterized by short-
distance Wilson coefficients

QCD contribution parameterized by matrix elements of effective operators

New heavy particles can alter Wilson coefficients or introduce new operator structures

The���������	
��
������������������  effective���������	
��
������������������  EW���������	
��
������������������  Hamiltonian
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d, s

!!

b
O9,10

Use measured decay rates + lattice-QCD 
form factors to constrain new-physics 
contributions to coefficients of  
effective operators O9 and  O10

Also include BR(Bs→μ+μ-) because 
lattice QCD provides reliable fBs

41

New-physics���������	
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������������������  constraints���������	
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������������������  from���������	
��
������������������  B→π(K)μ+μ-
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d, s

!!

b
O9,10

Use measured decay rates + lattice-QCD 
form factors to constrain new-physics 
contributions to coefficients of  
effective operators O9 and  O10

Also include BR(Bs→μ+μ-) because 
lattice QCD provides reliable fBs

Best-fit values for C9 and C10 2.1σ away 
from Standard Model

Region favored by exclusive (semi)leptonic 
decays compatible with those from
B→Xsl+l- inclusive observables
[Huber et al., JHEP 06, 176 (2015)]; 
B→K*µ+µ- angular observables 
[Altmannshofer & Straub,1503.06199]

Constraints from theoretically clean
B decays  now competitive with B→K*!
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Allow new-physics contributions to the coefficients of the four-fermion effective 
operators O9 and O10

Define the new-physics contributions to C9 and C10 as:

with μ0 ≈ 120 GeV, and assume for the analysis:

Coefficients identical for b→dl+l- and b→sl+l- transitions (as in minimal flavor violation)

No new CP-violating phases ➡	 C9
NP, C10

NP real

Measurements of B→Xsγ suggest that any new-physics contributions to the coefficients of 
the photon penguin operators O7 and O8 must be small, so take C7

NP= C8
NP = 0

P.S.���������	
��
������������������  New-physics���������	
��
������������������  assumptions
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Appendix:
Many more lattice results!

✦ Light flavor physics

✦ Heavy flavor physics

✦ Strong coupling consant
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The CKM quark-mixing matrix

Mixing between quark flavors under charged weak interactions parameterized by 
Cabibbo-Kobayashi-Maskawa (CKM) matrix:

CKM elements & phase are parametric inputs to Standard Model predictions for many 
flavor-changing processes such as neutral kaon mixing and rare kaon decays
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Standard-Model CKM matrix is unitary ➜ elements are not all independent
One of the relationships
between CKM matrix
elements is:

Can express as triangle in complex plane known as the CKM unitarity triangle

The CKM unitarity triangle

45

VudV
∗

ub + VcdV
∗

cb + VtdV
∗

tb = 0

2 11. CKM quark-mixing matrix

Figure 11.1: Sketch of the unitarity triangle.

The CKM matrix elements are fundamental parameters of the SM, so their precise
determination is important. The unitarity of the CKM matrix imposes

∑
i VijV

∗
ik = δjk

and
∑

j VijV
∗
kj = δik. The six vanishing combinations can be represented as triangles in

a complex plane, of which the ones obtained by taking scalar products of neighboring
rows or columns are nearly degenerate. The areas of all triangles are the same, half of
the Jarlskog invariant, J [7], which is a phase-convention independent measure of CP
violation, Im

[
VijVklV

∗
ilV

∗
kj

]
= J

∑
m,n εikmεjln.

The most commonly used unitarity triangle arises from

Vud V ∗
ub + Vcd V ∗

cb + Vtd V ∗
tb = 0 , (11.6)

by dividing each side by the best-known one, VcdV
∗
cb (see Fig. 1). Its vertices are exactly

(0, 0), (1, 0) and, due to the definition in Eq. (11.4), (ρ̄, η̄). An important goal of
flavor physics is to overconstrain the CKM elements, and many measurements can be
conveniently displayed and compared in the ρ̄, η̄ plane.

Processes dominated by loop contributions in the SM are sensitive to new physics
and can be used to extract CKM elements only if the SM is assumed. In Sec. 11.2 and
11.3 we describe such measurements assuming the SM, and discuss implications for new
physics in Sec. 11.5.

11.2. Magnitudes of CKM elements

11.2.1. |Vud| :
The most precise determination of |Vud| comes from the study of superallowed 0+ → 0+

nuclear beta decays, which are pure vector transitions. Taking the average of the nine
most precise determinations [8,9] yields [10]

|Vud| = 0.97377± 0.00027. (11.7)

August 30, 2006 10:12

⇥̄ + i�̄

1� ⇥̄� i�̄

(Rescaled by |Vcd Vcb*| so base has unit length)
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August 30, 2006 10:12

⇥̄ + i�̄

1� ⇥̄� i�̄

(Rescaled by |Vcd Vcb*| so base has unit length)

New quark flavor-changing interactions & CP-violating 
phases can lead to inconsistencies between Standard-

Model determinations of ρ̅ and η̅ from different processes
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Light hadron spectrum

47
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[BMW, Science 322 (2008) 1224-1227 ]

Light hadron masses primarily due to energy stored in gluon field and to quarks’ kinetic 
energy -➡ tests nonperturbative QCD dynamics

Also calculation of neutron-proton mass difference [BMW, Science 347, 1452, 2015]) 

http://dx.doi.org/10.1126/science.1257050
http://dx.doi.org/10.1126/science.1257050
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Pion & kaon decay constants

48

Decay-constant ratio fK/fπ can be computed to sub-% precision with lattice QCD:

Statistical fluctuations correlated between numerator & denominator
fK=fπ in SU(3) limit ms=mud, so some systematics suppressed by (ms-mud)/ΛQCD

µ+

νµ

W+u

π+

d̄

µ+

νµ

W+u

K+

s̄

Combination with experimental 
decay rates enables |Vud| /|Vus| 

determination [Marciano]

0.2%
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K→πlυ semileptonic form factor

49

Combination with experimental 
rate enables |Vus| determination

Zero-recoil form factor
f+(q2=0) highly constrained by 
SU(3)f and chiral symmetries:

f+(0) = 1 in SU(3) limit ms=mud

Leading-order correction to 
unity is known function of {mπ, 
mK, fπ} [Leutwyler & Roos]

f2=-0.023 numerically small 
because second-order in (mK

2-
mπ

2) [Ademollo-Gatto]

Lattice-QCD calculation does 
not require renormalization

µ+

νµ

W+

π−
ūs̄

K0

dd

} q2=(mK
2+mπ

2-2mKEπ)2

0.3%
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Combination with measurement of 
indirect CP violation in kaon 

system (εK) constrains CKM phase

Percent-level lattice-QCD 
calculation of BK enabled by:

Chiral fermion actions

Nonperturbative 
renormalization

Kaon mixing constrains scale of 
new physics with generic O(1) 
flavor couplings to ≳ 10,000 TeV 
[Isidori, Nir, Perez (2010)]

Lattice-QCD results for matrix 
elements of all possible ΔS=2 
BSM operators available for 
model building

Neutral kaon mixing parameter

τ−

ντ

d

K0

s̄

s

d̄

K0

W

W

u, c, t

τ−

ντ

d

K0

s̄

s

d̄

K0

ū, c̄, t̄

u, c, t

W W

1.3%
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Brod & Gorbahn [PRL108 (2012) 121801] give following error breakdown for |εK| in the 
Standard Model:

(1) Largest individual uncertainty is from
~10% parametric error in ∝|Vcb|4

(2) ηcc and ηct are both known to
3-loops (NNLO)

(3) Error from BK only fourth-largest
individual contribution

Lattice community moving on to other
more challenging kaon-physics quantities
such as K→ππ and Δ(MK)...

Status of the |εK| band

51

BK
3%

ηct
6%

ηcc
24%

other
34%

Vcb
32%

|✏K | = (1.81 ± 0.14⌘cc ± 0.02⌘tt ± 0.07⌘ct ± 0.05LD ± 0.23parametric)⇥ 10�3
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K→ ππ decays

Describe ΔS=1 FCNC
transitions with
effective Hamiltonian

Short-distance effects factorized in Wilson coefficients → continuum perturbation theory

Long-distance effects factorized in matrix elements ⟨ππ|Qi|K⟩ → lattice QCD
New physics above EW scale modifies Wilson coefficients, but hadronic matrix elements 
remain the same

52

• Sensitive to new particles, 
interactions, sources of CP 
violation

• “ΔI=1/2 rule”: empirically 
observe enhancement 
ReA0/ReA2 ≃ 22.5

ū

d̄

π−

π+

d

W−/H−

s

K0

ud̄

He↵(�S = 1) =
GFp

2

10X

i=1

✓
V ⇤

usVud zi(µ)� V ⇤
tsVtd yi(µ)

◆
Qi(µ)

See Kelly
@ FPCP 2016 

https://indico.fnal.gov/contributionDisplay.py?sessionId=8&contribId=17&confId=11502
https://indico.fnal.gov/contributionDisplay.py?sessionId=8&contribId=17&confId=11502
https://indico.fnal.gov/contributionDisplay.py?sessionId=8&contribId=17&confId=11502
https://indico.fnal.gov/contributionDisplay.py?sessionId=8&contribId=17&confId=11502
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K → ππ matrix elements (2015)

Lattice complication: additional Lüscher 
formalism needed to relate amplitudes 
calculated in Euclidean box to physical 
observables in Minkowski space 
[Briceño review, PoS LATTICE2014 
(2015) 008]
First complete three-flavor K → ππ 
amplitudes with controlled errors using 
domain-wall (chiral) fermions
Also first Wilson-fermion results from 
Ishizuka et al. [arXiv:1505.05289] 
with heavy, zero-momentum pions

53

ΔI=1/2 amplitude (A0)
[RBC/UKQCD, arXiv:1505.07863]

170 MeV pions with physical kinematics

Small spatial volume mπL≈3.2 and single 
lattice spacing a~0.14 fm 

→ ~35% error on Re(A0)

Will be reduced with higher statistics, 
larger volumes, continuum limit, ...

ΔI=3/2 amplitude (A2)
[RBC/UKQCD, PRDD91 (2015) 7, 074502]

Physical-mass pions, continuum limit, and 
approximately physical kinematics  

→ ~10% errors on Re(A2), Im(A2)

Dominant uncertainty from perturbative 
truncation error in continuum Wilson 
coefficients

Emerging explanation of ΔI=1/2 rule: 
Significant cancellation between 
dominant contributions to Re(A2)
which does not occur for Re(A0)

http://arxiv.org/abs/arXiv:1505.05289
http://arxiv.org/abs/arXiv:1505.05289
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-5 0 5 10 15 20

Re(ε’/ε) x 104

NA48 + KTeV (PDG 14)

RBC/UKQCD 15
u, d, s sea

experiment

3× expt. error

Re(ε’/ε) in the Standard Model (2015)
[RBC/UKQCD, PRL115, 212001 (2015)]

Measures direct CP violation in K → ππ decays

54

Lattice-QCD calculation of 
Re(ε’/ε) with ~10% 

uncertainty achievable
in the forseeable future!

Re
✓

✏0

✏

◆
⇡ 1

6


�(KL ! ⇡+⇡�)/�(KS ! ⇡+⇡�)
�(KL ! ⇡0⇡0)/�(KS ! ⇡0⇡0)

� 1
�

Lattice Im(A0,A2) + 
experimental Re(A0,A2)
➜ first Re(ε’/ε) in 
Standard Model with 
controlled errors
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Tests lattice methods for charm & bottom quarks, which often rely on effective theories

Heavy hadron spectrum

56
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[HPQCD & Fermilab,

PRL 94 (2005) 172001] 
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Most precise mc and mb obtained by fitting moments of correlation functions of the 
quarks’ electromagnetic current to O(αS3) perturbative expressions 
Moments can be obtained from experimental e+e- annihilation data, and also computed 
numerically with lattice-QCD simulations with negligible statistical uncertainties

Heavy-quark masses
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Most precise mc and mb obtained by fitting moments of correlation functions of the 
quarks’ electromagnetic current to O(αS3) perturbative expressions 
Moments can be obtained from experimental e+e- annihilation data, and also computed 
numerically with lattice-QCD simulations with negligible statistical uncertainties

Heavy-quark masses

0.6% 0.5%

Agree with non-lattice 
determinations with 
competitive errors
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Fermilab/MILC recently obtained 
first four-flavor results for fD & 
fDs with physical pions

HISQ action for u,d,s, and c quarks 
and fine lattice spacings eliminates 
renormalization error and leads to 
small discretization errors

0.5% errors on fD & fDs and 0.3% 
error on fDs/fD 2–4× more 
precise than previous best results
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+
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[Phys.Rev. D90 (2014) 7, 074509 ]

fD & fDs can be used to obtain |Vcd| and |Vcs| via:

D(s)-meson decay constants (2014)
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200 250 300

fB (MeV)        fBs (MeV)        
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Aoki 14

HPQCD 13
u, d, s, c sea

u, d, s sea

PDG 2015 Nf >= 3 averages

ETM 13

1.9%

Enter rates for leptonic decays 
B→τν and Bd,s→μ+μ-

Most precise fB+ calculation employs  
physical-mass pions [HPQCD, 
PRL110, 222003 (2013)] 

➡ No chiral-extrapolation error

Most precise fBs uses highly-improved 
staggered (HISQ) b-quark action 
[HPQCD, PRD85, 031503 (2012)]

Lattice axial current absolutely 
normalized ➡ no renormalization 
error

Confirmation from several independent 
calculations using different gauge-field 
configurations, light-, and b-quark actions 
[see PDG review by Rosner, Stone, & 
RV, arXiv:1509.02220]

B-meson decay constants

59
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Only need one normalization point from lattice QCD ➜ choose zero recoil (w=1) 
where it can be computed most precisely

F(1)→1 in the static limit (mb=mc→∞) [Isgur & Wise], and Luke’s theorem ensures 
that the leading heavy-quark corrections to F(1) are of O(1/mb

2,1/mc
2)

Can compute form factor using double ratio of lattice three-point correlation 
functions in which statistical and systematic errors largely cancel 

New FNAL/MILC calculation with increased statistics, lighter quark masses, & finer 
lattice spacings ➜ 1.4% precision on F(1) 
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B→D*lν form factor @ zero recoil (2015)
[Bailey et al. [FNAL/MILC], PRD89 (2014) 11, 114504]

!+

ν!
W+

D(∗)−

cb

B0

dd  F(1) = 0.906(4) stat(12) sys

Combination with experimental 
rate enables |Vcb| determination

(w ≡ vB·vD*)
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B→Dτν���������	
��
������������������  and���������	
��
������������������  B→D*τν���������	
��
������������������  excesses

61

Ratios of B→D(*)lν decays to 
τ over light lepton final 
states provide especially 
clean new-physics probe

Form-factor errors 
partially cancel in ratio

|Vcb| cancels exactly

 

In 2012, BaBar measured 
R(D) and R(D*) 3.4σ 
(combined) above Standard-
Model expectations

Confirmed���������	
��
������������������  recently���������	
��
������������������  by���������	
��
������������������  Belle���������	
��
������������������  and���������	
��
������������������  LHCb
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2HDM II (This work)

Lattice-QCD calculation of R(D)

FNAL/MILC Collaboration [PRD 85 (2012) 114502] responded quickly to the BABAR 
result and obtained the first Standard-Model calculation of R(D) from ab initio lattice-
QCD using results for the form factors f+(q2) and f0(q2) at nonzero recoil from Phys.Rev. 
D85 (2012) 114502
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Standard
Model

Error smaller than 
previous estimate, 
primarily due to 
reduced uncertainty in 
scalar form factor f0(q2)

R(D) approximately 
1σ higher and slightly 
reduces the tension 
with experiment

Lattice-QCD 
calculation of R(D*) 
in progress...

2HDM prediction from 
Tanaka & Watanabe

[PRD 82 (2010) 034027]
+ FNAL/MILC form factors
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Prospects for B→πτν

Experimental upper limit close to 
Standard-Model result ➜
Belle II well poised to 
measure total rate and test 
predicted q2 dependence

Form-factor errors partially 
cancel in ratio of decay rate to 
light leptons, while |Vub| cancels 
exactly ➜ especially clean new-
physics probe insensitive to 
inclusive-exclusive tension 
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BR(B0→π-τ+π-τ+ντ) x 105

Standard Model Belle [1509.06521]

9.35(38) < 25 (90% CL)

0

1

2

3

4

5

6

7

8

0 5 10 15 20 25

d
B
(B

0
→

π
−

τ
+
ν
)/
d
q
2
(1
0−

6
G
eV

2
)

q2(GeV)2

dB(B0→π-τ+ντ)/dq2 

R(⇡) ⌘ B(B ! ⇡⌧⌫⌧ )

B(B ! ⇡`⌫`)
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Strong coupling constant

65

Lattice average of αS(MZ) (red) agrees with experimental determinations, and has 
smaller uncertainties

pp –> jets (NLO)

QCD _  (S  ) = 0.1184 ± 0.0007s Z
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0.2

0.3
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Heavy Quarkonia (NLO)
e+e–   jets & shapes (res. NNLO)

DIS jets (NLO)

April 2012

Lattice QCD (NNLO)

Z pole fit (N3LO)

o decays (N3LO)

Nontrivial test that
QCD of  partons = QCD of  hadrons

αS(MZ) 

9. Quantum chromodynamics 29

overall χ2 to the central value is determined. If this initial χ2 is larger than the number

of degrees of freedom, i.e. larger than the number of individual inputs minus one, then

all individual errors are enlarged by a common factor such that χ2/d.o.f. equals unity.

If the initial value of χ2 is smaller than the number of degrees of freedom, an overall,

a-priori unknown correlation coefficient is introduced and determined by requiring that

the total χ2/d.o.f. of the combination equals unity. In both cases, the resulting final

overall uncertainty of the central value of αs is larger than the initial estimate of a

Gaussian error.

This procedure is only meaningful if the individual measurements are known not to

be correlated to large degrees, i.e. if they are not - for instance - based on the same

input data, and if the input values are largely compatible with each other and with the

resulting central value, within their assigned uncertainties. The list of selected individual

measurements discussed above, however, violates both these requirements: there are

several measurements based on (partly or fully) identical data sets, and there are results

which apparently do not agree with others and/or with the resulting central value, within

their assigned individual uncertainty. Examples for the first case are results from the

hadronic width of the τ lepton, from DIS processes and from jets and event shapes in

e+e− final states. An example of the second case is the apparent disagreement between

results from the τ width and those from DIS [264] or from Thrust distributions in e+e−

annihilation [278].
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αα    ((ΜΜ    ))s ΖΖ

Lattice
DIS 
e+e- annihilation

τ-decays 

Z pole fits 

Figure 9.3: Summary of values of αs(M
2
Z) obtained for various sub-classes

of measurements (see Fig. 9.2 (a) to (d)). The new world average value of

αs(M
2
Z) = 0.1184 ± 0.0007 is indicated by the dashed line and the shaded band.

Due to these obstacles, we have chosen to determine pre-averages for each class of

measurements, and then to combine those to the final world average value of αs(MZ),

using the methods of error treatment as just described. The five pre-averages are

summarized in Fig. 9.3; we recall that these are exclusively obtained from extractions

which are based on (at least) full NNLO QCD predictions, and are published in

peer-reviewed journals at the time of completing this Review. From these, we determine

the new world average value of

αs(M
2
Z) = 0.1184 ± 0.0007 , (9.23)
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Figure 9.2: Summary of determinations of αs from hadronic τ -decays (a), from

lattice calculations (b), from DIS structure functions (c) and from event shapes and

jet production in e+e−-annihilation (d). The shaded bands indicate the average

values chosen to be included in the determination of the new world average of αs.

model and constraints on new physics from data at the Z-pole, αs(M
2
Z) = 0.1197± 0.0028

will be used instead, as it is based on a more constrained data set where QCD corrections

directly enter through the hadronic decay width of the Z. We note that all these

results from electroweak precision data, however, strongly depend on the strict validity

of Standard Model predictions and the existence of the minimal Higgs mechanism to

implement electroweak symmetry breaking. Any - even small - deviation of nature from

this model could strongly influence this extraction of αs.

Determination of the world average value of αs(M
2
Z)

A non-trivial exercise consists in the evaluation of a world-average value for αs(M
2
Z).

A certain arbitrariness and subjective component is inevitable because of the choice of

measurements to be included in the average, the treatment of (non-Gaussian) systematic

uncertainties of mostly theoretical nature, as well as the treatment of correlations among

the various inputs, of theoretical as well as experimental origin. In earlier reviews

[243–245] an attempt was made to take account of such correlations, using methods as

proposed, e.g., in Ref. 281, and - likewise - to treat cases of apparent incompatibilities

or possibly underestimated systematic uncertainties in a meaningful and well defined

manner:

The central value is determined as the weighted average of the different input values.

An initial error of the central value is determined treating the uncertainties of all

individual measurements as being uncorrelated and being of Gaussian nature, and the
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