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Basic picture of SMC
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FIG 2.20.—Schematic diagram of the history of the Universe from the Planck time to the present.

such as the fine structure constant α, vary with time? Are there deviations from the usual
Friedmann equations as predicted in some brane-world scenarios?

• What is the physics behind inflation? Are the initial perturbations purely adiabatic, or are
there isocurvature perturbations as well? Are cosmic defects produced at the end of inflation?
Can inflation be realised in string theory? Is inflation eternal?

• Are there signatures of physics at the Planck scale or beyond imprinted on the fluctuation
spectra?

• How did the Universe begin? Can string theory resolve the problem of the initial Big Bang
singularity? Can we probe through the Big Bang to a previous phase of the Universe’s history?

• What physics selects the vacuum solution for our Universe? String theory appears to have an

a.k.a. ΛCDM



parameter model requires a fixed framework, including a set of testable assumptions (presented

in Table 2).

Assumptions underlying the SMC
1 Physics is the same throughout the observable Universe.

2 General Relativity is an adequate description of gravity.

3 On large scales the Universe is statistically the same everywhere.

4 The Universe was once much hotter and denser and has been expanding.

5 There are five basic cosmological constituents:

5a Dark energy behaves just like the energy density of the vacuum.

5b Dark matter is pressureless (for the purposes of forming structure).

5c Regular atomic matter behaves just like it does on Earth.

5d Photons from the CMB permeate all of space.

5e Neutrinos are effectively massless (again for structure formation).

6 The overall curvature of space is flat.

7 Variations in density were laid down everywhere at early times,

proportionally in all constituents.

Table 2: Basic assumptions for the ‘Standard Model of Cosmology’. Note that all of these

are testable, and have successfully passed the tests to date. Because of the dominance of dark

matter (which is mostly ‘cold’, CDM) and dark energy (usually identified with the cosmological

constant, Λ), the SMC is often referred to as the ‘ΛCDM’ model.

There are many more things to measure about the Universe than the CMB, but it provides

a high-fidelity and well-understood data set that is very powerful in combination with other

kinds of data. Following the Planck Collaboration we elect to use the constraints coming from

the Planck data combined with: large-angle polarisation measurements from WMAP (7); small
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Underpinnings of SMC

Canonical hot big bang model
+ information about fluid components

+ perturbations

History?
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+ galaxy clustering and dynamics, CMB anisotropies, 
+ lensing, absorption systems, …
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★  What kind of Big Bang model do we live in?
★How many parameters do we need?
★Will there be more parameters later?
★  Why do the parameters have these values?
★ Is there evidence for new physics?

★What about the other Standard Model?

The Big Bang Theory 
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Theory of Almost 
Everything! 

QFT

SU(3)c ⊗ SU(2)L ⊗ U(1)Y

THE Standard  Model (of Particle Physics) ➞ SMPP
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Table 1. The 26 Parameters of the Standard Model of Particle Physics.

6 quark masses: mu md ms mc mt mb

4 quark mixing angles: θ12 θ23 θ13 δ
6 lepton masses: me mµ mτ mνe

mνµ
mντ

4 lepton mixing angles: θ′

12 θ′

23 θ′

13 δ′

3 electroweak parameters: α GF MZ

1 Higgs mass: mH

1 strong CP violating phase: θ̄
1 QCD coupling constant: αS(MZ)
26 total parameters

ferences. But now string theorists have renamed it ‘the Landscape’ [61] and given it some theoretical

basis. Although these ideas may now have a little more mainstream credibility (and are discussed in a

later section), still not everyone agrees that it is a worthy avenue of inquiry.1

The number of parameters within the standard model varies slightly among phenomenologists,

depending on precisely how minimal the model under consideration is, and, in particular, how the

neutrinos are treated. A popular counting exercise gives 19 parameters in the minimal SMPP, plus

7 additional quantities to describe the neutrino sector. This is shown in Table 1. There are 26 free

parameters in this model; if we were to develop the SMPP from scratch, then presumably we would

label the parameters as A, B, C, . . . , Z . Given this proliferation of numbers, one expects that, for the
sake of elegance, there must be a more fundamental theory with far fewer parameters.

As is well known, the SMPP has been astonishingly successful, so much so that, for the last 3

decades, the emphasis has been on trying to find inadequacies in it – i.e. searching for ‘physics beyond

the standard model’. However, apart from theoretical ideas (some of them admittedly quite appealing),

there are still no convincing pieces of evidence for physics beyond the SMPP.

On the other hand, we know that there has to be new physics, beyond the SMPP, due to what we

have learned about the properties of the large-scale Universe – particularly cosmological evidence for

dark matter, dark energy and inflation.

Cosmology grew from being an arm-chair activity carried out in people’s spare time, to being

a dignified scientific pursuit, only in the 1960s. Originally the models were entirely baryonic and

involved simple ad hoc initial conditions. In many ways the basic picture has remained the same since

then – nearly scale invariant and adiabatic initial conditions, in an almost isotropic and homogeneous

Friedmann-Robertson-Walker solution to Einstein’s Field Equations. However, Cold Dark Matter was

added to the paradigm in the 1980s (e.g. [43, 6]), leading to the ‘Standard CDM’ picture in which

ΩM = 1. By the end of the 1980s the addition of a cosmological constant Λ was known to give better
fits to the available data (e.g. [44, 65, 15]).

The COBE satellite detection of large-scale Cosmic Microwave Background (CMB) anisotropies

in 1992 [58] brought an end to many wilder proposals which had been floated in the era of continually

improving CMB upper limits (see [36] for a discussion). It became clear that the CMB normalization,

together with galaxy clustering data, pointed to the ‘ΛCDM’ variant of the CDM paradigm ([14, 31]),

despite the reluctance of many theorists to let the elegance of Standard CDM slip away (e.g. [67]). The

cosmological constant became an accepted part of the model by the mid-to-late 1990s, following the

results from distant supernova surveys and degree-scale CMB experiments. Soon the concept of Λ was
generalised to that of Dark Energy. As the CMB anisotropy measurements grew increasingly precise,

1 And it has become known as ‘the other L word’.

NRC Canada
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Table 2. The 12 Parameters of the Standard Model of Cosmology.

1 temperature: T0

1 timescale: H0

4 densities: ΩΛ ΩCDM ΩB Ων

1 pressure: w ≡ p/ρ
1 mean free path: τreion

4 fluctuation descriptors: A n n′
≡ dn/d ln k r ≡ T/S

12 total parameters

it became clear that (at least in principle) several parameters could be measured which would constrain

the inflaton potential. But to do this carefully, one had to take into account other astrophysical effects

on the CMB anisotropies, particularly anisotropy suppression in the period since the Universe became

reionized – hence another parameter needed to be added.

We have thus ended up with a Standard Model of Cosmology (hereafter SMC), which is based on

ideas as old as the SMPP, but which solidified only about a decade ago. Determining the precise date

when the SMC was in place is a little murky (to say the least). The late 1980s and early 1990s were a

time of increasing tension among different pieces of observational data, which (at least in hindsight)

was because the SMC was about to fall into place. There were also a few false leads, such as the early

supernova results apparently suggesting deceleration, increased interest in models with a significant

hot dark matter (i.e. high Ων) component, and arguments over the naturalness of open inflationary

models. But despite all of this, the SMC was clearly in place by 1995 [34, 42].

The number of parameters required to describe this model varies to some extent depending on the

tastes of individual cosmologists. However, a typical count gives the number of required parameters as

12, which are listed in Table 2. This is not a complete set of possible parameters, but there is currently

no evidence that we need any more. If we were to develop the SMC from scratch, then presumably

we would choose a simpler set of symbols, for example: A, E, H, I, K, L, M, N, O, P, U, W .2 The

parameters are also not all on an equal footing. For some of them, there is no indication at the moment

that they differ from their default values (e.g.
∑

Ωi = 1 or n′ = 0), and hence the final SMC may
actually have fewer parameters.

There are several assumptions that underlie the SMC. We certainly assume that physics is the

same everywhere in the observable Universe (but see Section 5), and that General Relativity fully

describes gravity on large scales. The SMC also relies on the hot Big Bang picture being correct, and

that something akin to inflation created the density perturbations. The astonishing thing about modern

cosmology is that most of these assumptions are testable (or at least falsifiable), and that for the reality

in which we find ourselves living there are ways of determining the values of the quantities that describe

the nature of the entire observable Universe.

2. The Miracle of the CMB Sky

Many different observable quantities can be used to constrain the cosmological parameters. Tra-

ditionally these have involved trying to estimate distances of very distant objects (which is hard),

estimating masses of large amounts of matter (which requires the distance), measuring the clustering

of galaxies (which is related in a complicated way to the clustering of mass), and determining primor-

dial abundances (which is fraught with systematic effects). While each of these approaches have been

useful, they all rely on using tracers that are well into the non-linear regime, i.e. objects with density

2 The Hawaiian alphabet.

NRC Canada
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SUMMARY

A diverse set of observations now compellingly suggest that Universe possesses a

nonzero cosmological constant. In the context of quantum-field theory a cosmological

constant corresponds to the energy density of the vacuum, and the wanted value for

the cosmological constant corresponds to a very tiny vacuum energy density. We dis-

cuss future observational tests for a cosmological constant as well as the fundamental

theoretical challenges—and opportunities—that this poses for particle physics and

for extending our understanding of the evolution of the Universe back to the earliest

moments.
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COSMIC CONCORDANCE

J. P. Ostriker

Department of Astrophysical Sciences

Princeton University
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Paul J. Steinhardt

Department of Physics and Astronomy

University of Pennsylvania

Philadelphia, Pennsylvania 19104 USA

Abstract

It is interesting, and perhaps surprising, that despite a growing diversity

of independent astronomical and cosmological observations, there remains a

substantial range of cosmological models consistent with all important obser-

vational constraints. The constraints guide one forcefully to examine models

in which the matter density is substantially less than critical density. Particu-

larly noteworthy are those which are consistent with inflation. For these mod-

els, microwave background anisotropy, large-scale structure measurements, di-

rect measurements of the Hubble constant, H0, and the closure parameter,

ΩMatter, ages of stars and a host of more minor facts are all consistent with a

spatially flat model having significant cosmological constant ΩΛ = 0.65 ± 0.1,

ΩMatter = 1 − ΩΛ (in the form of “cold dark matter”) and a small tilt:

0.8 < n < 1.2.

1



Vintage of the SMC?
ar

X
iv

:a
st

ro
-p

h
/9

5
0

4
0

0
3

 v
1

  
 3

 A
p

r 
1

9
9

5

CWRU-P6-95

FERMILAB–Pub–95/063-A

astro-ph/9504003

THE COSMOLOGICAL CONSTANT IS BACK

Lawrence M. Krauss1 and Michael S. Turner2,3

1Departments of Physics and Astronomy

Case Western Reserve University

Cleveland, OH 44106-7079

2Departments of Physics and of Astronomy & Astrophysics

Enrico Fermi Institute, The University of Chicago, Chicago, IL 60637-1433

3NASA/Fermilab Astrophysics Center

Fermi National Accelerator Laboratory, Batavia, IL 60510-0500

(submitted to Gravity Research Foundation Essay Competition)

SUMMARY

A diverse set of observations now compellingly suggest that Universe possesses a

nonzero cosmological constant. In the context of quantum-field theory a cosmological

constant corresponds to the energy density of the vacuum, and the wanted value for

the cosmological constant corresponds to a very tiny vacuum energy density. We dis-

cuss future observational tests for a cosmological constant as well as the fundamental

theoretical challenges—and opportunities—that this poses for particle physics and

for extending our understanding of the evolution of the Universe back to the earliest

moments.
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Abstract

It is interesting, and perhaps surprising, that despite a growing diversity

of independent astronomical and cosmological observations, there remains a

substantial range of cosmological models consistent with all important obser-

vational constraints. The constraints guide one forcefully to examine models

in which the matter density is substantially less than critical density. Particu-

larly noteworthy are those which are consistent with inflation. For these mod-

els, microwave background anisotropy, large-scale structure measurements, di-

rect measurements of the Hubble constant, H0, and the closure parameter,

ΩMatter, ages of stars and a host of more minor facts are all consistent with a

spatially flat model having significant cosmological constant ΩΛ = 0.65 ± 0.1,

ΩMatter = 1 − ΩΛ (in the form of “cold dark matter”) and a small tilt:

0.8 < n < 1.2.
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Vintage of the SMC?

Nature 348, 705 - 707 (27 December 1990); doi:10.1038/348705a0

The cosmological constant and cold dark matter

G. EFSTATHIOU, W. J. SUTHERLAND & S. J. MADDOX

Department of Physics, University of Oxford, Oxford 0X1 3RH, UK

THE cold dark matter (CDM) model1–4 for the formation and distribution of galaxies in a universe with exactly 
the critical density is theoretically appealing and has proved to be durable, but recent work5–8 suggests that 
there is more cosmological structure on very large scales (l> 10 h –1 Mpc, where h is the Hubble constant H 0 in 
units of 100 km s–1 Mpc–1) than simple versions of the CDM theory predict. We argue here that the successes of 
the CDM theory can be retained and the new observations accommodated in a spatially flat cosmology in 
which as much as 80% of the critical density is provided by a positive cosmological constant, which is 
dynamically equivalent to endowing the vacuum with a non-zero energy density. In such a universe, expansion 
was dominated by CDM until a recent epoch, but is now governed by the cosmological constant. As well as 
explaining large-scale structure, a cosmological constant can account for the lack of fluctuations in the 
microwave background and the large number of certain kinds of object found at high redshift.
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What’s about a half century old?

Standard Model of Particle Physics
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What’s about a quarter century old?

Standard Model of Cosmology
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Planck Collaboration: The Planck mission
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Fig. 25. Measured angular power spectra of Planck, WMAP9, ACT, and SPT. The model plotted is Planck’s best-fit model including Planck
temperature, WMAP polarization, ACT, and SPT (the model is labelled [Planck+WP+HighL] in Planck Collaboration XVI (2013)). Error bars
include cosmic variance. The horizontal axis is ⌅0.8.

than that measured using traditional techniques, though in agree-
ment with that determined by other CMB experiments (e.g.,
most notably from the recent WMAP9 analysis where Hinshaw
et al. 2012c find H0 = (69.7 ± 2.4) km s�1 Mpc�1 consis-
tent with the Planck value to within ⇤ 1�). Freedman et al.
(2012), as part of the Carnegie Hubble Program, use Spitzer
Space Telescope mid-infrared observations to recalibrate sec-
ondary distance methods used in the HST Key Project. These
authors find H0 = (74.3±1.5±2.1) km s�1 Mpc�1 where the first
error is statistical and the second systematic. A parallel e⇥ort by
Riess et al. (2011) used the Hubble Space Telescope observa-
tions of Cepheid variables in the host galaxies of eight SNe Ia to
calibrate the supernova magnitude-redshift relation. Their ‘best
estimate’ of the Hubble constant, from fitting the calibrated SNe
magnitude-redshift relation is, H0 = (73.8 ± 2.4) km s�1 Mpc�1

where the error is 1� and includes known sources of systematic
errors. At face value, these measurements are discrepant with the
current Planck estimate at about the 2.5� level. This discrep-
ancy is discussed further in Planck Collaboration XVI (2013).

Extending the Hubble diagram to higher redshifts we note
that the best-fit�CDM model provides strong predictions for the
distance scale. This prediction can be compared to the measure-
ments provided by studies of Type Ia SNe and baryon acoustic
oscillations (BAO). Driven in large part by our preference for
a higher matter density we find mild tension with the (relative)
distance scale inferred from compilations of SNe (Conley et al.
2011; Suzuki et al. 2012). In contrast our results are in excellent

agreement with the BAO distance scale compiled in Anderson
et al. (2012).

The Planck data, in combination with polarization measured
by WMAP, high-⌅ anisotropies from ACT and SPT and other,
lower redshift data sets, provides strong constraints on devia-
tions from the minimal model. The low redshift measurements
provided by the BAO allow us to break some degeneracies still
present in the Planck data and significantly tighten constraints on
cosmological parameters in these model extensions. The ACT
and SPT data help to fix our foreground model at high ⌅. The
combination of these experiments provides our best constraints
on the standard 6-parameter model; values of some key parame-
ters in this model are summarized in Table 9.

From an analysis of an extensive grid of models, we find no
strong evidence to favour any extension to the base �CDM cos-
mology, either from the CMB temperature power spectrum alone
or in combination with Planck lensing power spectrum and other
astrophysical datasets. For the wide range of extensions which
we have considered, the posteriors for extra parameters gener-
ally overlap the fiducial model within 1�. The measured values
of the �CDM parameters are relatively robust to the inclusion
of di⇥erent parameters, though a few do broaden significantly if
additional degeneracies are introduced. When the Planck likeli-
hood does provide marginal evidence for extensions to the base
�CDM model, this comes predominantly from a deficit of power
(compared to the base model) in the data at ⌅ < 30.

The primordial power spectrum is well described by a
power-law over three decades in wave number, with no evidence
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TE12 1. Cosmic microwave background

Figure 1.3: Cross-power spectrum band-powers of the temperature anisotropies
and E-mode polarization signal from Planck (the low multipole data have been
binned here), WMAP, BICEP2/Keck, ACT, and SPT. The curve is the prediction
from the best fit to the Planck temperature band-powers (as well as the ℓ < 30
polarization and CMB lensing results) and is not a fit to these data; however, these
TE measurements follow the curve very closely, showing the expected oscillatory
structure. Note that each band-power is an average over a range of multipoles, and
hence to compare in detail with a model one has to average the theoretical curve
through the band.

perturbations have no handedness, the B-mode power spectrum can only be sourced by
vectors or tensors. Moreover, since inflationary scalar perturbations give only E-modes,
while tensors generate roughly equal amounts of E- and B-modes, then the determination
of a non-zero B-mode signal is a way to measure the gravitational wave contribution
(and thus potentially derive the energy scale of inflation). However, since the signal is
expected to be rather weak, one must first eliminate the foreground contributions and
other systematic effects down to very low levels.

The polarization Cℓs also exhibit a series of acoustic peaks generated by the oscillating
photon-baryon fluid. The main ‘EE’ power spectrum has peaks that are out of phase
with those in the ‘TT ’ spectrum, because the polarization anisotropies are sourced by the
fluid velocity. The ‘TE’ part of the polarization and temperature patterns comes from
correlations between density and velocity perturbations on the last scattering surface,
which can be both positive and negative, and is of larger amplitude than the EE signal.
There is no polarization Sachs-Wolfe effect, and hence no large-angle plateau. However,
scattering during a recent period of reionization can create a polarization ‘bump’ at large
angular scales.
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EE14 1. Cosmic microwave background

Figure 1.4: Power spectrum of E-mode polarization from Planck, together with
WMAP, BICEP2/Keck, QUAD, ACT, and SPT. Note that some band-powers with
larger uncertainties have been omitted and that the unbinned Planck low-ℓ data
have been binned here. Also plotted is the best-fit theoretical model from Planck
TT data (plus polarization at ℓ < 30 and CMB lensing).

around z ≃ 10 (although the uncertainty is still quite large). Since this corresponds to
scattering optical depth τ ≃ 0.1, then roughly 10% of CMB photons were re-scattered
at the reionization epoch, with the other 90% last scattering at z ≃ 1100. However,
estimates of the amplitude of this reionization excess have come down since the first
measurements by WMAP (indicating that this is an extremely difficult measurement to
make) and the latest determination from Planck gives zi = 8.8+1.7

−1.4 [13].

1.7.3. B–B Power Spectrum:
The expected amplitude of CBB

ℓ is very small, and so measurements of this polarization
curl-mode are very challenging. The first indication of the existence of the BB signal
has come from the detection of the expected conversion of E-modes to B-modes by
gravitational lensing, through a correlation technique using the lensing potential and
polarization measurements from SPT [64] . However, the real promise of B-modes lies
in the detection of primordial gravitational waves at larger scales. This tensor signature
could be seen either in the ‘recombination bump’ at around ℓ = 100 (caused by an ISW
effect as gravitational waves redshift away at the last-scattering epoch) or the ‘reionization
bump’ (from additional scattering at low redshifts).

Results from the BICEP-2 experiment [65] in 2014 suggested a detection of the
primordial B-mode signature around the recombination peak. BICEP-2 mapped a small
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2 instruments, the Low 
Frequency Instrument (LFI) 
and the High Frequency 
Instrument (HFI) in a shared 
focal plane containing 74 
channels (in 9 separate 
frequencies) and covering 8 
degrees on the sky.
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Data compression

•  Trillions of bits of data 
•  Billions of measurements at 9 frequencies
•  50 million pixel map of whole sky
•  2 million harmonic modes measured
•  ~2000σ detection of CMB anisotropy 
power

•  Fit with just 6 parameters!
•  With no significant evidence for a 7th



Data compression

•  Trillions of bits of data 
•  Billions of measurements at 9 frequencies
•  50 million pixel map of whole sky
•  2 million harmonic modes measured
•  ~2000σ detection of CMB anisotropy 
power

•  Fit with just 6 parameters!
•  With no significant evidence for a 7th

So what are these 6 parameters?



The 6 parameters 
(Planck 2015 results alone here)

There are somewhat different constraints for Planck + other data

Planck Collaboration: Cosmological parameters

Table 4. Parameter 68 % confidence limits for the base⇤CDM model from Planck CMB power spectra, in combination with lensing
reconstruction (“lensing”) and external data (“ext”, BAO+JLA+H0). While we see no evidence that systematic e↵ects in polarization
are biasing parameters in the base ⇤CDM model, a conservative choice would be to use the parameter values listed in Column 3
(i.e., for TT+lowP+lensing). Nuisance parameters are not listed here for brevity, but can be found in the extensive tables on the
Planck Legacy Archive, http://pla.esac.esa.int/pla; however, the last three parameters listed here give a summary measure
of the total foreground amplitude (in µK2) at ` = 2000 for the three high-` temperature power spectra used by the likelihood.
In all cases the helium mass fraction used is predicted by BBN from the baryon abundance (posterior mean YP ⇡ 0.2453, with
theoretical uncertainties in the BBN predictions dominating over the Planck error on ⌦bh2). The Hubble constant is given in units
of km s�1 Mpc�1, while r⇤ is in Mpc and wavenumbers are in Mpc�1.

TT+lowP TT+lowP+lensing TT+lowP+lensing+ext TT,TE,EE+lowP TT,TE,EE+lowP+lensing TT,TE,EE+lowP+lensing+ext
Parameter 68 % limits 68 % limits 68 % limits 68 % limits 68 % limits 68 % limits

⌦bh2 . . . . . . . . . . . 0.02222 ± 0.00023 0.02226 ± 0.00023 0.02227 ± 0.00020 0.02225 ± 0.00016 0.02226 ± 0.00016 0.02230 ± 0.00014

⌦ch2 . . . . . . . . . . . 0.1197 ± 0.0022 0.1186 ± 0.0020 0.1184 ± 0.0012 0.1198 ± 0.0015 0.1193 ± 0.0014 0.1188 ± 0.0010

100✓MC . . . . . . . . . 1.04085 ± 0.00047 1.04103 ± 0.00046 1.04106 ± 0.00041 1.04077 ± 0.00032 1.04087 ± 0.00032 1.04093 ± 0.00030

⌧ . . . . . . . . . . . . . 0.078 ± 0.019 0.066 ± 0.016 0.067 ± 0.013 0.079 ± 0.017 0.063 ± 0.014 0.066 ± 0.012

ln(1010As) . . . . . . . . 3.089 ± 0.036 3.062 ± 0.029 3.064 ± 0.024 3.094 ± 0.034 3.059 ± 0.025 3.064 ± 0.023

ns . . . . . . . . . . . . 0.9655 ± 0.0062 0.9677 ± 0.0060 0.9681 ± 0.0044 0.9645 ± 0.0049 0.9653 ± 0.0048 0.9667 ± 0.0040

H0 . . . . . . . . . . . . 67.31 ± 0.96 67.81 ± 0.92 67.90 ± 0.55 67.27 ± 0.66 67.51 ± 0.64 67.74 ± 0.46

⌦⇤ . . . . . . . . . . . . 0.685 ± 0.013 0.692 ± 0.012 0.6935 ± 0.0072 0.6844 ± 0.0091 0.6879 ± 0.0087 0.6911 ± 0.0062

⌦m . . . . . . . . . . . . 0.315 ± 0.013 0.308 ± 0.012 0.3065 ± 0.0072 0.3156 ± 0.0091 0.3121 ± 0.0087 0.3089 ± 0.0062

⌦mh2 . . . . . . . . . . 0.1426 ± 0.0020 0.1415 ± 0.0019 0.1413 ± 0.0011 0.1427 ± 0.0014 0.1422 ± 0.0013 0.14170 ± 0.00097

⌦mh3 . . . . . . . . . . 0.09597 ± 0.00045 0.09591 ± 0.00045 0.09593 ± 0.00045 0.09601 ± 0.00029 0.09596 ± 0.00030 0.09598 ± 0.00029

�8 . . . . . . . . . . . . 0.829 ± 0.014 0.8149 ± 0.0093 0.8154 ± 0.0090 0.831 ± 0.013 0.8150 ± 0.0087 0.8159 ± 0.0086

�8⌦
0.5
m . . . . . . . . . . 0.466 ± 0.013 0.4521 ± 0.0088 0.4514 ± 0.0066 0.4668 ± 0.0098 0.4553 ± 0.0068 0.4535 ± 0.0059

�8⌦
0.25
m . . . . . . . . . 0.621 ± 0.013 0.6069 ± 0.0076 0.6066 ± 0.0070 0.623 ± 0.011 0.6091 ± 0.0067 0.6083 ± 0.0066

zre . . . . . . . . . . . . 9.9+1.8
�1.6 8.8+1.7

�1.4 8.9+1.3
�1.2 10.0+1.7

�1.5 8.5+1.4
�1.2 8.8+1.2

�1.1

109As . . . . . . . . . . 2.198+0.076
�0.085 2.139 ± 0.063 2.143 ± 0.051 2.207 ± 0.074 2.130 ± 0.053 2.142 ± 0.049

109Ase�2⌧ . . . . . . . . 1.880 ± 0.014 1.874 ± 0.013 1.873 ± 0.011 1.882 ± 0.012 1.878 ± 0.011 1.876 ± 0.011

Age/Gyr . . . . . . . . 13.813 ± 0.038 13.799 ± 0.038 13.796 ± 0.029 13.813 ± 0.026 13.807 ± 0.026 13.799 ± 0.021

z⇤ . . . . . . . . . . . . 1090.09 ± 0.42 1089.94 ± 0.42 1089.90 ± 0.30 1090.06 ± 0.30 1090.00 ± 0.29 1089.90 ± 0.23

r⇤ . . . . . . . . . . . . 144.61 ± 0.49 144.89 ± 0.44 144.93 ± 0.30 144.57 ± 0.32 144.71 ± 0.31 144.81 ± 0.24

100✓⇤ . . . . . . . . . . 1.04105 ± 0.00046 1.04122 ± 0.00045 1.04126 ± 0.00041 1.04096 ± 0.00032 1.04106 ± 0.00031 1.04112 ± 0.00029

zdrag . . . . . . . . . . . 1059.57 ± 0.46 1059.57 ± 0.47 1059.60 ± 0.44 1059.65 ± 0.31 1059.62 ± 0.31 1059.68 ± 0.29

rdrag . . . . . . . . . . . 147.33 ± 0.49 147.60 ± 0.43 147.63 ± 0.32 147.27 ± 0.31 147.41 ± 0.30 147.50 ± 0.24

kD . . . . . . . . . . . . 0.14050 ± 0.00052 0.14024 ± 0.00047 0.14022 ± 0.00042 0.14059 ± 0.00032 0.14044 ± 0.00032 0.14038 ± 0.00029

zeq . . . . . . . . . . . . 3393 ± 49 3365 ± 44 3361 ± 27 3395 ± 33 3382 ± 32 3371 ± 23

keq . . . . . . . . . . . . 0.01035 ± 0.00015 0.01027 ± 0.00014 0.010258 ± 0.000083 0.01036 ± 0.00010 0.010322 ± 0.000096 0.010288 ± 0.000071

100✓s,eq . . . . . . . . . 0.4502 ± 0.0047 0.4529 ± 0.0044 0.4533 ± 0.0026 0.4499 ± 0.0032 0.4512 ± 0.0031 0.4523 ± 0.0023

f 143
2000 . . . . . . . . . . . 29.9 ± 2.9 30.4 ± 2.9 30.3 ± 2.8 29.5 ± 2.7 30.2 ± 2.7 30.0 ± 2.7

f 143⇥217
2000 . . . . . . . . . 32.4 ± 2.1 32.8 ± 2.1 32.7 ± 2.0 32.2 ± 1.9 32.8 ± 1.9 32.6 ± 1.9

f 217
2000 . . . . . . . . . . . 106.0 ± 2.0 106.3 ± 2.0 106.2 ± 2.0 105.8 ± 1.9 106.2 ± 1.9 106.1 ± 1.8

Table 5. Constraints on 1-parameter extensions to the base⇤CDM model for combinations of Planck power spectra, Planck lensing,
and external data (BAO+JLA+H0, denoted “ext”). All limits and confidence regions quoted here are 95 %.

Parameter TT TT+lensing TT+lensing+ext TT,TE,EE TT,TE,EE+lensing TT,TE,EE+lensing+ext

⌦K . . . . . . . . . . . . . . �0.052+0.049
�0.055 �0.005+0.016

�0.017 �0.0001+0.0054
�0.0052 �0.040+0.038

�0.041 �0.004+0.015
�0.015 0.0008+0.0040

�0.0039
⌃m⌫ [eV] . . . . . . . . . . < 0.715 < 0.675 < 0.234 < 0.492 < 0.589 < 0.194
Ne↵ . . . . . . . . . . . . . . 3.13+0.64

�0.63 3.13+0.62
�0.61 3.15+0.41

�0.40 2.99+0.41
�0.39 2.94+0.38

�0.38 3.04+0.33
�0.33

YP . . . . . . . . . . . . . . . 0.252+0.041
�0.042 0.251+0.040

�0.039 0.251+0.035
�0.036 0.250+0.026

�0.027 0.247+0.026
�0.027 0.249+0.025

�0.026
dns/d ln k . . . . . . . . . . �0.008+0.016

�0.016 �0.003+0.015
�0.015 �0.003+0.015

�0.014 �0.006+0.014
�0.014 �0.002+0.013

�0.013 �0.002+0.013
�0.013

r0.002 . . . . . . . . . . . . . < 0.103 < 0.114 < 0.114 < 0.0987 < 0.112 < 0.113
w . . . . . . . . . . . . . . . �1.54+0.62

�0.50 �1.41+0.64
�0.56 �1.006+0.085

�0.091 �1.55+0.58
�0.48 �1.42+0.62

�0.56 �1.019+0.075
�0.080

32
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The 6 parameters 
(Planck 2015 results alone here)

There are somewhat different constraints for Planck + other data

Planck Collaboration: Cosmological parameters

Table 4. Parameter 68 % confidence limits for the base⇤CDM model from Planck CMB power spectra, in combination with lensing
reconstruction (“lensing”) and external data (“ext”, BAO+JLA+H0). While we see no evidence that systematic e↵ects in polarization
are biasing parameters in the base ⇤CDM model, a conservative choice would be to use the parameter values listed in Column 3
(i.e., for TT+lowP+lensing). Nuisance parameters are not listed here for brevity, but can be found in the extensive tables on the
Planck Legacy Archive, http://pla.esac.esa.int/pla; however, the last three parameters listed here give a summary measure
of the total foreground amplitude (in µK2) at ` = 2000 for the three high-` temperature power spectra used by the likelihood.
In all cases the helium mass fraction used is predicted by BBN from the baryon abundance (posterior mean YP ⇡ 0.2453, with
theoretical uncertainties in the BBN predictions dominating over the Planck error on ⌦bh2). The Hubble constant is given in units
of km s�1 Mpc�1, while r⇤ is in Mpc and wavenumbers are in Mpc�1.

TT+lowP TT+lowP+lensing TT+lowP+lensing+ext TT,TE,EE+lowP TT,TE,EE+lowP+lensing TT,TE,EE+lowP+lensing+ext
Parameter 68 % limits 68 % limits 68 % limits 68 % limits 68 % limits 68 % limits

⌦bh2 . . . . . . . . . . . 0.02222 ± 0.00023 0.02226 ± 0.00023 0.02227 ± 0.00020 0.02225 ± 0.00016 0.02226 ± 0.00016 0.02230 ± 0.00014

⌦ch2 . . . . . . . . . . . 0.1197 ± 0.0022 0.1186 ± 0.0020 0.1184 ± 0.0012 0.1198 ± 0.0015 0.1193 ± 0.0014 0.1188 ± 0.0010

100✓MC . . . . . . . . . 1.04085 ± 0.00047 1.04103 ± 0.00046 1.04106 ± 0.00041 1.04077 ± 0.00032 1.04087 ± 0.00032 1.04093 ± 0.00030

⌧ . . . . . . . . . . . . . 0.078 ± 0.019 0.066 ± 0.016 0.067 ± 0.013 0.079 ± 0.017 0.063 ± 0.014 0.066 ± 0.012

ln(1010As) . . . . . . . . 3.089 ± 0.036 3.062 ± 0.029 3.064 ± 0.024 3.094 ± 0.034 3.059 ± 0.025 3.064 ± 0.023

ns . . . . . . . . . . . . 0.9655 ± 0.0062 0.9677 ± 0.0060 0.9681 ± 0.0044 0.9645 ± 0.0049 0.9653 ± 0.0048 0.9667 ± 0.0040

H0 . . . . . . . . . . . . 67.31 ± 0.96 67.81 ± 0.92 67.90 ± 0.55 67.27 ± 0.66 67.51 ± 0.64 67.74 ± 0.46

⌦⇤ . . . . . . . . . . . . 0.685 ± 0.013 0.692 ± 0.012 0.6935 ± 0.0072 0.6844 ± 0.0091 0.6879 ± 0.0087 0.6911 ± 0.0062

⌦m . . . . . . . . . . . . 0.315 ± 0.013 0.308 ± 0.012 0.3065 ± 0.0072 0.3156 ± 0.0091 0.3121 ± 0.0087 0.3089 ± 0.0062

⌦mh2 . . . . . . . . . . 0.1426 ± 0.0020 0.1415 ± 0.0019 0.1413 ± 0.0011 0.1427 ± 0.0014 0.1422 ± 0.0013 0.14170 ± 0.00097

⌦mh3 . . . . . . . . . . 0.09597 ± 0.00045 0.09591 ± 0.00045 0.09593 ± 0.00045 0.09601 ± 0.00029 0.09596 ± 0.00030 0.09598 ± 0.00029

�8 . . . . . . . . . . . . 0.829 ± 0.014 0.8149 ± 0.0093 0.8154 ± 0.0090 0.831 ± 0.013 0.8150 ± 0.0087 0.8159 ± 0.0086

�8⌦
0.5
m . . . . . . . . . . 0.466 ± 0.013 0.4521 ± 0.0088 0.4514 ± 0.0066 0.4668 ± 0.0098 0.4553 ± 0.0068 0.4535 ± 0.0059

�8⌦
0.25
m . . . . . . . . . 0.621 ± 0.013 0.6069 ± 0.0076 0.6066 ± 0.0070 0.623 ± 0.011 0.6091 ± 0.0067 0.6083 ± 0.0066

zre . . . . . . . . . . . . 9.9+1.8
�1.6 8.8+1.7

�1.4 8.9+1.3
�1.2 10.0+1.7

�1.5 8.5+1.4
�1.2 8.8+1.2

�1.1

109As . . . . . . . . . . 2.198+0.076
�0.085 2.139 ± 0.063 2.143 ± 0.051 2.207 ± 0.074 2.130 ± 0.053 2.142 ± 0.049

109Ase�2⌧ . . . . . . . . 1.880 ± 0.014 1.874 ± 0.013 1.873 ± 0.011 1.882 ± 0.012 1.878 ± 0.011 1.876 ± 0.011

Age/Gyr . . . . . . . . 13.813 ± 0.038 13.799 ± 0.038 13.796 ± 0.029 13.813 ± 0.026 13.807 ± 0.026 13.799 ± 0.021

z⇤ . . . . . . . . . . . . 1090.09 ± 0.42 1089.94 ± 0.42 1089.90 ± 0.30 1090.06 ± 0.30 1090.00 ± 0.29 1089.90 ± 0.23

r⇤ . . . . . . . . . . . . 144.61 ± 0.49 144.89 ± 0.44 144.93 ± 0.30 144.57 ± 0.32 144.71 ± 0.31 144.81 ± 0.24

100✓⇤ . . . . . . . . . . 1.04105 ± 0.00046 1.04122 ± 0.00045 1.04126 ± 0.00041 1.04096 ± 0.00032 1.04106 ± 0.00031 1.04112 ± 0.00029

zdrag . . . . . . . . . . . 1059.57 ± 0.46 1059.57 ± 0.47 1059.60 ± 0.44 1059.65 ± 0.31 1059.62 ± 0.31 1059.68 ± 0.29

rdrag . . . . . . . . . . . 147.33 ± 0.49 147.60 ± 0.43 147.63 ± 0.32 147.27 ± 0.31 147.41 ± 0.30 147.50 ± 0.24

kD . . . . . . . . . . . . 0.14050 ± 0.00052 0.14024 ± 0.00047 0.14022 ± 0.00042 0.14059 ± 0.00032 0.14044 ± 0.00032 0.14038 ± 0.00029

zeq . . . . . . . . . . . . 3393 ± 49 3365 ± 44 3361 ± 27 3395 ± 33 3382 ± 32 3371 ± 23

keq . . . . . . . . . . . . 0.01035 ± 0.00015 0.01027 ± 0.00014 0.010258 ± 0.000083 0.01036 ± 0.00010 0.010322 ± 0.000096 0.010288 ± 0.000071

100✓s,eq . . . . . . . . . 0.4502 ± 0.0047 0.4529 ± 0.0044 0.4533 ± 0.0026 0.4499 ± 0.0032 0.4512 ± 0.0031 0.4523 ± 0.0023

f 143
2000 . . . . . . . . . . . 29.9 ± 2.9 30.4 ± 2.9 30.3 ± 2.8 29.5 ± 2.7 30.2 ± 2.7 30.0 ± 2.7

f 143⇥217
2000 . . . . . . . . . 32.4 ± 2.1 32.8 ± 2.1 32.7 ± 2.0 32.2 ± 1.9 32.8 ± 1.9 32.6 ± 1.9

f 217
2000 . . . . . . . . . . . 106.0 ± 2.0 106.3 ± 2.0 106.2 ± 2.0 105.8 ± 1.9 106.2 ± 1.9 106.1 ± 1.8

Table 5. Constraints on 1-parameter extensions to the base⇤CDM model for combinations of Planck power spectra, Planck lensing,
and external data (BAO+JLA+H0, denoted “ext”). All limits and confidence regions quoted here are 95 %.

Parameter TT TT+lensing TT+lensing+ext TT,TE,EE TT,TE,EE+lensing TT,TE,EE+lensing+ext

⌦K . . . . . . . . . . . . . . �0.052+0.049
�0.055 �0.005+0.016

�0.017 �0.0001+0.0054
�0.0052 �0.040+0.038

�0.041 �0.004+0.015
�0.015 0.0008+0.0040

�0.0039
⌃m⌫ [eV] . . . . . . . . . . < 0.715 < 0.675 < 0.234 < 0.492 < 0.589 < 0.194
Ne↵ . . . . . . . . . . . . . . 3.13+0.64

�0.63 3.13+0.62
�0.61 3.15+0.41

�0.40 2.99+0.41
�0.39 2.94+0.38

�0.38 3.04+0.33
�0.33

YP . . . . . . . . . . . . . . . 0.252+0.041
�0.042 0.251+0.040

�0.039 0.251+0.035
�0.036 0.250+0.026

�0.027 0.247+0.026
�0.027 0.249+0.025

�0.026
dns/d ln k . . . . . . . . . . �0.008+0.016

�0.016 �0.003+0.015
�0.015 �0.003+0.015

�0.014 �0.006+0.014
�0.014 �0.002+0.013

�0.013 �0.002+0.013
�0.013

r0.002 . . . . . . . . . . . . . < 0.103 < 0.114 < 0.114 < 0.0987 < 0.112 < 0.113
w . . . . . . . . . . . . . . . �1.54+0.62

�0.50 �1.41+0.64
�0.56 �1.006+0.085

�0.091 �1.55+0.58
�0.48 �1.42+0.62

�0.56 �1.019+0.075
�0.080
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Table 4. Parameter 68 % confidence limits for the base⇤CDM model from Planck CMB power spectra, in combination with lensing
reconstruction (“lensing”) and external data (“ext”, BAO+JLA+H0). While we see no evidence that systematic e↵ects in polarization
are biasing parameters in the base ⇤CDM model, a conservative choice would be to use the parameter values listed in Column 3
(i.e., for TT+lowP+lensing). Nuisance parameters are not listed here for brevity, but can be found in the extensive tables on the
Planck Legacy Archive, http://pla.esac.esa.int/pla; however, the last three parameters listed here give a summary measure
of the total foreground amplitude (in µK2) at ` = 2000 for the three high-` temperature power spectra used by the likelihood.
In all cases the helium mass fraction used is predicted by BBN from the baryon abundance (posterior mean YP ⇡ 0.2453, with
theoretical uncertainties in the BBN predictions dominating over the Planck error on ⌦bh2). The Hubble constant is given in units
of km s�1 Mpc�1, while r⇤ is in Mpc and wavenumbers are in Mpc�1.

TT+lowP TT+lowP+lensing TT+lowP+lensing+ext TT,TE,EE+lowP TT,TE,EE+lowP+lensing TT,TE,EE+lowP+lensing+ext
Parameter 68 % limits 68 % limits 68 % limits 68 % limits 68 % limits 68 % limits

⌦bh2 . . . . . . . . . . . 0.02222 ± 0.00023 0.02226 ± 0.00023 0.02227 ± 0.00020 0.02225 ± 0.00016 0.02226 ± 0.00016 0.02230 ± 0.00014

⌦ch2 . . . . . . . . . . . 0.1197 ± 0.0022 0.1186 ± 0.0020 0.1184 ± 0.0012 0.1198 ± 0.0015 0.1193 ± 0.0014 0.1188 ± 0.0010

100✓MC . . . . . . . . . 1.04085 ± 0.00047 1.04103 ± 0.00046 1.04106 ± 0.00041 1.04077 ± 0.00032 1.04087 ± 0.00032 1.04093 ± 0.00030

⌧ . . . . . . . . . . . . . 0.078 ± 0.019 0.066 ± 0.016 0.067 ± 0.013 0.079 ± 0.017 0.063 ± 0.014 0.066 ± 0.012

ln(1010As) . . . . . . . . 3.089 ± 0.036 3.062 ± 0.029 3.064 ± 0.024 3.094 ± 0.034 3.059 ± 0.025 3.064 ± 0.023

ns . . . . . . . . . . . . 0.9655 ± 0.0062 0.9677 ± 0.0060 0.9681 ± 0.0044 0.9645 ± 0.0049 0.9653 ± 0.0048 0.9667 ± 0.0040

H0 . . . . . . . . . . . . 67.31 ± 0.96 67.81 ± 0.92 67.90 ± 0.55 67.27 ± 0.66 67.51 ± 0.64 67.74 ± 0.46

⌦⇤ . . . . . . . . . . . . 0.685 ± 0.013 0.692 ± 0.012 0.6935 ± 0.0072 0.6844 ± 0.0091 0.6879 ± 0.0087 0.6911 ± 0.0062

⌦m . . . . . . . . . . . . 0.315 ± 0.013 0.308 ± 0.012 0.3065 ± 0.0072 0.3156 ± 0.0091 0.3121 ± 0.0087 0.3089 ± 0.0062

⌦mh2 . . . . . . . . . . 0.1426 ± 0.0020 0.1415 ± 0.0019 0.1413 ± 0.0011 0.1427 ± 0.0014 0.1422 ± 0.0013 0.14170 ± 0.00097

⌦mh3 . . . . . . . . . . 0.09597 ± 0.00045 0.09591 ± 0.00045 0.09593 ± 0.00045 0.09601 ± 0.00029 0.09596 ± 0.00030 0.09598 ± 0.00029

�8 . . . . . . . . . . . . 0.829 ± 0.014 0.8149 ± 0.0093 0.8154 ± 0.0090 0.831 ± 0.013 0.8150 ± 0.0087 0.8159 ± 0.0086

�8⌦
0.5
m . . . . . . . . . . 0.466 ± 0.013 0.4521 ± 0.0088 0.4514 ± 0.0066 0.4668 ± 0.0098 0.4553 ± 0.0068 0.4535 ± 0.0059

�8⌦
0.25
m . . . . . . . . . 0.621 ± 0.013 0.6069 ± 0.0076 0.6066 ± 0.0070 0.623 ± 0.011 0.6091 ± 0.0067 0.6083 ± 0.0066

zre . . . . . . . . . . . . 9.9+1.8
�1.6 8.8+1.7

�1.4 8.9+1.3
�1.2 10.0+1.7

�1.5 8.5+1.4
�1.2 8.8+1.2

�1.1

109As . . . . . . . . . . 2.198+0.076
�0.085 2.139 ± 0.063 2.143 ± 0.051 2.207 ± 0.074 2.130 ± 0.053 2.142 ± 0.049

109Ase�2⌧ . . . . . . . . 1.880 ± 0.014 1.874 ± 0.013 1.873 ± 0.011 1.882 ± 0.012 1.878 ± 0.011 1.876 ± 0.011

Age/Gyr . . . . . . . . 13.813 ± 0.038 13.799 ± 0.038 13.796 ± 0.029 13.813 ± 0.026 13.807 ± 0.026 13.799 ± 0.021

z⇤ . . . . . . . . . . . . 1090.09 ± 0.42 1089.94 ± 0.42 1089.90 ± 0.30 1090.06 ± 0.30 1090.00 ± 0.29 1089.90 ± 0.23

r⇤ . . . . . . . . . . . . 144.61 ± 0.49 144.89 ± 0.44 144.93 ± 0.30 144.57 ± 0.32 144.71 ± 0.31 144.81 ± 0.24

100✓⇤ . . . . . . . . . . 1.04105 ± 0.00046 1.04122 ± 0.00045 1.04126 ± 0.00041 1.04096 ± 0.00032 1.04106 ± 0.00031 1.04112 ± 0.00029

zdrag . . . . . . . . . . . 1059.57 ± 0.46 1059.57 ± 0.47 1059.60 ± 0.44 1059.65 ± 0.31 1059.62 ± 0.31 1059.68 ± 0.29

rdrag . . . . . . . . . . . 147.33 ± 0.49 147.60 ± 0.43 147.63 ± 0.32 147.27 ± 0.31 147.41 ± 0.30 147.50 ± 0.24

kD . . . . . . . . . . . . 0.14050 ± 0.00052 0.14024 ± 0.00047 0.14022 ± 0.00042 0.14059 ± 0.00032 0.14044 ± 0.00032 0.14038 ± 0.00029

zeq . . . . . . . . . . . . 3393 ± 49 3365 ± 44 3361 ± 27 3395 ± 33 3382 ± 32 3371 ± 23

keq . . . . . . . . . . . . 0.01035 ± 0.00015 0.01027 ± 0.00014 0.010258 ± 0.000083 0.01036 ± 0.00010 0.010322 ± 0.000096 0.010288 ± 0.000071

100✓s,eq . . . . . . . . . 0.4502 ± 0.0047 0.4529 ± 0.0044 0.4533 ± 0.0026 0.4499 ± 0.0032 0.4512 ± 0.0031 0.4523 ± 0.0023

f 143
2000 . . . . . . . . . . . 29.9 ± 2.9 30.4 ± 2.9 30.3 ± 2.8 29.5 ± 2.7 30.2 ± 2.7 30.0 ± 2.7

f 143⇥217
2000 . . . . . . . . . 32.4 ± 2.1 32.8 ± 2.1 32.7 ± 2.0 32.2 ± 1.9 32.8 ± 1.9 32.6 ± 1.9

f 217
2000 . . . . . . . . . . . 106.0 ± 2.0 106.3 ± 2.0 106.2 ± 2.0 105.8 ± 1.9 106.2 ± 1.9 106.1 ± 1.8

Table 5. Constraints on 1-parameter extensions to the base⇤CDM model for combinations of Planck power spectra, Planck lensing,
and external data (BAO+JLA+H0, denoted “ext”). All limits and confidence regions quoted here are 95 %.

Parameter TT TT+lensing TT+lensing+ext TT,TE,EE TT,TE,EE+lensing TT,TE,EE+lensing+ext

⌦K . . . . . . . . . . . . . . �0.052+0.049
�0.055 �0.005+0.016

�0.017 �0.0001+0.0054
�0.0052 �0.040+0.038

�0.041 �0.004+0.015
�0.015 0.0008+0.0040

�0.0039
⌃m⌫ [eV] . . . . . . . . . . < 0.715 < 0.675 < 0.234 < 0.492 < 0.589 < 0.194
Ne↵ . . . . . . . . . . . . . . 3.13+0.64

�0.63 3.13+0.62
�0.61 3.15+0.41

�0.40 2.99+0.41
�0.39 2.94+0.38

�0.38 3.04+0.33
�0.33

YP . . . . . . . . . . . . . . . 0.252+0.041
�0.042 0.251+0.040

�0.039 0.251+0.035
�0.036 0.250+0.026

�0.027 0.247+0.026
�0.027 0.249+0.025

�0.026
dns/d ln k . . . . . . . . . . �0.008+0.016

�0.016 �0.003+0.015
�0.015 �0.003+0.015

�0.014 �0.006+0.014
�0.014 �0.002+0.013

�0.013 �0.002+0.013
�0.013

r0.002 . . . . . . . . . . . . . < 0.103 < 0.114 < 0.114 < 0.0987 < 0.112 < 0.113
w . . . . . . . . . . . . . . . �1.54+0.62

�0.50 �1.41+0.64
�0.56 �1.006+0.085

�0.091 �1.55+0.58
�0.48 �1.42+0.62

�0.56 �1.019+0.075
�0.080
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Table 4. Parameter 68 % confidence limits for the base⇤CDM model from Planck CMB power spectra, in combination with lensing
reconstruction (“lensing”) and external data (“ext”, BAO+JLA+H0). While we see no evidence that systematic e↵ects in polarization
are biasing parameters in the base ⇤CDM model, a conservative choice would be to use the parameter values listed in Column 3
(i.e., for TT+lowP+lensing). Nuisance parameters are not listed here for brevity, but can be found in the extensive tables on the
Planck Legacy Archive, http://pla.esac.esa.int/pla; however, the last three parameters listed here give a summary measure
of the total foreground amplitude (in µK2) at ` = 2000 for the three high-` temperature power spectra used by the likelihood.
In all cases the helium mass fraction used is predicted by BBN from the baryon abundance (posterior mean YP ⇡ 0.2453, with
theoretical uncertainties in the BBN predictions dominating over the Planck error on ⌦bh2). The Hubble constant is given in units
of km s�1 Mpc�1, while r⇤ is in Mpc and wavenumbers are in Mpc�1.

TT+lowP TT+lowP+lensing TT+lowP+lensing+ext TT,TE,EE+lowP TT,TE,EE+lowP+lensing TT,TE,EE+lowP+lensing+ext
Parameter 68 % limits 68 % limits 68 % limits 68 % limits 68 % limits 68 % limits

⌦bh2 . . . . . . . . . . . 0.02222 ± 0.00023 0.02226 ± 0.00023 0.02227 ± 0.00020 0.02225 ± 0.00016 0.02226 ± 0.00016 0.02230 ± 0.00014

⌦ch2 . . . . . . . . . . . 0.1197 ± 0.0022 0.1186 ± 0.0020 0.1184 ± 0.0012 0.1198 ± 0.0015 0.1193 ± 0.0014 0.1188 ± 0.0010

100✓MC . . . . . . . . . 1.04085 ± 0.00047 1.04103 ± 0.00046 1.04106 ± 0.00041 1.04077 ± 0.00032 1.04087 ± 0.00032 1.04093 ± 0.00030

⌧ . . . . . . . . . . . . . 0.078 ± 0.019 0.066 ± 0.016 0.067 ± 0.013 0.079 ± 0.017 0.063 ± 0.014 0.066 ± 0.012

ln(1010As) . . . . . . . . 3.089 ± 0.036 3.062 ± 0.029 3.064 ± 0.024 3.094 ± 0.034 3.059 ± 0.025 3.064 ± 0.023

ns . . . . . . . . . . . . 0.9655 ± 0.0062 0.9677 ± 0.0060 0.9681 ± 0.0044 0.9645 ± 0.0049 0.9653 ± 0.0048 0.9667 ± 0.0040

H0 . . . . . . . . . . . . 67.31 ± 0.96 67.81 ± 0.92 67.90 ± 0.55 67.27 ± 0.66 67.51 ± 0.64 67.74 ± 0.46

⌦⇤ . . . . . . . . . . . . 0.685 ± 0.013 0.692 ± 0.012 0.6935 ± 0.0072 0.6844 ± 0.0091 0.6879 ± 0.0087 0.6911 ± 0.0062

⌦m . . . . . . . . . . . . 0.315 ± 0.013 0.308 ± 0.012 0.3065 ± 0.0072 0.3156 ± 0.0091 0.3121 ± 0.0087 0.3089 ± 0.0062

⌦mh2 . . . . . . . . . . 0.1426 ± 0.0020 0.1415 ± 0.0019 0.1413 ± 0.0011 0.1427 ± 0.0014 0.1422 ± 0.0013 0.14170 ± 0.00097

⌦mh3 . . . . . . . . . . 0.09597 ± 0.00045 0.09591 ± 0.00045 0.09593 ± 0.00045 0.09601 ± 0.00029 0.09596 ± 0.00030 0.09598 ± 0.00029

�8 . . . . . . . . . . . . 0.829 ± 0.014 0.8149 ± 0.0093 0.8154 ± 0.0090 0.831 ± 0.013 0.8150 ± 0.0087 0.8159 ± 0.0086

�8⌦
0.5
m . . . . . . . . . . 0.466 ± 0.013 0.4521 ± 0.0088 0.4514 ± 0.0066 0.4668 ± 0.0098 0.4553 ± 0.0068 0.4535 ± 0.0059

�8⌦
0.25
m . . . . . . . . . 0.621 ± 0.013 0.6069 ± 0.0076 0.6066 ± 0.0070 0.623 ± 0.011 0.6091 ± 0.0067 0.6083 ± 0.0066

zre . . . . . . . . . . . . 9.9+1.8
�1.6 8.8+1.7

�1.4 8.9+1.3
�1.2 10.0+1.7

�1.5 8.5+1.4
�1.2 8.8+1.2

�1.1

109As . . . . . . . . . . 2.198+0.076
�0.085 2.139 ± 0.063 2.143 ± 0.051 2.207 ± 0.074 2.130 ± 0.053 2.142 ± 0.049

109Ase�2⌧ . . . . . . . . 1.880 ± 0.014 1.874 ± 0.013 1.873 ± 0.011 1.882 ± 0.012 1.878 ± 0.011 1.876 ± 0.011

Age/Gyr . . . . . . . . 13.813 ± 0.038 13.799 ± 0.038 13.796 ± 0.029 13.813 ± 0.026 13.807 ± 0.026 13.799 ± 0.021

z⇤ . . . . . . . . . . . . 1090.09 ± 0.42 1089.94 ± 0.42 1089.90 ± 0.30 1090.06 ± 0.30 1090.00 ± 0.29 1089.90 ± 0.23

r⇤ . . . . . . . . . . . . 144.61 ± 0.49 144.89 ± 0.44 144.93 ± 0.30 144.57 ± 0.32 144.71 ± 0.31 144.81 ± 0.24

100✓⇤ . . . . . . . . . . 1.04105 ± 0.00046 1.04122 ± 0.00045 1.04126 ± 0.00041 1.04096 ± 0.00032 1.04106 ± 0.00031 1.04112 ± 0.00029

zdrag . . . . . . . . . . . 1059.57 ± 0.46 1059.57 ± 0.47 1059.60 ± 0.44 1059.65 ± 0.31 1059.62 ± 0.31 1059.68 ± 0.29

rdrag . . . . . . . . . . . 147.33 ± 0.49 147.60 ± 0.43 147.63 ± 0.32 147.27 ± 0.31 147.41 ± 0.30 147.50 ± 0.24

kD . . . . . . . . . . . . 0.14050 ± 0.00052 0.14024 ± 0.00047 0.14022 ± 0.00042 0.14059 ± 0.00032 0.14044 ± 0.00032 0.14038 ± 0.00029

zeq . . . . . . . . . . . . 3393 ± 49 3365 ± 44 3361 ± 27 3395 ± 33 3382 ± 32 3371 ± 23

keq . . . . . . . . . . . . 0.01035 ± 0.00015 0.01027 ± 0.00014 0.010258 ± 0.000083 0.01036 ± 0.00010 0.010322 ± 0.000096 0.010288 ± 0.000071

100✓s,eq . . . . . . . . . 0.4502 ± 0.0047 0.4529 ± 0.0044 0.4533 ± 0.0026 0.4499 ± 0.0032 0.4512 ± 0.0031 0.4523 ± 0.0023

f 143
2000 . . . . . . . . . . . 29.9 ± 2.9 30.4 ± 2.9 30.3 ± 2.8 29.5 ± 2.7 30.2 ± 2.7 30.0 ± 2.7

f 143⇥217
2000 . . . . . . . . . 32.4 ± 2.1 32.8 ± 2.1 32.7 ± 2.0 32.2 ± 1.9 32.8 ± 1.9 32.6 ± 1.9

f 217
2000 . . . . . . . . . . . 106.0 ± 2.0 106.3 ± 2.0 106.2 ± 2.0 105.8 ± 1.9 106.2 ± 1.9 106.1 ± 1.8

Table 5. Constraints on 1-parameter extensions to the base⇤CDM model for combinations of Planck power spectra, Planck lensing,
and external data (BAO+JLA+H0, denoted “ext”). All limits and confidence regions quoted here are 95 %.

Parameter TT TT+lensing TT+lensing+ext TT,TE,EE TT,TE,EE+lensing TT,TE,EE+lensing+ext

⌦K . . . . . . . . . . . . . . �0.052+0.049
�0.055 �0.005+0.016

�0.017 �0.0001+0.0054
�0.0052 �0.040+0.038

�0.041 �0.004+0.015
�0.015 0.0008+0.0040

�0.0039
⌃m⌫ [eV] . . . . . . . . . . < 0.715 < 0.675 < 0.234 < 0.492 < 0.589 < 0.194
Ne↵ . . . . . . . . . . . . . . 3.13+0.64

�0.63 3.13+0.62
�0.61 3.15+0.41

�0.40 2.99+0.41
�0.39 2.94+0.38

�0.38 3.04+0.33
�0.33

YP . . . . . . . . . . . . . . . 0.252+0.041
�0.042 0.251+0.040

�0.039 0.251+0.035
�0.036 0.250+0.026

�0.027 0.247+0.026
�0.027 0.249+0.025

�0.026
dns/d ln k . . . . . . . . . . �0.008+0.016

�0.016 �0.003+0.015
�0.015 �0.003+0.015

�0.014 �0.006+0.014
�0.014 �0.002+0.013

�0.013 �0.002+0.013
�0.013

r0.002 . . . . . . . . . . . . . < 0.103 < 0.114 < 0.114 < 0.0987 < 0.112 < 0.113
w . . . . . . . . . . . . . . . �1.54+0.62

�0.50 �1.41+0.64
�0.56 �1.006+0.085

�0.091 �1.55+0.58
�0.48 �1.42+0.62

�0.56 �1.019+0.075
�0.080
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Planck papers
•“Planck pre-launch status” 

- 14 papers
•“Planck early results” 

- 26 papers
•“Planck intermediate papers”

- 51 papers (so far) 
•“Planck 2013 results”

- 32 papers
•“Planck 2015 results”

- 28 papers so far! 
•“BICEP + Planck”
•“Planck final results” soon

Instrumentation 
Cosmic rays 
Zodiacal emission 
Component separation 
Interstellar medium 
All-sky optical depth 
Galactic cold clumps 
Anomalous microwave emission 
Polarized dust radiation 
All-sky CO map 
Nearby galaxies 
High-z extragalactic sources 
Cosmic infrared background 
CMB power spectra 
Cosmological parameters 
Gravitational lensing 
Dipole & boosting effects 
Integrated Sachs-Wolfe effect 
SZ cluster cosmology 
Cluster physics 
Peculiar velocities 
Constraints on inflation 
Topological defects 
Non-Gaussianity 
Isotropy & statistics 
Geometry & topology 
Dark energy & modified gravity 
Primordial magnetic fields 
Reionization 
Parity & birefringence 
... 



•But people mostly just care about parameters!
•The 6-parameter ΛCDM model is so good that 
focus turns to “tensions”:
-Planck vs WMAP ?
-Discrepancy with direct H0 ?
-CMB vs lensing and cluster σ8 ?
-Preference for AL>1 ?
-Large-angle anomalies
particularly the “low low-ls” ?

•(results may change with final 2017 release of 
Planck data)



If today’s CMB status was an 
episode of Sesame Street, 

it would be ...



If today’s CMB status was an 
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Brought to you
by the words
“tensions”

and
“anomalies”



SpaceX said "an anomaly" had occurred while the rocket was being loaded with fuel.

By the way here’s a real anomaly!
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Planck Collaboration: Cosmological parameters
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Fig. 1. Planck 2015 temperature power spectrum. At multipoles ` � 30 we show the maximum likelihood frequency-averaged
temperature spectrum computed from the Plik cross-half-mission likelihood, with foreground and other nuisance parameters de-
termined from the MCMC analysis of the base ⇤CDM cosmology. In the multipole range 2  `  29, we plot the power spectrum
estimates from the Commander component-separation algorithm, computed over 94 % of the sky. The best-fit base ⇤CDM theoreti-
cal spectrum fitted to the Planck TT+lowP likelihood is plotted in the upper panel. Residuals with respect to this model are shown
in the lower panel. The error bars show ±1� uncertainties.

The large upward shift in Ase�2⌧ reflects the change in the abso-
lute calibration of the HFI. As noted in Sect. 2.3, the 2013 analy-
sis did not propagate an error on the Planck absolute calibration
through to cosmological parameters. Coincidentally, the changes
to the absolute calibration compensate for the downward change
in ⌧ and variations in the other cosmological parameters to keep
the parameter �8 largely unchanged from the 2013 value. This
will be important when we come to discuss possible tensions
between the amplitude of the matter fluctuations at low redshift
estimated from various astrophysical data sets and the Planck
CMB values for the base ⇤CDM cosmology (see Sect. 5.6).

(4) Likelihoods. Constructing a high-multipole likelihood for
Planck, particularly with T E and EE spectra, is complicated
and di�cult to check at the sub-� level against numerical
simulations because the simulations cannot model the fore-
grounds, noise properties, and low-level data processing of
the real Planck data to su�ciently high accuracy. Within the
Planck collaboration, we have tested the sensitivity of the re-
sults to the likelihood methodology by developing several in-
dependent analysis pipelines. Some of these are described in
Planck Collaboration XI (2016). The most highly developed of

them are the CamSpec and revised Plik pipelines. For the 2015
Planck papers, the Plik pipeline was chosen as the baseline.
Column 6 of Table 1 lists the cosmological parameters for base
⇤CDM determined from the Plik cross-half-mission likeli-
hood, together with the lowP likelihood, applied to the 2015
full-mission data. The sky coverage used in this likelihood is
identical to that used for the CamSpec 2015F(CHM) likelihood.
However, the two likelihoods di↵er in the modelling of instru-
mental noise, Galactic dust, treatment of relative calibrations,
and multipole limits applied to each spectrum.

As summarized in column 8 of Table 1, the Plik and
CamSpec parameters agree to within 0.2�, except for ns, which
di↵ers by nearly 0.5�. The di↵erence in ns is perhaps not sur-
prising, since this parameter is sensitive to small di↵erences in
the foreground modelling. Di↵erences in ns between Plik and
CamSpec are systematic and persist throughout the grid of ex-
tended ⇤CDM models discussed in Sect. 6. We emphasize that
the CamSpec and Plik likelihoods have been written indepen-
dently, though they are based on the same theoretical framework.
None of the conclusions in this paper (including those based on
the full “TT,TE,EE” likelihoods) would di↵er in any substantive
way had we chosen to use the CamSpec likelihood in place of
Plik. The overall shifts of parameters between the Plik 2015

8

Planck 2015 TT power spectrum



Effect of “low low-ls”
•Lack of power at low multipoles is real

•But not very significant (when marginalizing)

•It’s composed of a “dip” at about l=20-30

and a general deficit to low multipoles

•Since it’s at the end, it affects parameters more

than if it was elsewhere

•Because WMAP doesn’t have higher multipoles,

the parameters are biased more than for Planck





Tensions
• Won’t discuss the external tensions here

(since that’s a complicated and endless discussion!)
• But the internal tensions in Planck data are in this paper:
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ABSTRACT

The six parameters of the standard ⇤CDM model have best-fit values derived from the Planck temperature power spectrum that are shifted
somewhat from the best-fit values derived from WMAP data. These shifts are driven by features in the Planck temperature power spectrum at
angular scales that had never before been measured to cosmic-variance level precision. We investigate these shifts to determine whether they
are within the range of expectation and to understand their origin in the data. Taking our parameter set to be the optical depth of the reionized
intergalactic medium ⌧, the baryon density !b, the matter density !m, the angular size of the sound horizon ✓⇤, the spectral index of the primordial
power spectrum, ns, and Ase�2⌧ (where As is the amplitude of the primordial power spectrum), we examine the change in best-fit values between
a WMAP-like large angular-scale data set (with multipole moment `< 800 in the Planck temperature power spectrum) and an all angular-scale
data set (`< 2500 Planck temperature power spectrum), each with a prior on ⌧ of 0.07 ± 0.02. We find that the shifts, in units of the 1� expected
dispersion for each parameter, are {�⌧,�Ase�2⌧,�ns,�!m,�!b,�✓⇤} = {�1.7,�2.2, 1.2,�2.0, 1.1, 0.9}, with a �2 value of 8.0. We find that this �2

value is exceeded in 15 % of our simulated data sets, and that a parameter deviates by more than 2.2� in 9 % of simulated data sets, meaning that
the shifts are not unusually large. Comparing `< 800 instead to `> 800, or splitting at a di↵erent multipole, yields similar results. We examine the
`< 800 model residuals in the `> 800 power spectrum data and find that the features there that drive these shifts are a set of oscillations across a
broad range of angular scales. Although they partly appear like the e↵ects of enhanced gravitational lensing, the shifts in ⇤CDM parameters that
arise in response to these features correspond to model spectrum changes that are predominantly due to non-lensing e↵ects; the only exception is
⌧, which, at fixed Ase�2⌧, a↵ects the `> 800 temperature power spectrum solely through the associated change in As and the impact of that on the
lensing potential power spectrum. We also ask, “what is it about the power spectrum at `< 800 that leads to somewhat di↵erent best-fit parameters
than come from the full ` range?” We find that if we discard the data at `< 30, where there is a roughly 2� downward fluctuation in power relative
to the model that best fits the full ` range, the `< 800 best-fit parameters shift significantly toward the `< 2500 best-fit parameters. In contrast,
including `< 30, this previously noted “low-` deficit” drives ns up and impacts parameters correlated with ns, such as !m and H0. As expected, the
`< 30 data have a much greater impact on the `< 800 best fit than on the `< 2500 best fit. So although the shifts are not very significant, we find
that they can be understood through the combined e↵ects of an oscillatory-like set of high-` residuals and the deficit in low-` power, excursions
consistent with sample variance that happen to map onto changes in cosmological parameters. Finally, we examine agreement between Planck TT
data and two other CMB data sets, namely the Planck lensing reconstruction and the TT power spectrum measured by the South Pole Telescope,
again finding a lack of convincing evidence of any significant deviations in parameters, suggesting that current CMB data sets give an internally
consistent picture of the ⇤CDM model.

Key words. Cosmology: observations – Cosmology: theory – cosmic background radiation – cosmological parameters
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New “parameter shifts” paper

• Paper has been worked on for ~2 years!
• Motivation is to study apparent parameter shifts 
within subsets of Planck data

• Not a response to Addison et al. (or other papers) 
- but partly addresses similar ground

• Specific focus is Planck full-l versus low-l (<800)
• Basic story is that shifts are not as significant as 
claimed - but has required a lot of work!

• Lower 𝛕 makes parameter shifts worse, but only by 
about 0.3σ









Now you can see 
that overall it’s 
not bad

So how big are 
shifts overall?

Need a statistic 
that assesses 
the whole set of 
parameters





Tensions within CMB



Tensions within CMB

• Overall l>800 versus l<800 gives parameter shifts that are 
<2σ (if you take into account the set of parameters)

• An apparent excursion at low l (<30) “explains” some of 
the parameter shifts

• An oscillatory-like power excursion around ~1000 gives 
much of the remaining shifts (and “explains” AL>1)

• This “oscillation” doesn’t look like a foreground effect



Tensions within CMB

• Overall l>800 versus l<800 gives parameter shifts that are 
<2σ (if you take into account the set of parameters)

• An apparent excursion at low l (<30) “explains” some of 
the parameter shifts

• An oscillatory-like power excursion around ~1000 gives 
much of the remaining shifts (and “explains” AL>1)

• This “oscillation” doesn’t look like a foreground effect

No tensions within CMB!





Anomalies?



Anomalies?
•  WMAP large-scale anomalies persist
•  But are still of fairly low significance
•  Are any of them telling us something?



Anomalies?
•  WMAP large-scale anomalies persist
•  But are still of fairly low significance
•  Are any of them telling us something?

• Low quadrupole
• “Cold Spot”
• “Hemispheric Asymmetry”
• First ∼30 multipoles seem low

• Low multipole alignment
• Odd/even multipole asymmetry
• ...
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WMAP sky
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WMAP sky



See this paper for details!

Pi in the Sky

Ali Frolop⇤ and Douglas Scott†

Dept. of Physics & Astronomy, University of British Columbia, Vancouver, Canada

(Dated: 1st April 2016)

Deviations of the observed cosmic microwave background (CMB) from the standard model, known
as ‘anomalies’, are obviously highly significant and deserve to be pursued more aggressively in order
to discover the physical phenomena underlying them. Through intensive investigation we have
discovered that there are equally surprising features in the digits of the number ⇡, and moreover
there is a remarkable correspondence between each type of peculiarity in the digits of ⇡ and the
anomalies in the CMB. Putting aside the unreasonable possibility that these are just the sort of
flukes that appear when one looks hard enough, the only conceivable conclusion is that, however
the CMB anomalies were created, a similar process imprinted patterns in the digits of ⇡.

I. INTRODUCTION

The standard cosmological model successfully de-
scribes a wide range of observational phenomena using
just six parameters in the context of a framework that
requires only a handful of basic assumptions [1]. The
‘⇤CDM’ model is so successful in fact that attention has
focussed on deviations from this simple picture. Just
like with particle physics, one can gauge the maturity of
the field through the fact that activity switches from es-
tablishing the validity of the framework to searching for
physics ‘beyond the standard model’.

The most precise cosmological data come from care-
ful measurements of the anisotropies in the cosmic mi-
crowave background (CMB [2]), as surveyed by the
COBE [3], WMAP [4] and Planck [5] satellites, as well
as with a suite of ground-based and balloon-borne exper-
iments. COBE helped establish ⇤CDM as the standard
cosmological model, and for many people the biggest
news from both WMAP and Planck was that there is no
news, i.e. the standard model continues to be a good fit,
even as the precision has improved dramatically. Since
the days of COBE (e.g. Ref. [6]) there has been inten-
sive investigation into deviations from Gaussianity or the
breaking of statistical isotropy on large scales, motivated
by the fact that they could be smoking guns for new
physics in the early Universe. This process has contin-
ued to the present day, with a huge number of studies
searching for blemishes of various forms in the CMB sky,
which might be evidence for chinks in the armour of the
standard model [7]. Now it seems like this search has
become the main industry in cosmology.

Hundreds of papers have been written on this topic.
We cannot possibly refer to all of them here, but many
can be found in the reference lists of several overviews of
the subject [8–10]. In the CMB sky, such deviations from
perfection are often referred to as ‘anomalies’, and there
are several distinct features of this sort that have been
identified. Sarkar et al. [11] pointed out that there are at

⇤
Electronic address: afrolop@phas.ubc.ca

†
Electronic address: docslugtoast@phas.ubc.ca

least two unrelated kinds of anomalies and hence one can
take the product of the chance probabilities to determine
how unlikely our observed Universe is in the standard
model. Recently Schwarz et al. [12] have argued that
there are at least three distinct kinds of anomaly, and
since each of them separately has a probability of ⇠ 10�2

in the standard model, then our CMB sky is unlikely at
the roughly 1-in-a-million level. Similar conclusions were
also made in another recent paper by Melia [13].
In fact considerably more than three kinds of anomaly

have already been identified, and no doubt more remain
to be uncovered. They include: the Cold Spot; the low-`
deficit; the `⇠ 20–30 dip; hemispheric asymmetry; low
variance; dipole modulation; odd/even multipole asym-
metry; and other specific features, such as stripes, rings
and even letters [14, 15]. When considered together,
the combined probability is vanishingly small that our
sky could be a realisation of a Gaussian random process
within ⇤CDM.
Amazing though these CMB features are, we have

discovered that a much more familiar data set, namely
the digits of ⇡, contains equally astonishing anomalies.
Through the use of advanced analysis methods, using
pattern recognition software and Bayesian search algo-
rithms, we have discovered many distinct features in ⇡.
In fact, for each CMB anomaly there appears to be a
corresponding e↵ect in the digits of ⇡ – we call these
analogous anisotropy anomalies (or AAAs). These fea-
tures in ⇡ are at least as significant as the cosmological
ones, and given that the CMB anomalies are patently ev-
idence for new physics, this means that the patterns in ⇡
must demonstrate the existence of mathematics beyond
the standard model [16].

II. THE DIGITS OF ⇡

The irrational number ⇡ [17] occurs throughout
physics, in anything related to rotations, waves, vibra-
tions or phases. It occurs explicitly in Coulomb’s law,
Kepler’s third law, Einstein’s field equations, the Fourier
transform, the normalization of a Gaussian, the reduced
Planck constant, etc. And perhaps most astonishingly, if
you divide the circumference of a circle by its diameter,
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Also known as “multiplicity of tests”
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(a) (b)

FIG. 1: (a) Map of the CMB sky from the Planck satellite [5]. It seems hardly necessary to mark the position of the Cold
Spot, since it stands out so clearly. (b) The first 900 digits of ⇡, showing the early ‘hot spot’, also known as the Feynman
point.

(a) (b)

FIG. 2: (a) Correlation function for Planck data, taken from Ref. [12]. This is one of the most striking and well-defined of
the CMB anomalies, arising from the fact that the data are quite close to zero for a fair range of angles, something that must
surely be quite unlikely to find by chance. (b) An analogy for the low variance of the CMB for small multipoles is seen in the
distribution of numbers in the first 100 digits of ⇡. The frequency of these digits is remarkably ‘quiet’, i.e. all digits occur
quite close to the average number of times (the thick black line), which must also be very unlikely.

to plot C` versus linear `, but can easily be seen when
we carefully plot the lowest multipoles on a logarithmic
scale, as shown in Fig. 3(a).

This low-` dip has a corresponding AAA in the dig-
its of ⇡, manifesting itself in the lack of the number ‘0’.
Fig. 3(b) shows the cumulative count of 0 in the digits
of ⇡. For the lowest digits there is an obvious lack of
0s. In fact the first 0 does not occur until the 33rd digit,
the probability of which can easily be estimated to be a
few percent. Hence this is interesting, but perhaps not
very remarkable in itself. However, we find that consec-

utive strings of the number 0 are also under-represented.
For example the pattern ‘000000’ is the only string of
six consecutive numbers that does not occur in the first
million digits of ⇡; in fact it does not show up until digit
1,699,927.

Furthermore, if we consider the binary digits of ⇡ we
discover that there are many more instances of 0 than 1
for the lowest digits. In particular 61% of the first 164
bits are 0, which is extreme enough to have a probability
of just 0.3% (using the binomial distribution for 164 tri-
als). The fraction of occurrences of ‘0’ stays well above

Cold Spot



•  Remember there’s only one observable Universe!
•  These measurements are “cosmic variance” limited
•  So we can’t do better just by re-measuring them



•  Remember there’s only one observable Universe!
•  These measurements are “cosmic variance” limited
•  So we can’t do better just by re-measuring them

• We have to be cautious about “a posteriori” claims
• But, these are special and important modes
• So we should continue to look for “explanations”
• And look in independent data, e.g. polarization      
(this is being done for next Planck I&S paper)



Do the 2 sides of the 
CMB sky look alike?



Do the 2 sides of the 
Moon look alike?



Probability of dipole modulation
A&A proofs: manuscript no. IandS_rearranged_full

duced by masking:

f1m ≡
∫

dΩ Y ∗
1m(Ω)M(Ω), (45)2050

where M(Ω) is the mask. Finally, we correct the direc-
tion for the effects of inhomogeneous noise which is not ac-
counted for in the filtering process, by weighting the X̃m by
the inverse of the variance derived from filtered and mean-2055

field corrected simulations.
The physics is readily accessible in this estimator: the

ℓ dependence in modulation determined by the parameter
X is expressed in the δCℓℓ+1 factor, and the relevant scales
appear directly in the limits of the sum. We consider the2060

estimator over the range ℓmin = 2 ≤ ℓ ≤ ℓmax. The modu-
lation amplitude and direction are then given by

Ã =
√

X̃2
0 + 2|X̃1|2, (46)

θ̃ = cos−1

(

X̃0

Ã

)

, (47)

φ̃ = − tan−1

(

Im[X̃1]

Re[X̃1]

)

. (48)2065

It is worth re-emphasizing that the quantities Ã, θ̃, and φ̃
are all dependent on the ℓ range considered.

As a consequence of the central limit theorem, for
sufficiently large ℓmax, the X̃s are Gaussian distributed2070

with mean zero, so that the amplitude parameter is then
Maxwell-Boltzmann distributed. We fit to this distribution
for ℓmax ≥ 10 when computing the p-value so as not to be
influenced by Poisson noise in the tails of the empirical dis-
tribution (and we have determined that this is a good fit to2075

the simulations by applying a Kolmogorov-Smirnoff test).
For the case of scalar amplitude modulation (i.e., X = As),
and ℓmin = 2, the cosmic-variance-limited expectation for
the modulation amplitude from statistically isotropic skies
is2080

〈

∆As

As

〉

≃

√

48

π(ℓmax + 4)(ℓmax − 1)
. (49)

This is the cosmic variance for a scale-invariant dipole mod-
ulation, and gives a more explicit expression than the ℓ−1

max
scaling discussed in Hanson & Lewis (2009).2085

The top panel of Fig. 30 presents results for the p-value
of the fitted modulation amplitude as a function of ℓmax.
Note that there are several peaks, at ℓ ≃ 40 and ℓ ≃ 67 (the
focus of most attention in the literature), and ℓ ≃ 240. The
latter peak, while not previously emphasized, is also present2090

in the WMAP results (see Fig. 15 in Bennett et al. 2011).
It is also interesting to note that a modulation amplitude is
observed at ℓmax ≃ 800 that is somewhat lower than what
one would typically expect for a statistically isotropic sky.
However, the significance is not at the level of the excess2095

dipole modulation at low ℓ and will not be discussed fur-
ther. The dip at ℓmax ≃ 67, with a p-value of 0.9–1.0 %,
corresponds to the well-known low-ℓ dipole modulation.6

6 Actually only SEVEM and SMICA achieve their minimum at
ℓmax = 67, whereas NILC and Commander achieve theirs at
ℓmax = 14 and 240, respectively. Such scatter is expected when
searching over a large number of possible ℓ ranges. The recon-
structed amplitudes for each component-separation method are
well within the error budgets of the estimator.
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Fig. 30. Probability determined from the QML analysis for a
Monte Carlo simulation to have a larger dipole modulation am-
plitude than the Commander (red), NILC (orange), SEVEM (green),
and SMICA (blue) data sets, with (top panel) ℓmin = 2 or (bottom
panel) ℓmin = 100. No significant modulation is found once the
low-ℓ signal is removed. We emphasize that the statistic here is
cumulative and apparent trends in the curves can be misleading.

Table 23 presents the corresponding dipole modulation pa-
rameters, which are seen to be consistent with previous 2100

studies. Note that the mean amplitude expected for a set
of statistically isotropic simulations at this ℓmax is 2.9 %
(in close agreement with the expected value due to cosmic
variance, Eq. 49).

We have therefore determined a phenomenological sig- 2105

nature of modulation for ℓ = 2–67 with a p-value of 0.9–
1.0 %. If such a signal had been predicted by a specific
model, then we could claim a significance of about 3 σ. How-
ever, in the absence of such an a priori model, we can assess
how often we might find a 3 σ effect by chance, given that it 2110

could have occurred over any ℓ range. Since we are looking
for a large-scale phenomenon, we assume that the analysis
should include the corresponding low-ℓ modes and start at
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•  Some dipole modulation (or hemispheric 
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duced by masking:

f1m ≡
∫

dΩ Y ∗
1m(Ω)M(Ω), (45)2050

where M(Ω) is the mask. Finally, we correct the direc-
tion for the effects of inhomogeneous noise which is not ac-
counted for in the filtering process, by weighting the X̃m by
the inverse of the variance derived from filtered and mean-2055

field corrected simulations.
The physics is readily accessible in this estimator: the

ℓ dependence in modulation determined by the parameter
X is expressed in the δCℓℓ+1 factor, and the relevant scales
appear directly in the limits of the sum. We consider the2060

estimator over the range ℓmin = 2 ≤ ℓ ≤ ℓmax. The modu-
lation amplitude and direction are then given by

Ã =
√

X̃2
0 + 2|X̃1|2, (46)

θ̃ = cos−1

(

X̃0

Ã

)

, (47)

φ̃ = − tan−1
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Im[X̃1]

Re[X̃1]

)

. (48)2065

It is worth re-emphasizing that the quantities Ã, θ̃, and φ̃
are all dependent on the ℓ range considered.

As a consequence of the central limit theorem, for
sufficiently large ℓmax, the X̃s are Gaussian distributed2070

with mean zero, so that the amplitude parameter is then
Maxwell-Boltzmann distributed. We fit to this distribution
for ℓmax ≥ 10 when computing the p-value so as not to be
influenced by Poisson noise in the tails of the empirical dis-
tribution (and we have determined that this is a good fit to2075

the simulations by applying a Kolmogorov-Smirnoff test).
For the case of scalar amplitude modulation (i.e., X = As),
and ℓmin = 2, the cosmic-variance-limited expectation for
the modulation amplitude from statistically isotropic skies
is2080

〈

∆As

As

〉

≃

√

48

π(ℓmax + 4)(ℓmax − 1)
. (49)

This is the cosmic variance for a scale-invariant dipole mod-
ulation, and gives a more explicit expression than the ℓ−1

max
scaling discussed in Hanson & Lewis (2009).2085

The top panel of Fig. 30 presents results for the p-value
of the fitted modulation amplitude as a function of ℓmax.
Note that there are several peaks, at ℓ ≃ 40 and ℓ ≃ 67 (the
focus of most attention in the literature), and ℓ ≃ 240. The
latter peak, while not previously emphasized, is also present2090

in the WMAP results (see Fig. 15 in Bennett et al. 2011).
It is also interesting to note that a modulation amplitude is
observed at ℓmax ≃ 800 that is somewhat lower than what
one would typically expect for a statistically isotropic sky.
However, the significance is not at the level of the excess2095

dipole modulation at low ℓ and will not be discussed fur-
ther. The dip at ℓmax ≃ 67, with a p-value of 0.9–1.0 %,
corresponds to the well-known low-ℓ dipole modulation.6

6 Actually only SEVEM and SMICA achieve their minimum at
ℓmax = 67, whereas NILC and Commander achieve theirs at
ℓmax = 14 and 240, respectively. Such scatter is expected when
searching over a large number of possible ℓ ranges. The recon-
structed amplitudes for each component-separation method are
well within the error budgets of the estimator.
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Fig. 30. Probability determined from the QML analysis for a
Monte Carlo simulation to have a larger dipole modulation am-
plitude than the Commander (red), NILC (orange), SEVEM (green),
and SMICA (blue) data sets, with (top panel) ℓmin = 2 or (bottom
panel) ℓmin = 100. No significant modulation is found once the
low-ℓ signal is removed. We emphasize that the statistic here is
cumulative and apparent trends in the curves can be misleading.

Table 23 presents the corresponding dipole modulation pa-
rameters, which are seen to be consistent with previous 2100

studies. Note that the mean amplitude expected for a set
of statistically isotropic simulations at this ℓmax is 2.9 %
(in close agreement with the expected value due to cosmic
variance, Eq. 49).

We have therefore determined a phenomenological sig- 2105

nature of modulation for ℓ = 2–67 with a p-value of 0.9–
1.0 %. If such a signal had been predicted by a specific
model, then we could claim a significance of about 3 σ. How-
ever, in the absence of such an a priori model, we can assess
how often we might find a 3 σ effect by chance, given that it 2110

could have occurred over any ℓ range. Since we are looking
for a large-scale phenomenon, we assume that the analysis
should include the corresponding low-ℓ modes and start at
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counted for in the filtering process, by weighting the X̃m by
the inverse of the variance derived from filtered and mean-2055
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X is expressed in the δCℓℓ+1 factor, and the relevant scales
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It is worth re-emphasizing that the quantities Ã, θ̃, and φ̃
are all dependent on the ℓ range considered.

As a consequence of the central limit theorem, for
sufficiently large ℓmax, the X̃s are Gaussian distributed2070

with mean zero, so that the amplitude parameter is then
Maxwell-Boltzmann distributed. We fit to this distribution
for ℓmax ≥ 10 when computing the p-value so as not to be
influenced by Poisson noise in the tails of the empirical dis-
tribution (and we have determined that this is a good fit to2075

the simulations by applying a Kolmogorov-Smirnoff test).
For the case of scalar amplitude modulation (i.e., X = As),
and ℓmin = 2, the cosmic-variance-limited expectation for
the modulation amplitude from statistically isotropic skies
is2080
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≃
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. (49)

This is the cosmic variance for a scale-invariant dipole mod-
ulation, and gives a more explicit expression than the ℓ−1

max
scaling discussed in Hanson & Lewis (2009).2085

The top panel of Fig. 30 presents results for the p-value
of the fitted modulation amplitude as a function of ℓmax.
Note that there are several peaks, at ℓ ≃ 40 and ℓ ≃ 67 (the
focus of most attention in the literature), and ℓ ≃ 240. The
latter peak, while not previously emphasized, is also present2090

in the WMAP results (see Fig. 15 in Bennett et al. 2011).
It is also interesting to note that a modulation amplitude is
observed at ℓmax ≃ 800 that is somewhat lower than what
one would typically expect for a statistically isotropic sky.
However, the significance is not at the level of the excess2095

dipole modulation at low ℓ and will not be discussed fur-
ther. The dip at ℓmax ≃ 67, with a p-value of 0.9–1.0 %,
corresponds to the well-known low-ℓ dipole modulation.6

6 Actually only SEVEM and SMICA achieve their minimum at
ℓmax = 67, whereas NILC and Commander achieve theirs at
ℓmax = 14 and 240, respectively. Such scatter is expected when
searching over a large number of possible ℓ ranges. The recon-
structed amplitudes for each component-separation method are
well within the error budgets of the estimator.
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Fig. 30. Probability determined from the QML analysis for a
Monte Carlo simulation to have a larger dipole modulation am-
plitude than the Commander (red), NILC (orange), SEVEM (green),
and SMICA (blue) data sets, with (top panel) ℓmin = 2 or (bottom
panel) ℓmin = 100. No significant modulation is found once the
low-ℓ signal is removed. We emphasize that the statistic here is
cumulative and apparent trends in the curves can be misleading.

Table 23 presents the corresponding dipole modulation pa-
rameters, which are seen to be consistent with previous 2100

studies. Note that the mean amplitude expected for a set
of statistically isotropic simulations at this ℓmax is 2.9 %
(in close agreement with the expected value due to cosmic
variance, Eq. 49).

We have therefore determined a phenomenological sig- 2105

nature of modulation for ℓ = 2–67 with a p-value of 0.9–
1.0 %. If such a signal had been predicted by a specific
model, then we could claim a significance of about 3 σ. How-
ever, in the absence of such an a priori model, we can assess
how often we might find a 3 σ effect by chance, given that it 2110

could have occurred over any ℓ range. Since we are looking
for a large-scale phenomenon, we assume that the analysis
should include the corresponding low-ℓ modes and start at
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•  Some dipole modulation (or hemispheric 
asymmetry) is expected

•  For purely Gaussian, statistically isotropic skies, if we 
look from lmin=2 to some lmax :

• Then when we find some low-p modulation, we have to 
marginalise over effects of similar p for other lmax

• In other words, ask how often you find such apparently 
unlikely modulations in simulations
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ℓ = 2. In order to correct for a posteriori effects we then
adopt the following scheme.2115

1. We calculate the modulation of each simulation on the
scales [2, ℓ], where ℓ ∈ [10, ℓmax]. For each simulation we
find the modulation that gives the smallest probability,
η (in the same way that was done for the data).

2. With the distribution of ηs given by the simulations we2120

then compare this to the data. That is, we calculate
the probability that one would find oneself in a Hubble
patch with a modulation amplitude up to ℓ ∈ [10, ℓmax]
that is as significant as (or more significant than) the
modulation in the real data.2125
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Fig. 31. Probability determined from the QML analysis for ob-
taining a dipole modulation amplitude at least as anomalous as
the Commander (red), NILC (orange), SEVEM (green), and SMICA

(blue) data sets, for the range ℓ ∈ [10, ℓmax]. The vertical line
corresponds to ℓmax = 132 which was used as the search limit
in Bennett et al. (2011). The probability grows approximately
logarithmically with ℓmax. This means that the adopted proba-
bility to exceed is fortunately not very sensitive to ℓmax, and for
any reasonable choice is above 10 %.

If ℓmax = 132 (as chosen in Bennett et al. 2011), the
probability of achieving a modulation as large as the Planck
data in this range is higher than 10 % (see Fig. 31). This is
in agreement with the findings of the WMAP team (which
found 10 % and 13 % in the same ℓ-range, using two differ-2130

ent masks). Here, we do not quote a specific PTE for the
dipole modulation since it depends on the choice of both
ℓmax (albeit not so sensitively) and ℓmin (which we have
decided not to marginalize over). However, it appears to
be the case that the dipole modulation that we observe is2135

quite unremarkable. That is, Gaussian fluctuations in a sta-
tistically isotropic Universe will reasonably often result in
a dipole modulation with a comparable level of significance
as presented here.

Beyond this, evidence for dipole modulation is found at2140

ℓ ≃ 200–300, with a smaller dip at ℓ ≃ 500. Given that
the dipole modulation estimator is a cumulative quantity,
it is possible that these features are statistically enhanced
by the usual low-ℓ signal. To test this we analyse the dipole
modulation as a function of ℓmax again, with the restriction2145

ℓmin = 100 applied in order to completely remove any low-ℓ

influence. The outcome is presented in Fig. 30 (bottom). It
is clear that even before introducing posterior corrections
no significant modulation is found, indicating that the p-
values of the features at ℓ > 100 were indeed exaggerated 2150

by the low-ℓ modulation.

6.4. Bipolar Spherical Harmonics

In the absence of the assumption of statistical isotropy (SI),
the CMB two point correlation function C(n̂1, n̂2) ! C(n̂1 ·
n̂2) can be most generally expanded in the Bipolar Spherical 2155

Harmonic (BipoSH) basis representation as follows,

C(n̂1, n̂2) =
∑

LMℓ1ℓ2

ÃLM
ℓ1ℓ2

{Yℓ1
(n̂1) ⊗ Yℓ2

(n̂2)}LM . (50)

The BipoSH basis functions, {Yℓ1
(n̂1) ⊗ Yℓ2

(n̂2)}LM are
tensor products of ordinary spherical harmonic functions,
and the corresponding expansion coefficients are termed 2160

BipoSH coefficients (Hajian & Souradeep 2003; Hajian &
Souradeep 2006). The BipoSH basis provides a complete
representation of any form of statistical isotropy violation
with the key advantage of independently separating the an-
gular scale dependence of the signal in spherical harmonic 2165

multipoles, ℓ, with the nature of the violation indexed in the
bipolar multipole space by L. Consequently, it is possible
to simultaneously determine that such a signal is dipolar
(L = 1), quadrupolar (L = 2), octopolar (L = 3), and so
on, in nature and that the power is restricted to specific 2170

ranges of angular scales.
The estimation of BipoSH coefficients from CMB maps

is a natural generalisation of the more routinely undertaken
estimation of angular power spectrum Cl. To allow a direct
connection to the angular power, we further introduce a 2175

set of BipoSH spectra at every bipolar harmonic moment,
(L, M), labelled by a difference index d, defined as follows,

ALM
ℓℓ+d = ÃLM

ℓℓ+d
ΠL

Πℓ(ℓ+d)CL0
ℓ0(ℓ+d)0

, (0 ≤ d ≤ L) , (51)

where CLM
ℓ1m1ℓ2m2

are the Clebsch-Gordon coefficients and 2180

for brevity the notation Πℓ1ℓ2..ℓn
=

∏n
i=1

√

(2ℓi + 1). Bi-
poSH spectra 7, clearly, are then simply a generalized set
of CMB angular power spectra, with the standard CMB an-
gular power spectrum Cℓ = A00

ℓℓ being one of them. While
A00

ℓℓ quantifies the properties of the statistically isotropic 2185

part of the CMB fluctuations, the additional BipoSH co-
efficients quantify the statistically anisotropic part of the
CMB two point correlation function.

Thus BipoSH provides a mathematically complete de-
scription of all possible violations of statistical isotropy in a 2190

Gaussian CMB sky map. It is then always possible to trans-
late any specific model for such a signal into the language of

7 The BipoSH spectra, as defined in Eq. (51) restrict us to
working with only even parity BipoSH coefficients (L + d is
even) due to the vanishing CL0

ℓ0ℓ+d0 otherwise. While most known
isotropy violating phenomena like weak lensing, Doppler boost,
non-circular beams (beams with elliptical beam sensitivity con-
tours) etc. can only produce even parity BipoSH spectra, mea-
surement of odd parity BipoSH spectra can be used to test for
systematic effects since they are expected to be consistent with
zero, or to search for the signatures of exotic effects such as the
lensing of CMB photons by tensor metric perturbations.
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ℓ = 2. In order to correct for a posteriori effects we then
adopt the following scheme.2115

1. We calculate the modulation of each simulation on the
scales [2, ℓ], where ℓ ∈ [10, ℓmax]. For each simulation we
find the modulation that gives the smallest probability,
η (in the same way that was done for the data).

2. With the distribution of ηs given by the simulations we2120

then compare this to the data. That is, we calculate
the probability that one would find oneself in a Hubble
patch with a modulation amplitude up to ℓ ∈ [10, ℓmax]
that is as significant as (or more significant than) the
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Fig. 31. Probability determined from the QML analysis for ob-
taining a dipole modulation amplitude at least as anomalous as
the Commander (red), NILC (orange), SEVEM (green), and SMICA

(blue) data sets, for the range ℓ ∈ [10, ℓmax]. The vertical line
corresponds to ℓmax = 132 which was used as the search limit
in Bennett et al. (2011). The probability grows approximately
logarithmically with ℓmax. This means that the adopted proba-
bility to exceed is fortunately not very sensitive to ℓmax, and for
any reasonable choice is above 10 %.

If ℓmax = 132 (as chosen in Bennett et al. 2011), the
probability of achieving a modulation as large as the Planck
data in this range is higher than 10 % (see Fig. 31). This is
in agreement with the findings of the WMAP team (which
found 10 % and 13 % in the same ℓ-range, using two differ-2130

ent masks). Here, we do not quote a specific PTE for the
dipole modulation since it depends on the choice of both
ℓmax (albeit not so sensitively) and ℓmin (which we have
decided not to marginalize over). However, it appears to
be the case that the dipole modulation that we observe is2135

quite unremarkable. That is, Gaussian fluctuations in a sta-
tistically isotropic Universe will reasonably often result in
a dipole modulation with a comparable level of significance
as presented here.

Beyond this, evidence for dipole modulation is found at2140

ℓ ≃ 200–300, with a smaller dip at ℓ ≃ 500. Given that
the dipole modulation estimator is a cumulative quantity,
it is possible that these features are statistically enhanced
by the usual low-ℓ signal. To test this we analyse the dipole
modulation as a function of ℓmax again, with the restriction2145

ℓmin = 100 applied in order to completely remove any low-ℓ

influence. The outcome is presented in Fig. 30 (bottom). It
is clear that even before introducing posterior corrections
no significant modulation is found, indicating that the p-
values of the features at ℓ > 100 were indeed exaggerated 2150

by the low-ℓ modulation.

6.4. Bipolar Spherical Harmonics

In the absence of the assumption of statistical isotropy (SI),
the CMB two point correlation function C(n̂1, n̂2) ! C(n̂1 ·
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multipoles, ℓ, with the nature of the violation indexed in the
bipolar multipole space by L. Consequently, it is possible
to simultaneously determine that such a signal is dipolar
(L = 1), quadrupolar (L = 2), octopolar (L = 3), and so
on, in nature and that the power is restricted to specific 2170
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The estimation of BipoSH coefficients from CMB maps

is a natural generalisation of the more routinely undertaken
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connection to the angular power, we further introduce a 2175
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7 The BipoSH spectra, as defined in Eq. (51) restrict us to
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ℓ0ℓ+d0 otherwise. While most known
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Marginalising over 
values of lmax (i.e. 
looking for 
modulations with 
equal p-values in 
the simulated 
data sets) shows 
that the 
“probability to 
exceed” is not 
small
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Standard model works well

• So if there are no strong tensions or anomalies, 
what are theorists meant to do?!

• The trick is to wisely pick the 2 to 3σ effects that 
grow into 5σ effects

•  A 6 parameter model continues to fit!
•  With only some simple (and testable)  assumptions
•  We appear to have a fairly precise model for the 
Universe on the largest scales

•  But:  Where did the parameters come from?
•  Will further precision uncover more parameters?
•  Could any of the basic assumptions turn out to be 
wrong?



Beyond the SMC?

• Constrain parameters better?
• Which of  ~12 have null values?
• Will Ων be next to be measured?
• Will there be genuine surprises?
• Are 1+w and B-modes detectable?
• Did inflation happen or something else?
• Will the SMC get as boringly successful 

as the SMPP?
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Beyond the SMC?

• Constrain parameters better?
• Which of  ~12 have null values?
• Will Ων be next to be measured?
• Will there be genuine surprises?
• Are 1+w and B-modes detectable?
• Did inflation happen or something else?
• Will the SMC get as boringly successful 

as the SMPP?



Planck 2015 and inflation

•  ΩK=0.000±0.005 (95%CL)
•  ns=0.968±0.006
•  dns/dlnk=−0.003±0.007
•  no features required in fits
•  r<0.11 (Planck TT+TE+EE)
•  r<0.12 (BICEP2+Keck Array+Planck BB)
•  r<0.08 (combined)
•  fNL(local)=2±6;  fNL(equil)=0±40;  fNL(ortho)=−26±21
•  isocurvature < few% (depending on mode)
•  no evidence of cosmic defects
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Fig. 54. Marginalized joint 68 % and 95 % CL regions for ns and r0.002 from Planck alone and in combination with its cross-
correlation with BICEP2/Keck Array and/or BAO data compared with the theoretical predictions of selected inflationary models.

further improving on the upper limits obtained from the different
data combinations presented in Sect. 5.

By directly constraining the tensor mode, the BKP likeli-
hood removes degeneracies between the tensor-to-scalar ratio
and other parameters. Adding tensors and running, we obtain

r0.002 < 0.10 (95 % CL, Planck TT+lowP+BKP) , (168)

which constitutes almost a 50 % improvement over the Planck
TT+lowP constraint quoted in Eq. (28). These limits on tensor
modes are more robust than the limits using the shape of the
CTT
` spectrum alone owing to the fact that scalar perturbations

cannot generate B modes irrespective of the shape of the scalar
spectrum.

13.1. Implications of BKP on selected inflationary models

Using the BKP likelihood further strengthens the constraints
on the inflationary parameters and models discussed in Sect. 6,
as seen in Fig. 54. If we set ✏3 = 0, the first slow-roll pa-
rameter is constrained to ✏1 < 0.0055 at 95 % CL by Planck
TT+lowP+BKP. With the same data combination, concave po-
tentials are preferred over convex potentials with log B = 3.8,
which improves on log B = 2 obtained from the Planck data
alone.

Combining with the BKP likelihood strengthens the con-
straints on the selected inflationary models studied in Sect. 6.
Using the same methodology as in Sect. 6 and adding the BKP
likelihood gives a Bayes factor preferring R2 over chaotic in-
flation with monomial quadratic potential and natural inflation
by odds of 403:1 and 270:1, respectively, under the assumption
of a dust equation of state during the entropy generation stage.
The combination with the BKP likelihood further penalizes the
double-well model compared to R2 inflation. However, adding

Table 17. Results of inflationary model comparison using the
cross-correlation between BICEP2/Keck Array and Planck. This
table is the analogue to Table 6, which did not use the BKP like-
lihood.

Inflationary Model ln B0X

wint = 0 wint , 0

R + R2/6M2 . . . +0.3
n = 2 �6.0 �5.6
Natural �5.6 �5.0
Hilltop (p = 2) �0.7 �0.4
Hilltop (p = 4) �0.6 �0.9
Double well �4.3 �4.2
Brane inflation (p = 2) +0.2 0.0
Brane inflation (p = 4) +0.1 �0.1
Exponential inflation �0.1 0.0
SB SUSY �1.8 �1.5
Supersymmetric ↵-model �1.1 +0.1
Superconformal (m = 1) �1.9 �1.4

BKP reduces the Bayes factor of the hilltop models compared
to R2, because these models can predict a value of the tensor-to-
scalar ratio that better fits the statistically insignificant peak at
r ⇡ 0.05. See Table 17 for the Bayes factors of other inflationary
models with the same two cases of post-inflationary evolution
studied in Sect. 6.

13.2. Implications of BKP on scalar power spectrum

The presence of tensors would, at least to some degree, require
an enhanced suppression of the scalar power spectrum on large
scales to account for the low-` deficit in the CTT

` spectrum. We
therefore repeat the analysis of an exponential cut-off studied
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Big questions for theorists
• Why Λ ?
• Why is ΩCDM/ΩB≃5 ?

• Are some parameters stochastic?
• Alternatives to inflation?
• Naturally explain any anomalies?
• Predict something new: non-Gauss., 

isocurvature, defects, PMFs, PBHs, MG ?
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Either the best time or worst time
to be a theorist in cosmology!
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Dark Energy Theories
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•Tolman-Bondi cosmology

•Back-reaction effects

•Elastic Dark Energy

•Holographic Dark Energy

•Natural Dark Energy

•Dark monodromies
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•Dark fluid

•Effective Field Theory

•Horndeski models

•Post-Friedman parameterization

•Massive gravity

•Vainshtein screening

•Chameleon models

•Galileo theory

•Multi-metric gravity

•K-mouflage

•Teleparallel Dark Energy

•Warped brane-worlds

•Pilgrim Dark Energy

•Machine strings

•Condensate-induced Dark Energy

•3-form Dark Energy

•Ricci Dark Energy

•Einstein-Cartan torsion

•Tachyon Dark Energy

•Quintom Dark Energy

•Emergent gravity

•Cosmological constant
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Late 1960s / early 1970s

Predicted:

• W,Z,c,t,g,Higgs

Not fundamental

Observer independent     
(not stochastic?)

Very very precise

What’s next?

 Early 1990s

 Predicted:

• many things!

 Not fundamental

 Observer dependent     
(time + cosmic variance)

 Getting very precise

 What’s next?

SMPP SMC







What about non-standard models?

 Global anisotropy, rotation, topology

 Isocurvature or defect contribution

 Primodial magnetic fields

 We live in the centre of a void

 Interacting Dark Matter

 Modifications to Gravity

 Variable fundamental constants



What about non-standard models?

 Global anisotropy, rotation, topology

 Isocurvature or defect contribution

 Primodial magnetic fields

 We live in the centre of a void

 Interacting Dark Matter

 Modifications to Gravity

 Variable fundamental constantsBUT NEED STRONGER MOTIVATION
TO THROW OUT EVERYTHING!
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Cosmic Mnemonics

•Using the chains from “Planck+WP+HighL+BAO”:

• Age of the Universe

t₀ = (13.80±0.04)Gyr = 0.435 exaseconds

   ≈ 10⁸/α years

   ≈ 5 × 2200 tPlanck

   ≈ 5 trillion days

   ≈ 3 × ( age of the Earth)
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• Hubble constant:

• H₀t₀ = 0.957±0.009

• H₀t₀ = n (!)  [H₀t₀/n=0.996±0.007]

• Ht will be unity in about 1 billion years

• H (t→∞) = (56.4±1.1)km/s/Mpc
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• ρcrit = (8.6±0.2)×10ˉ²⁷kg mˉ³ = 5 nucleons mˉ³

•Cosmological constant:

• Λ = (1.00±0.01)×10ˉ³⁵sˉ² = ten square attohertz

• Distance to last-scattering:

• dLSS = (430.1±1.4)×10²⁴m ∼400 Yottametres

• Photons within last-scattering volume:

• Nγ = (1.443±0.013)×10⁸⁹ ∼ αˉ⁴²
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• Amplitude: σ₈=0.826±0.012 at 8 h-1Mpc

•  But σ(R)= 1 for R=(8.9±0.3)Mpc [no h!]

• Growth factor today: g=0.784±0.006

• Reionization: fraction of CMB scattered = 8.8%

• Scaling of acoustic peaks = 0.6° (=Sun or Moon)

• Ωm/Ωb = 2ΩΛ/Ωm (=5.4)

• Ωγ = 5.4×10 -5  = α-2

• ...
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𝜽  =rS/dA 
Measured to >2000σ

We call this the Planck Scale!



Lose some of the detailed slides in the 
middle of the talk (examples of proofs of 

SMC + some of math parts?)


