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• 1988  Lederman, Schwartz and Steinberger

• 1995 Reines & Perl

• 2002 Davies and Koshiba & Giaconni

• 2015 Kajita and McDonald

• 20yx  ???????

5

Neutrino Nobel Prizes:
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Key Experimental Neutrino Questions:
•Nature of Neutrino Mass: 

• 2 comp & L violation (Majorana) 

• or 4 comp & L conserved (Dirac) 

•Neutrino Standard Model: 

• Perform stringent tests 3 nu paradigm: check unitarity, … 

•Determine size and sign of CPV 

•Determine atmospheric mass ordering 

• Does nu_mu or nu_tau dominate nu_3 (theta_23 octant) 

• Beyond 3 nus:   

• Steriles, Non-Standard Interactions, Lorentz violation, nuBSM, ….

8
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Flavor Content of Mass Eigenstates:

9
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Neutrinos: Theory and Phenomenology: 3

2. Neutrino Masses and Mixings

The three known neutrino flavor states, ⌫e, ⌫µ, ⌫⌧ , and the three neutrino mass

eigenstates, ⌫
1

, ⌫
2

, ⌫
3

, are related as follows:
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where the U matrix is unitary and referred to as the PMNS matrix. The mass eigenstates

are labelled such that |Ue1|2 > |Ue2|2 > |Ue3|2,which implies that, by definition, the

⌫e component of ⌫
1

> ⌫e component of ⌫
2

> ⌫e component of ⌫
3

.

2.1. Masses

With this choice of labeling of the neutrino mass eigenstates, the solar oscillations are

governed by �m2

21

as both ⌫
1

and ⌫
2

have a significant ⌫e component. Whereas the

atmospheric oscillations are governed by �m2

31

⇡ �m2

32

as ⌫
3

has a small ⌫e component

required by the small ⌫e involvement shown by the results of the SuperKamiokande

and Chooz experiments. The mass ordering of ⌫
1

and ⌫
2

was determined by matter

e↵ects in the interior of the sun by the SNO experiment [2]. Their measurement of the

charge current to neutral current ratio of less than one half, for the 8B high energy solar

neutrinos, implies that the higher mass state has the lower ⌫e component i.e. m2

2

> m2

1

or �m2

21

> 0.

The atmospheric neutrino mass ordering, m2

3

> or < m2

2

, m2

1

is still to be

determined, see Fig. 1. If m2

3

> m2

2

, the ordering is known as the normal hierarchy

(NH), whereas if m2

3

< m2

1

the ordering is known as the inverted hierarchy (IH). Fig. 2

shows the masses as a function of the lightest neutrino mass.

The sum of the masses of the neutrinos satisfies
q
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Figure 1. What is known about the square of the neutrino masses for the two
atmospheric mass hierarchies.
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Neutrino Standard Model:
• Labeling massive neutrinos:

• To Be Majorana or Not To Be Majorana?

• We know (|Ue2|2, |Ue3|2, |Uµ3|2) with precision of (5,10,15)% but
have little information on the other 6 elements of the PMNS matrix without
assuming Unitarity.

• Stringent tests of the ⌫SM Paradigm, determining the Mass Hierarchy
& measuring CPV are the next steps. Unitarity Triangle? Tau’s?

• Are there lite Sterile neutrinos?
Can we exclude |Ue4|2 and |Uµ4|2 > 0.01, say, for �m2 ⇠ 1eV 2

• Solving the Neutrino Masses and Mixing pattern is di�cult challenge
for Theory!

– Typeset by FoilTEX – 3
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Neutrino Mixing Matrix: PMNS
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André de Gouvêa Northwestern

Phenomenological Understanding of Neutrino Masses & Mixing

(The Standard Massive Neutrino Paradigm)
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The Neutrino Masses:
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E = mc2
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Masses
Label the Neutrino mass eigenstates such that:

⇤e component of ⇤1 > ⇤e component of ⇤2 > ⇤e component of ⇤3
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Matter effect

CP violation

Eµ = 20 GeV

Solar LMA
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Wrong-Sign Muon Measurements

Stat. error for

1020 decays

Neutrino Factory: 

 Only way to get to very small values of 
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Fermion Mass
(Neutrino Mass)

Mass is a coupling between the
RIGHT and the LEFT

components of the Fermion Field.

P 2 = M2, S2 = �1, and P · S = 0

then (P ± MS)2 = 0

Dirac spinor:

U(P, S) = (1+�5)
2 U(P+MS

2 ) + ei� (1��5)
2 U(P �MS

2 )

Right massless spinor Left massless spinor

for massless particles chirality and helicity are the identical
– Typeset by FoilTEX – 2
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2. Neutrino Masses and Mixings
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where the U matrix is unitary and referred to as the PMNS matrix. The mass eigenstates
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where the U matrix is unitary and referred to as the PMNS matrix. The mass eigenstates

are labelled such that |Ue1|2 > |Ue2|2 > |Ue3|2,which implies that, by definition, the

⌫e component of ⌫
1

> ⌫e component of ⌫
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> ⌫e component of ⌫
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and Chooz experiments. The mass ordering of ⌫
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was determined by matter
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charge current to neutral current ratio of less than one half, for the 8B high energy solar
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, the ordering is known as the normal hierarchy

(NH), whereas if m2
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the ordering is known as the inverted hierarchy (IH). Fig. 2
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where the U matrix is unitary and referred to as the PMNS matrix. The mass eigenstates

are labelled such that |Ue1|2 > |Ue2|2 > |Ue3|2,which implies that, by definition, the
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where the U matrix is unitary and referred to as the PMNS matrix. The mass eigenstates
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The New Minimal Standard Model

• Minimal extension to introduce Lα violation ⇒ give Mass to the Neutrino:

∗ Introduce νR AND impose L conservation ⇒ Dirac ν ̸= νc:

L = LSM −MννLνR + h.c.

∗ NOT impose L conservation ⇒ Majorana ν = νc

L = LSM − 1
2MννLνCL + h.c.
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The New Minimal Standard Model

• Minimal extension to introduce Lα violation ⇒ give Mass to the Neutrino:

∗ Introduce νR AND impose L conservation ⇒ Dirac ν ̸= νc:

L = LSM −MννLνR + h.c.

∗ NOT impose L conservation ⇒ Majorana ν = νc

L = LSM − 1
2MννLνCL + h.c.

• The charged current interactions of leptons are not diagonal (same as quarks)
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The New Minimal Standard Model
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André de Gouvêa Northwestern

Phenomenological Understanding of Neutrino Masses & Mixing

(The Standard Massive Neutrino Paradigm)

�
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⇥

⌃⌃⌅

�

⇧⇧⇤

⇥1

⇥2

⇥3

⇥

⌃⌃⌅

Definition of neutrino mass eigenstates (who are ⇥1, ⇥2, ⇥3?):

• m2
1 < m2

2 �m2
13 < 0 – Inverted Mass Hierarchy

• m2
2 �m2

1 ⇤ |m2
3 �m2

1,2| �m2
13 > 0 – Normal Mass Hierarchy

tan2 �12 ⇥ |Ue2|2
|Ue1|2 ; tan2 �23 ⇥ |Uµ3|2

|U⇥3|2 ; Ue3 ⇥ sin �13e�i�

June 12, 2012 � Theory

SNO CC
KamLAND

Masses
Label the Neutrino mass eigenstates such that:

⇤e component of ⇤1 > ⇤e component of ⇤2 > ⇤e component of ⇤3

i.e. |Ue1|2 > |Ue2|2 > |Ue3|2

|Ue2|2

|Ue3|2(1 � |Ue3|2)

|Uµ3|2(1 � |Uµ3|2)

Masses and Mixings

At 2⌅ we have the following limits:

sin2 ⇥13 < 0.04 ⇥
�

�m2
21

�m2
31

⇥1

| sin2 ⇥12 �
1
3

| < 0.04 ⇥
�

�m2
21

�m2
31
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Masses
Label the Neutrino mass eigenstates such that:

⇤e component of ⇤1 > ⇤e component of ⇤2 > ⇤e component of ⇤3

i.e. |Ue1|2 > |Ue2|2 > |Ue3|2
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At 2⌅ we have the following limits:
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�m2
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| sin2 ⇥12 �
1
3
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Atm Nus/LBL

Masses
Label the Neutrino mass eigenstates such that:

⇤e component of ⇤1 > ⇤e component of ⇤2 > ⇤e component of ⇤3

i.e. |Ue1|2 > |Ue2|2 > |Ue3|2

|Ue2|2

|Ue3|2(1 � |Ue3|2)

|Uµ3|2(1 � |Uµ3|2)

Masses and Mixings

At 2⌅ we have the following limits:
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smaller ⇥e

content

sin2 �12 � 1
3

sin2 �23 � 1
2

sin2 �13 � 0.02
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The Neutrino Masses:
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3

1
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3

Less than

4% �e
in the 3 state!

States 1 and 2 are �e rich.

E = mc2
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Masses
Label the Neutrino mass eigenstates such that:

⇤e component of ⇤1 > ⇤e component of ⇤2 > ⇤e component of ⇤3

i.e. |Ue1|2 > |Ue2|2 > |Ue3|2

Masses and Mixings

At 2⌅ we have the following limits:

sin2 ⇥13 < 0.04 ⇥
�

�m2
21

�m2
31

⇥1

| sin2 ⇥12 �
1
3
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| sin2 ⇥23 �
1
2
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⇥0.6

Close to Tri-Bi-Maximal: Accident or Symmetry ?
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Matter effect

CP violation

Eµ = 20 GeV

Solar LMA

sin2 2θ13 = 0.04

|δm2
32| = 0.002 eV2 ν1

ν3

ν2

ν3

ν2ν1

δm2 < 0

δm2 > 0

Wrong-Sign Muon Measurements

Stat. error for

1020 decays

Neutrino Factory: 

 Only way to get to very small values of 

|⇤sin �⌅T 2K
true � ⇤sin �⌅NO�A

true | ⇥ 0

|⇤sin �⌅T 2K
fake � ⇤sin �⌅NO�A

fake | ⇥ 1.0

�
sin2 2⇥13

0.05

if the measurement uncertainty on sin �

� ±0.2

then the two fake solutions are well separated down to

sin2 2⇥13 � 0.01
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�m2
sol = +7.6� 10�5 eV 2

|�m2
atm| = 2.4� 10�3 eV 2

|�m2
sol|/|�m2

atm| ⇧ 0.03
⇥

�m2
atm = 0.05 eV <

�
m�i < 0.5 eV = 10�6 ⇥me

sin2 ⇥12 ⌅ 1/3

sin2 ⇥23 ⌅ 1/2

sin2 ⇥13 < 3%

0 ⇤ � < 2⇤
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�m2
sol = +7.6� 10�5 eV 2

|�m2
atm| = 2.4� 10�3 eV 2

|�m2
atm| ⌅ 30 ⇥ |�m2

sol|
⇥

�m2
atm = 0.05 eV <

�
m�i < 0.5 eV = 10�6 ⇥me
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Neutrino Masses, Mixing and CPV circa 2016 Concha Gonzalez-Garcia

The New Minimal Standard Model

• Minimal extension to introduce Lα violation ⇒ give Mass to the Neutrino:

∗ Introduce νR AND impose L conservation ⇒ Dirac ν ̸= νc:

L = LSM −MννLνR + h.c.

∗ NOT impose L conservation ⇒ Majorana ν = νc

L = LSM − 1
2MννLνCL + h.c.

• The charged current interactions of leptons are not diagonal (same as quarks)
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Neutrino Mixing Matrix: PMNS
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André de Gouvêa Northwestern

Phenomenological Understanding of Neutrino Masses & Mixing

(The Standard Massive Neutrino Paradigm)
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⌃⌃⌅
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Definition of neutrino mass eigenstates (who are ⇥1, ⇥2, ⇥3?):

• m2
1 < m2

2 �m2
13 < 0 – Inverted Mass Hierarchy

• m2
2 �m2

1 ⇤ |m2
3 �m2

1,2| �m2
13 > 0 – Normal Mass Hierarchy

tan2 �12 ⇥ |Ue2|2
|Ue1|2 ; tan2 �23 ⇥ |Uµ3|2

|U⇥3|2 ; Ue3 ⇥ sin �13e�i�

June 12, 2012 � Theory

SNO CC
KamLAND

Masses
Label the Neutrino mass eigenstates such that:

⇤e component of ⇤1 > ⇤e component of ⇤2 > ⇤e component of ⇤3

i.e. |Ue1|2 > |Ue2|2 > |Ue3|2

|Ue2|2

|Ue3|2(1 � |Ue3|2)

|Uµ3|2(1 � |Uµ3|2)

Masses and Mixings

At 2⌅ we have the following limits:

sin2 ⇥13 < 0.04 ⇥
�

�m2
21

�m2
31

⇥1

| sin2 ⇥12 �
1
3

| < 0.04 ⇥
�

�m2
21

�m2
31

⇥1– Typeset by FoilTEX – 7

Reactor/LBL

Masses
Label the Neutrino mass eigenstates such that:

⇤e component of ⇤1 > ⇤e component of ⇤2 > ⇤e component of ⇤3

i.e. |Ue1|2 > |Ue2|2 > |Ue3|2

|Ue2|2

|Ue3|2(1 � |Ue3|2)

|Uµ3|2(1 � |Uµ3|2)

Masses and Mixings

At 2⌅ we have the following limits:

sin2 ⇥13 < 0.04 ⇥
�

�m2
21

�m2
31

⇥1

| sin2 ⇥12 �
1
3

| < 0.04 ⇥
�

�m2
21

�m2
31

⇥1– Typeset by FoilTEX – 7

Atm Nus/LBL

Masses
Label the Neutrino mass eigenstates such that:

⇤e component of ⇤1 > ⇤e component of ⇤2 > ⇤e component of ⇤3
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Masses and Mixings
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31
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smaller ⇥e

content

sin2 �12 � 1
3

sin2 �23 � 1
2

sin2 �13 � 0.02
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The Neutrino Masses:

5
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2

3

1

2

3

Less than

4% �e
in the 3 state!

States 1 and 2 are �e rich.

E = mc2
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Masses
Label the Neutrino mass eigenstates such that:

⇤e component of ⇤1 > ⇤e component of ⇤2 > ⇤e component of ⇤3

i.e. |Ue1|2 > |Ue2|2 > |Ue3|2

Masses and Mixings

At 2⌅ we have the following limits:

sin2 ⇥13 < 0.04 ⇥
�

�m2
21

�m2
31

⇥1

| sin2 ⇥12 �
1
3

| < 0.04 ⇥
�

�m2
21

�m2
31

⇥1

| sin2 ⇥23 �
1
2

| < 0.12 ⇥
�

�m2
21

�m2
31

⇥0.6

Close to Tri-Bi-Maximal: Accident or Symmetry ?
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Matter effect

CP violation

Eµ = 20 GeV

Solar LMA

sin2 2θ13 = 0.04

|δm2
32| = 0.002 eV2 ν1

ν3

ν2

ν3

ν2ν1

δm2 < 0

δm2 > 0

Wrong-Sign Muon Measurements

Stat. error for

1020 decays

Neutrino Factory: 

 Only way to get to very small values of 

|⇤sin �⌅T 2K
true � ⇤sin �⌅NO�A

true | ⇥ 0

|⇤sin �⌅T 2K
fake � ⇤sin �⌅NO�A

fake | ⇥ 1.0

�
sin2 2⇥13

0.05

if the measurement uncertainty on sin �

� ±0.2

then the two fake solutions are well separated down to

sin2 2⇥13 � 0.01

– Typeset by FoilTEX – 5

Matter effect

CP violation

Eµ = 20 GeV

Solar LMA

sin2 2θ13 = 0.04

|δm2
32| = 0.002 eV2 ν1

ν3

ν2

ν3

ν2ν1

δm2 < 0

δm2 > 0

Wrong-Sign Muon Measurements

Stat. error for

1020 decays

Neutrino Factory: 

 Only way to get to very small values of 

|⇤sin �⌅T 2K
true � ⇤sin �⌅NO�A

true | ⇥ 0

|⇤sin �⌅T 2K
fake � ⇤sin �⌅NO�A

fake | ⇥ 1.0

�
sin2 2⇥13

0.05

if the measurement uncertainty on sin �

� ±0.2

then the two fake solutions are well separated down to

sin2 2⇥13 � 0.01

– Typeset by FoilTEX – 5

�m2
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|�m2
atm| = 2.4� 10�3 eV 2

|�m2
sol|/|�m2

atm| ⇧ 0.03
⇥

�m2
atm = 0.05 eV <

�
m�i < 0.5 eV = 10�6 ⇥me

sin2 ⇥12 ⌅ 1/3

sin2 ⇥23 ⌅ 1/2

sin2 ⇥13 < 3%

0 ⇤ � < 2⇤
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Fermion Mass
(Neutrino Mass)

Mass is a coupling between the
RIGHT and the LEFT

components of the Fermion Field.

P 2 = M2, S2 = �1, and P · S = 0

then (P ± MS)2 = 0

Dirac spinor:

U(P, S) = (1+�5)
2 U(P+MS

2 ) + ei� (1��5)
2 U(P �MS

2 )

Right massless spinor Left massless spinor

for massless particles chirality and helicity are the identical
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Neutrino Masses, Mixing and CPV circa 2016 Concha Gonzalez-Garcia

The New Minimal Standard Model

• Minimal extension to introduce Lα violation ⇒ give Mass to the Neutrino:

∗ Introduce νR AND impose L conservation ⇒ Dirac ν ̸= νc:

L = LSM −MννLνR + h.c.

∗ NOT impose L conservation ⇒ Majorana ν = νc

L = LSM − 1
2MννLνCL + h.c.

• The charged current interactions of leptons are not diagonal (same as quarks)
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FIG. 3: 1-D ��2 for the absolute value of the closure of the
three row (solid) and three column (dashed) unitarity tri-
angles, fitted with all spectral and normalisation data, when
considering new physics that enters above |�m2| � 10�2 eV2.
There is one unique unitarity triangle, the ⌫e⌫µ triangle, in
that it does not contain any ⌫⌧ elements and hence is con-
strained to be unitary at a level half an order of magnitude
better than the others. By comparison to Fig. 2 one can
clearly see the Cauchy-Schwartz constraints are satisfied.

of parameter space for 3+N models, increasing both the
appearance and disappearance bounds. Subsequently,
the long baseline program DUNE [60] will also be
able to significantly extend the constrained region of
⌫µ ! ⌫e appearance to lower mass di↵erences, leading
to increased constraints on the ⌫e⌫µ unitarity triangle
in this regime. An understanding of the neutrino flux
and cross sectional uncertainties are crucial for unitarity
measurements. Possible future experiments such as
a fully fledged Neutrino Factory [61] or the nuStorm
facility [62], with the uncertainty on their fluxes of the
order 1%, will be able to constrain the ⌫µ normalisation
and ⌫e⌫µ triangle far beyond what is currently obtain-
able. However, no one experiment can probe all scales
and complementarity is vital to definitively make a
statement about unitarity from new low-energy physics,
especially as there is little means to directly measure the
⌫⌧ sector. Improvement in ⌫⌧ appearance requires new
experiments with both an intense, well known beam of
high enough energy ⌫µ or ⌫e to kinematically produce
charged taus, as well as a detector technology capable
of e�ciently identifying them to a degree necessary

for precision high statistics measurements, both of
which are extremely di�cult tasks. Perhaps crucially
for ⌫⌧ measurements, Hyper-Kamiokande [63] will be
incredibly sensitive to atmospherically averaged steriles,
� 0.1 eV2, and will significantly improve the current
bounds on |U⌧1|2 + |U⌧2|2 + |U⌧3|2 in this regime, to
approximately 1� |U⌧1|2 + |U⌧2|2 + |U⌧3|2  0.07 at the
99% CL [64], which would bring it closer inline with the
other sectors.

In this paper we have emphasised the fact that
current experimental bounds on unitarity within the 3⌫
paradigm allows for considerable violation, and without
the unitarity assumption, the precision on the individual
U
PMNS

elements can vary significantly (up to 104% in
the case of |U⌧3|). However, we find no evidence for non-
unitarity. The prospects of directly measuring all the 12
unitarity constraints with high precision are poor, and
even when one allows for additional model-dependant
sterile searches we can only constrain the amount of
non-unitarity to be . 0.2 - 0.4, for four out of six of
the row and columns normalisations, with the ⌫µ and ⌫e
normalisation deviations from unity constrained to be 
0.07, all at the 3� CL, see Fig. 2. Similarly, five out of
six of the unitarity triangles are only constrained to be
. 0.1 - 0.2, with opening of the remaining ⌫e⌫µ triangle
being constrained to be  0.03, again at the 3� CL, see
Fig. 3. One must be careful when assessing the current
experimental regime with the addition of new physics we
are currently insensitive to, as without the assumption of
unitarity there is much room for new e↵ects, especially
in the ⌫⌧ sector where currently significant information
comes from the unitarity assumption and not direct
measurements.
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FIG. 3: 1-D ��2 for the absolute value of the closure of the
three row (solid) and three column (dashed) unitarity tri-
angles, fitted with all spectral and normalisation data, when
considering new physics that enters above |�m2| � 10�2 eV2.
There is one unique unitarity triangle, the ⌫e⌫µ triangle, in
that it does not contain any ⌫⌧ elements and hence is con-
strained to be unitary at a level half an order of magnitude
better than the others. By comparison to Fig. 2 one can
clearly see the Cauchy-Schwartz constraints are satisfied.
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the long baseline program DUNE [60] will also be
able to significantly extend the constrained region of
⌫µ ! ⌫e appearance to lower mass di↵erences, leading
to increased constraints on the ⌫e⌫µ unitarity triangle
in this regime. An understanding of the neutrino flux
and cross sectional uncertainties are crucial for unitarity
measurements. Possible future experiments such as
a fully fledged Neutrino Factory [61] or the nuStorm
facility [62], with the uncertainty on their fluxes of the
order 1%, will be able to constrain the ⌫µ normalisation
and ⌫e⌫µ triangle far beyond what is currently obtain-
able. However, no one experiment can probe all scales
and complementarity is vital to definitively make a
statement about unitarity from new low-energy physics,
especially as there is little means to directly measure the
⌫⌧ sector. Improvement in ⌫⌧ appearance requires new
experiments with both an intense, well known beam of
high enough energy ⌫µ or ⌫e to kinematically produce
charged taus, as well as a detector technology capable
of e�ciently identifying them to a degree necessary

for precision high statistics measurements, both of
which are extremely di�cult tasks. Perhaps crucially
for ⌫⌧ measurements, Hyper-Kamiokande [63] will be
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� 0.1 eV2, and will significantly improve the current
bounds on |U⌧1|2 + |U⌧2|2 + |U⌧3|2 in this regime, to
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paradigm allows for considerable violation, and without
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elements can vary significantly (up to 104% in
the case of |U⌧3|). However, we find no evidence for non-
unitarity. The prospects of directly measuring all the 12
unitarity constraints with high precision are poor, and
even when one allows for additional model-dependant
sterile searches we can only constrain the amount of
non-unitarity to be . 0.2 - 0.4, for four out of six of
the row and columns normalisations, with the ⌫µ and ⌫e
normalisation deviations from unity constrained to be 
0.07, all at the 3� CL, see Fig. 2. Similarly, five out of
six of the unitarity triangles are only constrained to be
. 0.1 - 0.2, with opening of the remaining ⌫e⌫µ triangle
being constrained to be  0.03, again at the 3� CL, see
Fig. 3. One must be careful when assessing the current
experimental regime with the addition of new physics we
are currently insensitive to, as without the assumption of
unitarity there is much room for new e↵ects, especially
in the ⌫⌧ sector where currently significant information
comes from the unitarity assumption and not direct
measurements.
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FIG. 3: 1-D ��2 for the absolute value of the closure of the
three row (solid) and three column (dashed) unitarity tri-
angles, fitted with all spectral and normalisation data, when
considering new physics that enters above |�m2| � 10�2 eV2.
There is one unique unitarity triangle, the ⌫e⌫µ triangle, in
that it does not contain any ⌫⌧ elements and hence is con-
strained to be unitary at a level half an order of magnitude
better than the others. By comparison to Fig. 2 one can
clearly see the Cauchy-Schwartz constraints are satisfied.

of parameter space for 3+N models, increasing both the
appearance and disappearance bounds. Subsequently,
the long baseline program DUNE [60] will also be
able to significantly extend the constrained region of
⌫µ ! ⌫e appearance to lower mass di↵erences, leading
to increased constraints on the ⌫e⌫µ unitarity triangle
in this regime. An understanding of the neutrino flux
and cross sectional uncertainties are crucial for unitarity
measurements. Possible future experiments such as
a fully fledged Neutrino Factory [61] or the nuStorm
facility [62], with the uncertainty on their fluxes of the
order 1%, will be able to constrain the ⌫µ normalisation
and ⌫e⌫µ triangle far beyond what is currently obtain-
able. However, no one experiment can probe all scales
and complementarity is vital to definitively make a
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especially as there is little means to directly measure the
⌫⌧ sector. Improvement in ⌫⌧ appearance requires new
experiments with both an intense, well known beam of
high enough energy ⌫µ or ⌫e to kinematically produce
charged taus, as well as a detector technology capable
of e�ciently identifying them to a degree necessary

for precision high statistics measurements, both of
which are extremely di�cult tasks. Perhaps crucially
for ⌫⌧ measurements, Hyper-Kamiokande [63] will be
incredibly sensitive to atmospherically averaged steriles,
� 0.1 eV2, and will significantly improve the current
bounds on |U⌧1|2 + |U⌧2|2 + |U⌧3|2 in this regime, to
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elements can vary significantly (up to 104% in
the case of |U⌧3|). However, we find no evidence for non-
unitarity. The prospects of directly measuring all the 12
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even when one allows for additional model-dependant
sterile searches we can only constrain the amount of
non-unitarity to be . 0.2 - 0.4, for four out of six of
the row and columns normalisations, with the ⌫µ and ⌫e
normalisation deviations from unity constrained to be 
0.07, all at the 3� CL, see Fig. 2. Similarly, five out of
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. 0.1 - 0.2, with opening of the remaining ⌫e⌫µ triangle
being constrained to be  0.03, again at the 3� CL, see
Fig. 3. One must be careful when assessing the current
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FIG. 3: 1-D ��2 for the absolute value of the closure of the
three row (solid) and three column (dashed) unitarity tri-
angles, fitted with all spectral and normalisation data, when
considering new physics that enters above |�m2| � 10�2 eV2.
There is one unique unitarity triangle, the ⌫e⌫µ triangle, in
that it does not contain any ⌫⌧ elements and hence is con-
strained to be unitary at a level half an order of magnitude
better than the others. By comparison to Fig. 2 one can
clearly see the Cauchy-Schwartz constraints are satisfied.

of parameter space for 3+N models, increasing both the
appearance and disappearance bounds. Subsequently,
the long baseline program DUNE [60] will also be
able to significantly extend the constrained region of
⌫µ ! ⌫e appearance to lower mass di↵erences, leading
to increased constraints on the ⌫e⌫µ unitarity triangle
in this regime. An understanding of the neutrino flux
and cross sectional uncertainties are crucial for unitarity
measurements. Possible future experiments such as
a fully fledged Neutrino Factory [61] or the nuStorm
facility [62], with the uncertainty on their fluxes of the
order 1%, will be able to constrain the ⌫µ normalisation
and ⌫e⌫µ triangle far beyond what is currently obtain-
able. However, no one experiment can probe all scales
and complementarity is vital to definitively make a
statement about unitarity from new low-energy physics,
especially as there is little means to directly measure the
⌫⌧ sector. Improvement in ⌫⌧ appearance requires new
experiments with both an intense, well known beam of
high enough energy ⌫µ or ⌫e to kinematically produce
charged taus, as well as a detector technology capable
of e�ciently identifying them to a degree necessary

for precision high statistics measurements, both of
which are extremely di�cult tasks. Perhaps crucially
for ⌫⌧ measurements, Hyper-Kamiokande [63] will be
incredibly sensitive to atmospherically averaged steriles,
� 0.1 eV2, and will significantly improve the current
bounds on |U⌧1|2 + |U⌧2|2 + |U⌧3|2 in this regime, to
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99% CL [64], which would bring it closer inline with the
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paradigm allows for considerable violation, and without
the unitarity assumption, the precision on the individual
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elements can vary significantly (up to 104% in
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unitarity. The prospects of directly measuring all the 12
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even when one allows for additional model-dependant
sterile searches we can only constrain the amount of
non-unitarity to be . 0.2 - 0.4, for four out of six of
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normalisation deviations from unity constrained to be 
0.07, all at the 3� CL, see Fig. 2. Similarly, five out of
six of the unitarity triangles are only constrained to be
. 0.1 - 0.2, with opening of the remaining ⌫e⌫µ triangle
being constrained to be  0.03, again at the 3� CL, see
Fig. 3. One must be careful when assessing the current
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FIG. 2: 1-D ��2 for deviation of both UPMNS row (solid) and
column (dashed) normalisations, fitted with all spectral and
normalisation data, when considering new physics that enters
above |�m2| � 10�2eV2.

as |Uµ1| and |Uµ2| only appear in the degenerate com-
bination |Uµ1|2 + |Uµ2|2, they cannot be distinguished
individually. This degeneracy is very weakly broken by
the ⌫µ ! ⌫e appearance experiment T2K [1], and will be
improved upon taking of more data and with future high
statistics NO⌫A [11] results. The addition of this nor-
malisation and sterile data in the 3⌫ unitarity case does
not change anything in the fit. From here on we will
discuss only the main results, as calculated including all
normalisation and sterile search data.

The addition of this sterile search and normalisation
data improves the situation significantly. If we define
the shift in range of allowed values as the ratio of the
di↵erence in 3� ranges without and with unitarity, to
that derived with unitarity, the increase in parameter
space for |Uei|, i = 2, 3 and |Uµi|, i = 1, 2, 3 are all 
10% (4%, 8%, 8%, 7% and 4% respectively), with |Ue1|
taking the majority of the discrepancy in the ⌫e sector,
with an increase of allowed range of 68%, primarily
due to the weaker bounds from KamLAND compared
to the SBL reactors, and that |Ue1|2 forms the bulk of
|Ue1|2 + |Ue2|2 + |Ue3|2. The entire ⌫⌧ sector, however,
may contain substantial discrepancies from unitarity
with shifts in allowed regions of 37%, 46% and 104%
respectively. We have little or no current mechanisms
to directly measure any ⌫⌧ elements and we have not
yet observed any oscillation amplitude peaks, even the
recent 5� discovery of ⌫µ ! ⌫⌧ at OPERA [49] only
sees the tail end of the 1st oscillation maximum and the
observation of 5 events on a background of 0.25 ± 0.05
is not significant spectrally and can be equally be fit by
a flat normalisation discrepancy. The precision we do
have is driven by the fact large deviations here cause
violations of unitarity too large in the ⌫e and ⌫µ sectors,
passed through by the geometric Cauchy-Schwartz

constraints.

We must stress that even if the 3� ranges of the
U
PMNS

elements agree closely with the unitarity case,
this does not equate to the neutrino mixing matrix
being unitary. In the unitary case the correlations are
much stronger and choosing an exact value for any one
the mixing elements drastically reduces the uncertainty
on the remaining elements. To better understand the
level at which we know unitarity is conserved or not, we
plot the resultant ranges for the normalisation in Fig
(2). We see that the ⌫e and ⌫µ normalisation deviations
from unity are relatively well constrained ( 0.06 and
0.07 at 3� CL respectively), primarily by reactor fluxes
and a combination of precision measurements of the rate
and spectra of upward going muon-like events observed
at Super-Kamiokande [53] and the multitude of long
and short baseline accelerator ⌫µ ! ⌫µ disappearance
experiments. We note the ⌫µ normalisation deviation
from unity is constrained slightly (⇡ 1%) better than
the ⌫e normalisation. This is due to the large theoretical
error, 5%, on total flux from reactors assumed [56]. The
remaining normalisation deviations from unity are all
constrained to be . 0.2 - 0.4 at 3� CL.

For the case of the six neutrino unitarity triangles, we
present the allowed ranges for their closures in Fig. (3).
For the three row triangles the bounds originate from a
combination of the corresponding geometric constraints
along with appearance data in the respective channel.
The column triangles, however, are bound by the geomet-
ric constraints only, and as the column normalisations are
proportionally less known, so too are the column unitar-
ity triangles. Only one triangle does not contain a ⌫⌧
element, the ⌫e⌫µ triangle, and hence it is the only tri-
angle in which it is excluded to be open by more than
0.03 at the 3� CL, compared to between 0.1 - 0.2 at the
3� CL for the remaining triangles. This hierarchical sit-
uation will not improve unless precise measurements can
be made in the ⌫⌧ sector.

If one wishes to proceed with measurements of unitar-
ity, without the assumption of an extended U

PMNS

ma-
trix and its subsequent Cauchy-Schwartz bounds, then
prospects for improvement are essentially limited to mea-
suring the ⌫e normalisation. Improvement of all ⌫e ele-
ments is possible, especially if the new generation reac-
tor experiments, JUNO [57] and RENO50 [58], proceed
as planned. See discussion by X. Qian et al. [12] for
a detailed discussion of the possible improvements. Sig-
nificant improvement in the ⌫µ sector would require the
measurement of ⌫µ disappearance at the solar mass scale,
well beyond what is currently technologically feasible.
Improvements in the indirect 3+N sterile measure-

ments are much more promising, the Fermilab Short
Baseline Neutrino (SBN) [59] program consisting of the
SBND, MicroBooNE and ICARUS experiments on the
Booster beam, will be capable of probing a wide range
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Unitarity is a fundamental property of any theory required to ensure we work in a theoretically
consistent framework. In comparison with the quark sector, experimental tests of unitarity for the
3x3 neutrino mixing matrix are considerably weaker. It must be remembered that the vast majority
of our information on the neutrino mixing angles originates from ⌫e and ⌫µ disappearance experi-
ments, with the assumption of unitarity being invoked to constrain the remaining elements. New
physics can invalidate this assumption for the 3x3 subset and thus modify our precision measure-
ments. We perform a reanalysis to see how global knowledge is altered when one refits oscillation
results without assuming unitarity, and present 3� ranges for allowed UPMNS elements consistent
with all observed phenomena. We calculate the bounds on the closure of the six neutrino unitarity
triangles, with the closure of the ⌫e⌫µ triangle being constrained to be  0.03, while the remaining
triangles are significantly less constrained to be  0.1 - 0.2. Similarly for the row and column nor-
malization, we find their deviation from unity is constrained to be  0.2 - 0.4, for four out of six
such normalisations, while for the ⌫µ and ⌫e row normalisation the deviations are constrained to be
 0.07, all at the 3� CL. We emphasise that there is significant room for new low energy physics,
especially in the ⌫⌧ sector which very few current experiments constrain directly.
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from ⌫µ ! ⌫µ disappearance data [6–8],
suggesting tentative global hints at �CP ⇡ 3⇡/2, there is
much merit to statements that we are now in the preci-
sion measurement era of neutrino physics. Our knowl-
edge of the distinct Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) neutrino mixing matrix elements comes from
the plethora of successful experiments that have run since
the first strong evidence for neutrino oscillations, inter-
preted as ⌫µ ! ⌫⌧ oscillations, was discovered by Super-
Kamiokande in 1998 [9]. However, one must always re-
member that our knowledge of the matrix elements is
predominately in the ⌫e and ⌫µ sectors, and comes pri-
marily from high statistics ⌫e disappearance and ⌫µ dis-
appearance experiments, with the concept of unitarity
being invoked to disseminate this information onto the
remaining elements. With more statistics, the long base-
line ⌫µ ! ⌫e and ⌫µ ! ⌫e appearance experiments such
as T2K [10] and NO⌫A [11] will aid in ⌫µ sector precision
measurements.

Unitarity of a mixing matrix is a necessary condition
for a theoretically consistent description of the under-
lying physics, as non-unitarity directly corresponds to
a violation of probability in the calculated amplitudes.
In the neutrino sector unitarity can be directly veri-
fied by precise measurement of each of the mixing ele-
ments to confirm the unitarity condition: U †U = 1 =
UU†. In this there are 12 dependant conditions, six
of which we will refer to as normalisations (sum of the
squares of each row or column, e.g the ⌫e normalisation
|Ue1|2+ |Ue2|2+ |Ue3|2 = 1) and six conditions that mea-
sure the degree with which each unitarity triangle closes
(e.g the ⌫e⌫µ triangle: Ue1U⇤

µ1 + Ue2U⇤
µ2 + Ue3U⇤

µ3 = 0).
Currently, from direct measurements of the individual

elements only, the ⌫e normalisation is the sole condition
that can be reasonably constrained without any further
assumptions as to the origin of the non-unitarity [12].
In the quark sector, the analogous situation involv-

ing the Cabibbo-Kobayashi-Maskawa (CKM) matrix has
been subject to intense verification as many distinct ex-
periments have access to probes of all of the V

CKM

el-
ements individually. Current data shows that the as-
sumption of unitarity for the 3x3 CKM matrix is valid in
the quark sector to a high precision, with the strongest
normalisation constraint being |Vud|2 + |Vus|2 + |Vub|2 =
0.9999 ± 0.0006 and the weakest still being significant
at |Vub|2 + |Vcb|2 + |Vtb|2 = 1.044± 0.06 [13]. Unlike the
quark sector, however, experimental tests of unitarity are
considerably weaker in the 3x3 U

PMNS

neutrino mixing
matrix. It remains an initial theoretical assumption in-
herent in many analyses [14–16], but is the basis for the
validity of the 3⌫ paradigm.
This non-unitarity can arise naturally in a large va-

riety of theories. A generic feature of many Beyond
the Standard Model scenarios is the inclusion of one
or more new massive fermionic singlets, uncharged un-
der the Standard Model (SM) gauge group, SU(3)C ⇥
SU(2)L⇥U(1)Y . If these new sterile states mix with the
SM neutrinos then the true mixing matrix is enlarged
from the 3x3 U

PMNS

matrix to a nxn matrix,

UExtended
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These so-called sterile neutrinos have been a major
discussion point for both the theoretical and experimen-
tal communities for decades. If they have masses at or
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Unitarity and the three flavour neutrino mixing matrix.

Stephen Parke1 and Mark Ross-Lonergan2

1Theoretical Physics Department, Fermi National Accelerator Laboratory, P.O.Box 500, Batavia, IL 60510, USA
2IPPP, Department of Physics, Durham University, Durham DH1 3LE, UK

Unitarity is a fundamental property of any theory required to ensure we work in a theoretically
consistent framework. In comparison with the quark sector, experimental tests of unitarity for the
3x3 neutrino mixing matrix are considerably weaker. It must be remembered that the vast majority
of our information on the neutrino mixing angles originates from ⌫e and ⌫µ disappearance experi-
ments, with the assumption of unitarity being invoked to constrain the remaining elements. New
physics can invalidate this assumption for the 3x3 subset and thus modify our precision measure-
ments. We perform a reanalysis to see how global knowledge is altered when one refits oscillation
results without assuming unitarity, and present 3� ranges for allowed UPMNS elements consistent
with all observed phenomena. We calculate the bounds on the closure of the six neutrino unitarity
triangles, with the closure of the ⌫e⌫µ triangle being constrained to be  0.03, while the remaining
triangles are significantly less constrained to be  0.1 - 0.2. Similarly for the row and column nor-
malization, we find their deviation from unity is constrained to be  0.2 - 0.4, for four out of six
such normalisations, while for the ⌫µ and ⌫e row normalisation the deviations are constrained to be
 0.07, all at the 3� CL. We emphasise that there is significant room for new low energy physics,
especially in the ⌫⌧ sector which very few current experiments constrain directly.

With the knowledge of sin2 2✓
13

now almost at the 5%
level, and interplay between the long baseline accelerator
⌫µ ! ⌫e appearance data [1, 2] and short baseline reactor
⌫e ! ⌫e disappearance [3–5] data, combined with prior
knowledge of ✓

23

from ⌫µ ! ⌫µ disappearance data [6–8],
suggesting tentative global hints at �CP ⇡ 3⇡/2, there is
much merit to statements that we are now in the preci-
sion measurement era of neutrino physics. Our knowl-
edge of the distinct Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) neutrino mixing matrix elements comes from
the plethora of successful experiments that have run since
the first strong evidence for neutrino oscillations, inter-
preted as ⌫µ ! ⌫⌧ oscillations, was discovered by Super-
Kamiokande in 1998 [9]. However, one must always re-
member that our knowledge of the matrix elements is
predominately in the ⌫e and ⌫µ sectors, and comes pri-
marily from high statistics ⌫e disappearance and ⌫µ dis-
appearance experiments, with the concept of unitarity
being invoked to disseminate this information onto the
remaining elements. With more statistics, the long base-
line ⌫µ ! ⌫e and ⌫µ ! ⌫e appearance experiments such
as T2K [10] and NO⌫A [11] will aid in ⌫µ sector precision
measurements.

Unitarity of a mixing matrix is a necessary condition
for a theoretically consistent description of the under-
lying physics, as non-unitarity directly corresponds to
a violation of probability in the calculated amplitudes.
In the neutrino sector unitarity can be directly veri-
fied by precise measurement of each of the mixing ele-
ments to confirm the unitarity condition: U †U = 1 =
UU†. In this there are 12 dependant conditions, six
of which we will refer to as normalisations (sum of the
squares of each row or column, e.g the ⌫e normalisation
|Ue1|2+ |Ue2|2+ |Ue3|2 = 1) and six conditions that mea-
sure the degree with which each unitarity triangle closes
(e.g the ⌫e⌫µ triangle: Ue1U⇤

µ1 + Ue2U⇤
µ2 + Ue3U⇤

µ3 = 0).
Currently, from direct measurements of the individual

elements only, the ⌫e normalisation is the sole condition
that can be reasonably constrained without any further
assumptions as to the origin of the non-unitarity [12].
In the quark sector, the analogous situation involv-

ing the Cabibbo-Kobayashi-Maskawa (CKM) matrix has
been subject to intense verification as many distinct ex-
periments have access to probes of all of the V

CKM

el-
ements individually. Current data shows that the as-
sumption of unitarity for the 3x3 CKM matrix is valid in
the quark sector to a high precision, with the strongest
normalisation constraint being |Vud|2 + |Vus|2 + |Vub|2 =
0.9999 ± 0.0006 and the weakest still being significant
at |Vub|2 + |Vcb|2 + |Vtb|2 = 1.044± 0.06 [13]. Unlike the
quark sector, however, experimental tests of unitarity are
considerably weaker in the 3x3 U

PMNS

neutrino mixing
matrix. It remains an initial theoretical assumption in-
herent in many analyses [14–16], but is the basis for the
validity of the 3⌫ paradigm.
This non-unitarity can arise naturally in a large va-

riety of theories. A generic feature of many Beyond
the Standard Model scenarios is the inclusion of one
or more new massive fermionic singlets, uncharged un-
der the Standard Model (SM) gauge group, SU(3)C ⇥
SU(2)L⇥U(1)Y . If these new sterile states mix with the
SM neutrinos then the true mixing matrix is enlarged
from the 3x3 U

PMNS

matrix to a nxn matrix,

UExtended

PMNS

=

0

BBBBB@

U3x3

PMNSz }| {
Ue1 Ue2 Ue3 · · · Uen

Uµ1 Uµ2 Uµ3 · · · Uµn

U⌧1 U⌧2 U⌧3 · · · U⌧n
...

...
...

. . .
...

Usn1 Usn2 Usn3 · · · Usnn

1

CCCCCA
. (1)

These so-called sterile neutrinos have been a major
discussion point for both the theoretical and experimen-
tal communities for decades. If they have masses at or
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The Three-Detector SBN Program 
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Ac;ve$
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ICARUS% 600%m% 476%ton%

Near$Detector$
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MicroBooNE:

28

Role of MicroBooNE!

•  MicroBooNE will be the first of the new                                                   
SBN detectors!
–  Operating with beam in early 2015!

•  MicroBooNE will provide valuable early                                                        
data on performance of LAr detectors in                                                      
BNB beam!
–  Reconstruction software!
–  Measure reconstruction efficiency!
–  Cosmic backgrounds: effectiveness of                                                            

light system, selection criteria, need for                                                        
overburden!

–  Provide input to final designs of LAr1-ND and T600 update!
•  Provides a two detector system as soon as LAr1-ND or T600 is ready!
•  Impact of MicroBooNE in three detector program has not yet been fully 

explored!
–  Focus has been on optimization of the other two detectors!

7/24/14!Peter Wilson | Fermilab SBN Program Status and Planning!27!

Lowering$MicroBooNE$
Cryostat$into$LArTF$

Is the Low Energy Excess of MiniBooNE e^+/e^- or photons ?
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Is the Low Energy Excess of MiniBooNE e^+/e^- or photons ?

Short-baseline neutrino program!

10/31/2015! Steve Brice - Status of Fermilab and Future Plans!17!

First T300 in cleanroom at CERN!

Science goals:!
•  Understand the MiniBooNE excess and 

measure neutrino cross sections in argon!
•  Launch a definitive search for sterile 

neutrinos using multiple LAr TPCs!
•  Test and improve DUNE prototype design!

SBN recent achievements:!
•  MicroBooNE now taking neutrino data!
•  SBN Director’s Review mid-Dec 2015!
•  ICARUS detector moved to CERN and 

refurbishment started January 2015!
•  U.S. groups joined ICARUS collaboration!

Far detector building construction!
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Far detector building construction!

SBN - Short-baseline neutrino program!

10/31/2015! Steve Brice - Status of Fermilab and Future Plans!16!

Primary challenge:!
Three detectors with one mission:  Are there more than 3 types of neutrinos?!

Lab objectives:!
•  MicroBooNE taking data in 2015!
•  SBND built and taking data by 2018!
•  Refurbished ICARUS detector at Fermilab  

and taking data by 2018!
SBND!

Near Detector !nm"

260t LAr!
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75 cm
Run 3493 Event 41075, October 23rd, 2015 

(collection plane view)


time


Wire number


The invisible 
neutrino is 
coming in here


Cosmic background


Cosmic background


Cosmic background


Cosmic background


Two electromagnetic 
showers with an offset 
from the vertex: this could 
be a !0 -> ữ + ữ
0 -> ữ + ữ
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Assuming Unitary with 3 flavors:
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Mixing Matrix

Unitary ?
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Neutrino Masses, Mixing and CPV circa 2016 Concha Gonzalez-Garcia3ν Flavour Parameters

• For for 3 ν’s : 3 Mixing angles + 1 Dirac Phase + 2 Majorana Phases
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500 km/GeV
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⌫e ! ⌫e

15 km/MeV

⌫µ ! ⌫e

500 km/GeV

⌫µ ! ⌫µ

500 km/GeV

0⌫�� decays
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Disappearance:

Appearance:

⌫e ! ⌫e
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0⌫�� decays
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P (⌫↵ ! ⌫�) = |
P

i U⇤
↵i e

�im2
iL/2E U�i |2

decompose flavor states into mass eigenstates

) then propagator

) decompose mass eigenstates into flavor states
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�ij ⌘ �m2
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4E
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Neutrino Flavor Change in Matter

Coherent forward scattering 

from ambient matter can have 

a big effect.
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Neutrino Masses, Mixing and CPV circa 2016 Concha Gonzalez-Garcia

Issues in 3 ν Analysis: ∆m2
21 KamLAND vs SOLAR
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SNOs CC/NC measurement



28
Stephen Parke, Fermilab                                    PhysStat_Nu / Fermilab                                                        9/19/2016                      

Neutrino Masses, Mixing and CPV circa 2016 Concha Gonzalez-Garcia3 ν Flavour Parameters: Status in 9/2016

Global 6-parameter fit http://www.nu-fit.org
Maltoni, Schwetz, Martinez-Soler, Esteban, MCG-G
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6

⌫̄µ disappearance [10, 11]. Using only the relative rates
between the detectors and �m2

32

from Ref. [10] we found
sin

2

2✓
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= 0.085± 0.006, with �2/NDF = 1.37/3.
The reconstructed positron energy spectrum observed in the

far site is compared in Fig. 3 with the expectation based on
the near-site measurements. The 68.3%, 95.5% and 99.7%
C.L. allowed regions in the |�m2

ee

|-sin2 2✓
13

plane are shown
in Fig. 4. The spectral shape from all experimental halls
is compared in Fig. 5 to the electron antineutrino survival
probability assuming our best estimates of the oscillation
parameters. The total uncertainties of both sin

2

2✓
13

and
|�m2

ee

| are dominated by statistics. The most significant
systematic uncertainties for sin2 2✓

13

are due to the relative
detector efficiency, reactor power, relative energy scale and
9Li/8He background. The systematic uncertainty in |�m2

ee

| is
dominated by uncertainty in the relative energy scale.
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FIG. 3. Upper: Background-subtracted reconstructed positron
energy spectrum observed in the far site (black points), as well as
the expectation derived from the near sites excluding (blue line) or
including (red line) our best estimate of oscillation. The spectra
were efficiency-corrected and normalized to one day of livetime.
Lower: Ratio of the spectra to the no-oscillation case. The error bars
show the statistical uncertainty of the far site data. The shaded area
includes the systematic and statistical uncertainties from the near site
measurements.

In summary, enhanced measurements of sin

2

2✓
13

and
|�m2

ee| have been obtained by studying the energy-
dependent disappearance of the electron antineutrino inter-
actions recorded in a 6.9⇥105 GW

th

-ton-days exposure.
Improvements in calibration, background estimation, as well
as increased statistics allow this study to provide the most
precise estimates to date of the neutrino mass and mixing
parameters |�m2

ee| and sin

2

2✓
13

.
Daya Bay is supported in part by the Ministry of Science

and Technology of China, the U.S. Department of Energy,
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⌫e rate and energy spectra. The best estimates were sin
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2✓13 =

0.084 ± 0.005 and |�m2
ee| = (2.42 ± 0.11) ⇥ 10
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eV

2 (black
point). The adjoining panels show the dependence of ��2 on
sin

2
2✓13 (top) and |�m2

ee| (right). The |�m2
ee| allowed region

(shaded band, 68.3% C.L.) was consistent with measurements of
|�m2

32| using muon disappearance by the MINOS [10] and T2K [11]
experiments, converted to |�m2

ee| assuming the normal (solid) and
inverted (dashed) mass hierarchy.
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this implies �m2
DB ⌘ �

4E
L

�
arcsin

q
(c212 sin

2 �31 + s212 sin
2 �32)

�

• �m2
DB is L/E dependent

• Since c212 sin
2 �21 + s212 sin

2 �32 < 1

�m2
DB is discontinuous at Osc. Max.

(L/E ⇡ 0.5 km/MeV)
the discontinuity is sin 2✓12 �m2

21

� = tan�1(cos 2✓12 tan�21) � cos 2✓12�21 ⇠ O(�3
21)

✏✏ � no = (io � no)/2

�m2
ee ⌘ c212�m

2
31 + s212�m

2
32 is the

⌫e weighted average �m2
31 and �m2

32 ! ! !

H. Nunokawa, S. J. Parke and R. Zukanovich Funchal, Phys. Rev. D 72, 013009 (2005), hep-ph/0503283
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⌫̄µ disappearance [10, 11]. Using only the relative rates
between the detectors and �m2

32

from Ref. [10] we found
sin

2

2✓
13

= 0.085± 0.006, with �2/NDF = 1.37/3.
The reconstructed positron energy spectrum observed in the

far site is compared in Fig. 3 with the expectation based on
the near-site measurements. The 68.3%, 95.5% and 99.7%
C.L. allowed regions in the |�m2

ee

|-sin2 2✓
13

plane are shown
in Fig. 4. The spectral shape from all experimental halls
is compared in Fig. 5 to the electron antineutrino survival
probability assuming our best estimates of the oscillation
parameters. The total uncertainties of both sin

2

2✓
13

and
|�m2

ee

| are dominated by statistics. The most significant
systematic uncertainties for sin2 2✓

13

are due to the relative
detector efficiency, reactor power, relative energy scale and
9Li/8He background. The systematic uncertainty in |�m2

ee

| is
dominated by uncertainty in the relative energy scale.
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In summary, enhanced measurements of sin
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ee| have been obtained by studying the energy-
dependent disappearance of the electron antineutrino inter-
actions recorded in a 6.9⇥105 GW
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-ton-days exposure.
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FIG. 4. Allowed regions of 68.3, 95.5, and 99.7% C.L. in the
|�m2

ee| vs. sin2 2✓13 plane. The best-fit values are given by
the black dot. The ��2 distributions for sin2 2✓13 (top) and
|�m2

ee| (right) are also shown with an 1� band. The rate-
only result for sin2 2✓13 is shown by the cross. The results
from Daya Bay [10] and Double Chooz [24] are also shown for
comparison.
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FIG. 5. Measured reactor ⌫e survival probability as a func-
tion of Le↵/E⌫ . The curve is a predicted survival probability,
obtained from the observed probability in the near detector,
for the best-fit values of |�m2

ee| and sin2 2✓13. The Le↵/E⌫

value of each data point is given by the average of the counts
in each bin.

In summary, RENO has observed clear energy-
dependent disappearance of reactor ⌫

e

using two iden-
tical detectors, and obtains sin2 2✓13 = 0.082±0.010 and
|�m2

ee

| = (2.62+0.24
�0.26)⇥ 10�3 eV2 based on the measured

periodic disappearance expected from neutrino oscilla-
tions. Several improvements in energy calibration and
background estimation have been made to reduce the sys-
tematic error of sin2 2✓13 from 0.019 [1] to 0.006. With
the 500 day data sample together, RENO has produced
a precise measurement of the mixing angle ✓13. It would
provide an important information on determination of

the leptonic CP phase if combined with a result of an
accelerator neutrino beam experiment [6].
The RENO experiment is supported by the National

Research Foundation of Korea (NRF) grant No. 2009-
0083526 funded by the Korea Ministry of Science, ICT
& Future Planning. Some of us have been supported by a
fund from the BK21 of NRF. We gratefully acknowledge
the cooperation of the Hanbit Nuclear Power Site and
the Korea Hydro & Nuclear Power Co., Ltd. (KHNP).
We thank KISTI for providing computing and network
resources through GSDC, and all the technical and ad-
ministrative people who greatly helped in making this
experiment possible.
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As neutrino propagates it’s the relative change
in phase between the mass eigenstates that
produces neutrino flavor oscillations !
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�m2
ee ⌘ c212 �m2

31 + s212 �m2
32

• Is a simple combination of fundamental parameters and is
independent of L/E for all values of L/E.

• Has a direct, simple, physical interpretation:
�m2

ee is “the ⌫e weighted average of �m2
31 and �m2

32,”
since the ratio of the ⌫e fraction in ⌫1 : ⌫2 is c212 : s

2
12.

• Can be used in short baseline reactor experiments, L/E < 1

km/MeV, using the approximate oscillation probability,

P (⌫̄e ! ⌫̄e) ⇡ 1� 4c413s
2
12c

2
12 sin

2�21 � 4s213c
2
13 sin

2�ee,

which is accurate to better than one part in 104.
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Appearance: ⌫µ ! ⌫e ⌫̄µ ! ⌫̄e

Disappearance: ⌫µ ! ⌫µ ⌫̄µ ! ⌫̄µ

Long Baseline @VOM Reactors

P (⌫µ ! ⌫e) + P (⌫̄µ ! ⌫̄e) ⇡ 2 sin2 ✓23 [1 � P (⌫̄e ! ⌫̄e)]

⌫µ ! ⌫µ gives:

|Uµ3|2 $ (1 � |Uµ3|2) degeneracy +!

Normal Ordering — Inverted Ordering

P (⌫µ ! ⌫e) 6= P (⌫̄µ ! ⌫̄e)

in vacuum

/ ⇢L sin2 ✓23
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Summary: 
DUNE is a large (70 kton) LAr underground (1.5km) detector 

exposed to an intense (1-2 MW) Neutrino beam 
 from Fermilab (1300km) 

• Perform Stringent tests of the 3 neutrino paradigm 

• Determine the size and sign of CP Violation in Nu Sector 

• Complete the Mass Ordering (m_1 < m_2 < m_3 or m_3 < m_1 < m_2) 

• Determine which flavor Dominates nu_3 (least nu_e neutrino mass state) 

• Broad Physics program including Nucleon Decay & SuperNova Neutrinos 

• Surprises: NSI, sterile neutrinos, Nu Decay, Decoherence, Lorentz 
Violation,…….

39
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Three nuSM Questions for LBL:

33

• Is there CP Violation

• Atm Mass Ordering

• Dominant Flavor Content of ν_3

(SNO solar ordering) 
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Three nuSM Questions for LBL:

• Is there CP Violation 

• Mass Ordering 

• Dominant Flavor Content of ν_3

3

Neutrinos: Theory and Phenomenology: 3

2. Neutrino Masses and Mixings

The three known neutrino flavor states, ⌫e, ⌫µ, ⌫⌧ , and the three neutrino mass

eigenstates, ⌫
1

, ⌫
2

, ⌫
3

, are related as follows:
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where the U matrix is unitary and referred to as the PMNS matrix. The mass eigenstates

are labelled such that |Ue1|2 > |Ue2|2 > |Ue3|2,which implies that, by definition, the

⌫e component of ⌫
1

> ⌫e component of ⌫
2

> ⌫e component of ⌫
3

.

2.1. Masses

With this choice of labeling of the neutrino mass eigenstates, the solar oscillations are

governed by �m2

21

as both ⌫
1

and ⌫
2

have a significant ⌫e component. Whereas the

atmospheric oscillations are governed by �m2

31

⇡ �m2

32

as ⌫
3

has a small ⌫e component

required by the small ⌫e involvement shown by the results of the SuperKamiokande

and Chooz experiments. The mass ordering of ⌫
1

and ⌫
2

was determined by matter

e↵ects in the interior of the sun by the SNO experiment [2]. Their measurement of the

charge current to neutral current ratio of less than one half, for the 8B high energy solar

neutrinos, implies that the higher mass state has the lower ⌫e component i.e. m2

2

> m2

1

or �m2

21

> 0.

The atmospheric neutrino mass ordering, m2

3

> or < m2

2

, m2

1

is still to be

determined, see Fig. 1. If m2

3

> m2

2

, the ordering is known as the normal hierarchy

(NH), whereas if m2

3

< m2

1

the ordering is known as the inverted hierarchy (IH). Fig. 2

shows the masses as a function of the lightest neutrino mass.

The sum of the masses of the neutrinos satisfies
q

�m2

atm = 0.05 eV <
X

m⌫i < 0.5 eV. (3)

So the
P

m⌫i ranges from 10�7 to 10�6 times me, however the mass of the lightest
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Figure 1. What is known about the square of the neutrino masses for the two
atmospheric mass hierarchies.
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• Labeling massive neutrinos:

• To Be Majorana or Not To Be Majorana?

• We know (|Ue2|2, |Ue3|2, |Uµ3|2) with precision of (5,10,15)% but
have little information on the other 6 elements of the PMNS matrix without
assuming Unitarity.

• Stringent tests of the ⌫SM Paradigm, determining the Mass Hierarchy
& measuring CPV are the next steps. Unitarity Triangle? Tau’s?

• Are there lite Sterile neutrinos?
Can we exclude |Ue4|2 and |Uµ4|2 > 0.01, say, for �m2 ⇠ 1eV 2

• Solving the Neutrino Masses and Mixing pattern is di�cult challenge
for Theory!
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Neutrino Mixing Matrix: PMNS

10
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Phenomenological Understanding of Neutrino Masses & Mixing

(The Standard Massive Neutrino Paradigm)
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Definition of neutrino mass eigenstates (who are ⇥1, ⇥2, ⇥3?):
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2 �m2
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• m2
2 �m2
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3 �m2

1,2| �m2
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tan2 �12 ⇥ |Ue2|2
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|U⇥3|2 ; Ue3 ⇥ sin �13e�i�
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The Neutrino Masses:
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Less than

4% �e
in the 3 state!

States 1 and 2 are �e rich.

E = mc2
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Masses
Label the Neutrino mass eigenstates such that:

⇤e component of ⇤1 > ⇤e component of ⇤2 > ⇤e component of ⇤3
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Matter effect

CP violation

Eµ = 20 GeV

Solar LMA

sin2 2θ13 = 0.04

|δm2
32| = 0.002 eV2 ν1

ν3

ν2

ν3

ν2ν1

δm2 < 0

δm2 > 0

Wrong-Sign Muon Measurements

Stat. error for

1020 decays

Neutrino Factory: 

 Only way to get to very small values of 

|⇤sin �⌅T 2K
true � ⇤sin �⌅NO�A

true | ⇥ 0

|⇤sin �⌅T 2K
fake � ⇤sin �⌅NO�A

fake | ⇥ 1.0

�
sin2 2⇥13

0.05

if the measurement uncertainty on sin �

� ±0.2

then the two fake solutions are well separated down to

sin2 2⇥13 � 0.01
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Fermion Mass
(Neutrino Mass)

Mass is a coupling between the
RIGHT and the LEFT

components of the Fermion Field.

P 2 = M2, S2 = �1, and P · S = 0

then (P ± MS)2 = 0

Dirac spinor:

U(P, S) = (1+�5)
2 U(P+MS

2 ) + ei� (1��5)
2 U(P �MS

2 )

Right massless spinor Left massless spinor

for massless particles chirality and helicity are the identical
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Mass is a coupling between the
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components of the Fermion Field.
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then (P ± MS)2 = 0

Dirac spinor:
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Right massless spinor Left massless spinor
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SK & OPERA Tau’s
|U⌧3|2

|Ue1|2

|Ue2|2 + |Uµ2|2 + |U⌧2|2
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KamLAND wiggles|U⌧3|2
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Three nuSM Questions for LBL:

• Is there CP Violation 

• Mass Ordering 

• Dominant Flavor Content of ν_3

3

Neutrinos: Theory and Phenomenology: 3

2. Neutrino Masses and Mixings

The three known neutrino flavor states, ⌫e, ⌫µ, ⌫⌧ , and the three neutrino mass

eigenstates, ⌫
1

, ⌫
2

, ⌫
3

, are related as follows:
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where the U matrix is unitary and referred to as the PMNS matrix. The mass eigenstates

are labelled such that |Ue1|2 > |Ue2|2 > |Ue3|2,which implies that, by definition, the

⌫e component of ⌫
1

> ⌫e component of ⌫
2

> ⌫e component of ⌫
3

.

2.1. Masses

With this choice of labeling of the neutrino mass eigenstates, the solar oscillations are

governed by �m2

21

as both ⌫
1

and ⌫
2

have a significant ⌫e component. Whereas the

atmospheric oscillations are governed by �m2

31

⇡ �m2

32

as ⌫
3

has a small ⌫e component

required by the small ⌫e involvement shown by the results of the SuperKamiokande

and Chooz experiments. The mass ordering of ⌫
1

and ⌫
2

was determined by matter

e↵ects in the interior of the sun by the SNO experiment [2]. Their measurement of the

charge current to neutral current ratio of less than one half, for the 8B high energy solar

neutrinos, implies that the higher mass state has the lower ⌫e component i.e. m2

2

> m2

1

or �m2

21

> 0.

The atmospheric neutrino mass ordering, m2

3

> or < m2

2

, m2

1

is still to be

determined, see Fig. 1. If m2

3

> m2

2

, the ordering is known as the normal hierarchy

(NH), whereas if m2

3

< m2

1

the ordering is known as the inverted hierarchy (IH). Fig. 2

shows the masses as a function of the lightest neutrino mass.

The sum of the masses of the neutrinos satisfies
q

�m2

atm = 0.05 eV <
X

m⌫i < 0.5 eV. (3)

So the
P

m⌫i ranges from 10�7 to 10�6 times me, however the mass of the lightest
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Figure 1. What is known about the square of the neutrino masses for the two
atmospheric mass hierarchies.
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Figure 1. What is known about the square of the neutrino masses for the two
atmospheric mass hierarchies.
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• Need |Uµ1| and |Uµ2| separately: L/E=15,000 km/GeV

• ⌫µ disappearance experiment to a detector in geo-synchronous orbit.
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• Labeling massive neutrinos:

• To Be Majorana or Not To Be Majorana?

• We know (|Ue2|2, |Ue3|2, |Uµ3|2) with precision of (5,10,15)% but
have little information on the other 6 elements of the PMNS matrix without
assuming Unitarity.

• Stringent tests of the ⌫SM Paradigm, determining the Mass Hierarchy
& measuring CPV are the next steps. Unitarity Triangle? Tau’s?

• Are there lite Sterile neutrinos?
Can we exclude |Ue4|2 and |Uµ4|2 > 0.01, say, for �m2 ⇠ 1eV 2

• Solving the Neutrino Masses and Mixing pattern is di�cult challenge
for Theory!
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Neutrino Standard Model:
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Phenomenological Understanding of Neutrino Masses & Mixing

(The Standard Massive Neutrino Paradigm)

�

⇧⇧⇤

⇥e

⇥µ

⇥⇥

⇥

⌃⌃⌅ =

�

⇧⇧⇤

Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

U⇥1 U⇥2 U⇥3

⇥

⌃⌃⌅

�

⇧⇧⇤

⇥1

⇥2

⇥3

⇥

⌃⌃⌅

Definition of neutrino mass eigenstates (who are ⇥1, ⇥2, ⇥3?):
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June 12, 2012 � Theory

SNO CC
KamLAND

Masses
Label the Neutrino mass eigenstates such that:
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• Is there CP Violation

• Atm Mass Ordering

• Dominant Flavor Content of ν_3

(SNO solar ordering) 
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Neutrinos: Theory and Phenomenology: 3

2. Neutrino Masses and Mixings

The three known neutrino flavor states, ⌫e, ⌫µ, ⌫⌧ , and the three neutrino mass

eigenstates, ⌫
1

, ⌫
2

, ⌫
3

, are related as follows:
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where the U matrix is unitary and referred to as the PMNS matrix. The mass eigenstates

are labelled such that |Ue1|2 > |Ue2|2 > |Ue3|2,which implies that, by definition, the

⌫e component of ⌫
1

> ⌫e component of ⌫
2

> ⌫e component of ⌫
3

.

2.1. Masses

With this choice of labeling of the neutrino mass eigenstates, the solar oscillations are

governed by �m2

21

as both ⌫
1

and ⌫
2

have a significant ⌫e component. Whereas the

atmospheric oscillations are governed by �m2

31

⇡ �m2

32

as ⌫
3

has a small ⌫e component

required by the small ⌫e involvement shown by the results of the SuperKamiokande

and Chooz experiments. The mass ordering of ⌫
1

and ⌫
2

was determined by matter

e↵ects in the interior of the sun by the SNO experiment [2]. Their measurement of the

charge current to neutral current ratio of less than one half, for the 8B high energy solar

neutrinos, implies that the higher mass state has the lower ⌫e component i.e. m2

2

> m2

1

or �m2

21

> 0.

The atmospheric neutrino mass ordering, m2

3

> or < m2

2

, m2

1

is still to be

determined, see Fig. 1. If m2

3

> m2

2

, the ordering is known as the normal hierarchy

(NH), whereas if m2

3

< m2

1

the ordering is known as the inverted hierarchy (IH). Fig. 2

shows the masses as a function of the lightest neutrino mass.

The sum of the masses of the neutrinos satisfies
q

�m2

atm = 0.05 eV <
X

m⌫i < 0.5 eV. (3)

So the
P

m⌫i ranges from 10�7 to 10�6 times me, however the mass of the lightest
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Figure 1. What is known about the square of the neutrino masses for the two
atmospheric mass hierarchies.
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• Labeling massive neutrinos:

• To Be Majorana or Not To Be Majorana?

• We know (|Ue2|2, |Ue3|2, |Uµ3|2) with precision of (5,10,15)% but
have little information on the other 6 elements of the PMNS matrix without
assuming Unitarity.

• Stringent tests of the ⌫SM Paradigm, determining the Mass Hierarchy
& measuring CPV are the next steps. Unitarity Triangle? Tau’s?

• Are there lite Sterile neutrinos?
Can we exclude |Ue4|2 and |Uµ4|2 > 0.01, say, for �m2 ⇠ 1eV 2

• Solving the Neutrino Masses and Mixing pattern is di�cult challenge
for Theory!
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Neutrino Standard Model:
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hep-ph/0312131

Stephen Parke                                         Nobel Symposium on LHC 2013 @ Krusenberg                                              5/16/2013                      

Neutrino Mixing Matrix: PMNS
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André de Gouvêa Northwestern

Phenomenological Understanding of Neutrino Masses & Mixing

(The Standard Massive Neutrino Paradigm)
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The Neutrino Masses:
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E = mc2
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Masses
Label the Neutrino mass eigenstates such that:

⇤e component of ⇤1 > ⇤e component of ⇤2 > ⇤e component of ⇤3
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Three nuSM Questions for LBL:

• Is there CP Violation 

• Mass Ordering 

• Dominant Flavor Content of ν_3

3
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2. Neutrino Masses and Mixings

The three known neutrino flavor states, ⌫e, ⌫µ, ⌫⌧ , and the three neutrino mass
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where the U matrix is unitary and referred to as the PMNS matrix. The mass eigenstates

are labelled such that |Ue1|2 > |Ue2|2 > |Ue3|2,which implies that, by definition, the

⌫e component of ⌫
1

> ⌫e component of ⌫
2

> ⌫e component of ⌫
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.

2.1. Masses

With this choice of labeling of the neutrino mass eigenstates, the solar oscillations are
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required by the small ⌫e involvement shown by the results of the SuperKamiokande
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was determined by matter
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Figure 1. What is known about the square of the neutrino masses for the two
atmospheric mass hierarchies.
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Figure 1. What is known about the square of the neutrino masses for the two
atmospheric mass hierarchies.
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• ⌫µ disappearance experiment to a detector in geo-synchronous orbit.
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• Labeling massive neutrinos:

• To Be Majorana or Not To Be Majorana?

• We know (|Ue2|2, |Ue3|2, |Uµ3|2) with precision of (5,10,15)% but
have little information on the other 6 elements of the PMNS matrix without
assuming Unitarity.

• Stringent tests of the ⌫SM Paradigm, determining the Mass Hierarchy
& measuring CPV are the next steps. Unitarity Triangle? Tau’s?

• Are there lite Sterile neutrinos?
Can we exclude |Ue4|2 and |Uµ4|2 > 0.01, say, for �m2 ⇠ 1eV 2

• Solving the Neutrino Masses and Mixing pattern is di�cult challenge
for Theory!
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Neutrino Mixing Matrix: PMNS
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Phenomenological Understanding of Neutrino Masses & Mixing

(The Standard Massive Neutrino Paradigm)
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The Neutrino Masses:
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Matter effect

CP violation
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Wrong-Sign Muon Measurements

Stat. error for

1020 decays

Neutrino Factory: 

 Only way to get to very small values of 

|⇤sin �⌅T 2K
true � ⇤sin �⌅NO�A
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0.05

if the measurement uncertainty on sin �

� ±0.2

then the two fake solutions are well separated down to

sin2 2⇥13 � 0.01
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Mass is a coupling between the
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components of the Fermion Field.
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Dirac spinor:
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2 ) + ei� (1��5)
2 U(P �MS
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Right massless spinor Left massless spinor

for massless particles chirality and helicity are the identical
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• Is there CP Violation

• Atm Mass Ordering

• Dominant Flavor Content of ν_3

(SNO solar ordering) 
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Three nuSM Questions for LBL:

• Is there CP Violation 

• Mass Ordering 

• Dominant Flavor Content of ν_3
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Neutrinos: Theory and Phenomenology: 3

2. Neutrino Masses and Mixings

The three known neutrino flavor states, ⌫e, ⌫µ, ⌫⌧ , and the three neutrino mass

eigenstates, ⌫
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, ⌫
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, ⌫
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, are related as follows:
0

B

B

@

⌫e

⌫µ

⌫⌧

1

C

C

A

=

0

B

B

@

Ue1 Ue2 Ue3

Uµ1

Uµ2

Uµ3

U⌧1

U⌧2

U⌧3

1

C

C

A

0

B

B

@

⌫
1

⌫
2

⌫
3

1

C

C

A

(2)

where the U matrix is unitary and referred to as the PMNS matrix. The mass eigenstates

are labelled such that |Ue1|2 > |Ue2|2 > |Ue3|2,which implies that, by definition, the

⌫e component of ⌫
1

> ⌫e component of ⌫
2

> ⌫e component of ⌫
3

.

2.1. Masses

With this choice of labeling of the neutrino mass eigenstates, the solar oscillations are

governed by �m2

21

as both ⌫
1

and ⌫
2

have a significant ⌫e component. Whereas the

atmospheric oscillations are governed by �m2

31

⇡ �m2

32

as ⌫
3

has a small ⌫e component

required by the small ⌫e involvement shown by the results of the SuperKamiokande

and Chooz experiments. The mass ordering of ⌫
1

and ⌫
2

was determined by matter

e↵ects in the interior of the sun by the SNO experiment [2]. Their measurement of the

charge current to neutral current ratio of less than one half, for the 8B high energy solar

neutrinos, implies that the higher mass state has the lower ⌫e component i.e. m2

2

> m2

1

or �m2

21

> 0.

The atmospheric neutrino mass ordering, m2

3

> or < m2

2

, m2

1

is still to be

determined, see Fig. 1. If m2

3

> m2

2

, the ordering is known as the normal hierarchy

(NH), whereas if m2

3

< m2

1

the ordering is known as the inverted hierarchy (IH). Fig. 2

shows the masses as a function of the lightest neutrino mass.

The sum of the masses of the neutrinos satisfies
q
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atm = 0.05 eV <
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m⌫i < 0.5 eV. (3)

So the
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Figure 1. What is known about the square of the neutrino masses for the two
atmospheric mass hierarchies.
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Figure 1. What is known about the square of the neutrino masses for the two
atmospheric mass hierarchies.
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• ⌫µ disappearance experiment to a detector in geo-synchronous orbit.
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Flavor Content of Mass Eigenstates:
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• Labeling massive neutrinos:

• To Be Majorana or Not To Be Majorana?

• We know (|Ue2|2, |Ue3|2, |Uµ3|2) with precision of (5,10,15)% but
have little information on the other 6 elements of the PMNS matrix without
assuming Unitarity.

• Stringent tests of the ⌫SM Paradigm, determining the Mass Hierarchy
& measuring CPV are the next steps. Unitarity Triangle? Tau’s?

• Are there lite Sterile neutrinos?
Can we exclude |Ue4|2 and |Uµ4|2 > 0.01, say, for �m2 ⇠ 1eV 2

• Solving the Neutrino Masses and Mixing pattern is di�cult challenge
for Theory!
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Neutrino Standard Model:
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Neutrino Mixing Matrix: PMNS

10
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Phenomenological Understanding of Neutrino Masses & Mixing

(The Standard Massive Neutrino Paradigm)
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The Neutrino Masses:

5

1

2

3

1

2

3

Less than

4% �e
in the 3 state!

States 1 and 2 are �e rich.

E = mc2
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Masses
Label the Neutrino mass eigenstates such that:

⇤e component of ⇤1 > ⇤e component of ⇤2 > ⇤e component of ⇤3

i.e. |Ue1|2 > |Ue2|2 > |Ue3|2
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Close to Tri-Bi-Maximal: Accident or Symmetry ?
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Matter effect

CP violation

Eµ = 20 GeV

Solar LMA

sin2 2θ13 = 0.04

|δm2
32| = 0.002 eV2 ν1

ν3

ν2

ν3

ν2ν1

δm2 < 0

δm2 > 0

Wrong-Sign Muon Measurements

Stat. error for

1020 decays

Neutrino Factory: 

 Only way to get to very small values of 

|⇤sin �⌅T 2K
true � ⇤sin �⌅NO�A

true | ⇥ 0

|⇤sin �⌅T 2K
fake � ⇤sin �⌅NO�A

fake | ⇥ 1.0

�
sin2 2⇥13

0.05

if the measurement uncertainty on sin �

� ±0.2

then the two fake solutions are well separated down to

sin2 2⇥13 � 0.01
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Three nuSM Questions for LBL:

33

/ ⇢L sin2 ✓23

✓23 octant ?

⌫µ

⌫µ, ⌫e, ⌫⌧

Ar from ⇠ 10 km3 of air

• Need |Uµ1| and |Uµ2| separately: L/E=15,000 km/GeV

• ⌫µ disappearance experiment to a detector in geo-synchronous orbit.

L = 1300 km, sin2 ✓13 = 0.023 and sin2 ✓23 = 0.5

⌫µ $ ⌫̄µ

NH $ IH
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Flavor Content of Mass Eigenstates:
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• Labeling massive neutrinos:

• To Be Majorana or Not To Be Majorana?

• We know (|Ue2|2, |Ue3|2, |Uµ3|2) with precision of (5,10,15)% but
have little information on the other 6 elements of the PMNS matrix without
assuming Unitarity.

• Stringent tests of the ⌫SM Paradigm, determining the Mass Hierarchy
& measuring CPV are the next steps. Unitarity Triangle? Tau’s?

• Are there lite Sterile neutrinos?
Can we exclude |Ue4|2 and |Uµ4|2 > 0.01, say, for �m2 ⇠ 1eV 2

• Solving the Neutrino Masses and Mixing pattern is di�cult challenge
for Theory!
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Solar Sector: {12}
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Neutrino Standard Model:

O. Mena & SP 
hep-ph/0312131
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Neutrino Mixing Matrix: PMNS

10

André de Gouvêa Northwestern

Phenomenological Understanding of Neutrino Masses & Mixing

(The Standard Massive Neutrino Paradigm)

�

⇧⇧⇤

⇥e

⇥µ

⇥⇥

⇥

⌃⌃⌅ =

�

⇧⇧⇤

Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

U⇥1 U⇥2 U⇥3

⇥

⌃⌃⌅

�

⇧⇧⇤

⇥1

⇥2

⇥3

⇥

⌃⌃⌅

Definition of neutrino mass eigenstates (who are ⇥1, ⇥2, ⇥3?):

• m2
1 < m2

2 �m2
13 < 0 – Inverted Mass Hierarchy

• m2
2 �m2

1 ⇤ |m2
3 �m2

1,2| �m2
13 > 0 – Normal Mass Hierarchy

tan2 �12 ⇥ |Ue2|2
|Ue1|2 ; tan2 �23 ⇥ |Uµ3|2

|U⇥3|2 ; Ue3 ⇥ sin �13e�i�

June 12, 2012 � Theory

SNO CC
KamLAND

Masses
Label the Neutrino mass eigenstates such that:
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Masses and Mixings

At 2⌅ we have the following limits:
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The Neutrino Masses:
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Less than

4% �e
in the 3 state!

States 1 and 2 are �e rich.

E = mc2
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Masses
Label the Neutrino mass eigenstates such that:

⇤e component of ⇤1 > ⇤e component of ⇤2 > ⇤e component of ⇤3
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Close to Tri-Bi-Maximal: Accident or Symmetry ?
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Matter effect

CP violation

Eµ = 20 GeV

Solar LMA

sin2 2θ13 = 0.04

|δm2
32| = 0.002 eV2 ν1

ν3

ν2

ν3

ν2ν1

δm2 < 0

δm2 > 0

Wrong-Sign Muon Measurements

Stat. error for

1020 decays

Neutrino Factory: 

 Only way to get to very small values of 

|⇤sin �⌅T 2K
true � ⇤sin �⌅NO�A

true | ⇥ 0

|⇤sin �⌅T 2K
fake � ⇤sin �⌅NO�A

fake | ⇥ 1.0

�
sin2 2⇥13

0.05

if the measurement uncertainty on sin �

� ±0.2

then the two fake solutions are well separated down to

sin2 2⇥13 � 0.01
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Right massless spinor Left massless spinor

for massless particles chirality and helicity are the identical
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Three nuSM Questions for LBL:

• Is there CP Violation 

• Mass Ordering 

• Dominant Flavor Content of ν_3

3

Neutrinos: Theory and Phenomenology: 3

2. Neutrino Masses and Mixings

The three known neutrino flavor states, ⌫e, ⌫µ, ⌫⌧ , and the three neutrino mass

eigenstates, ⌫
1

, ⌫
2

, ⌫
3

, are related as follows:
0
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where the U matrix is unitary and referred to as the PMNS matrix. The mass eigenstates

are labelled such that |Ue1|2 > |Ue2|2 > |Ue3|2,which implies that, by definition, the

⌫e component of ⌫
1

> ⌫e component of ⌫
2

> ⌫e component of ⌫
3

.

2.1. Masses

With this choice of labeling of the neutrino mass eigenstates, the solar oscillations are

governed by �m2

21

as both ⌫
1

and ⌫
2

have a significant ⌫e component. Whereas the

atmospheric oscillations are governed by �m2

31

⇡ �m2

32

as ⌫
3

has a small ⌫e component

required by the small ⌫e involvement shown by the results of the SuperKamiokande

and Chooz experiments. The mass ordering of ⌫
1

and ⌫
2

was determined by matter

e↵ects in the interior of the sun by the SNO experiment [2]. Their measurement of the

charge current to neutral current ratio of less than one half, for the 8B high energy solar

neutrinos, implies that the higher mass state has the lower ⌫e component i.e. m2

2

> m2

1

or �m2

21

> 0.

The atmospheric neutrino mass ordering, m2

3
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Figure 1. What is known about the square of the neutrino masses for the two
atmospheric mass hierarchies.

Neutrinos: Theory and Phenomenology: 3
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Three nuSM Questions for LBL:

• Is there CP Violation 

• Mass Ordering 

• Dominant Flavor Content of ν_3

3
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where the U matrix is unitary and referred to as the PMNS matrix. The mass eigenstates

are labelled such that |Ue1|2 > |Ue2|2 > |Ue3|2,which implies that, by definition, the
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Figure 1. What is known about the square of the neutrino masses for the two
atmospheric mass hierarchies.
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• Labeling massive neutrinos:

• To Be Majorana or Not To Be Majorana?

• We know (|Ue2|2, |Ue3|2, |Uµ3|2) with precision of (5,10,15)% but
have little information on the other 6 elements of the PMNS matrix without
assuming Unitarity.

• Stringent tests of the ⌫SM Paradigm, determining the Mass Hierarchy
& measuring CPV are the next steps. Unitarity Triangle? Tau’s?

• Are there lite Sterile neutrinos?
Can we exclude |Ue4|2 and |Uµ4|2 > 0.01, say, for �m2 ⇠ 1eV 2

• Solving the Neutrino Masses and Mixing pattern is di�cult challenge
for Theory!
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Neutrino Mixing Matrix: PMNS
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Phenomenological Understanding of Neutrino Masses & Mixing

(The Standard Massive Neutrino Paradigm)
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The Neutrino Masses:
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Three nuSM Questions for LBL:

• Is there CP Violation 

• Mass Ordering 

• Dominant Flavor Content of ν_3

3

Neutrinos: Theory and Phenomenology: 3

2. Neutrino Masses and Mixings

The three known neutrino flavor states, ⌫e, ⌫µ, ⌫⌧ , and the three neutrino mass

eigenstates, ⌫
1

, ⌫
2

, ⌫
3

, are related as follows:
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where the U matrix is unitary and referred to as the PMNS matrix. The mass eigenstates

are labelled such that |Ue1|2 > |Ue2|2 > |Ue3|2,which implies that, by definition, the

⌫e component of ⌫
1

> ⌫e component of ⌫
2

> ⌫e component of ⌫
3

.

2.1. Masses

With this choice of labeling of the neutrino mass eigenstates, the solar oscillations are

governed by �m2

21

as both ⌫
1

and ⌫
2

have a significant ⌫e component. Whereas the

atmospheric oscillations are governed by �m2

31

⇡ �m2

32

as ⌫
3

has a small ⌫e component

required by the small ⌫e involvement shown by the results of the SuperKamiokande

and Chooz experiments. The mass ordering of ⌫
1

and ⌫
2

was determined by matter

e↵ects in the interior of the sun by the SNO experiment [2]. Their measurement of the

charge current to neutral current ratio of less than one half, for the 8B high energy solar

neutrinos, implies that the higher mass state has the lower ⌫e component i.e. m2

2

> m2

1

or �m2

21

> 0.

The atmospheric neutrino mass ordering, m2

3

> or < m2

2

, m2

1

is still to be

determined, see Fig. 1. If m2

3

> m2

2

, the ordering is known as the normal hierarchy

(NH), whereas if m2

3

< m2

1

the ordering is known as the inverted hierarchy (IH). Fig. 2

shows the masses as a function of the lightest neutrino mass.

The sum of the masses of the neutrinos satisfies
q

�m2

atm = 0.05 eV <
X

m⌫i < 0.5 eV. (3)

So the
P

m⌫i ranges from 10�7 to 10�6 times me, however the mass of the lightest

Normal Hierarchy

�m2
sol

�m2
21 = +7.6⇥ 10�5 eV2

– Typeset by FoilTEX – 1

�m2
sol

�m2
atm

�m2
21 = +7.6⇥ 10�5 eV2

– Typeset by FoilTEX – 1

1
2

3

Inverted Hierarchy

�m2
sol

�m2
21 = +7.6⇥ 10�5 eV2

– Typeset by FoilTEX – 1

�m2
sol

�m2
atm

�m2
21 = +7.6⇥ 10�5 eV2

– Typeset by FoilTEX – 1

1
2

3

�m2
sol

�m2
atm

�m2
sol = +7.6 � 10�5 eV2

|�m2
atm| = 2.4 � 10�3 eV2

�m2
sol

|�m2
atm| � 0.03

– Typeset by FoilTEX – 1

Figure 1. What is known about the square of the neutrino masses for the two
atmospheric mass hierarchies.
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Figure 1. What is known about the square of the neutrino masses for the two
atmospheric mass hierarchies.
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⌫µ, ⌫e, ⌫⌧

Ar from ⇠ 10 km3 of air

• Need |Uµ1| and |Uµ2| separately: L/E=15,000 km/GeV

• ⌫µ disappearance experiment to a detector in geo-synchronous orbit.
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15
Stephen Parke, Fermilab                                          HQL/Virginia Tech                                                       5/26/2016                      

• Labeling massive neutrinos:

• To Be Majorana or Not To Be Majorana?

• We know (|Ue2|2, |Ue3|2, |Uµ3|2) with precision of (5,10,15)% but
have little information on the other 6 elements of the PMNS matrix without
assuming Unitarity.

• Stringent tests of the ⌫SM Paradigm, determining the Mass Hierarchy
& measuring CPV are the next steps. Unitarity Triangle? Tau’s?

• Are there lite Sterile neutrinos?
Can we exclude |Ue4|2 and |Uµ4|2 > 0.01, say, for �m2 ⇠ 1eV 2

• Solving the Neutrino Masses and Mixing pattern is di�cult challenge
for Theory!
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Neutrino Standard Model:

O. Mena & SP 
hep-ph/0312131
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Neutrino Mixing Matrix: PMNS

10

André de Gouvêa Northwestern

Phenomenological Understanding of Neutrino Masses & Mixing

(The Standard Massive Neutrino Paradigm)
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Definition of neutrino mass eigenstates (who are ⇥1, ⇥2, ⇥3?):

• m2
1 < m2

2 �m2
13 < 0 – Inverted Mass Hierarchy

• m2
2 �m2

1 ⇤ |m2
3 �m2

1,2| �m2
13 > 0 – Normal Mass Hierarchy

tan2 �12 ⇥ |Ue2|2
|Ue1|2 ; tan2 �23 ⇥ |Uµ3|2

|U⇥3|2 ; Ue3 ⇥ sin �13e�i�

June 12, 2012 � Theory

SNO CC
KamLAND

Masses
Label the Neutrino mass eigenstates such that:

⇤e component of ⇤1 > ⇤e component of ⇤2 > ⇤e component of ⇤3
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The Neutrino Masses:

5
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3

1

2

3

Less than

4% �e
in the 3 state!

States 1 and 2 are �e rich.

E = mc2
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Masses
Label the Neutrino mass eigenstates such that:

⇤e component of ⇤1 > ⇤e component of ⇤2 > ⇤e component of ⇤3

i.e. |Ue1|2 > |Ue2|2 > |Ue3|2
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Close to Tri-Bi-Maximal: Accident or Symmetry ?
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Matter effect

CP violation

Eµ = 20 GeV

Solar LMA

sin2 2θ13 = 0.04

|δm2
32| = 0.002 eV2 ν1

ν3

ν2

ν3

ν2ν1

δm2 < 0

δm2 > 0

Wrong-Sign Muon Measurements

Stat. error for

1020 decays

Neutrino Factory: 

 Only way to get to very small values of 

|⇤sin �⌅T 2K
true � ⇤sin �⌅NO�A

true | ⇥ 0

|⇤sin �⌅T 2K
fake � ⇤sin �⌅NO�A

fake | ⇥ 1.0

�
sin2 2⇥13

0.05

if the measurement uncertainty on sin �

� ±0.2

then the two fake solutions are well separated down to

sin2 2⇥13 � 0.01
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Fermion Mass
(Neutrino Mass)

Mass is a coupling between the
RIGHT and the LEFT

components of the Fermion Field.

P 2 = M2, S2 = �1, and P · S = 0

then (P ± MS)2 = 0

Dirac spinor:

U(P, S) = (1+�5)
2 U(P+MS

2 ) + ei� (1��5)
2 U(P �MS

2 )

Right massless spinor Left massless spinor

for massless particles chirality and helicity are the identical
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• Is there CP Violation

• Atm Mass Ordering

• Dominant Flavor Content of ν_3

(SNO solar ordering) 
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Three nuSM Questions for LBL:

• Is there CP Violation 

• Mass Ordering 

• Dominant Flavor Content of ν_3

3

Neutrinos: Theory and Phenomenology: 3

2. Neutrino Masses and Mixings

The three known neutrino flavor states, ⌫e, ⌫µ, ⌫⌧ , and the three neutrino mass

eigenstates, ⌫
1

, ⌫
2

, ⌫
3

, are related as follows:
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where the U matrix is unitary and referred to as the PMNS matrix. The mass eigenstates

are labelled such that |Ue1|2 > |Ue2|2 > |Ue3|2,which implies that, by definition, the

⌫e component of ⌫
1

> ⌫e component of ⌫
2

> ⌫e component of ⌫
3

.

2.1. Masses

With this choice of labeling of the neutrino mass eigenstates, the solar oscillations are

governed by �m2

21

as both ⌫
1

and ⌫
2

have a significant ⌫e component. Whereas the

atmospheric oscillations are governed by �m2

31

⇡ �m2

32

as ⌫
3

has a small ⌫e component

required by the small ⌫e involvement shown by the results of the SuperKamiokande

and Chooz experiments. The mass ordering of ⌫
1

and ⌫
2

was determined by matter

e↵ects in the interior of the sun by the SNO experiment [2]. Their measurement of the

charge current to neutral current ratio of less than one half, for the 8B high energy solar

neutrinos, implies that the higher mass state has the lower ⌫e component i.e. m2

2

> m2

1

or �m2

21

> 0.

The atmospheric neutrino mass ordering, m2

3

> or < m2

2

, m2

1

is still to be

determined, see Fig. 1. If m2

3

> m2

2

, the ordering is known as the normal hierarchy

(NH), whereas if m2

3

< m2

1

the ordering is known as the inverted hierarchy (IH). Fig. 2

shows the masses as a function of the lightest neutrino mass.

The sum of the masses of the neutrinos satisfies
q

�m2

atm = 0.05 eV <
X

m⌫i < 0.5 eV. (3)

So the
P

m⌫i ranges from 10�7 to 10�6 times me, however the mass of the lightest
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Figure 1. What is known about the square of the neutrino masses for the two
atmospheric mass hierarchies.
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Figure 1. What is known about the square of the neutrino masses for the two
atmospheric mass hierarchies.
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• ⌫µ disappearance experiment to a detector in geo-synchronous orbit.
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• Labeling massive neutrinos:

• To Be Majorana or Not To Be Majorana?

• We know (|Ue2|2, |Ue3|2, |Uµ3|2) with precision of (5,10,15)% but
have little information on the other 6 elements of the PMNS matrix without
assuming Unitarity.

• Stringent tests of the ⌫SM Paradigm, determining the Mass Hierarchy
& measuring CPV are the next steps. Unitarity Triangle? Tau’s?

• Are there lite Sterile neutrinos?
Can we exclude |Ue4|2 and |Uµ4|2 > 0.01, say, for �m2 ⇠ 1eV 2

• Solving the Neutrino Masses and Mixing pattern is di�cult challenge
for Theory!
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Neutrino Standard Model:

O. Mena & SP 
hep-ph/0312131
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Neutrino Mixing Matrix: PMNS

10

André de Gouvêa Northwestern

Phenomenological Understanding of Neutrino Masses & Mixing

(The Standard Massive Neutrino Paradigm)
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Definition of neutrino mass eigenstates (who are ⇥1, ⇥2, ⇥3?):

• m2
1 < m2

2 �m2
13 < 0 – Inverted Mass Hierarchy

• m2
2 �m2

1 ⇤ |m2
3 �m2
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13 > 0 – Normal Mass Hierarchy
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Masses
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The Neutrino Masses:
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Less than

4% �e
in the 3 state!

States 1 and 2 are �e rich.

E = mc2
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Masses
Label the Neutrino mass eigenstates such that:

⇤e component of ⇤1 > ⇤e component of ⇤2 > ⇤e component of ⇤3

i.e. |Ue1|2 > |Ue2|2 > |Ue3|2

Masses and Mixings

At 2⌅ we have the following limits:

sin2 ⇥13 < 0.04 ⇥
�

�m2
21

�m2
31

⇥1

| sin2 ⇥12 �
1
3

| < 0.04 ⇥
�

�m2
21

�m2
31

⇥1

| sin2 ⇥23 �
1
2

| < 0.12 ⇥
�

�m2
21

�m2
31

⇥0.6

Close to Tri-Bi-Maximal: Accident or Symmetry ?

– Typeset by FoilTEX – 7

Matter effect

CP violation

Eµ = 20 GeV

Solar LMA
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32| = 0.002 eV2 ν1

ν3

ν2
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ν2ν1
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δm2 > 0

Wrong-Sign Muon Measurements

Stat. error for

1020 decays

Neutrino Factory: 

 Only way to get to very small values of 

|⇤sin �⌅T 2K
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true | ⇥ 0

|⇤sin �⌅T 2K
fake � ⇤sin �⌅NO�A

fake | ⇥ 1.0

�
sin2 2⇥13

0.05

if the measurement uncertainty on sin �

� ±0.2

then the two fake solutions are well separated down to

sin2 2⇥13 � 0.01
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Fermion Mass
(Neutrino Mass)

Mass is a coupling between the
RIGHT and the LEFT

components of the Fermion Field.

P 2 = M2, S2 = �1, and P · S = 0

then (P ± MS)2 = 0

Dirac spinor:

U(P, S) = (1+�5)
2 U(P+MS

2 ) + ei� (1��5)
2 U(P �MS

2 )

Right massless spinor Left massless spinor

for massless particles chirality and helicity are the identical
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SK & OPERA Tau’s
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• Disappearance:
⌫µ ! ⌫µ , ⌫̄µ ! ⌫̄µ
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CPT
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⌫µ ! ⌫µ , ⌫̄µ ! ⌫̄µ

⌫µ ! ⌫e , ⌫̄µ ! ⌫̄e

CPT

CP

�m2
µµ and |Uµ3|2 = c213s

2
23 ( but degenerate with (1� |Uµ3|2) )

CPV/�, mass ordering and dominant flavor of ⌫3
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µe

|2

P (⌫
µ

! ⌫
e

) = |Ā
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3 ν Analysis: θ23

• Best determined in νµ and ν̄µ disapperance in LBL

Pµµ ≃ 1− (c413sin
2 2θ23 + s223sin

2 2θ13) sin
2

(

∆m2
31L

4E

)

+O(∆m2
21)

⇒ Impact on CL of non-maximality (also of Ordering and δCP)

Neutrino Masses, Mixing and CPV circa 2016 Concha Gonzalez-Garcia3 ν Flavour Parameters: Status in 9/2016
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Even in matter, a vestige of CPT exists:
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– Typeset by FoilTEX – 8

Appearance Experiments:

39
Stephen Parke, Fermilab                                                 Fermilab Colloquium                                                      12/09/2015

• Running experiments:

T2K (295km) and NOvA (810km)

• Future experiments:

DUNE (40 ktons LAr, 1300km)

HyperKamiokaNDE (0.5kMtons H2O, 295km)

– Typeset by FoilTEX – 4

Stephen Parke, Fermilab                                    Invisibles 2016 / Padua                                                        9/12/2016                      

Other Appearance Channel:

7

CP

⇤µ ⇤ ⇤e ⌅⇧ ⇤̄µ ⇤ ⇤̄e

T ⌃ CPT across diagonals ⌃ T

⇤e ⇤ ⇤µ ⌅⇧ ⇤̄e ⇤ ⇤̄µ

CP

CPT across diagonals:

• First Row: Superbeams where ⇤e contamination ⇥1 %

• Second Row: ⇤-Factory or �-Beams, no beam contamination

Even in matter, a vestige of CPT exists:
Instead of switch matter to anti-matter, switch neutrino hierarchy !!!

– Typeset by FoilTEX – 8

Appearance Experiments:

39
Stephen Parke, Fermilab                                                 Fermilab Colloquium                                                      12/09/2015

• Running experiments:

T2K (295km) and NOvA (810km)

• Future experiments:

DUNE (40 ktons LAr, 1300km)

HyperKamiokaNDE (0.5kMtons H2O, 295km)

– Typeset by FoilTEX – 4

Stephen Parke, Fermilab                                    Invisibles 2016 / Padua                                                        9/12/2016                      

Other Appearance Channel:

7

CP

⇤µ ⇤ ⇤e ⌅⇧ ⇤̄µ ⇤ ⇤̄e

T ⌃ CPT across diagonals ⌃ T

⇤e ⇤ ⇤µ ⌅⇧ ⇤̄e ⇤ ⇤̄µ

CP

CPT across diagonals:

• First Row: Superbeams where ⇤e contamination ⇥1 %

• Second Row: ⇤-Factory or �-Beams, no beam contamination

Even in matter, a vestige of CPT exists:
Instead of switch matter to anti-matter, switch neutrino hierarchy !!!

– Typeset by FoilTEX – 8

Appearance Experiments:

39
Stephen Parke, Fermilab                                                 Fermilab Colloquium                                                      12/09/2015

• Running experiments:

T2K (295km) and NOvA (810km)

• Future experiments:

DUNE (40 ktons LAr, 1300km)

HyperKamiokaNDE (0.5kMtons H2O, 295km)

– Typeset by FoilTEX – 4

• Running experiments:

T2K (295km) and NOvA (810km)

• Future experiments:

DUNE (40 ktons LAr, 1300km)

HyperKamiokaNDE (0.5kMtons H2O, 295km)

– Typeset by FoilTEX – 4

• Running experiments:

T2K (295km) and NOvA (810km)

• Future experiments:

DUNE (40 ktons LAr, 1300km)

HyperKamiokaNDE (0.5kMtons H2O, 295km)

– Typeset by FoilTEX – 4

0.2Mt + T2HKK



Stephen Parke, Fermilab                                    PhysStat_Nu / Fermilab                                                        9/19/2016                      
38

• Appearance:
⌫µ ! ⌫µ , ⌫̄µ ! ⌫̄µ

⌫µ ! ⌫e , ⌫̄µ ! ⌫̄e

CPT

– Typeset by FoilTEX – 3

⌫µ ! ⌫µ , ⌫̄µ ! ⌫̄µ

⌫µ ! ⌫e , ⌫̄µ ! ⌫̄e

CPT

CP

– Typeset by FoilTEX – 3

⌫µ ! ⌫µ , ⌫̄µ ! ⌫̄µ

⌫µ ! ⌫e , ⌫̄µ ! ⌫̄e

CPT

CP

�m2
µµ and |Uµ3|2 ( but degenerate with (1� |Uµ3|2) )

CPV/�, mass ordering and dominant flavor of ⌫3

– Typeset by FoilTEX – 3



Stephen Parke, Fermilab                                    PhysStat_Nu / Fermilab                                                        9/19/2016                      
39

� +�32 � ��32

A31 A21 Aµe Ā⇤
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Neutrino oscillations in vacuum: disappearance
For example, it is easy to calculate the exact disappearance
expression in vacuum:

P(⌫↵ ! ⌫↵) = 1 � 4
X

i<j

|U↵i |2|U↵j |2 sin2�ji .

For the electron case this expression is simple:

P(⌫e ! ⌫e) = 1

� 4c212s
2
12c

4
13 sin

2�21

� 4c212c
2
13s

2
13 sin

2�31

� 4s212c
2
13s

2
13 sin

2�32 .

�ij =
�m2

ij L

4E
�m2

ij = m2
i � m2

j

Peter B. Denton (Fermilab, Vanderbilt) 1604.08167 Fermilab Theory Seminar: July 21, 2016 4/52

Using: �ij = �m2

ijL/4E = 1.27...

✓
�m2

ij L

eV 2 km

◆ �
GeV
E

�

(derive the number 1.27... by putting in h̄ and c’s)

Disappearance Probabilities (in vacuum):

P (⌫e ! ⌫e) ⇡ 1 � sin

2

2✓
13

sin

2

�ee

�cos

4 ✓
13

sin

2

2✓
12

sin

2

�

21

P (⌫µ ! ⌫µ) ⇡ 1 � 4 cos

2 ✓
13

sin

2 ✓
23

(1 � cos

2 ✓
13

sin

2 ✓
23

) sin

2

�µµ

+ O(�

2

21

)

�ee ⇡ �31 and �µµ ⇡ �32

– Typeset by FoilT

E

X – 2



Stephen Parke, Fermilab                                    PhysStat_Nu / Fermilab                                                        9/19/2016                      
39

� +�32 � ��32

A31 A21 Aµe Ā⇤
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Ā⇤
µe = A31 + ei(���32)A21

A31 = 2s23s13c13 sin�31

A21 = 2c13c23s12c12 sin�21

Aµe = 2s23s13c13 sin�31 + ei(���32) 2c13c23s12c12 sin�21

– Typeset by FoilTEX – 2

� +�32 � ��32

A31 A21 Aµe Ā⇤
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µe

– Typeset by FoilTEX – 2

� +�32 � ��32

A31 A21 Aµe Ā⇤
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Ā⇤
µe = A31 + ei(���32)A21

A31 = 2s23s13c13 sin�31

A21 = 2c13c23s12c12 sin�21

Aµe = 2s23s13c13 sin�31 + ei(���32) 2c13c23s12c12 sin�21

– Typeset
by FoilTEX –

2

� +�32 � ��32

A31 A21 Aµe Ā⇤
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Ā⇤
µe = A31 + ei(���32)A21

A31 = 2s23s13c13 sin�31

A21 = 2c13c23s12c12 sin�21

Aµe = 2s23s13c13 sin�31 + ei(���32) 2c13c23s12c12 sin�21

P (⌫µ ! ⌫e) = AµeA⇤
µe

P (⌫̄µ ! ⌫̄e) = Ā⇤
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µe

•

� = 0

Aµe = A31 + ei(�+�32)A21

Ā⇤
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µeĀµe

– Typeset by FoilTEX – 2

� +�32 � ��32

– Typeset by FoilTEX – 2

� +�32 � ��32

A31 A21 Aµe Ā⇤
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Ā⇤
µe = A31 + ei(���32)A21

A31 = 2s23s13c13 sin�31

A21 = 2c13c23s12c12 sin�21

Aµe = 2s23s13c13 sin�31 + ei(���32) 2c13c23s12c12 sin�21

P (⌫µ ! ⌫e) = AµeA⇤
µe

P (⌫̄µ ! ⌫̄e) = Ā⇤
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– Typeset by FoilTEX – 2

� +�32 � ��32

A31 A21 Aµe Ā⇤
µe

•

� = 0

Aµe = A31 + ei(�+�32)A21

Ā⇤
µe = A31 + ei(���32)A21

A31 = 2s23s13c13 sin�31

A21 = 2c13c23s12c12 sin�21

Aµe = 2s23s13c13 sin�31 + ei(���32) 2c13c23s12c12 sin�21

– Typeset
by FoilTEX –

2

� +�32 � ��32

A31 A21 Aµe Ā⇤
µe

•

� = 0

Aµe = A31 + ei(�+�32)A21

Ā⇤
µe = A31 + ei(���32)A21

A31 = 2s23s13c13 sin�31

A21 = 2c13c23s12c12 sin�21

Aµe = 2s23s13c13 sin�31 + ei(���32) 2c13c23s12c12 sin�21

P (⌫µ ! ⌫e) = AµeA⇤
µe

P (⌫̄µ ! ⌫̄e) = Ā⇤
µeĀµe

– Typeset by FoilTEX – 2

Matter E↵ects:

⌫µ ! ⌫e
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A31 ) 2s23s13c13
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sin(�21 ⌥ aL)

(�21 ⌥ aL)
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(aL)
�21

– Typeset by FoilTEX – 1

3 examples:
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Using: �ij = �m2

ijL/4E = 1.27...

✓
�m2

ij L

eV 2 km

◆ �
GeV
E

�

(derive the number 1.27... by putting in h̄ and c’s)

Disappearance Probabilities (in vacuum):

P (⌫e ! ⌫e) ⇡ 1 � sin

2
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13
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sin

2

2✓
12
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�

21
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(1 � cos

2 ✓
13

sin
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2

�µµ

+O(�

2

21

)

– Typeset by FoilTEX – 2

Using: �ij = �m2

ijL/4E = 1.27...

✓
�m2

ij L

eV 2 km

◆ �
GeV
E

�

(derive the number 1.27... by putting in h̄ and c’s)
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P (⌫e ! ⌫e) ⇡ 1 � sin
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�ee
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�

21

P (⌫µ ! ⌫µ) ⇡ 1 � 4 cos
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13
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(1 � cos

2 ✓
13
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2

�µµ

+ O(�

2

21

)

– Typeset by FoilTEX – 2

Neutrino oscillations in vacuum: disappearance
For example, it is easy to calculate the exact disappearance
expression in vacuum:

P(⌫↵ ! ⌫↵) = 1 � 4
X

i<j

|U↵i |2|U↵j |2 sin2�ji .

For the electron case this expression is simple:

P(⌫e ! ⌫e) = 1

� 4c212s
2
12c

4
13 sin

2�21

� 4c212c
2
13s

2
13 sin

2�31

� 4s212c
2
13s

2
13 sin

2�32 .

�ij =
�m2

ij L

4E
�m2

ij = m2
i � m2

j
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Using: �ij = �m2

ijL/4E = 1.27...

✓
�m2

ij L

eV 2 km

◆ �
GeV
E

�

(derive the number 1.27... by putting in h̄ and c’s)

Disappearance Probabilities (in vacuum):

P (⌫e ! ⌫e) ⇡ 1 � sin

2
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13
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2
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2

�
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2

�µµ

+ O(�

2
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)

�ee ⇡ �31 and �µµ ⇡ �32

– Typeset by FoilT

E

X – 2

� +�32 � ��32

A31 A21 Aµe Ā⇤
µe

•

� = 0

Aµe = A31 + ei(�+�32)A21

Ā⇤
µe = A31 + ei(���32)A21

A31 = 2s23s13c13 sin�31

A21 = 2c13c23s12c12 sin�21

Aµe = 2s23s13c13 sin�31 + ei(���32) 2c13c23s12c12 sin�21

– Typ
eset

by Foil
TEX –

2

� +�32 � ��32

A31 A21 Aµe Ā⇤
µe

•

� = 0

Aµe = A31 + ei(�+�32)A21

Ā⇤
µe = A31 + ei(���32)A21

A31 = 2s23s13c13 sin�31

A21 = 2c13c23s12c12 sin�21

Aµe = 2s23s13c13 sin�31 + ei(���32) 2c13c23s12c12 sin�21

P (⌫µ ! ⌫e) = AµeA⇤
µe

P (⌫̄µ ! ⌫̄e) = Ā⇤
µeĀµe

– Typeset by FoilTEX – 2

� +�32 � ��32

A31 A21 Aµe Ā⇤
µe

•

� = 0

Aµe = A31 + ei(�+�32)A21

Ā⇤
µe = A31 + ei(���32)A21

A31 = 2s23s13c13 sin�31
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Aµe = 2s23s13c13 sin�31 + ei(���32) 2c13c23s12c12 sin�21

P (⌫µ ! ⌫e) = AµeA⇤
µe

P (⌫̄µ ! ⌫̄e) = Ā⇤
µeĀµe

– Typeset by FoilTEX – 2

� +�32 � ��32

– Typeset by FoilTEX – 2

� +�32 � ��32

A31 A21 Aµe Ā⇤
µe

– Typeset by FoilTEX – 2

� +�32 � ��32

A31 A21 Aµe Ā⇤
µe

•

– Typeset by FoilTEX – 2
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=
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l
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✓ 2
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=

⇡
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D
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n
�
=

±
1
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–
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p

e

s

e
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y

F

o

i
l
T
E
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–

1

sin �NO � sin �IO = tan ✓23 ⇥

8
<

:

0.54 T2K
1.62 NO⌫A
2.60 DUNE

= |Aµe|2

P (⌫̄
µ

! ⌫̄
e

) = |Ā
µe

|2

P (⌫
µ

! ⌫
e

) = |Ā
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⌫µ ! ⌫⌧
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Implies ✓23 = ⇡/4

AND sin � = ±1 !

– Typeset by FoilTEX – 1



Stephen Parke, Fermilab                                    PhysStat_Nu / Fermilab                                                        9/19/2016                      
40

Matter E↵ects:

⌫µ ! ⌫e

A31 = 2s23s13c13 sin�31

A21 = 2c13c23s12c12 sin�21

A31 ) 2s23s13c13
sin(�31⌥aL)
(�31⌥aL) �31

A21 ) 2c13c23s12c12
sin(�21 ⌥ aL)
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�21
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�21

– Typeset by FoilTEX – 1

�P ⌘ P (⌫µ ! ⌫e)� P (⌫̄µ ! ⌫̄e)

= | A31 + ei(�32 + �)A21 |2 � | A31 + ei(�32 � �)A21 |2

= 4A31A21{cos(�32 + �)� cos(�32 � �)}
= �2 cos ✓13 sin 2✓13 sin 2✓12 sin 2✓23 sin � sin�21 sin�31 sin�32

⇠ 2 J (⇧ �m2
ij)
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P
µ!e
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P
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�21

– Typeset by FoilTEX – 3

only difference
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– Typeset by FoilTEX – 4
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– Typeset by FoilTEX – 4

CPV:
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Matter E↵ects:

⌫µ ! ⌫e
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– Typeset by FoilTEX – 1
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⇠ 2 J (⇧ �m2
ij)

✓
L

4E

◆3

P
µ!e

⇡ | A31 + ei(�32±�)A21 |2

where A31 =
p
P

atm

= 2s23s13c13
sin(�31⌥aL)
(�31⌥aL)

�31

and A21 =
p
P

sol

= 2c13c23s12c12
sin(aL)
(aL)

�21
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– Typeset by FoilTEX – 3
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Matter E↵ects:

⌫µ ! ⌫e
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sin(�31⌥aL)
(�31⌥aL) �31

A21 ) 2c13c23s12c12
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– Typeset by FoilTEX – 1

�P ⌘ P (⌫µ ! ⌫e)� P (⌫̄µ ! ⌫̄e)

= | A31 + ei(�32 + �)A21 |2 � | A31 + ei(�32 � �)A21 |2

= 4A31A21{cos(�32 + �)� cos(�32 � �)}
= �2 cos ✓13 sin 2✓13 sin 2✓12 sin 2✓23 sin � sin�21 sin�31 sin�32
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– Typeset by FoilTEX – 4

J=Jarlskog Invariant
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Matter E↵ects:

⌫µ ! ⌫e
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– Typeset by FoilTEX – 1

�P ⌘ P (⌫µ ! ⌫e)� P (⌫̄µ ! ⌫̄e)

= | A31 + ei(�32 + �)A21 |2 � | A31 + ei(�32 � �)A21 |2
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only difference
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J=Jarlskog Invariant
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�P ⌘ P (⌫µ ! ⌫e)� P (⌫̄µ ! ⌫̄e)

= | A31 + ei(�32 + �)A21 |2 � | A31 + ei(�32 � �)A21 |2
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– Typeset by FoilTEX – 3

4 sin�21 sin�31 sin�32 = sin(2�31)� sin(2�32)� sin(2�21)

– Typeset by FoilTEX – 4

4 sin�21 sin�31 sin�32 = sin(2�31)� sin(2�32)� sin(2�21)

– Typeset by FoilTEX – 4
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Matter E↵ects:

⌫µ ! ⌫e

A31 = 2s23s13c13 sin�31
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– Typeset by FoilTEX – 1

�P ⌘ P (⌫µ ! ⌫e)� P (⌫̄µ ! ⌫̄e)

= | A31 + ei(�32 + �)A21 |2 � | A31 + ei(�32 � �)A21 |2

= 4A31A21{cos(�32 + �)� cos(�32 � �)}
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J=Jarlskog Invariant
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– Typeset by FoilTEX – 3

4 sin�21 sin�31 sin�32 = sin(2�31)� sin(2�32)� sin(2�21)

– Typeset by FoilTEX – 4

4 sin�21 sin�31 sin�32 = sin(2�31)� sin(2�32)� sin(2�21)

– Typeset by FoilTEX – 4
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Matter E↵ects:

⌫µ ! ⌫e

A31 = 2s23s13c13 sin�31

A21 = 2c13c23s12c12 sin�21

A31 ) 2s23s13c13
sin(�31⌥aL)
(�31⌥aL) �31

A21 ) 2c13c23s12c12
sin(�21 ⌥ aL)

(�21 ⌥ aL)
�21

⇡ 2c13c23s12c12
sin(aL)

(aL)
�21

– Typeset by FoilTEX – 1

�P ⌘ P (⌫µ ! ⌫e)� P (⌫̄µ ! ⌫̄e)

= | A31 + ei(�32 + �)A21 |2 � | A31 + ei(�32 � �)A21 |2

= 4A31A21{cos(�32 + �)� cos(�32 � �)}
= �2 cos ✓13 sin 2✓13 sin 2✓12 sin 2✓23 sin � sin�21 sin�31 sin�32

⇠ 2 J (⇧ �m2
ij)

✓
L

4E

◆3

P
µ!e

⇡ | A31 + ei(�32±�)A21 |2

where A31 =
p
P

atm

= 2s23s13c13
sin(�31⌥aL)
(�31⌥aL)

�31

and A21 =
p
P

sol

= 2c13c23s12c12
sin(aL)
(aL)

�21

– Typeset by FoilTEX – 3

only difference

a =
G

F

N
ep

2
(1)

⇡ (4000 km)�1
(2)

Matter E↵ects:

⌫
µ

! ⌫
e

A31 = 2s23s13c13 sin�31

A21 = 2c13c23s12c12 sin�21

A31 = 2s23s13c13 sin�31

– Typeset by FoilTEX – 4

a =
G

F

N
ep

2
(1)

⇡ (4000 km)�1
(2)

Matter E↵ects:

⌫
µ

! ⌫
e

A31 = 2s23s13c13 sin�31

A21 = 2c13c23s12c12 sin�21

A31 = 2s23s13c13 sin�31

– Typeset by FoilTEX – 4

J=Jarlskog Invariant

CPV:
�P ⌘ P (⌫µ ! ⌫e)� P (⌫̄µ ! ⌫̄e)

= | A31 + ei(�32 + �)A21 |2 � | A31 + ei(�32 � �)A21 |2

= 2A31A21{cos(�32 + �)� cos(�32 � �)}
= �2 cos ✓13 sin 2✓13 sin 2✓12 sin 2✓23 sin � sin�21 sin�31 sin�32

⇠ 2 J (⇧ �m2
ij)

✓
L

4E

◆3

– Typeset by FoilTEX – 3

4 sin�21 sin�31 sin�32 = sin(2�31)� sin(2�32)� sin(2�21)

– Typeset by FoilTEX – 4

4 sin�21 sin�31 sin�32 = sin(2�31)� sin(2�32)� sin(2�21)

– Typeset by FoilTEX – 4

�P ⌘ P (⌫µ ! ⌫e)� P (⌫̄µ ! ⌫̄e)

= | A31 + ei(�32 + �)A21 |2 � | A31 + ei(�32 � �)A21 |2

= 4A31A21{cos(�32 + �)� cos(�32 � �)}
= �2 cos ✓13 sin 2✓13 sin 2✓12 sin 2✓23 sin � sin�21 sin�31 sin�32

⇠ 2 J (⇧ �m2
ij)

✓
L

4E

◆3

P
µ!e

⇡ | A31 + ei(�32±�)A21 |2

where A31 =
p
P

atm

= 2s23s13c13
sin(�31⌥aL)
(�31⌥aL)

�31

and A21 =
p
P

sol

= 2c13c23s12c12
sin(aL)
(aL)

�21

– Typeset by FoilTEX – 3

L
E ! 0

|Uµ3|2(1� |Uµ3|2) = s223c
2
23 � s213s

2
23 cos 2✓23 � s413s

4
23

⇡ 0

sin �NO � sin �IO = tan ✓23 ⇥

8
<

:

0.48 T2K
1.62 NO⌫A
2.60 DUNE

= |Aµe|2

P (⌫̄
µ

! ⌫̄
e

) = |Ā
µe

|2

P (⌫
µ

! ⌫
e

) = |Ā
µe

|2

⌫µ ! ⌫⌧

)

– Typeset by FoilTEX – 1

Depends on ALL ✓’s, � and �m2
s !

This includes �m2
21 !!!

P
µ!e

⇡ | A31 + ei(�32±�)A21 |2

where A31 =
p
P

atm

= 2s23s13c13
sin(�31⌥aL)
(�31⌥aL)

�31

and A21 =
p
P

sol

= 2c13c23s12c12
sin(aL)
(aL)

�21

P
µ!e

⇡ | A31 + ei(�32±�)A21 |2

where A31 = 2s23s13c13
sin(�31⌥aL)
(�31⌥aL)

�31

and A21 = 2c13c23s12c12
sin(aL)
(aL)

�21

a =
G

F

N
ep

2
(1)

⇡ (4000 km)�1
(2)

– Typeset by FoilTEX – 6

Depends on ALL ✓’s, � and �m2
s !

This includes �m2
21 !!!

P
µ!e

⇡ | A31 + ei(�32±�)A21 |2

where A31 =
p
P

atm

= 2s23s13c13
sin(�31⌥aL)
(�31⌥aL)

�31

and A21 =
p
P

sol

= 2c13c23s12c12
sin(aL)
(aL)

�21

P
µ!e

⇡ | A31 + ei(�32±�)A21 |2

where A31 = 2s23s13c13
sin(�31⌥aL)
(�31⌥aL)

�31

and A21 = 2c13c23s12c12
sin(aL)
(aL)

�21

a =
G

F

N
ep

2
(1)

⇡ (4000 km)�1
(2)

– Typeset by FoilTEX – 6
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Matter E↵ects:

⌫µ ! ⌫e

A31 = 2s23s13c13 sin�31

A21 = 2c13c23s12c12 sin�21

A31 ) 2s23s13c13
sin(�31⌥aL)
(�31⌥aL) �31

A21 ) 2c13c23s12c12
sin(�21 ⌥ aL)

(�21 ⌥ aL)
�21

⇡ 2c13c23s12c12
sin(aL)

(aL)
�21

– Typeset by FoilTEX – 1

Stephen Parke, Fermilab                                           TMEX @ U of Warsaw                                                                09/05/2014                      
17

In Matter:
�

Patm =sin �23 sin 2�13
sin(�31�aL)
(�31�aL) �31

�
Psol = cos �23 sin 2�12

sin(aL)
(aL) �21

– Typeset by FoilTEX – 3

± = sign(�m2
31), a = GF Ne/

⇧
2 ⇥ (4000 km)�1

P (⇥̄, �m2
31, �) = P (⇥, ��m2

31, �+⇤)

dashes ⌅ solid and solid ⌅ dashes

a ⇤ �a and � ⇤ ��

Anti-Nu: Normal Inverted
dashes � = ⇤/2
solid � = 3⇤/2

– Typeset by FoilTEX – 4

Pµ⇥e � |
⇥

Patme�i(�32±�) +
⇥

Psol |2

0 when �31 = ⇥/2

0 in vacuum

a = GF Ne/
⇥

2 = (4000 km)�1, �ij = |�m2
ij|L/4E

and ± = sign(�m2
31)

⇥
⇥

2�13
�crit

� (aL)�13

⇤
⌅

� �31 cot �31

– Typeset by FoilTEX – 17

P (�µ ⇥ �e) � |
�

Patme�i(�32+�) +
�

Psol|2

In Vacuum:
�

Patm =sin �23 sin 2�13 sin�31

�
Psol =cos �23 sin 2�12 sin�21

� = �m2L
4h̄cE = 1.27�m2L

4E

For L = 1200 km
and sin2 2�13 = 0.04

– Typeset by FoilTEX – 2

where
�

Patm = sin �23 sin 2�13
sin(�31�aL)
(�31�aL) �31

and
�

Psol = cos �13 cos �23 sin 2�12
sin(aL)
(aL) �21
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Pµ⇥e � |
⇥

Patme�i(�31±�) +
⇥

Psol |2

a = GF Ne/
⇥

2 = (4000 km)�1, �ij = |�m2
ij|L/4E and ± =

sign(�m2
31)

⇥
⇥

2�13
�crit

� (aL)�13

⇤
⌅

� �31 cot �31

– Typeset by FoilTEX – 12

where
�

Patm = sin �23 sin 2�13 sin�31

and
�

Psol = cos �23 sin 2�12 sin�21

where
�

Patm = sin �23 sin 2�13
sin(�31�aL)
(�31�aL) �31

and
�

Psol = cos �23 sin 2�12
sin(aL)
(aL) �21

– Typeset by FoilTEX – 16

where
�

Patm = sin �23 sin 2�13 sin�31

and
�

Psol = cos �23 sin 2�12 sin�21

where
�

Patm = sin �23 sin 2�13
sin(�31�aL)
(�31�aL) �31

and
�

Psol = cos �23 sin 2�12
sin(aL)
(aL) �21

– Typeset by FoilTEX – 16

where
�

Patm = sin �23 sin 2�13 sin�31

and
�

Psol = cos �23 sin 2�12 sin�21

where
�

Patm = sin �23 sin 2�13
sin(�31�aL)
(�31�aL) �31

and
�

Psol = cos �23 sin 2�12
sin(aL)
(aL) �21

– Typeset by FoilTEX – 16

⇥µ ⇥ ⇥e

Pµ⌅e =
���

⇥
j U⇥µj Ueje

�im2
jL/2E

���
2

Elimate U⇥µ1Ue1

using unitarity of U.
Use �ij = �m2

ijL/4E = 1.27�m2
ijL/E

Pµ⌅e =
�� 2U⇥µ3Ue3 sin�31e�i�32 + 2U⇥µ2Ue2 sin�21

��2

Square of Atmospheric+Solar amplitude:

U⇥µ3Ue3 = s23s13c13e⇤i� for ⇥ and ⇥̄:

Approx. U⇥µ2Ue2 � c23c13s12c12 +O(s13):

Pµ⌅e �
�� 2s23s13c13 sin�31e�i(�32±�) + 2c23c13s12c12 sin�21

��2

Interference term di�erent for ⇥ and ⇥̄: CP violation !!!
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–
T
yp

es
et

by
F
oi

lT
EX

–
14

⇥µ ⇥ ⇥e

Pµ⌅e =
���

⇥
j U⇥µj Ueje

�im2
jL/2E

���
2

Elimate U⇥µ1Ue1

using unitarity of U.
Use �ij = �m2

ijL/4E = 1.27�m2
ijL/E

Pµ⌅e =
�� 2U⇥µ3Ue3 sin�31e�i�32 + 2U⇥µ2Ue2 sin�21

��2

Square of Atmospheric+Solar amplitude:

U⇥µ3Ue3 = s23s13c13e⇤i� for ⇥ and ⇥̄:

Approx. U⇥µ2Ue2 � c23c13s12c12 +O(s13):

Pµ⌅e �
�� 2s23s13c13 sin�31e�i(�32±�) + 2c23c13s12c12 sin�21

��2

Interference term di�erent for ⇥ and ⇥̄: CP violation !!!
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Vacu
um LBL:

Pµ⇥e � |
⇥

Patme�i(�32±�) +
⇥

Psol |2

0 when �31 = ⇥/2

0 in vacuum

a = GF Ne/
⇥

2 = (4000 km)�1, �ij = |�m2
ij|L/4E

and ± = sign(�m2
31)

⇥
⇥

2�13
�crit

� (aL)�13

⇤
⌅

� �31 cot �31

– Typeset by FoilTEX – 17

2
�

PatmPsol cos(�32 ± �) = 2
�

PatmPsol cos�32 cos � (9)

�2
�

PatmPsol sin �32 sin � (10)

�ij = �m2
ijL/4E

cos(�32 ± �) = cos �32 cos � � sin �32 sin � (11)

CPC only CPV

P = Psol

– Typeset by FoilTEX – 17

P (⇤µ ⌅ ⇤e) = | U⇥
µ1e

�im2
1L/2EUe1 + U⇥

µ2e
�im2

2L/2EUe2 + U⇥
µ3e

�im2
3L/2EUe3 |2

= |2U⇥
µ3Ue3 sin �31e

�i�32 + 2U⇥
µ2Ue2 sin �21|2

= |
�

Patme�i(�32+�) +
�

Psol|2

where
⌃

Patm = sin ⇥23 sin 2⇥13 sin �31
and

⌃
Psol ⇤ cos ⇥23 sin 2⇥12 sin �21

Pµ⇤e ⇤ Patm + 2
�

PatmPsol cos(�32 ± �) + Psol (6)

Pµ⇤e ⇤ Patm + 2
�

PatmPsol cos�32 cos � + Psol (7)

⇥2
�

PatmPsol sin �32 sin � (8)

P = Psol

– Typeset by FoilTEX – 16

2
�

PatmPsol cos(�32 ± �) = 2
�

PatmPsol cos�32 cos � (9)

⇥2
�

PatmPsol sin �32 sin � (10)

CPC only CPV

P = Psol

– Typeset by FoilTEX – 17

Cervera etal 
hep-ph/0002108

Depends on ALL ✓’s, � and �m2
!

P
µ!e

⇡ | A31 + ei(�32±�)A21 |2

where A31 =
p
P

atm

= 2s23s13c13
sin(�31⌥aL)
(�31⌥aL)

�31

and A21 =
p
P

sol

= 2c13c23s12c12
sin(aL)
(aL)

�21

a =
G

F

N
ep

2
(1)

⇡ (4000 km)�1
(2)

Matter E↵ects:

⌫
µ

! ⌫
e

A31 = 2s23s13c13 sin�31

A21 = 2c13c23s12c12 sin�21

– Typeset by FoilTEX – 6

Depends on ALL ✓’s, � and �m2
!

P
µ!e

⇡ | A31 + ei(�32±�)A21 |2

where A31 =
p
P

atm

= 2s23s13c13
sin(�31⌥aL)
(�31⌥aL)

�31

and A21 =
p
P

sol

= 2c13c23s12c12
sin(aL)
(aL)

�21

P
µ!e

⇡ | A31 + ei(�32±�)A21 |2

where A31 = 2s23s13c13
sin(�31⌥aL)
(�31⌥aL)

�31

and A21 = 2c13c23s12c12
sin(aL)
(aL)

�21

a =
G

F

N
ep

2
(1)

⇡ (4000 km)�1
(2)

Matter E↵ects:

– Typeset by FoilTEX – 6
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� = 0.0⇡
�32 = 0.5⇡

NO

T2K

P (⌫µ ! ⌫e) = AµeA⇤
µe

P (⌫̄µ ! ⌫̄e) = Ā⇤
µeĀµe

� + �

32

� � �

32

Denton & Parke

Am
31

Am
21

Am
µe

¯Am⇤
µe

Matter e↵ect at long baseline experiments

Peter B. Denton (Fermilab, Vanderbilt) 1604.08167 Fermilab Theory Seminar: July 21, 2016 14/52

Matter E↵ects:

⌫µ ! ⌫e

A31 = 2s23s13c13 sin�31

A21 = 2c13c23s12c12 sin�21

A31 ) 2s23s13c13
sin(�31⌥aL)
(�31⌥aL) �31

A21 ) 2c13c23s12c12
sin(�21 ⌥ aL)

(�21 ⌥ aL)
�21

⇡ 2c13c23s12c12
sin(aL)

(aL)
�21

– Typeset by FoilTEX – 1

Stephen Parke, Fermilab                                           TMEX @ U of Warsaw                                                                09/05/2014                      
17

In Matter:
�

Patm =sin �23 sin 2�13
sin(�31�aL)
(�31�aL) �31

�
Psol = cos �23 sin 2�12

sin(aL)
(aL) �21

– Typeset by FoilTEX – 3

± = sign(�m2
31), a = GF Ne/

⇧
2 ⇥ (4000 km)�1

P (⇥̄, �m2
31, �) = P (⇥, ��m2

31, �+⇤)

dashes ⌅ solid and solid ⌅ dashes

a ⇤ �a and � ⇤ ��

Anti-Nu: Normal Inverted
dashes � = ⇤/2
solid � = 3⇤/2

– Typeset by FoilTEX – 4

Pµ⇥e � |
⇥

Patme�i(�32±�) +
⇥

Psol |2

0 when �31 = ⇥/2

0 in vacuum

a = GF Ne/
⇥

2 = (4000 km)�1, �ij = |�m2
ij|L/4E

and ± = sign(�m2
31)

⇥
⇥

2�13
�crit

� (aL)�13

⇤
⌅

� �31 cot �31

– Typeset by FoilTEX – 17

P (�µ ⇥ �e) � |
�

Patme�i(�32+�) +
�

Psol|2

In Vacuum:
�

Patm =sin �23 sin 2�13 sin�31

�
Psol =cos �23 sin 2�12 sin�21

� = �m2L
4h̄cE = 1.27�m2L

4E

For L = 1200 km
and sin2 2�13 = 0.04

– Typeset by FoilTEX – 2

where
�

Patm = sin �23 sin 2�13
sin(�31�aL)
(�31�aL) �31

and
�

Psol = cos �13 cos �23 sin 2�12
sin(aL)
(aL) �21
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Pµ⇥e � |
⇥

Patme�i(�31±�) +
⇥

Psol |2

a = GF Ne/
⇥

2 = (4000 km)�1, �ij = |�m2
ij|L/4E and ± =

sign(�m2
31)

⇥
⇥

2�13
�crit

� (aL)�13

⇤
⌅

� �31 cot �31

– Typeset by FoilTEX – 12

where
�

Patm = sin �23 sin 2�13 sin�31

and
�

Psol = cos �23 sin 2�12 sin�21

where
�

Patm = sin �23 sin 2�13
sin(�31�aL)
(�31�aL) �31

and
�

Psol = cos �23 sin 2�12
sin(aL)
(aL) �21

– Typeset by FoilTEX – 16

where
�

Patm = sin �23 sin 2�13 sin�31

and
�

Psol = cos �23 sin 2�12 sin�21

where
�

Patm = sin �23 sin 2�13
sin(�31�aL)
(�31�aL) �31

and
�

Psol = cos �23 sin 2�12
sin(aL)
(aL) �21

– Typeset by FoilTEX – 16

where
�

Patm = sin �23 sin 2�13 sin�31

and
�

Psol = cos �23 sin 2�12 sin�21

where
�

Patm = sin �23 sin 2�13
sin(�31�aL)
(�31�aL) �31

and
�

Psol = cos �23 sin 2�12
sin(aL)
(aL) �21

– Typeset by FoilTEX – 16

⇥µ ⇥ ⇥e

Pµ⌅e =
���

⇥
j U⇥µj Ueje

�im2
jL/2E

���
2

Elimate U⇥µ1Ue1

using unitarity of U.
Use �ij = �m2

ijL/4E = 1.27�m2
ijL/E

Pµ⌅e =
�� 2U⇥µ3Ue3 sin�31e�i�32 + 2U⇥µ2Ue2 sin�21

��2

Square of Atmospheric+Solar amplitude:

U⇥µ3Ue3 = s23s13c13e⇤i� for ⇥ and ⇥̄:

Approx. U⇥µ2Ue2 � c23c13s12c12 +O(s13):

Pµ⌅e �
�� 2s23s13c13 sin�31e�i(�32±�) + 2c23c13s12c12 sin�21

��2

Interference term di�erent for ⇥ and ⇥̄: CP violation !!!
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ē R
an

d
e R
⇥

ē L

M
as

s
co

up
le

s
L

to
R
:

e L
to

e R
A

N
D

al
so
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��2
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Approx. U⇥µ2Ue2 � c23c13s12c12 +O(s13):

Pµ⌅e �
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Interference term di�erent for ⇥ and ⇥̄: CP violation !!!
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µeĀµe

� + �

32

� � �

32

Denton & Parke

Am
31

Am
21

Am
µe

¯Am⇤
µe

Matter e↵ect at long baseline experiments

Peter B. Denton (Fermilab, Vanderbilt) 1604.08167 Fermilab Theory Seminar: July 21, 2016 14/52

� = 0.0⇡
�32 = 0.4⇡

NO

NOVA

P (⌫µ ! ⌫e) = AµeA⇤
µe

P (⌫̄µ ! ⌫̄e) = Ā⇤
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Psol|2
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Patm =sin �23 sin 2�13 sin�31

�
Psol =cos �23 sin 2�12 sin�21

� = �m2L
4h̄cE = 1.27�m2L

4E

For L = 1200 km
and sin2 2�13 = 0.04

– Typeset by FoilTEX – 2

where
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Patm = sin �23 sin 2�13
sin(�31�aL)
(�31�aL) �31
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Psol = cos �13 cos �23 sin 2�12
sin(aL)
(aL) �21
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Pµ⌅e =
���

⇥
j U⇥µj Ueje

�im2
jL/2E

���
2

Elimate U⇥µ1Ue1

using unitarity of U.
Use �ij = �m2

ijL/4E = 1.27�m2
ijL/E

Pµ⌅e =
�� 2U⇥µ3Ue3 sin�31e�i�32 + 2U⇥µ2Ue2 sin�21

��2

Square of Atmospheric+Solar amplitude:

U⇥µ3Ue3 = s23s13c13e⇤i� for ⇥ and ⇥̄:

Approx. U⇥µ2Ue2 � c23c13s12c12 +O(s13):

Pµ⌅e �
�� 2s23s13c13 sin�31e�i(�32±�) + 2c23c13s12c12 sin�21

��2

Interference term di�erent for ⇥ and ⇥̄: CP violation !!!
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⇥µ ⇥ ⇥e

Pµ⌅e =
���

⇥
j U⇥µj Ueje

�im2
jL/2E

���
2

Elimate U⇥µ1Ue1

using unitarity of U.
Use �ij = �m2

ijL/4E = 1.27�m2
ijL/E

Pµ⌅e =
�� 2U⇥µ3Ue3 sin�31e�i�32 + 2U⇥µ2Ue2 sin�21

��2

Square of Atmospheric+Solar amplitude:

U⇥µ3Ue3 = s23s13c13e⇤i� for ⇥ and ⇥̄:

Approx. U⇥µ2Ue2 � c23c13s12c12 +O(s13):

Pµ⌅e �
�� 2s23s13c13 sin�31e�i(�32±�) + 2c23c13s12c12 sin�21
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Interference term di�erent for ⇥ and ⇥̄: CP violation !!!
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um LBL:

Pµ⇥e � |
⇥

Patme�i(�32±�) +
⇥

Psol |2

0 when �31 = ⇥/2
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a = GF Ne/
⇥

2 = (4000 km)�1, �ij = |�m2
ij|L/4E

and ± = sign(�m2
31)

⇥
⇥

2�13
�crit

� (aL)�13
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and

⌃
Psol ⇤ cos ⇥23 sin 2⇥12 sin �21

Pµ⇤e ⇤ Patm + 2
�

PatmPsol cos(�32 ± �) + Psol (6)

Pµ⇤e ⇤ Patm + 2
�

PatmPsol cos�32 cos � + Psol (7)

⇥2
�

PatmPsol sin �32 sin � (8)

P = Psol
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�� 2s23s13c13 sin�31e�i(�32±�) + 2c23c13s12c12 sin�21

��2

Interference term di�erent for ⇥ and ⇥̄: CP violation !!!
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⇥µ ⇥ ⇥e

Pµ⌅e =
���

⇥
j U⇥µj Ueje

�im2
jL/2E

���
2

Elimate U⇥µ1Ue1

using unitarity of U.
Use �ij = �m2

ijL/4E = 1.27�m2
ijL/E

Pµ⌅e =
�� 2U⇥µ3Ue3 sin�31e�i�32 + 2U⇥µ2Ue2 sin�21

��2

Square of Atmospheric+Solar amplitude:

U⇥µ3Ue3 = s23s13c13e⇤i� for ⇥ and ⇥̄:

Approx. U⇥µ2Ue2 � c23c13s12c12 +O(s13):

Pµ⌅e �
�� 2s23s13c13 sin�31e�i(�32±�) + 2c23c13s12c12 sin�21

��2

Interference term di�erent for ⇥ and ⇥̄: CP violation !!!
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Vacu
um LBL:

Pµ⇥e � |
⇥

Patme�i(�32±�) +
⇥

Psol |2

0 when �31 = ⇥/2

0 in vacuum

a = GF Ne/
⇥

2 = (4000 km)�1, �ij = |�m2
ij|L/4E

and ± = sign(�m2
31)

⇥
⇥

2�13
�crit

� (aL)�13

⇤
⌅

� �31 cot �31

– Typeset by FoilTEX – 17

2
�

PatmPsol cos(�32 ± �) = 2
�

PatmPsol cos�32 cos � (9)

�2
�

PatmPsol sin �32 sin � (10)

�ij = �m2
ijL/4E

cos(�32 ± �) = cos �32 cos � � sin �32 sin � (11)

CPC only CPV

P = Psol

– Typeset by FoilTEX – 17

P (⇤µ ⌅ ⇤e) = | U⇥
µ1e

�im2
1L/2EUe1 + U⇥

µ2e
�im2

2L/2EUe2 + U⇥
µ3e

�im2
3L/2EUe3 |2

= |2U⇥
µ3Ue3 sin �31e

�i�32 + 2U⇥
µ2Ue2 sin �21|2

= |
�

Patme�i(�32+�) +
�

Psol|2

where
⌃

Patm = sin ⇥23 sin 2⇥13 sin �31
and

⌃
Psol ⇤ cos ⇥23 sin 2⇥12 sin �21

Pµ⇤e ⇤ Patm + 2
�

PatmPsol cos(�32 ± �) + Psol (6)

Pµ⇤e ⇤ Patm + 2
�

PatmPsol cos�32 cos � + Psol (7)

⇥2
�

PatmPsol sin �32 sin � (8)

P = Psol

– Typeset by FoilTEX – 16

2
�

PatmPsol cos(�32 ± �) = 2
�

PatmPsol cos�32 cos � (9)

⇥2
�

PatmPsol sin �32 sin � (10)

CPC only CPV

P = Psol

– Typeset by FoilTEX – 17

Cervera etal 
hep-ph/0002108

Depends on ALL ✓’s, � and �m2
!

P
µ!e

⇡ | A31 + ei(�32±�)A21 |2

where A31 =
p
P

atm

= 2s23s13c13
sin(�31⌥aL)
(�31⌥aL)

�31

and A21 =
p
P

sol

= 2c13c23s12c12
sin(aL)
(aL)

�21

a =
G

F

N
ep

2
(1)

⇡ (4000 km)�1
(2)

Matter E↵ects:

⌫
µ

! ⌫
e

A31 = 2s23s13c13 sin�31

A21 = 2c13c23s12c12 sin�21

– Typeset by FoilTEX – 6

Depends on ALL ✓’s, � and �m2
!

P
µ!e

⇡ | A31 + ei(�32±�)A21 |2

where A31 =
p
P

atm

= 2s23s13c13
sin(�31⌥aL)
(�31⌥aL)

�31

and A21 =
p
P

sol

= 2c13c23s12c12
sin(aL)
(aL)

�21

P
µ!e

⇡ | A31 + ei(�32±�)A21 |2

where A31 = 2s23s13c13
sin(�31⌥aL)
(�31⌥aL)

�31

and A21 = 2c13c23s12c12
sin(aL)
(aL)

�21

a =
G

F

N
ep

2
(1)

⇡ (4000 km)�1
(2)

Matter E↵ects:

– Typeset by FoilTEX – 6
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� = 0.0⇡
�32 = 0.5⇡

NO

T2K

P (⌫µ ! ⌫e) = AµeA⇤
µe

P (⌫̄µ ! ⌫̄e) = Ā⇤
µeĀµe

� + �
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� � �
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Denton & Parke
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31
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21

Am
µe

¯Am⇤
µe

Matter e↵ect at long baseline experiments

Peter B. Denton (Fermilab, Vanderbilt) 1604.08167 Fermilab Theory Seminar: July 21, 2016 14/52
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P (⌫µ ! ⌫e) = AµeA⇤
µe
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µeĀµe
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� = 0.0⇡
�32 = 0.4⇡

NO

DUNE

P (⌫µ ! ⌫e) = AµeA⇤
µe

P (⌫̄µ ! ⌫̄e) = Ā⇤
µeĀµe

� + �

32

� � �

32

Denton & Parke

Am
31

Am
21

Am
µe

¯Am⇤
µe

Matter e↵ect at long baseline experiments

NO: P > P̄ 8 �

IO: P < P̄ 8 �

Peter B. Denton (Fermilab, Vanderbilt) 1604.08167 Fermilab Theory Seminar: July 21, 2016 16/52

Matter E↵ects:

⌫µ ! ⌫e

A31 = 2s23s13c13 sin�31

A21 = 2c13c23s12c12 sin�21

A31 ) 2s23s13c13
sin(�31⌥aL)
(�31⌥aL) �31

A21 ) 2c13c23s12c12
sin(�21 ⌥ aL)

(�21 ⌥ aL)
�21

⇡ 2c13c23s12c12
sin(aL)

(aL)
�21

– Typeset by FoilTEX – 1

Stephen Parke, Fermilab                                           TMEX @ U of Warsaw                                                                09/05/2014                      
17

In Matter:
�

Patm =sin �23 sin 2�13
sin(�31�aL)
(�31�aL) �31

�
Psol = cos �23 sin 2�12

sin(aL)
(aL) �21

– Typeset by FoilTEX – 3

± = sign(�m2
31), a = GF Ne/

⇧
2 ⇥ (4000 km)�1

P (⇥̄, �m2
31, �) = P (⇥, ��m2

31, �+⇤)

dashes ⌅ solid and solid ⌅ dashes

a ⇤ �a and � ⇤ ��

Anti-Nu: Normal Inverted
dashes � = ⇤/2
solid � = 3⇤/2

– Typeset by FoilTEX – 4

Pµ⇥e � |
⇥

Patme�i(�32±�) +
⇥

Psol |2

0 when �31 = ⇥/2

0 in vacuum

a = GF Ne/
⇥

2 = (4000 km)�1, �ij = |�m2
ij|L/4E

and ± = sign(�m2
31)

⇥
⇥

2�13
�crit

� (aL)�13

⇤
⌅

� �31 cot �31

– Typeset by FoilTEX – 17

P (�µ ⇥ �e) � |
�

Patme�i(�32+�) +
�

Psol|2

In Vacuum:
�

Patm =sin �23 sin 2�13 sin�31

�
Psol =cos �23 sin 2�12 sin�21

� = �m2L
4h̄cE = 1.27�m2L

4E

For L = 1200 km
and sin2 2�13 = 0.04

– Typeset by FoilTEX – 2

where
�

Patm = sin �23 sin 2�13
sin(�31�aL)
(�31�aL) �31

and
�

Psol = cos �13 cos �23 sin 2�12
sin(aL)
(aL) �21
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Pµ⇥e � |
⇥

Patme�i(�31±�) +
⇥

Psol |2

a = GF Ne/
⇥

2 = (4000 km)�1, �ij = |�m2
ij|L/4E and ± =

sign(�m2
31)

⇥
⇥

2�13
�crit

� (aL)�13

⇤
⌅

� �31 cot �31

– Typeset by FoilTEX – 12

where
�

Patm = sin �23 sin 2�13 sin�31

and
�

Psol = cos �23 sin 2�12 sin�21

where
�

Patm = sin �23 sin 2�13
sin(�31�aL)
(�31�aL) �31

and
�

Psol = cos �23 sin 2�12
sin(aL)
(aL) �21

– Typeset by FoilTEX – 16

where
�

Patm = sin �23 sin 2�13 sin�31

and
�

Psol = cos �23 sin 2�12 sin�21

where
�

Patm = sin �23 sin 2�13
sin(�31�aL)
(�31�aL) �31

and
�

Psol = cos �23 sin 2�12
sin(aL)
(aL) �21

– Typeset by FoilTEX – 16

where
�

Patm = sin �23 sin 2�13 sin�31

and
�

Psol = cos �23 sin 2�12 sin�21

where
�

Patm = sin �23 sin 2�13
sin(�31�aL)
(�31�aL) �31

and
�

Psol = cos �23 sin 2�12
sin(aL)
(aL) �21

– Typeset by FoilTEX – 16

⇥µ ⇥ ⇥e

Pµ⌅e =
���

⇥
j U⇥µj Ueje

�im2
jL/2E

���
2

Elimate U⇥µ1Ue1

using unitarity of U.
Use �ij = �m2

ijL/4E = 1.27�m2
ijL/E

Pµ⌅e =
�� 2U⇥µ3Ue3 sin�31e�i�32 + 2U⇥µ2Ue2 sin�21

��2

Square of Atmospheric+Solar amplitude:

U⇥µ3Ue3 = s23s13c13e⇤i� for ⇥ and ⇥̄:

Approx. U⇥µ2Ue2 � c23c13s12c12 +O(s13):

Pµ⌅e �
�� 2s23s13c13 sin�31e�i(�32±�) + 2c23c13s12c12 sin�21

��2

Interference term di�erent for ⇥ and ⇥̄: CP violation !!!

sparkE – 17 Nov 2003 10

F
er

m
io

n
M

as
se

s:

el
ec

tr
on

p
os

it
ro

n

L
ef

t
C
hi

ra
l

e L
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ē R
O

R
e R

to
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14

⇥µ ⇥ ⇥e

Pµ⌅e =
���

⇥
j U⇥µj Ueje

�im2
jL/2E

���
2

Elimate U⇥µ1Ue1

using unitarity of U.
Use �ij = �m2

ijL/4E = 1.27�m2
ijL/E

Pµ⌅e =
�� 2U⇥µ3Ue3 sin�31e�i�32 + 2U⇥µ2Ue2 sin�21

��2

Square of Atmospheric+Solar amplitude:

U⇥µ3Ue3 = s23s13c13e⇤i� for ⇥ and ⇥̄:

Approx. U⇥µ2Ue2 � c23c13s12c12 +O(s13):

Pµ⌅e �
�� 2s23s13c13 sin�31e�i(�32±�) + 2c23c13s12c12 sin�21

��2

Interference term di�erent for ⇥ and ⇥̄: CP violation !!!
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Vacu
um LBL:

Pµ⇥e � |
⇥

Patme�i(�32±�) +
⇥

Psol |2

0 when �31 = ⇥/2

0 in vacuum

a = GF Ne/
⇥

2 = (4000 km)�1, �ij = |�m2
ij|L/4E

and ± = sign(�m2
31)

⇥
⇥

2�13
�crit

� (aL)�13

⇤
⌅

� �31 cot �31

– Typeset by FoilTEX – 17

2
�

PatmPsol cos(�32 ± �) = 2
�

PatmPsol cos�32 cos � (9)

�2
�

PatmPsol sin �32 sin � (10)

�ij = �m2
ijL/4E

cos(�32 ± �) = cos �32 cos � � sin �32 sin � (11)

CPC only CPV

P = Psol

– Typeset by FoilTEX – 17

P (⇤µ ⌅ ⇤e) = | U⇥
µ1e

�im2
1L/2EUe1 + U⇥

µ2e
�im2

2L/2EUe2 + U⇥
µ3e

�im2
3L/2EUe3 |2

= |2U⇥
µ3Ue3 sin �31e

�i�32 + 2U⇥
µ2Ue2 sin �21|2

= |
�

Patme�i(�32+�) +
�

Psol|2

where
⌃

Patm = sin ⇥23 sin 2⇥13 sin �31
and

⌃
Psol ⇤ cos ⇥23 sin 2⇥12 sin �21

Pµ⇤e ⇤ Patm + 2
�

PatmPsol cos(�32 ± �) + Psol (6)

Pµ⇤e ⇤ Patm + 2
�

PatmPsol cos�32 cos � + Psol (7)

⇥2
�

PatmPsol sin �32 sin � (8)

P = Psol

– Typeset by FoilTEX – 16

2
�

PatmPsol cos(�32 ± �) = 2
�

PatmPsol cos�32 cos � (9)

⇥2
�

PatmPsol sin �32 sin � (10)

CPC only CPV

P = Psol

– Typeset by FoilTEX – 17

Cervera etal 
hep-ph/0002108

/ ⇢L sin2 ✓23

⌫µ

⌫µ, ⌫e, ⌫⌧

Ar from ⇠ 10 km3 of air

• Need |Uµ1| and |Uµ2| separately: L/E=15,000 km/GeV

• ⌫µ disappearance experiment to a detector in geo-synchronous orbit.

L = 1300 km, sin2 ✓13 = 0.023 and sin2 ✓23 = 0.5

⌫µ $ ⌫̄µ

NH $ IH

�(N ! l+��) 6= �(N ! l��+)

– Typeset by FoilTEX – 1

Depends on ALL ✓’s, � and �m2
!

P
µ!e

⇡ | A31 + ei(�32±�)A21 |2

where A31 =
p
P

atm

= 2s23s13c13
sin(�31⌥aL)
(�31⌥aL)

�31

and A21 =
p
P

sol

= 2c13c23s12c12
sin(aL)
(aL)

�21

a =
G

F

N
ep

2
(1)

⇡ (4000 km)�1
(2)

Matter E↵ects:

⌫
µ

! ⌫
e

A31 = 2s23s13c13 sin�31

A21 = 2c13c23s12c12 sin�21

– Typeset by FoilTEX – 6

Depends on ALL ✓’s, � and �m2
!

P
µ!e

⇡ | A31 + ei(�32±�)A21 |2

where A31 =
p
P

atm

= 2s23s13c13
sin(�31⌥aL)
(�31⌥aL)

�31

and A21 =
p
P

sol

= 2c13c23s12c12
sin(aL)
(aL)

�21

P
µ!e

⇡ | A31 + ei(�32±�)A21 |2

where A31 = 2s23s13c13
sin(�31⌥aL)
(�31⌥aL)

�31

and A21 = 2c13c23s12c12
sin(aL)
(aL)

�21

a =
G

F

N
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2
(1)

⇡ (4000 km)�1
(2)

Matter E↵ects:

– Typeset by FoilTEX – 6
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where
�

Patm = sin �23 sin 2�13 sin�31

and
�

Psol = cos �23 sin 2�12 sin�21

where
�

Patm = sin �23 sin 2�13
sin(�31�aL)
(�31�aL) �31

and
�

Psol = cos �23 sin 2�12
sin(aL)
(aL) �21

– Typeset by FoilTEX – 16

where
�

Patm = sin �23 sin 2�13 sin�31

and
�

Psol = cos �23 sin 2�12 sin�21

where
�

Patm = sin �23 sin 2�13
sin(�31�aL)
(�31�aL) �31

and
�

Psol = cos �23 sin 2�12
sin(aL)
(aL) �21

– Typeset by FoilTEX – 16

⇥µ ⇥ ⇥e

Pµ⌅e =
���

⇥
j U⇥µj Ueje

�im2
jL/2E

���
2

Elimate U⇥µ1Ue1

using unitarity of U.
Use �ij = �m2

ijL/4E = 1.27�m2
ijL/E

Pµ⌅e =
�� 2U⇥µ3Ue3 sin�31e�i�32 + 2U⇥µ2Ue2 sin�21

��2

Square of Atmospheric+Solar amplitude:

U⇥µ3Ue3 = s23s13c13e⇤i� for ⇥ and ⇥̄:

Approx. U⇥µ2Ue2 � c23c13s12c12 +O(s13):

Pµ⌅e �
�� 2s23s13c13 sin�31e�i(�32±�) + 2c23c13s12c12 sin�21

��2

Interference term di�erent for ⇥ and ⇥̄: CP violation !!!
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⇥µ ⇥ ⇥e

Pµ⌅e =
���

⇥
j U⇥µj Ueje

�im2
jL/2E

���
2

Elimate U⇥µ1Ue1

using unitarity of U.
Use �ij = �m2

ijL/4E = 1.27�m2
ijL/E

Pµ⌅e =
�� 2U⇥µ3Ue3 sin�31e�i�32 + 2U⇥µ2Ue2 sin�21

��2

Square of Atmospheric+Solar amplitude:

U⇥µ3Ue3 = s23s13c13e⇤i� for ⇥ and ⇥̄:

Approx. U⇥µ2Ue2 � c23c13s12c12 +O(s13):

Pµ⌅e �
�� 2s23s13c13 sin�31e�i(�32±�) + 2c23c13s12c12 sin�21

��2

Interference term di�erent for ⇥ and ⇥̄: CP violation !!!
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Vacu
um LBL:

Pµ⇥e � |
⇥

Patme�i(�32±�) +
⇥

Psol |2

0 when �31 = ⇥/2

0 in vacuum

a = GF Ne/
⇥

2 = (4000 km)�1, �ij = |�m2
ij|L/4E

and ± = sign(�m2
31)

⇥
⇥

2�13
�crit

� (aL)�13

⇤
⌅

� �31 cot �31

– Typeset by FoilTEX – 17

2
�

PatmPsol cos(�32 ± �) = 2
�

PatmPsol cos�32 cos � (9)

�2
�

PatmPsol sin �32 sin � (10)

�ij = �m2
ijL/4E

cos(�32 ± �) = cos �32 cos � � sin �32 sin � (11)

CPC only CPV

P = Psol

– Typeset by FoilTEX – 17

Cervera etal 
hep-ph/0002108

P
µ!e

⇡ | A31 + ei(�32±�)A21 |2

where A31 =
p
P

atm

= 2s23s13c13
sin(�31⌥aL)
(�31⌥aL)

�31

and A21 =
p
P

sol

= 2c13c23s12c12
sin(aL)
(aL)

�21

Matter E↵ects:

⌫
µ

! ⌫
e

A31 = 2s23s13c13 sin�31

A21 = 2c13c23s12c12 sin�21

A31 ) 2s23s13c13
sin(�31⌥aL)
(�31⌥aL) �31

– Typeset by FoilTEX – 1

P
µ!e

⇡ | A31 + ei(�32±�)A21 |2

where A31 =
p
P

atm

= 2s23s13c13
sin(�31⌥aL)
(�31⌥aL)

�31

and A21 =
p
P

sol

= 2c13c23s12c12
sin(aL)
(aL)

�21

a =
G

F

N
ep

2
(1)

⇡ (4000 km)�1
(2)

Matter E↵ects:

⌫
µ

! ⌫
e

– Typeset by FoilTEX – 1

In Matter:

1300 km
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where
�

Patm = sin �23 sin 2�13 sin�31

and
�

Psol = cos �23 sin 2�12 sin�21

where
�

Patm = sin �23 sin 2�13
sin(�31�aL)
(�31�aL) �31

and
�

Psol = cos �23 sin 2�12
sin(aL)
(aL) �21

– Typeset by FoilTEX – 16

where
�

Patm = sin �23 sin 2�13 sin�31

and
�

Psol = cos �23 sin 2�12 sin�21

where
�

Patm = sin �23 sin 2�13
sin(�31�aL)
(�31�aL) �31

and
�

Psol = cos �23 sin 2�12
sin(aL)
(aL) �21

– Typeset by FoilTEX – 16

⇥µ ⇥ ⇥e

Pµ⌅e =
���

⇥
j U⇥µj Ueje

�im2
jL/2E

���
2

Elimate U⇥µ1Ue1

using unitarity of U.
Use �ij = �m2

ijL/4E = 1.27�m2
ijL/E

Pµ⌅e =
�� 2U⇥µ3Ue3 sin�31e�i�32 + 2U⇥µ2Ue2 sin�21

��2

Square of Atmospheric+Solar amplitude:

U⇥µ3Ue3 = s23s13c13e⇤i� for ⇥ and ⇥̄:

Approx. U⇥µ2Ue2 � c23c13s12c12 +O(s13):

Pµ⌅e �
�� 2s23s13c13 sin�31e�i(�32±�) + 2c23c13s12c12 sin�21

��2

Interference term di�erent for ⇥ and ⇥̄: CP violation !!!
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–
T
yp

es
et

by
F
oi

lT
EX

–
14

⇥µ ⇥ ⇥e

Pµ⌅e =
���

⇥
j U⇥µj Ueje

�im2
jL/2E

���
2

Elimate U⇥µ1Ue1

using unitarity of U.
Use �ij = �m2

ijL/4E = 1.27�m2
ijL/E

Pµ⌅e =
�� 2U⇥µ3Ue3 sin�31e�i�32 + 2U⇥µ2Ue2 sin�21

��2

Square of Atmospheric+Solar amplitude:

U⇥µ3Ue3 = s23s13c13e⇤i� for ⇥ and ⇥̄:

Approx. U⇥µ2Ue2 � c23c13s12c12 +O(s13):

Pµ⌅e �
�� 2s23s13c13 sin�31e�i(�32±�) + 2c23c13s12c12 sin�21

��2

Interference term di�erent for ⇥ and ⇥̄: CP violation !!!
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Vacu
um LBL:

Pµ⇥e � |
⇥

Patme�i(�32±�) +
⇥

Psol |2

0 when �31 = ⇥/2

0 in vacuum

a = GF Ne/
⇥

2 = (4000 km)�1, �ij = |�m2
ij|L/4E

and ± = sign(�m2
31)

⇥
⇥

2�13
�crit

� (aL)�13

⇤
⌅

� �31 cot �31

– Typeset by FoilTEX – 17

2
�

PatmPsol cos(�32 ± �) = 2
�

PatmPsol cos�32 cos � (9)

�2
�

PatmPsol sin �32 sin � (10)

�ij = �m2
ijL/4E

cos(�32 ± �) = cos �32 cos � � sin �32 sin � (11)

CPC only CPV

P = Psol

– Typeset by FoilTEX – 17
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In Matter:
�

Patm =sin �23 sin 2�13
sin(�31�aL)
(�31�aL) �31

�
Psol = cos �23 sin 2�12

sin(aL)
(aL) �21

– Typeset by FoilTEX – 3

± = sign(�m2
31), a = GF Ne/

⇧
2 ⇥ (4000 km)�1

P (⇥̄, �m2
31, �) = P (⇥, ��m2

31, �+⇤)

dashes ⌅ solid and solid ⌅ dashes

a ⇤ �a and � ⇤ ��

Anti-Nu: Normal Inverted
dashes � = ⇤/2
solid � = 3⇤/2

– Typeset by FoilTEX – 4

Pµ⇥e � |
⇥

Patme�i(�32±�) +
⇥

Psol |2

0 when �31 = ⇥/2

0 in vacuum

a = GF Ne/
⇥

2 = (4000 km)�1, �ij = |�m2
ij|L/4E

and ± = sign(�m2
31)

⇥
⇥

2�13
�crit

� (aL)�13

⇤
⌅

� �31 cot �31

– Typeset by FoilTEX – 17

P (�µ ⇥ �e) � |
�

Patme�i(�32+�) +
�

Psol|2

In Vacuum:
�

Patm =sin �23 sin 2�13 sin�31

�
Psol =cos �23 sin 2�12 sin�21

� = �m2L
4h̄cE = 1.27�m2L

4E

For L = 1200 km
and sin2 2�13 = 0.04

– Typeset by FoilTEX – 2

where
�

Patm = sin �23 sin 2�13
sin(�31�aL)
(�31�aL) �31

and
�

Psol = cos �13 cos �23 sin 2�12
sin(aL)
(aL) �21

sparkE – 17 Nov 2003 7

Pµ⇥e � |
⇥

Patme�i(�31±�) +
⇥

Psol |2

a = GF Ne/
⇥

2 = (4000 km)�1, �ij = |�m2
ij|L/4E and ± =

sign(�m2
31)

⇥
⇥

2�13
�crit

� (aL)�13

⇤
⌅

� �31 cot �31

– Typeset by FoilTEX – 12

where
�

Patm = sin �23 sin 2�13 sin�31

and
�

Psol = cos �23 sin 2�12 sin�21

where
�

Patm = sin �23 sin 2�13
sin(�31�aL)
(�31�aL) �31

and
�

Psol = cos �23 sin 2�12
sin(aL)
(aL) �21

– Typeset by FoilTEX – 16

where
�

Patm = sin �23 sin 2�13 sin�31

and
�

Psol = cos �23 sin 2�12 sin�21

where
�

Patm = sin �23 sin 2�13
sin(�31�aL)
(�31�aL) �31

and
�

Psol = cos �23 sin 2�12
sin(aL)
(aL) �21

– Typeset by FoilTEX – 16

where
�

Patm = sin �23 sin 2�13 sin�31

and
�

Psol = cos �23 sin 2�12 sin�21

where
�

Patm = sin �23 sin 2�13
sin(�31�aL)
(�31�aL) �31

and
�

Psol = cos �23 sin 2�12
sin(aL)
(aL) �21

– Typeset by FoilTEX – 16

⇥µ ⇥ ⇥e

Pµ⌅e =
���

⇥
j U⇥µj Ueje

�im2
jL/2E

���
2

Elimate U⇥µ1Ue1

using unitarity of U.
Use �ij = �m2

ijL/4E = 1.27�m2
ijL/E

Pµ⌅e =
�� 2U⇥µ3Ue3 sin�31e�i�32 + 2U⇥µ2Ue2 sin�21

��2

Square of Atmospheric+Solar amplitude:

U⇥µ3Ue3 = s23s13c13e⇤i� for ⇥ and ⇥̄:

Approx. U⇥µ2Ue2 � c23c13s12c12 +O(s13):

Pµ⌅e �
�� 2s23s13c13 sin�31e�i(�32±�) + 2c23c13s12c12 sin�21

��2

Interference term di�erent for ⇥ and ⇥̄: CP violation !!!
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–
T
yp

es
et

by
F
oi

lT
EX

–
14

⇥µ ⇥ ⇥e

Pµ⌅e =
���

⇥
j U⇥µj Ueje

�im2
jL/2E

���
2

Elimate U⇥µ1Ue1

using unitarity of U.
Use �ij = �m2

ijL/4E = 1.27�m2
ijL/E

Pµ⌅e =
�� 2U⇥µ3Ue3 sin�31e�i�32 + 2U⇥µ2Ue2 sin�21

��2

Square of Atmospheric+Solar amplitude:

U⇥µ3Ue3 = s23s13c13e⇤i� for ⇥ and ⇥̄:

Approx. U⇥µ2Ue2 � c23c13s12c12 +O(s13):

Pµ⌅e �
�� 2s23s13c13 sin�31e�i(�32±�) + 2c23c13s12c12 sin�21

��2

Interference term di�erent for ⇥ and ⇥̄: CP violation !!!
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Vacu
um LBL:

Pµ⇥e � |
⇥

Patme�i(�32±�) +
⇥

Psol |2

0 when �31 = ⇥/2

0 in vacuum

a = GF Ne/
⇥

2 = (4000 km)�1, �ij = |�m2
ij|L/4E

and ± = sign(�m2
31)

⇥
⇥

2�13
�crit

� (aL)�13

⇤
⌅

� �31 cot �31

– Typeset by FoilTEX – 17

2
�

PatmPsol cos(�32 ± �) = 2
�

PatmPsol cos�32 cos � (9)

�2
�

PatmPsol sin �32 sin � (10)

�ij = �m2
ijL/4E

cos(�32 ± �) = cos �32 cos � � sin �32 sin � (11)

CPC only CPV

P = Psol

– Typeset by FoilTEX – 17

P (⇤µ ⌅ ⇤e) = | U⇥
µ1e

�im2
1L/2EUe1 + U⇥

µ2e
�im2

2L/2EUe2 + U⇥
µ3e

�im2
3L/2EUe3 |2

= |2U⇥
µ3Ue3 sin �31e

�i�32 + 2U⇥
µ2Ue2 sin �21|2

= |
�

Patme�i(�32+�) +
�

Psol|2

where
⌃

Patm = sin ⇥23 sin 2⇥13 sin �31
and

⌃
Psol ⇤ cos ⇥23 sin 2⇥12 sin �21

Pµ⇤e ⇤ Patm + 2
�

PatmPsol cos(�32 ± �) + Psol (6)

Pµ⇤e ⇤ Patm + 2
�

PatmPsol cos�32 cos � + Psol (7)

⇥2
�

PatmPsol sin �32 sin � (8)

P = Psol

– Typeset by FoilTEX – 16

2
�

PatmPsol cos(�32 ± �) = 2
�

PatmPsol cos�32 cos � (9)

⇥2
�

PatmPsol sin �32 sin � (10)

CPC only CPV

P = Psol

– Typeset by FoilTEX – 17

Cervera etal 
hep-ph/0002108

Cervera etal 
hep-ph/0002108

P
µ!e

⇡ | A31 + ei(�32±�)A21 |2

where A31 =
p
P

atm

= 2s23s13c13
sin(�31⌥aL)
(�31⌥aL)

�31

and A21 =
p
P

sol

= 2c13c23s12c12
sin(aL)
(aL)

�21

Matter E↵ects:

⌫
µ

! ⌫
e

A31 = 2s23s13c13 sin�31

A21 = 2c13c23s12c12 sin�21

A31 ) 2s23s13c13
sin(�31⌥aL)
(�31⌥aL) �31

– Typeset by FoilTEX – 1

P
µ!e

⇡ | A31 + ei(�32±�)A21 |2

where A31 =
p
P

atm

= 2s23s13c13
sin(�31⌥aL)
(�31⌥aL)

�31

and A21 =
p
P

sol

= 2c13c23s12c12
sin(aL)
(aL)

�21

a =
G

F

N
ep

2
(1)

⇡ (4000 km)�1
(2)

Matter E↵ects:

⌫
µ

! ⌫
e

– Typeset by FoilTEX – 1

In Matter:

1300 km



Stephen Parke, Fermilab                                    PhysStat_Nu / Fermilab                                                        9/19/2016                      
42

where
�

Patm = sin �23 sin 2�13 sin�31

and
�

Psol = cos �23 sin 2�12 sin�21

where
�

Patm = sin �23 sin 2�13
sin(�31�aL)
(�31�aL) �31

and
�

Psol = cos �23 sin 2�12
sin(aL)
(aL) �21

– Typeset by FoilTEX – 16

where
�

Patm = sin �23 sin 2�13 sin�31

and
�

Psol = cos �23 sin 2�12 sin�21

where
�

Patm = sin �23 sin 2�13
sin(�31�aL)
(�31�aL) �31

and
�

Psol = cos �23 sin 2�12
sin(aL)
(aL) �21

– Typeset by FoilTEX – 16

⇥µ ⇥ ⇥e

Pµ⌅e =
���

⇥
j U⇥µj Ueje

�im2
jL/2E

���
2

Elimate U⇥µ1Ue1

using unitarity of U.
Use �ij = �m2

ijL/4E = 1.27�m2
ijL/E

Pµ⌅e =
�� 2U⇥µ3Ue3 sin�31e�i�32 + 2U⇥µ2Ue2 sin�21

��2

Square of Atmospheric+Solar amplitude:

U⇥µ3Ue3 = s23s13c13e⇤i� for ⇥ and ⇥̄:

Approx. U⇥µ2Ue2 � c23c13s12c12 +O(s13):

Pµ⌅e �
�� 2s23s13c13 sin�31e�i(�32±�) + 2c23c13s12c12 sin�21

��2

Interference term di�erent for ⇥ and ⇥̄: CP violation !!!
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–
T
yp

es
et

by
F
oi

lT
EX

–
14

⇥µ ⇥ ⇥e

Pµ⌅e =
���

⇥
j U⇥µj Ueje

�im2
jL/2E

���
2

Elimate U⇥µ1Ue1

using unitarity of U.
Use �ij = �m2

ijL/4E = 1.27�m2
ijL/E

Pµ⌅e =
�� 2U⇥µ3Ue3 sin�31e�i�32 + 2U⇥µ2Ue2 sin�21

��2

Square of Atmospheric+Solar amplitude:

U⇥µ3Ue3 = s23s13c13e⇤i� for ⇥ and ⇥̄:

Approx. U⇥µ2Ue2 � c23c13s12c12 +O(s13):

Pµ⌅e �
�� 2s23s13c13 sin�31e�i(�32±�) + 2c23c13s12c12 sin�21

��2

Interference term di�erent for ⇥ and ⇥̄: CP violation !!!
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Vacu
um LBL:

Pµ⇥e � |
⇥

Patme�i(�32±�) +
⇥

Psol |2

0 when �31 = ⇥/2

0 in vacuum

a = GF Ne/
⇥

2 = (4000 km)�1, �ij = |�m2
ij|L/4E

and ± = sign(�m2
31)

⇥
⇥

2�13
�crit

� (aL)�13

⇤
⌅

� �31 cot �31

– Typeset by FoilTEX – 17

2
�

PatmPsol cos(�32 ± �) = 2
�

PatmPsol cos�32 cos � (9)

�2
�

PatmPsol sin �32 sin � (10)

�ij = �m2
ijL/4E

cos(�32 ± �) = cos �32 cos � � sin �32 sin � (11)

CPC only CPV

P = Psol

– Typeset by FoilTEX – 17
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In Matter:
�

Patm =sin �23 sin 2�13
sin(�31�aL)
(�31�aL) �31

�
Psol = cos �23 sin 2�12

sin(aL)
(aL) �21

– Typeset by FoilTEX – 3

± = sign(�m2
31), a = GF Ne/

⇧
2 ⇥ (4000 km)�1

P (⇥̄, �m2
31, �) = P (⇥, ��m2

31, �+⇤)

dashes ⌅ solid and solid ⌅ dashes

a ⇤ �a and � ⇤ ��

Anti-Nu: Normal Inverted
dashes � = ⇤/2
solid � = 3⇤/2

– Typeset by FoilTEX – 4

Pµ⇥e � |
⇥

Patme�i(�32±�) +
⇥

Psol |2

0 when �31 = ⇥/2

0 in vacuum

a = GF Ne/
⇥

2 = (4000 km)�1, �ij = |�m2
ij|L/4E

and ± = sign(�m2
31)

⇥
⇥

2�13
�crit

� (aL)�13

⇤
⌅

� �31 cot �31

– Typeset by FoilTEX – 17

P (�µ ⇥ �e) � |
�

Patme�i(�32+�) +
�

Psol|2

In Vacuum:
�

Patm =sin �23 sin 2�13 sin�31

�
Psol =cos �23 sin 2�12 sin�21

� = �m2L
4h̄cE = 1.27�m2L

4E

For L = 1200 km
and sin2 2�13 = 0.04

– Typeset by FoilTEX – 2

where
�

Patm = sin �23 sin 2�13
sin(�31�aL)
(�31�aL) �31

and
�

Psol = cos �13 cos �23 sin 2�12
sin(aL)
(aL) �21
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Pµ⇥e � |
⇥

Patme�i(�31±�) +
⇥

Psol |2

a = GF Ne/
⇥

2 = (4000 km)�1, �ij = |�m2
ij|L/4E and ± =

sign(�m2
31)

⇥
⇥

2�13
�crit

� (aL)�13

⇤
⌅

� �31 cot �31
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Interference term di�erent for ⇥ and ⇥̄: CP violation !!!
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ē R

S
U

(2
)�

U
(1

)

R
ig

ht
C
hi

ra
l

e R
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Normal Ordering — Inverted Ordering

P (⌫µ ! ⌫e) 6= P (⌫̄µ ! ⌫̄e)

in vacuum

/ ⇢L sin2 ✓23

✓23 octant ?

⌫µ

⌫µ, ⌫e, ⌫⌧

Ar from ⇠ 10 km3 of air

• Need |Uµ1| and |Uµ2| separately: L/E=15,000 km/GeV

• ⌫µ disappearance experiment to a detector in geo-synchronous orbit.

– Typeset by FoilTEX – 1
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• ⌫µ disappearance experiment to a detector in geo-synchronous orbit.

L = 1300 km, sin2 ✓13 = 0.023 and sin2 ✓23 = 0.5

⌫µ $ ⌫̄µ

NH $ IH

�(N ! l+��) 6= �(N ! l��+)

Inverted Hierarchy
Normal Hierarchy

sin2 2✓µµ ⌘ 4|Uµ3|2(1� |Uµ3|2) = 0.96 � 1.00

– Typeset by FoilTEX – 1

⌫µ ! ⌫µ gives:

|Uµ3|2 $ (1 � |Uµ3|2)

Normal Ordering — Inverted Ordering

P (⌫µ ! ⌫e) 6= P (⌫̄µ ! ⌫̄e)

in vacuum

/ ⇢L sin2 ✓23

✓23 octant ?

⌫µ

⌫µ, ⌫e, ⌫⌧

Ar from ⇠ 10 km3 of air

– Typeset by FoilTEX – 1

⌫µ ! ⌫µ gives:

|Uµ3|2 $ (1 � |Uµ3|2) degeneracy !

Normal Ordering — Inverted Ordering

P (⌫µ ! ⌫e) 6= P (⌫̄µ ! ⌫̄e)

in vacuum

/ ⇢L sin2 ✓23

✓23 octant ?

⌫µ

⌫µ, ⌫e, ⌫⌧

Ar from ⇠ 10 km3 of air

– Typeset by FoilTEX – 1

2 ⇡0’s

Appearance: ⌫µ ! ⌫e ⌫̄µ ! ⌫̄e

Disappearance: ⌫µ ! ⌫µ ⌫̄µ ! ⌫̄µ

Long Baseline @VOM Reactors

P (⌫µ ! ⌫e) + P (⌫̄µ ! ⌫̄e) ⇡ 2 sin2 ✓23 [1 � P (⌫̄e ! ⌫̄e)]

⌫µ ! ⌫µ gives:

|Uµ3|2 $ (1 � |Uµ3|2) degeneracy +!

Normal Ordering — Inverted Ordering

P (⌫µ ! ⌫e) 6= P (⌫̄µ ! ⌫̄e)

in vacuum

– Typeset by FoilTEX – 1
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• Need |Uµ1| and |Uµ2| separately: L/E=15,000 km/GeV

• ⌫µ disappearance experiment to a detector in geo-synchronous orbit.

L = 1300 km, sin2 ✓13 = 0.023 and sin2 ✓23 = 0.5

⌫µ $ ⌫̄µ

NH $ IH

�(N ! l+��) 6= �(N ! l��+)

Inverted Hierarchy
Normal Hierarchy

sin2 2✓µµ ⌘ 4|Uµ3|2(1� |Uµ3|2) = 0.96 � 1.00

Same L/E as NO⌫A

– Typeset by FoilTEX – 1
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2 ⇡0’s

Appearance: ⌫µ ! ⌫e ⌫̄µ ! ⌫̄e

Disappearance: ⌫µ ! ⌫µ ⌫̄µ ! ⌫̄µ
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• ⌫µ disappearance experiment to a detector in geo-synchronous orbit.

L = 1300 km, sin2 ✓13 = 0.023 and sin2 ✓23 = 0.5

⌫µ $ ⌫̄µ

NH $ IH

�(N ! l+��) 6= �(N ! l��+)

– Typeset by FoilTEX – 1

2 ⇡0’s

Appearance: ⌫µ ! ⌫e ⌫̄µ ! ⌫̄e

Disappearance: ⌫µ ! ⌫µ ⌫̄µ ! ⌫̄µ
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Close-up of neutrino interaction in the Far Detector 
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Figure 6. Comparisons of the expected sensitivities to NSI parameters at DUNE and T2HK,
before and after combining their respective data sets. Darker (Lighter) bands show the results when
priors constraints on NSI parameters are (not) included in the fit. The vertical gray areas bounded
by the dashed lines indicate the allowed regions at 90% CL (taken from the SNO-DATA lines for
f=u in Ref. [54]).

5 Conclusions

Neutrino physics is entering the precision Era. After the discovery of the third mixing angle

in the leptonic mixing matrix, and in view of the precision measurements performed by the
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where �ij = �m2
ij/2E, U is the lepton flavor mixing matrix, A ⌘ 2

p
2GFne and "↵� ⌘

(1/ne)
P

f,P nf ✏
fP
↵� , with nf the f -type fermion number density and GF the Fermi coupling

constant. The three diagonal entries of the modified matter potential in Eq. 2.2 are real

parameters, while the o↵-diagonal parameters are generally complex.

Since a diagonal contribution can be subtracted to the whole Hamiltonian, neutrino

oscillations will only be sensitive to two of the diagonal parameters. We will consider the

combinations "̃ee ⌘ "ee � "⌧⌧ and "̃µµ ⌘ "µµ � "⌧⌧ , obtained after subtracting ✏⌧⌧ ⇥ I from

the Hamiltonian. The three complex NSI parameters "eµ, "e⌧ and "µ⌧ will be parametrized

as "↵� = |"↵� |e�i�↵� .

Due to the requirement of SM gauge invariance, in principle any operators responsible

of neutrino NSI would be generated simultaneously with analogous operators involving

charged leptons [2, 42–44]. Thus, the tight experimental constraints on charged lepton

flavor violating processes can be automatically applied to operators giving NSI, rendering

the e↵ects unobservable at neutrino experiments. However, there are ways in which the

charged lepton constraints can be avoided, e.g., if the NSI are generated through operators

involving the Higgs, or from interactions with a new light gauge boson, see e.g., Refs. [2,

42, 43, 45]. At this point, however, model dependence comes into play. In the present work,

we will explore how much the current bounds can be improved from a direct measurement

at neutrino oscillation experiments, without necessarily assuming the viability of a model

which can lead to large observable e↵ects.

Direct constraints on NSI can be derived either from4 scattering processes [43, 48–

50] or from neutrino oscillation data [51–54]. Currently, the strongest bounds for NSI

in propagation come from the global fit to neutrino oscillation data in Ref. [54]. At the

90% CL, most constraints on the e↵ective " parameters are around ⇠ O(0.05 � 0.1). An

exception to this is "̃ee, for which only O(1) can be derived from current data.

An important conclusion derived from the global fits performed in Refs. [51–54] is the

presence of strong degeneracies in the data. In presence of NSI in propagation, global

analyses of neutrino oscillation data are fully compatible with two solutions:

the LMA solution: the standard Large Mixing Angle (LMA) solution corresponds to

mixing angles fully compatible with the results obtained from a global fit to neutrino

oscillation data in absence of NSI. The results are fully compatible with the hypothesis

3 If production or detection NSI were present, though, the e↵ective production and detection flavour

eigenstates would not coincide with the standard flavour ones [41]. However, for simplicity we will consider

in this work that no significant NSI a↵ecting production or detection are present.
4Stronger limits can be derived from mono-jet and multi-lepton constraints at colliders [46, 47]. However,

these bounds are somewhat model-dependent and, in particular, fade away for models where the NSI come

from interactions via a new light mediator.
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• DUNE/LBNF will consist of

• An intense (1-2 MW) neutrino beam from Fermilab

• A massive (70 kton) deep underground LAr Detector South Dakota

• A large Near Detector at Fermilab

• A large International Collaboration (~1000 scientist)
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Summary: 
DUNE is a large (70 kton) LAr underground (1.5km) detector 

exposed to an intense (1-2 MW) Neutrino beam 
 from Fermilab (1300km) 

• Perform Stringent tests of the 3 neutrino paradigm 

• Determine the size and sign of CP Violation in Nu Sector 

• Complete the Mass Ordering (m_1 < m_2 < m_3 or m_3 < m_1 < m_2) 

• Determine which flavor Dominates nu_3 (least nu_e neutrino mass state) 

• Broad Physics program including Nucleon Decay & SuperNova Neutrinos 

• Surprises: NSI, sterile neutrinos, Nu Decay, Decoherence, Lorentz 
Violation,…….
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Summary: 
DUNE is a large (70 kton) LAr underground (1.5km) detector 

exposed to an intense (1-2 MW) Neutrino beam 
 from Fermilab (1300km) 

• Perform Stringent tests of the 3 neutrino paradigm 

• Determine the size and sign of CP Violation in Nu Sector 

• Complete the Mass Ordering (m_1 < m_2 < m_3 or m_3 < m_1 < m_2) 

• Determine which flavor Dominates nu_3 (least nu_e neutrino mass state) 

• Broad Physics program including Nucleon Decay & SuperNova Neutrinos 

• Surprises: NSI, sterile neutrinos, Nu Decay, Decoherence, Lorentz 
Violation,…….

39Stephen Parke, Fermilab                                    Invisibles 2016 / Padua                                                        9/12/2016                      

Summary: 
DUNE is a large (70 kton) LAr underground (1.5km) detector 

exposed to an intense (1-2 MW) Neutrino beam 
 from Fermilab (1300km) 

• Perform Stringent tests of the 3 neutrino paradigm 

• Determine the size and sign of CP Violation in Nu Sector 

• Complete the Mass Ordering (m_1 < m_2 < m_3 or m_3 < m_1 < m_2) 

• Determine which flavor Dominates nu_3 (least nu_e neutrino mass state) 

• Broad Physics program including Nucleon Decay & SuperNova Neutrinos 

• Surprises: NSI, sterile neutrinos, Nu Decay, Decoherence, Lorentz 
Violation,…….

39
Stephen Parke, Fermilab                                    Invisibles 2016 / Padua                                                        9/12/2016                      

Summary: 
DUNE is a large (70 kton) LAr underground (1.5km) detector 

exposed to an intense (1-2 MW) Neutrino beam 
 from Fermilab (1300km) 

• Perform Stringent tests of the 3 neutrino paradigm 

• Determine the size and sign of CP Violation in Nu Sector 

• Complete the Mass Ordering (m_1 < m_2 < m_3 or m_3 < m_1 < m_2) 

• Determine which flavor Dominates nu_3 (least nu_e neutrino mass state) 

• Broad Physics program including Nucleon Decay & SuperNova Neutrinos 

• Surprises: NSI, sterile neutrinos, Nu Decay, Decoherence, Lorentz 
Violation,…….

39

Appearance: ⌫µ ! ⌫e ⌫̄µ ! ⌫̄e

Disappearance: ⌫µ ! ⌫µ ⌫̄µ ! ⌫̄µ

Long Baseline @VOM Reactors

P (⌫µ ! ⌫e) + P (⌫̄µ ! ⌫̄e) ⇡ 2 sin2 ✓23 [1 � P (⌫̄e ! ⌫̄e)]

⌫µ ! ⌫µ gives:

|Uµ3|2 $ (1 � |Uµ3|2) degeneracy +!

Normal Ordering — Inverted Ordering

P (⌫µ ! ⌫e) 6= P (⌫̄µ ! ⌫̄e)

in vacuum

/ ⇢L sin2 ✓23
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⌫µ

• Need |Uµ1| and |Uµ2| separately: L/E=15,000 km/GeV

• ⌫µ disappearance experiment to a detector in geo-synchronous orbit.

L = 1300 km, sin2 ✓13 = 0.023 and sin2 ✓23 = 0.5

⌫µ $ ⌫̄µ

NH $ IH

�(N ! l+��) 6= �(N ! l��+)

Inverted Hierarchy
Normal Hierarchy

sin2 2✓µµ ⌘ 4|Uµ3|2(1� |Uµ3|2) = 0.96 � 1.00
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• Nature of the Neutrino
(Majorana (2) v Dirac (4) )

• Observing CPV in Neutrino Sector
(sin � 6= 0 )

• Observing the e↵ects of Sterile Neutrinos

• A convincing Model of Neutrino Masses and Mixing with measureable
predictions.

• Observation of New Physics in Neutrino Sector? Neutrino Decay, Non-
Standard Interactions, .....
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• Nature of the Neutrino
(Majorana (2) v Dirac (4) )
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threshold

in this channel 
matter effects 

give a  
suppression 

for 
N.O. neutrinos

⌫µ ! ⌫⌧

)

Implies ✓23 = ⇡/4

AND sin � = ±1 !
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