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Form Factors and ep Scattering
I Mott cross-section for scattering of a relativistic electron off a recoiling point-like nucleus is( dσ
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I The Rosenbluth formula generalizes the above,( dσ
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I The Sachs form factors GE(q2), GM (q2) account for the finite size of the nucleus. In
terms of the standard Dirac (F1) and Pauli (F2) form factors,
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Figure 1: Diagrammatic representation of tree-level matching for the one-photon
amplitude in the full theory and in NRQED. The black dot in the dia-
gram on the right-hand side represents insertions of NRQED one-photon
operators.
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I The form factors are normalized at q2 = 0 to the charge and anomalous magnetic
moments, e.g., for the proton,

GpE(0) = 1, GpM (0) = µp.

I Quantities like the charge radius and the form factor curvature are defined by derivatives of
G evaluated at q2 = 0, e.g.,

〈r2〉 ≡ 6

G(0)

∂G

∂q2

∣∣∣
q2=0

.

Gabriel Lee (Technion) z Expansion and Nucleon Vector Form Factors Sep 1, 2016 2 / 9



Earlier Ansäntze for GE , GM
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I Previous analyses used simple functional forms for GE , GM , with expansions truncated at
some finite kmax:

Gpoly(q
2) =

kmax∑
k=0

ak(q2)k , polynomials, Simon et al. (1980), Rosenfelder (2000)

Ginvpoly(q
2) =

1∑kmax
k=0 ak(q2)k

, inverse polynomials, Arrington (2003)

Gcf(q
2) =

1

a0 + a1
q2

1+a2
q2

1+...

, continued fractions, Sick (2003)

I Hill & Paz (2010) showed that the above functional forms exhibit pathological behaviour with
increasing kmax.

I Other, more complicated functional forms exist, see, e.g., Bernauer et al. (2014).
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The Bounded z Expansion

I For the proton, QCD constrains the form factors to be analytic in t ≡ q2 ≡ −Q2 outside of
a time-like cut beginning at tcut = 4m2

π , the two-pion production threshold. Clearly this
presents an issue with convergence for expansions in the variable q2. Hill & Paz (2010)

I Using a conformal map, we obtain a true small-expansion variable z for the physical region:

1 Introduction

The electromagnetic form factors of the nucleon provide basic inputs to precision tests of
the Standard Model. In particular, the root mean square (RMS) proton charge radius as
determined by the form factor slope1 ,

Gp
E(q2) = 1 +

q2

6
〈r2〉p

E + . . . , (1)

is an essential input to hydrogenic bound state calculations [1, 2]. Recent experimental results
suggest a discrepancy between the charge radius inferred from the Lamb shift in muonic
hydrogen [3], rp

E ≡
√

〈r2〉p
E = 0.84184(67) fm, and the CODATA value, rp

E = 0.8768(69) fm,
extracted mainly from (electronic) hydrogen spectroscopy [4]. The charge radius can also be
extracted from elastic electron-proton scattering data. The 2010 edition of the Review of
Particle Physics lists 12 such determinations that span the range of 0.8-0.9 fm [5], most with
quoted uncertainties of 0.01-0.02 fm. These determinations correspond to analyses of different
datasets and different functional forms of Gp

E(q2) that were fit to the data over a period of 50
years.

Extraction of the proton charge radius from scattering data is complicated by the unknown
functional behavior of the form factor. We are faced with the tradeoff between introducing
too many parameters (which limits predictive power) and too few parameters (which biases
the fits). Here we describe a procedure that provides model-independent constraints on the
functional behavior of the form factor. The constraints make use of the known analytic
properties of the form factor, viewed as a function of the complex variable t = q2 = −Q2.

−Q2
max 4m2

π

t z

Figure 1: Conformal mapping of the cut plane to the unit circle.

As illustrated in figure 1, the form factor is analytic outside of a cut at timelike values
of t, [6] beginning at the two-pion production threshold, t ≥ 4m2

π.2 In a restricted region
of physical kinematics accessed experimentally, −Q2

max ≤ t ≤ 0, the distance to singularities
implies the existence of a small expansion parameter. We begin by performing a conformal

1Gp
E is defined in Section 3.1.

2 Here and throughout, mπ = 140 MeV denotes the charged pion mass, and mN = 940 MeV is the nucleon
mass.

1

z(t; tcut, t0) =
√
tcut−t−

√
tcut−t0√

tcut−t+
√
tcut−t0

GE =

kmax∑
k=0

ak[z(q2)]k , GM =

kmax∑
k=0

bk[z(q2)]k .

I The physical kinematic region of scattering experiments lies on the negative real line. For a
set of data with a maximum momentum transfer Q2

max, this is represented by the blue line.

I The conformal map has a parameter t0, which is the point in t plane that is mapped to
z(t0) = 0.

I By including other data, such as from ππ → NN̄ or eN scattering, it is possible to move
the tcut to larger values, improving the convergence of the expansion.

Gabriel Lee (Technion) z Expansion and Nucleon Vector Form Factors Sep 1, 2016 4 / 9



More on t0

1 Introduction

The electromagnetic form factors of the nucleon provide basic inputs to precision tests of
the Standard Model. In particular, the root mean square (RMS) proton charge radius as
determined by the form factor slope1 ,
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6
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E + . . . , (1)
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suggest a discrepancy between the charge radius inferred from the Lamb shift in muonic
hydrogen [3], rp
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Particle Physics lists 12 such determinations that span the range of 0.8-0.9 fm [5], most with
quoted uncertainties of 0.01-0.02 fm. These determinations correspond to analyses of different
datasets and different functional forms of Gp

E(q2) that were fit to the data over a period of 50
years.

Extraction of the proton charge radius from scattering data is complicated by the unknown
functional behavior of the form factor. We are faced with the tradeoff between introducing
too many parameters (which limits predictive power) and too few parameters (which biases
the fits). Here we describe a procedure that provides model-independent constraints on the
functional behavior of the form factor. The constraints make use of the known analytic
properties of the form factor, viewed as a function of the complex variable t = q2 = −Q2.
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As illustrated in figure 1, the form factor is analytic outside of a cut at timelike values
of t, [6] beginning at the two-pion production threshold, t ≥ 4m2

π.2 In a restricted region
of physical kinematics accessed experimentally, −Q2

max ≤ t ≤ 0, the distance to singularities
implies the existence of a small expansion parameter. We begin by performing a conformal

1Gp
E is defined in Section 3.1.

2 Here and throughout, mπ = 140 MeV denotes the charged pion mass, and mN = 940 MeV is the nucleon
mass.

1

z(t; tcut, t0) =
√
tcut−t−

√
tcut−t0√

tcut−t+
√
tcut−t0

I Since the conformal mapping is an analytic function, on the closed set t ∈ [−Q2
max, 0], it

attains a maximum |zmax| at one of the endpoints t = 0 or t = −Q2
max.

I We can find an optimal choice topt
0 to minimize this value |zmax|,

topt0 (Q2
max) = tcut

(
1−

√
1 +Q2

max/tcut

)
⇒ |z|optmax =

(1 +Q2
max/tcut)

1
4 − 1

(1 +Q2
max/tcut)

1
4 + 1

.

I Choosing an appropriate t0 can make a big difference on the required kmax for
convergence; below nmin is such that |z|nmin < 0.01.

Q2
max [GeV2] t0 [GeV2] |z|max nmin

1 0 0.58 8.3
1 topt0 (1 GeV2) = −0.21 0.32 4.0
3 0 0.72 14
3 topt0 (3 GeV2) = −0.41 0.43 5.4
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Sum Rules from Large Q2 Behaviour

I QCD also demands that the form factor fall off faster than 1/Q4 up to logs as Q2 →∞
(dipole-like behaviour),

QnG(−Q2)

∣∣∣∣
Q2→∞

→ 0 ⇒ dnG

dzn

∣∣∣∣
z→1

→ 0, n = 0, 1, 2, 3,

I For a form factor employing the z expansion truncated at some kmax, we can enforce this by
implementing four sum rules, Lee, Arrington, Hill (2015)

kmax∑
k=1

k(k − 1) · · · (k − n+ 1)ak = 0, n = 0, 1, 2, 3.

I In practice, we constrain the 4 highest-order coefficients in a fit using these sum rules by
solving a system of equations derived from these sum rules.
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FF Uncertainties

I The value of the form factor at some fixed Q2 is a linear function of the coefficients, which
are the parameters in the fit:

G(Q2;a) =

kmax∑
k=0

akz
k(Q2) = g +

kmax∑
k=1

ak(zk − zk0 ) ,

where we used the normalization constraint to re-express the form factor in the second
equality, with z0 = z(Q2 = 0; t0) and, e.g., for the proton, g = (1, µp) for the (electric,
magnetic) form factors.

I To obtain the uncertainty, we note that

dG

dak
(Q2;a) = zk − zk0 ;

if Ckl is the covariance matrix for the coefficients ak, we have

δG(Q2) =

[
kmax∑
k,l=1

Ckl(z
k − zk0 )(zl − zl0)

]1/2
.

I If a fit includes sum rules, there are straightforward complications to the above derivations.
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Datasets

Proton: three separate datasets for the available elastic ep-scattering data.

I “Mainz” (cross sections): high-statistics dataset with Q2 < 1.0 GeV2. Originally 1422
data points in the full dataset released by the A1 collaboration [Bernauer et al. (2014)]. This
was rebinned to 658 points with modified uncertainties in Lee et al. (2015).

I “world” (cross sections): compilation of datasets from other experiments from
1966–2005, 569 data points with Q2 < 35 GeV2. Update of dataset used in Arrington et
al. (2003, 2007).

I “pol” (FF ratios): 66 polarization measurements with Q2 < 8.5 GeV2, see, e.g., Arrington
et al. (2003, 2007), Zhan et al. (2011).

Neutron: the data is split into measurements for GnE and GnM separately.

I GnE : 37 measurements Q2 < 3.4 GeV2.

I GnM : 33 measurements Q2 < 10 GeV2.
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Ongoing Work

Proton: a combined fit of the three datasets to provide parameterizations and tabulations
(including uncertainties) of GpE , G

n
E with:

I correlated systematic parameters for the Mainz data floating in the fit,

I implementation of sum rules enforcing dipole-like behaviour of GE , GM at high-Q2,

I updated application of radiative corrections, e.g., high-Q2 finite two-photon exchange
corrections,

I focus on two Q2 ranges, i.e., 1–3 GeV2 and the entire range of available data (up to
35 GeV2).

Neutron:

I including this data in a combined fit allows us to separate the isoscalar and isovector

channels, G
(01)
E = GpE ±G

n
E , which allows us to move tcut for G(0)

E to the three-pion
production threshold, Hill and Paz 2010

I updated determination of neutron electric and magnetic radii.

Gabriel Lee (Technion) z Expansion and Nucleon Vector Form Factors Sep 1, 2016 9 / 9



kmax Dependence
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I We can also test the
dependence of the fit results
on the choice of kmax.

I The fit has converged for
kmax = 10.

I We use a default of kmax = 12
in fits: for Q2

max = 1.0 GeV2

(statistics-only errors),

rE = 0.920(9) fm,

rM = 0.743(25) fm.
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Unbounded z Expansion Fits
Fits using unbounded z expansion performed by Lorenz et al. Eur. Phys. J. A48, 151; Phys. Lett. B737, 57
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I Sum rules such as (t0 = 0)

GE(q2 = 0) =

kmax∑
k=0

ak = 1

tell us ak → 0 as the k becomes
large.

I The Sachs form factors are also
known to fall off as Q4 up to logs
for large Q2 (dipole-like
behaviour at large Q2).

I To test enlarging the bound, we
took |ak|max = |bk|max/µp = 10,
and found rE = 0.916(11) fm,
rM = 0.752(34) fm.

I However, as |ak|max →∞, |ak|
for large k takes on unreasonably
large values, in conflict with QCD.

Gabriel Lee (Technion) z Expansion and Nucleon Vector Form Factors Sep 1, 2016 11 / 9



One-Loop O(α) Radiative Corrections

I The proton form factors are defined from the matrix element of one-photon exchange. A
consistent definition of the form factors is required to compare extracted radii.
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Figure 1: Virtual radiative corrections through first order in ↵. for point particle (top particle line)
scattering on a composite particle (bottom particle line). Wavefunction renormalization contributions
are not shown explicitly.

A2
i ! A2

i +B2
i , for which the simple convexity theorem following from (14) no longer applies. It may

be interesting to pursue more general “physical convexity” theorems involving multiple probability
sums and correlated errors.redone selected fits with a global search strategy to verify that a true
minimum has been found by the inductive search that assumes convexity.

3.4 Deficiencies in other parameterizations

We remark that several parameterizations of the proton form factors in common use rely on flawed
theoretical assumptions. A simple Taylor expansion in q2 [11] is valid only for momentum transfers
below pion production threshold q2  4m2

⇡ ⇡ 0.08 GeV2. Convergence of a sequence of Padé approx-
imants, implemented either directly as a ratio of polynomials [16], or as a continued fraction [17],
requires positivity of the spectral function in the dispersive representations of the form factors, a
property which is not satisfied. 6

4 Radiative corrections

We will present fits employing variations of a default radiative correction model. Possible deficiencies
in this model are treated at the same level as experimental systematic errors. Let us review the
description of the cross section including first order radiative corrections. The relevant amplitudes
are depicted in Figs. 1 and 2.

6That it cannot be satisfied is readily seen from the asymptotic behavior Q�2 for the form factor represented by
such a spectral function.
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imants, implemented either directly as a ratio of polynomials [16], or as a continued fraction [17],
requires positivity of the spectral function in the dispersive representations of the form factors, a
property which is not satisfied. 6

4 Radiative corrections

We will present fits employing variations of a default radiative correction model. Possible deficiencies
in this model are treated at the same level as experimental systematic errors. Let us review the
description of the cross section including first order radiative corrections. The relevant amplitudes
are depicted in Figs. 1 and 2.

6That it cannot be satisfied is readily seen from the asymptotic behavior Q�2 for the form factor represented by
such a spectral function.

5

p

k

p0

k0

(a) (b) (c)

(d)

Figure 1: Virtual radiative corrections through first order in ↵. for point particle (top particle line)
scattering on a composite particle (bottom particle line). Wavefunction renormalization contributions
are not shown explicitly.

A2
i ! A2

i +B2
i , for which the simple convexity theorem following from (14) no longer applies. It may

be interesting to pursue more general “physical convexity” theorems involving multiple probability
sums and correlated errors.redone selected fits with a global search strategy to verify that a true
minimum has been found by the inductive search that assumes convexity.

3.4 Deficiencies in other parameterizations

We remark that several parameterizations of the proton form factors in common use rely on flawed
theoretical assumptions. A simple Taylor expansion in q2 [11] is valid only for momentum transfers
below pion production threshold q2  4m2

⇡ ⇡ 0.08 GeV2. Convergence of a sequence of Padé approx-
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Figure 2: First order real radiative corrections for electron scattering on proton. In (a) crosses denote
possible attachments of the radiated photon.

4.1 Single photon exchange

Let us rigorously define the charge radius of a composite fermion such as the proton as an observable
(in particular, IR finite) quantity in the presence of radiative corrections. To begin, consider the
amplitude for one exchanged photon,

M1 = �4⇡↵

q2

1

1 � ⇧̂(q2)
ū(e)(k0)�(e)µ(k0, k)u(e)(k)ū(p)(p0)�(p)

µ (p0, p)u(p)(p) , (15)

where ↵ = 7.297 ⇥ 10�3 is the fine structure constant. Applying onshell renormalization conditions
we write

�(e)(k0, k) = �µF
(e)
1 (q2,�) +

i

2me
�µ⌫(k0 � k)⌫F

(e)
2 (q2,�) ,

�(p)(p0, p) = �µF
(p)
1 (q2,�) +

i

2mp
�µ⌫(p0 � p)⌫F

(p)
2 (q2,�) , (16)

where the form factors are normalized as (at q2 = 0 we may take the IR finite � = 0 limit) F
(e)
1 (0) =

F
(p)
1 (0) ⌘ 1, F

(e)
2 (0) ⌘ ae ⇡ ↵/(2⇡) and F

(p)
2 (0) ⌘ ap = 1.793, where ap = µp � 1 denotes the

anomalous magnetic moment. The onshell form factors are necessarily infrared divergent at nonzero
momentum transfer, as deduced by the cancellation with bremstrahlung emission. In terms of a
photon mass, let us introduce conventional “reduced” form factors which are finite including first
order radiative corrections in the � ! 0 limit:

F
(e)
i (q2,�) ⌘ F̃

(e)
i (q2)�(e)(q2,�) ,

F
(p)
i (q2,�)

1 � ⇧̂had(q2)
⌘ F̃

(p)
i (q2)�(p)(q2,�) , (17)

where

�(e)(q2,�) = 1 � ↵

2⇡

⇥
K(p, p0) � K(p, p)

⇤
+ O(↵2) ,

�(p)(q2,�) = 1 � ↵

2⇡

⇥
K(k, k0) � K(k, k)

⇤
+ O(↵2) . (18)

The functions K(p1, p2) are given by

K(p1, p2) ⌘ p1 · p2

Z 1

0
dx[xp1 + (1 � x)p2]

�2 log
[xp1 + (1 � x)p2]

2

�2
, (19)
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where ↵ = 7.297 ⇥ 10�3 is the fine structure constant. Applying onshell renormalization conditions
we write
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where the form factors are normalized as (at q2 = 0 we may take the IR finite � = 0 limit) F
(e)
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2 (0) ⌘ ap = 1.793, where ap = µp � 1 denotes the

anomalous magnetic moment. The onshell form factors are necessarily infrared divergent at nonzero
momentum transfer, as deduced by the cancellation with bremstrahlung emission. In terms of a
photon mass, let us introduce conventional “reduced” form factors which are finite including first
order radiative corrections in the � ! 0 limit:
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where
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The functions K(p1, p2) are given by
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In order to isolate the proton vertex defining form factors and radius

must subtract off radiative corrections that are part of the experimental 
measurement:

Through one-loop order, only essential difficulty is with Two-Photon 
Exchange: beyond present technology to compute from first principles.

I We know how to compute results for the electron vertex correction and the leptonic
contributions to the vacuum polarization in perturbation theory.

I From previous dispersive analyses of e+e− → hadrons data, we expect the correction from
hadronic vacuum polarization to be smaller than current achieved precision in scattering
experiments. Jegerlehner (1996), Friar et al. (1999)

I For soft bremsstrahlung and two-photon exchange (TPE), there are two conventions for
subtraction of infrared divergences. Tsai (1961), Maximon & Tjon (2000)

I At present, we cannot calculate the remainder of the TPE contribution from first principles.
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EFT Analysis of Large Logs
A systematic analysis of the radiative corrections using effective field theory is performed by
R. Hill in 1605.02613, identifying the sources of all large logarithms in the limit Q2 � m2;
e.g., there are implicit conventions of µ2 = M2 for vertex corrections vs. µ2 = Q2 for
Maximon-Tjon TPE corrections.

I Heavy particle: ∆E � E ∼ Q ∼M . Neglected: α2 log2(M2/(∆E)2) small.
I Relativistic particle: m,∆E � E,Q�M . Neglected: α2 log3(Q2/m2) ∼ O(α1/2).
I 0.5–1% discrepancies between the NLO resummed EFT prediction and the

phenomenological analysis, which is greater than the assumed < 0.5% systematic error of
the A1 analysis.
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FIG. 6: Same as Fig. 5, but including recoil and nuclear charge corrections (i.e., two photon

exchange and proton vertex corrections).

IV. DISCUSSION

The precision of electron-proton scattering experiments has reached a level demanding

systematic analysis of subleading radiative corrections at two loop order and beyond. We

have presented the general framework that separates physical scales in the scattering process,

allowing a systematic merger of fixed order perturbation theory with large log resummation.

The quantum field theory analysis reveals implicit conventions and assumptions that

often di↵er between applications, such as between scattering and bound state problems.

The definition of the proton charge and magnetic radii in the presence of electromagnetic

radiative corrections is naturally defined in Eq. (12). A comparison to other definitions in

the literature is presented in Appendix B. The separation of soft and hard scales in two

photon exchange is similarly ambiguous in standard treatments. The common Maximon-

Tjon convention [37] implicitly takes momentum-dependent factorization scale µ2 = Q2 for

two-photon exchange, in conflict with the Q2-independent choice µ2 = M2 that is closest to

the implicit convention for vertex corrections.

The exponentiation and cancellation of infrared singularities [10] in physical processes

has often been used to motivate a simple exponentiation of first order corrections in order

22

I Leading log resummation.

I Next-to-leading log resummation.

I Black: complete next-to-leading order resummation.

I Bands from varying low and high renormalization
scales µ2

L, µ2
H between 1/2 ∗ min and

∆E2,m2 and 2 ∗ max ofQ2, E2.

Gabriel Lee (Technion) z Expansion and Nucleon Vector Form Factors Sep 1, 2016 13 / 9


	Appendix

