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Introduction

e How to compare and check afi'" from lattice QCD and
R-ratio analysis ?

e How to safely maximize precision of af* from LQCD and

R-Ratio (including pQCD, isospin corrected T decay, etc)
studies.

e Simplest way : compare two numbers, al}’"tP

aly’Ra%° and average with the error weight.

and

e We could find more convinient rendez-vouz point ?
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Lattice QCD method [Blum 2003, Lautrup et al. 1971]
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faep(¢?) is known, TI(¢?) is subtracted HVP, II(¢?) = II(¢?) — I1(0), computed
non-perturbatively Euclidean space-time lattice

T(g) = / SE@O)  IHw) = Y Qe (@)

= TI(¢°)(¢"q" — ¢*3")
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Euclidean Time Momentum Representation
[Bernecker Meyer 2011, Feng et al. 2013]

In Euclidean space-time, project verctor 2 pt to zero spacial momentum,
p=0:

g-2 HVP contribution is

a, " =2 wt)C()

o0 dw cos wt— 2
w(t) = 2 [ % fogo(w?) |<=ef=1 4 4]

e Subtraction II(0) is performed.
Noise/Signal ~ G(Em_m”)t, is improved [Lehner et al. 2015] .

e Corresponding f[(Q2) has exponentially small volume er-

ror [Portelli et al. 2016] . w(t) includes the continuum QED
part of the diagram
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Euclidean time correlation from et e~ R(s) data

From ete™ R(s) ratio, using disparsive relation, zero-spacial momentum
projected Euclidean correlation function C(¢) is obtained

Y2\ 2 [ R(s)

e = Q/o Pt

R-ratio _ 1 dw _ 1 ~ —\/s
Ry = /0 M) = g /O ds \/5 R (s)e— V"

e (C'(t) or w(t)C(t) are directly comparable to Lattice re-
sults with the proper limits (m, — mghys, a— 0,V — oo,

QED ...)

e Lattice: long distance has large statistical noise, (short

distance: discretization error, removed by a — 0 and/or
pQCD )

e R-ratio : short distance has larger error
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pQCD OPE

Im(s)

poles 1/s(s + Q?) h‘

. o0 R(s
(Q%) = Q* fy~ ds i ham

(1/a = 1.78 GeV, Relative statistical error)
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Simulation details [rRBc/UKQCD 2015]
two gauge field ensembles generated by RBC/UKQCD collaborations

Domain wall fermions: chiral symmetry at finite «

Iwasaki Gauge action (gluons)
e pion mass m, = 139.2(2) and 139.3(3) MeV (m, L < 4)
e lattice spacings a = 0.114 and 0.086 fm
o lattice scale ¢! = 1.730 and 2.359 GeV
e lattice size L/a = 48 and 64
e lattice volume (5.476)° and (5.354)3 fm?

Use all-mode-average (AMA) [Blum et al 2012] and low-mode- averaging (LMA)
[Giusti et al, 2004, Degrand et al 2005, Lehner 2016 for HVP] techniques for improved
statistics by more than three orders of magnitudes compared to basic CG, and
x 10 smaller memory via multigrid-Lanczos [Lehner 2017] .
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a, integrand w(t)C(t)
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strange quark contribution, [ m. spraggs et al 2016]
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Comparison to R-ratio [Bernecker Meyer 2011]
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Don’t have correlations between data points, covariant matrix from KNT17
will be very useful [A. Keshavarzi’s talk]
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Comparison to R-ratio
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Comparison to R-ratio

u + d + s+ ChPT LO =7 FV correction + disconnected (48°)(C. Lehner) [Blum
et al 2015]
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Combined lattice + R(s) result (no lattice charm)
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Comparison with R(s) of certain range

Near p peak, KLOE and Babar disagree
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(Hagiwara, et.al)

BESIII

Careful comparison of R-ratio with lattice results may help
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Summary and Discusssion for ¢ — 2 HVP

e a'" purely from the first principle Lattice QCD(+QED)

w1th only a5, m, as input number is certainly desireble.

e LQCD fighting with errors
e Statistics : AMA, LMA, multigrid-Lanczos

e Finite volume : Larger volume, or pion form
factors( PACS (8.5 fm)* and (11 fm)*)

e Discretization error : a” scaling

e Isospin corrections : Lattice QCD(+QED), m,, #
my corrections

e Alternatively, lattice and R-ratio could be combined in
some forms to cross-check and may produce better results
than either.

e Exploring one Rendez-Vouz point between Lattice and
R-ratio : Euclidean time correlation function C(t) or

w(t)C ()

Taku lzubuchi, First Workshop of the Muon g-2 Theory Initiative, June 4, 2017 18



Tau decay application [H. ohki, K. Maltman, A. Portelli TI et al.]

Vr V-
hadrons _ ;
u / —
V-A current y
H/_/
(Hadronic) vacuum polarization function H(QQ)

e 7 — v + had through V-A vertex. EW correction Sgy, [Marciano, Sirlin]

I'(t— — hadrons;; v,)

R;;, =
’ I'(t= — e Devr)
2
127|Vi;|°Sew [™7 s s (1) (0)
T 0 T T

A\ J

= Im1II(s)

e The Spin=0 and 1, vacuum polarization, Vector(V) or Axial (A) current-current two point

v . 4 1qx
Y, (6% = z/d we (0T T 1 (@) T A (O]0) o

v 2 v 1 2 v 0
— (q“q —dq g,u )Hz('j;)v/A(q ) + qu Hz('j;)V/A
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Finite Energy Sum Rule (FESR)
[Shifman, Vainstein, Zakharov 1979]

e Optical theorem relate S=-1 diff. crossection and HVP for given quantum number:
flavor (us or ud), spin (0 or 1), parity (V or A)

e Do finite radius contour integral for arbitrary regular weight function w(s)

Im(s) pQCD
v
50 i € Re(s)
/ IMII(s)w(s) = —— dsTI(s)w(s) N
Sth, 27 |3|:SO

T experiment

e Real axis integral from experimental spectral function ImII(s) = p(s) extracted in
terms of dR, /ds y, = s/m?, w,(y) = (1 —y)*(1 + 2y), wr(y) = 2y(1 —y)*. Sgw
from EW correction [Marciano,Sirlin] .

dR;j.v/a _127T2|V§;j|25EW (1)

o 2

T

ds m

0+1 0
X [wT(S)pz('jj‘_//)A(S) - WL(yT)p§j3V/A<S)] ’

e Use pQCD with OPE for the large circle integral (duality violation error)
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V., extraction from FESR

[E. Gamiz et al. 2005, 2002]

e extract V,, (and/or a,, ms) by FESR
e Use both, ud and us hadron final states and take their ratio
e Use OPE Vaccum Saturation assumption estimate for higher dimension

e 3+0 lower V,, from Kl3, Kl2 determinations

| Vius| = 0.2238(5)exp(9)1at K13 FNAL/MILC 2015
| Vius| = 0.2233(5)exp(9)1at K3 RBC/UKQCD 2015
| Vius| = 0.2250(4)exp(9)iat K2/ 72 FLAG
e Using T-inclusive decay relation [—3.40] from CKM Unitarity, or KI3,KI2

|V.s| = 0.2176(22) HFAG 2014

e Trucation error of pQCD and Higher order contributions of OPE (Duality violation) ?
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0.2255 £ 0.0010
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Our new method : Combining FESR and Lattice

o If we have a reliable estimate for I1(s) in Euclidean (space-like) points, s = — Q3 < 0,
we could extend the FESR with weight function w(s) to have poles there,

Np

/OO w(s)ImII(s) = 7 > Resy[w(s)T1(s)],_ 2

T(s) = (1 + 2%) IMII™V (s) + IMII?(s) s (|s]| — o)

T

e For N, > 3, the |s| — oo circle integral vanishes.

Im(s)
{ pQCD OPE spectral data

Re(s)

Lattice HVPs
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weight function w(s)

e Example of weight function

Np

w<s>=H(S+Q =D o Q2, w=2

k 17k

:>Z(Qk:)Mak::O (M =0,1,--- , N, — 2)
k

o The residue constraints automatically subtracts IT“" (0) and sII(¥)(0) terms.

e For experimental data, w(s) ~ 1/s", n > 3 suppresses

> larger error from higher multiplicity final states at larger s < m?
> uncertanties due to pQCD+OPE at m> < s

e For lattice, Qi should be not too small to avoid large stat error, Q? — 0 extrapola-
tion, Finite Volume error(?). Also not too larger than m? to make the suppression in
time-like, higher energy, higher multiplicity, region enhanced
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Our |V, ;| results Summary

—@— K, decays
—— I(K,,]
—o— 3-family unitarity, HT14 [V _ |
® ' Tt FB FESR, HFAG14
® ' t FB FESR, HLMZ15
e T, lattice [N=3, C=0.3 GeV"]
. 2
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. 2
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Discussions and Conclusions for 7 inclusive decay

e Our result from T decay

V| = 0.2241(14)¢2p(13)4,[0.85%],  full 7 result
1 0.2258(10)e2p(13)4,[0.73%)],  for using K pole from K,

for N = 4,C = 0.7 [GeV?], vs V., = 0.2253(7)[0.3%)] from K5/
e All thinkable systematics estimated.
e Lattice error is currently the largest (matter of time).
e Give a physics target for B factories.
e Systematically cross check by changing IV, C (controlling ‘‘inclusiveness’’)
e Excluding K pole, the difference gets larger, ~ 8% in integral, or ~ 4% in V.

Direction is smaller |V, ;| (closer to the current tau inclusive determinations).

Interplay Lattice and R ratio haver many interesting applications including g-2
HVP, and others
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Oher applications

lepton(s) initial states : 7 or eTe”

> ad channel (FB analysis), and/or extract o

> qq for (¢ — 2),, combined analysis with Lattice and R-ratio to crosscheck
and to extract better accuracy than either

e p — 7w + ... resonances analsys from HVP
o K —» 7w
e B — had(charm) inclusive extraction for V,

e Use of excited state...
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'V.s| determination from FESR

e Inclusive differencial = decay rate with wieght w(s)

0 dR;;
R [ S0
sep, ds w,(s/m?2)

e Take difference between up-down and up-strange channel (Flavor Breaking, FB differ-

ence) AR = Ruq/|Vua|* — Rus/|Vus|?

e From |V,4| input,

Ry (s0)
[Vas | = R¥ (s0) pQCD
— [AR“(s0)]

|Vld|2

Im(s) pQCD

/ l‘/ Re(s)
per@/e QCD

T experiment
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Experimental tau data
e Belle, BarBar, ALEPH, compilation by Kim Maltman, in the form of

T(s) = (1 n 2%) ImIT ™ (s) + ImI1 @ (s)

T

e Unit normalized invariant hadron mass distribtuion 1/N x dN(s)/ds and Branching
Fraction

e higher multiplicity final states, at larger s, have larger errors

e In each channels, correlation matrix for unit normalized distribution are used for
available channels (Km) and added by the Branching Fraction in quadrature. Error
from all channel are added in quadrature.
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T inclusive decay experiment

S . .
p(s) = |Vus|2 l(l + 2_2) ImIT! (s) + ImIT® (s)} To compare with experiments,
mz a conventional value of |Vus|=0.2253 is used
1 E T T I I T E
- Belle K'no, K'r (Adematz) |
- — BelleKnn' ]
i —— BaBarK7'm I
0.1 —— ALEPHK2nK(3-5)mKn | —
c pQCD, D=0 OPE (nf=3) 3
0.01 T f
0.001 = [ r =
- T .
0.0001 | E{ =
1e-05 I I | I I
0 1 2 3 4
s [GeV’]

For K pole, we assume a delta function form, whose coefficient is obtained from
the experimental value of K-> u decay width

5(s — m2)0.0012299(46) ~ 2f2|Vis|?

11
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e example:N=3, {Q7,Q3,Q3} ={0.1,0.2,0.3} [GeV?|

0.1 . . . I ! ! =
= —— Belle Kn', K% (Adematz) |
B — BelleKnn N
i —— BaBarKn'm ]
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e example: N=4,

0.1
0.01
0.001
w(s)p(s)
0.0001
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e example: N=5, {Q% Q3 Q3% Q3 Q2} ={0.1,0.2,0.3,0.4,0.5} [GeV?]

0.1 . . . I ! \ =
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w(s)p(s) " E | P ;
0.0001 & =
1e-05 = - i E
E me i!:‘;:’ I ::: E
i fier et | Z
e T D |
1e-06 L L L M 1w L
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Lattice HVPs
e From Vector-Vector and Axial-Axial correlation function made of up and strange quarks
Q%)

e Local currents with appropriate renormalization factors, Z,, 2, computed non-
perturbatively, or conserved currents.

e Tensor II,,, are decomposed into spin 1 and spin 0 components with tensor zero-mode
subtraction

e Smaller Q? data has a larger relative error, while larger Q? suffers discretization
errors.
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QCD ensemble and statistics

e Main analysis is on two ensemble, at almost physical quark masses (M, =~ 140 MeV,
Mg ~ 499 MeV), V=(5 fm)°.

e Correct the residual up and strange quark mass error by partially quenched calculation.

e Consistent with other heavier / smaller ensemble are used to estimate size and
direction of discretization errors.

Vol a~ ! [GeV] M, [MeV] Mg [MeV] conf
48° x 96  1.7295(38) 139 499 88

135 496 5 (PQ-correction)
64% x 128 2.359(7) 139 508 80

135 496 5 (PQ-correction)
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|Vus| from all channels

e 4 channels: Vector or Axial (V or A), spin0and 1
e AO channel is dominated by K pole.
-> For the kaon decay contribution
weuse [P = (.15551(83)[BBEJUKQCD, 2014] in place of AO.

e Other channels :
Lattice HVPs for A1, V1, VO (& residual AO) < - > multi hadron states & pQCD
e We take the continuum limit using the data L=48 and 64

K— p01€+pothers

peacp ex
Vit Vo + Ay + Ag ¢ [VYi+YorAdo| — \/ : v
( ﬁhy )2w(mK) + Flat(HotherS> — PpQCLC
2
others V 2 d ImII
Pesp = [Vus| sw(s)Imll(s)
Sth
Eat — Z Res Qk Hlat( Q}%) PpQCD = ! dsw(S)HOPE(‘S)
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Error budget

e Lattice stat errors are still significant (could be improved)
o Discretization error from O(aAgcp)?
e Finite Volume error, estimated from ChPT in FV for K« channel

e Isospin breaking effects, estimated from IB in K;» and K — 7 analysis [Antonelli,
Cirigliano, Lusiani, Passemar, JHEP10(2013)070]

e pQCD uncertanty 2% of pQCD contribution

e Experimental specral funcation error is currently comparable or smaller than theory
error.
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Error budget

contribution error (x10%)
N, C] 3,0.3] 3,1] [4,0.77 [5, 0.9]

theory fr 8.2 4.4 7.6 8.2
others, stat. 9.7 4.1 7.8 9.4
discretization 2.2 17.6 5.6 6.1
scale setting 2.1 1.9 2.4 2.6
IB 2.2 4.6 2.5 2.3
FV 2.3 0.9 3.0 4.1
sea quark 0.7 0.9 0.5 0.3
pQCD 1.2 5.8 0.6 0.2

experiment K 10.5 5.8 9.7 10.4
K 3.9 6.4 4.7 4.4
K ntn™ 1.0 2.7 1.1 0.8
K= 7! 0.7 2.1 0.8 0.6
residual 9.0 29.3 9.2 6.2
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Errors Breakup |V,

0.012 |
i — A, J=0,K -
— 0.01+ - - other, stat —
g i — - disclzretizqtion i
2 0.008F. . —_ ;]Cga e setting |
> 0.006- - . sea quark |
= 0.004
)
~0.002
0E
N = 4 case
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'V.s| Results

0.235+ FK[’CK], lattice fK |
. ; o Tus V+A,N=3 | |
= Tus V+A,N=4

0.23F + Tus V+A,N=5 |
> 0.225
0.22

| | | | --I |

O'2150 0.2 0.4 0.6 0.8 1
C [GeV]

e N = 3,4,5. Full error. Holizontal dots is exclusive = — K detemination using fx.

e All estimated systematic erros included
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