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Proposals for new experimental measurements of   

• Relevance for lattice QCD determinations of HVP: 

1. “hybrid method” [Phys. Rev. D 90, 074508 (2014) Golterman,Maltman,Peris] with experimental+lattice QCD data 

a) to complete the exp. result 
b) to cross-check lattice data 

2. continuum limit of            at fixed Q2  

3. help in choosing the parametrization for            with less FV/cutoff effects

aHV P
µ

⇧(Q2)

• Goal precision for HVP contribution to is <1%  

➡ New proposals for the space-like experimental measurements of HVP 
➡ [Phys.Lett. B746 (2015) 325-329  by Carloni, Passera,Trentadue, Venanzoni] @KLOE2

➡ [Eur.Phys.J. C77 (2017) XYZ-YYY  by Abbiendi et al.] @CERN 
• Estimated precision for the HVP from the μe scattering experiment is 0.3%  [see slides by G. Venanzoni] 

⇧(Q2)



Hybrid method:              from experimental + lattice QCD data   

• Estimated precision for the HVP from the μe exp. is 0.3% in [0,0.138]GeV2  [see slides by G. Venanzoni]  

• Due to the experimental constraints: region [0.138, ∞] GeV2 cannot be covered by this exp.  

➡ complementary to the lattice QCD data
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Fig. 2 Left: Dahad[t(x)] ⇥ 104 (red) and, for comparison, Dalep[t(x)] ⇥ 104 (blue), as a function of x and t (upper scale). Right: the integrand
(1� x)Dahad[t(x)]⇥105 as a function of x and t. The peak value is at xpeak ' 0.914, corresponding to tpeak ' �0.108 GeV2.

3 Experimental proposal

We propose to use Eq. (2) to determine aHLO
µ by measuring

the running of a in the space-like region with a muon beam
of Eµ = 150 GeV on a fixed electron target. The proposed
technique is similar to the one used for the measurement of
the pion form factor, as described in [25]. It is very appealing
for the following reasons:

(i) It is a t-channel process, making the dependence on t
of the differential cross section proportional to |a(t)/a(0)|2:

ds
dt

=
ds0

dt

����
a(t)
a(0)

����
2
, (5)

where ds0/dt is the effective Born cross section, including
virtual and soft photons, analogously to Ref. [26], where
small-angle Bhabha scattering at high energy was consid-
ered. The vacuum polarization effect, in the leading photon
t-channel exchange, is incorporated in the running of a and
gives rise to the factor |a(t)/a(0)|2. It is understood that
for a high precision measurement also higher-order radia-
tive corrections must be included. For a detailed discussion
see Refs. [15, 26].

(ii) Given the incoming muon energy Ei
µ , in a fixed-

target experiment the t variable is related to the energy of
the scattered electron E f

e or its angle q f
e :

t = (pi
µ � p f

µ)2 = (pi
e � p f

e )2 = 2m2
e �2meE f

e , (6)

s = (p f
µ + p f

e )2 = (pi
µ + pi

e)
2 = m2

µ +m2
e +2meEi

µ , (7)

E f
e = me

1+ r2c2
e

1� r2c2
e
, q f

e = arccos

0

@1
r

s
E f

e �me

E f
e +me

1

A , (8)

where

r ⌘

q
(Ei

µ)2 �m2
µ

Ei
µ +me

, ce ⌘ cosq f
e ; (9)

The angle q f
e spans the range (0–31.85) mrad for the elec-

tron energy E f
e in the range (1–139.8) GeV (the low-energy

cut at 1 GeV is arbitrary).
(iii) For Ei

µ = 150 GeV, it turns out that s ' 0.164 GeV2

and �0.143 GeV2 < t < 0 GeV2 (i.e. �l (s,m2
µ ,m2

e)/s <
t < 0, where l (x,y,z) is the Källén function). It implies that
the region of x extends up to 0.93, while the peak of the in-
tegrand function of Eq. (2) is at xpeak = 0.914, correspond-
ing to an electron scattering angle of 1.5 mrad, as visible in
Fig. 2 (right).

(iv) The angles of the scattered electron and muon are
correlated as shown in Fig. 3 (drawn for incoming muon en-
ergy of 150 GeV). This constraint is extremely important to
select elastic scattering events, rejecting background events
from radiative or inelastic processes and to minimize sys-
tematic effects in the determination of t. Note that for scat-
tering angles of (2–3) mrad there is an ambiguity between
the outgoing electron and muon, as their angles and mo-
menta are similar, to be resolved by means of µ/e discrimi-
nation.

(v) The boosted kinematics allows the same detector to
cover the whole acceptance. Many systematic errors, e.g. on
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Hybrid method:              from experimental + lattice QCD data   

• ABGP Pade approximants [Aubin,Blum,Golterman,Peris, Phys.Rev. D86 (2012) 054509]:  
➡ guaranteed to converge on the interval [Q2exp,max,Q2high]
➡ possible to combine with the numerical integration

• Estimated precision for the HVP from the μe exp. is 0.3% in [0,0.138]GeV2  [see slides by G. Venanzoni]  

• Due to the experimental constraints: region [0.138, ∞] GeV2 cannot be covered by this exp.  

➡ complementary to the lattice QCD data

aHV P
µ

➡   Nf=2, E5, L/a=32 (CLS), mπ≈440MeV 

➡   Pade [1,1] 

➡   

➡   [0,Q2
exp,max] —>87% of total  

➡   [Q2
exp,max,Q2

high]—>12% total 

➡   [Q2
high,∞] —> <1% of total

aHV P,uds
µ

aHV P,uds
µ

aHV P,uds
µ

aHV P,uds
µ = 3.61(10)⇥ 10�8



Cross-check experimental              vs. continuum limit from the lattice 

• For  the continuum limit of            at fixed Q2:
➡ twisted bc’s / SCI 
➡ interpolate between the values measured by conventional methods

• Take individual            values [0,0.108]GeV2 

• Continuum limit at fixed Q2 (previously extrapolated or measured at mπ,phys) 

• Compare to the slope and curvature for HVP function [see arXiv:1612.02364  and talk by L. Lellouch] 

⇧(Q2)

⇧(Q2)

⇧(Q2)

1.The HVP integral on a range [Q2
min,Q2

max] has continuum&FV limit:

➡ isospin breaking effects not expected to be relevant (≈ 1‰)  
➡ cutoff effects need to be assessed systematically 

2.Please go back to your data sets, look in the momentum range [0.138, ∞]GeV2

➡ Ideally, perform continuum limit (&infinite volume limit) 
➡ Help us put together yet another estimate for             joining th. and exp. effortsaHV P

µ

aHV P
µ =

⇣↵
⇡

⌘2
1Z

Q2
exp,max

dQ2 f(Q2)⇥ ⇧̃(Q2)



QED+QCD simulations with C* bc’s

• RC* collaboration:   P.Fritzsch, I.Campos, M.Hansen, B.Lucini, M.K.M, M.Papinutto, A. Patella, 

A. Ramos, N.Tantalo, … 

• [A.Patella, M.K.M @ Lattice 2017] openQCD code —> added C* bc’s and dynamical SU(3)+U(1)  

• [M. Hansen @ Lattice 2017] —> first physics results with C* bc’s 

• Generating configurations for Nf=2+1 O(a) improved Wilson fermions (QCD, QCD+QED) 

• Next 1-2 years, expect to have first results on               and 

• Particularly convenient for computing isospin breaking effects 

➡ local formulation of QED+QCD  

➡ different (smaller and better controlled?) F.V. effects

aHV P
µ aHLbL

µ


