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First measurement of muon magnetic moment
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Using a precession technique, the magnetic moment of the positive mu meson is determined to an accuracy
of 0.0079. Muons are brought to rest in a bromoform target situated in a homogeneous magnetic field,
oriented at right angles to the initial muon spin direction. The precession of the spin about the field direction,
together with the asymmetric decay of the muon, produces a periodic time variation in the probability
distribution of electrons emitted in a fixed laboratory direction. The period of this variation is compared
with that of a reference oscillator by means of phase measurements of the ‘‘beat note’” between the two.
The magnetic field at which the precession and reference frequencies coincide is measured with reference to
a proton nuclear magnetic resonance magnetometer. The ratio of the muon precession frequency to that of
the proton in the same magnetic field is thus determined to be 3.18344-0.0002. Using a re-evaluated lower
limit to the muon mass, this is shown to yield a lower limit on the muon g factor of 2(1.0012240.00008), in
agreement with the predictions of quantum electrodynamics.

I. INTRODUCTION

ECENT developments in the theory of weak
interactions' make it appear that many of the
properties of the mu meson can be accounted for on the
assumption that it enters into interactions in the same
way as the electron but has a much larger mass. The
electromagnetic properties of the muon, therefore,
acquire increased interest as a further test of the
identity of the interactions of the two particles.
Quantum electrodynamics? makes the prediction
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of detecting the direction of polarization via their
asymmetric decay® made possible the measurement of
the muon magnetic moment. In the original experiment
it was found necessary, to obtain agreement with the
asymmetry curve, to assume a value of the moment
close to the Dirac prediction. In this way the value was
determined to an accuracy of 19%,. The Liverpool group,’
using an analog time-to-height converter to record the
distribution in time of the emitted electrons, achieved
an accuracy of 0.7%. A resonance technique, in which
the muons were stopped in a large static magnetic
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Schwinger’s term

Figure 1. The headstone of Julian Schwinger at Mt Auburn Cemetery in Cambridge, MA.



Future Fermilab E989 (0.14 ppm) 5/38

Figure 2. 1000 Piece Jigsaw Puzzle - Magnetic Moment. $18.00 from http://eddata.fnal.gov/

Almost 4 times more accurate then the previous experiment.

J-PARC E34 also plans to measure muon g — 2 with similar precision.



BNL E821 (0.54 ppm) and standard model prediction 6/38

q=p —p,v

/
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(L) Hadronic vaccum polarization diagram. (R) Hadronic light by light diagram.

Value & Error Reference
HVP LO (eTe™ — hadrons) 694.9 +4.3 Hagiwara et al, 2011
692.3 +4.2 Davier et al, 2011
HVP NLO —9.844+0.07 Hagiwara et al, 2011
Hadronic Light by Light 10.5£2.6 Glasgow Consensus, 2007
11.6 £4.0 Jegerlehner, Nyffeler, 2009
Standard Model 11659182.8 5.0
Experiment (0.54 ppm) 11659208.9 +6.3 E821, The g — 2 Collab. 2006
Difference (Exp — SM) 26.1 £8.1

Table 1. Standard model theory and experiment comparison [in units 10~ 17]

There is 3.3 standard deviations!
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Introduction to lattice QCD 8/38

The QCD partition function in Euclidean space time:

Z = /[DUM]G_SG[U]det(D[mZ,U])2det(D[ms,U]) (1)

(Left) 19 x 19 Go board (Middle) 48 x 48 (Right) 64 x 64

The configuration is stored in position space. The reason is that the action is local in position
space. Working in position makes the calculation simpler.

This is in contrast to analytical perturbative calculation, where interaction only happens
occasionally. So it is advantagous to work in momentum space, where the propagator can be
diagonalized.



HVP contribution 9/38

e Many experimental efforts are in the process of obtaining higher precision.

e A lots of lattice of efforts are also trying to compete in this area. Reaching the current
experimental accuracy is expected in the next few years. Important cross check!

The major diagram to compute for HVP is:

—

Yy

By(0) = 3 w(®)Y Wu(e=0,y=(t,7)) (2)

David Bernecker, Harvey B. Meyer, 2011. arXiv:1107.4388. When m, ¢ is small, we have
w(t) ~ m2tt (3)

On the lattice, we can use one point source propagator at x to evaluate the diagram.



HVP contribution
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e The uncertainty of the lattice calculations are mostly in the long distance region.

The uncertainty of the experiments are mostly in the short distance region.
e Combining the two results may lead to much higher accuracy.

Tom Blum, Taku lzubuchi, Christoph Lehner, RBC-UKQCD.
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Hadronic light-by-light Contribution 12/38

Frequently used model estimates:

ajtPh = (10.5+£2.6) x 10719 (Glasgow Consensus. Prades, de Rafael, Vainshtein '09)

al"Ph = (11.6 £4.0) x 10710 (Jegerlehner, Nyffeler '09)
ChPT:

Lowest order for HLbL is pure pion loop (same as scalar QED)
NLO: needs a counterterm (NLO LEC) that is the muon g — 2
Dispersive analysis: (Colangelo et al. '14, '15; Pauk, Vanderhaeghen '14)

Connect contribution to HLbL from presumably numerically dominant light pseudoscalars
to in principle measurable form factors and cross-sections.

Need many experimental inputs. Some of them are not available yet.
"No new physics method” (Experiment - other contributions):

[(11659208.9 +6.3) — (11659172.3 £4.3)] x 10719=(36.6 =7.6) x 1019



A sad example of “No new physics method” 13/38

The HLbL of muon g — 2 can also be phrased as:

Sea quark contribution to the magnetic moment of muon

An similar quantity is:

Strange sea quark contribution to the magnetic moment of proton

e “Determination of the strange nucleon form factors”
Phiala Shanahan, et al. Phys.Rev.Lett. 114 (2015) no.9, 091802.
G5/(Q%*=0)=—0.0740.03 1y using the “No new physics method".

e “Strange Quark Magnetic Moment of the Nucleon at the Physical Point”
Raza Sabbir Sufian, et al. Phys.Rev.Lett. 118 (2017) no.4, 042001.
G5(Q%*=0)=—0.064(14)(09) py obtained with direct lattice calculation.



Hadronic light by light diagram on lattice 14/38

This subject is started by T. Blum, S. Chowdhury, M. Hayakawa, T. Izubuchi more than
7 years ago. hep-lat/0509016, Phys. Rev. Lett. 114, 012001 (2015).

A series of improvements in methodology is made later. We computed the connected
diagram of HLbL with 171 MeV pion mass. Phys.Rev. D93 (2016) no.1, 014503.

Mainz group independently come up with a similar method to compute HLbL. Green et
al. '15

With the improved methods, we calculated HLbL using the physical pion mass, 482 x 96,
ensemble. Phys.Rev.Lett. 118 (2017) no.2, 022005.

Mainz group announces the significant progress on the method to reduce the finite volume
effects by treating the QED part of the HLbL diagram semi-analyticly in infinite volume.
Part of the results are given in Asmussen et al. '16.

Encouraged by Mainz's success, we use a different approach to compute the QED part
of the HLbL in infinite volume. Based the results, we exploit a way to furthur reduce the
lattice discretization error and finite volume error. arXiv:1705.01067.

Final goal is reaching 10% accuracy to compare with the new experiments.
g g y Y

RBC's version of the history on this subject.
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Point source photon method 16/38

q=p —p,v

/

p p
_ - - L

If we can not compute the 4-point function with one point source propagator, use two!




Point source photon method 17/38

fyc(@, L, Y, %, xop) — (_7:6)6 gp,a,n((__ﬁ L,Y, Z)Hg,a,m,u(ﬂ?, Y, z, xop) (4)
i4Hg,a,f<;,u($: yazaxop) (5)
— (€Q/€)4 trl —q S . S . S . S
= Z 6 r| —17pSq(, 2)17:Sq(Z, Y)iVeSq(Y, Top)i1wSq(Top, )
q=u,d,s QCD

+ other 5 permutations

P Gpo Tz, y,2) (6)
_ 6\/mu+q /4 (tsnk —tsrc) Z Gp,p/(a:,x’)Gg,g/(y, y’)GH,’/{/(Zj Z/)

m/,y/,z/
v Z e~ 10/2 (Zsnit Tarc) Su(xsnka x/)i,}/p“s«“(x/7 Z/)i’}/,.g/S,u(Z/, y’)i%/Su(y’, xsrc)
CEsnk Zsre
+ other 5 permutations



Magentic moment 18/38

Classicaly, magnetic moment is simply
b = 5T % jd°x (7)

e This formula is not correct in Quantum Mechanics, because the magnetic moment result
from the spin is not included.

e In Quantum Field Thoery, Dirac equation automatically predict fermion spin, so the naive
equation is correct again!
w> (5)

e | j(Z,p) is the conventional Minkovski spatial current, because of our 7 matrix convention.

. 1. L2
() = <w| [ 5o %1 3(dg) P

e The right hand generate the total magnetic moment for the entire system, including
magnetic moment from spin.

e Above formula applies to normalizable state with zero total current. Not practical on
lattice because it need extremely large volume to evaluate.

L > Azxo,~1/Ap (9)



Point source photon method 19/38

%’ < xop) us(a)

e The initial and final muon states are plane waves instead of properly normalized states.

e Recall the definition for F,,, we sum all the internal points over the entire space time
except we fix x + y=0.

e The time coordinate of the current, (z.p)o is integrated instead of being held fixed.

These features allow us to perform the lattice simulation efficiently in finite volume.



Disconnected diagrams 20/38

One diagram (the biggest diagram below) do not vanish even in the SU(3) limit.

e We extend the method and computed this leading disconnected diagram as well.

Figure 3. All possible disconnected diagrams. Permutations of the three internal photons are not
shown.

e There should be gluons exchange between and within the quark loops, but are not drawn.

e \We need to make sure that the loops are connected by gluons by “vacuum” subtraction.
So the diagrams are 1-particle irreducible.



Disconnected formula 21/38

e We can use two point source photons at y and z, which are chosen randomly. The points
Top and x are summed over exactly on lattice.

e Only point source quark propagators are needed. We compute M point source propagators
and all M? combinations of them are used to perform the stochastic sum over r =z — v.

fl/D(mawa?xOp) — (_ie)6gp,0,/<&($7y?’z)HpD,U,fi,l/(xava?xOp) (10)

1 av
HE .52 0) = (Tl Mol ) = 035~ )] ) (11)
QCD

Ipo(z,y) = _Z (eq/€)? Tr[v, Se(x, y) Vo Sq(y, ). (12)



Disconnected formula 22 /38

1 av
Hé),d,li,y(x7y7z7x0p) — _HV,FL(Q:OI)?Z) [Hpaa(x7y)_np,§(x_y)] (14)
2
QCD

1
5 €i,5,k(Top)j (Hp,o(Top, 0))qep Eu k(=Zop)j (Hp,0(—=Zop, 0))qcp =0
9 9

Lop Top

e Because of the parity symmetry, the expectation value for the left loop average to zero.

o [II,o(x,y)—1II3"2(x —y)| is only a noise reduction technique. II7">(z — y) should remain
constant through out the entire calculation.
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Muon leptonic light by light

24/38

e We test our setup by computing muon leptonic light by light contribution to muon g — 2.

F5(0)/(e/m)?

0.35

0.3

0.25

0.2
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0.1

0.05

L =11.9fm

0.3226 +0.0017 ——
L = 8.9fm
0.2873 + 0.0013
L =5.9Mm

0.2099 4+ 0.0011 ———

0.5 1 1.5 2 2.5 3 3.5
a? (GeV™?)

Theory

&

1st order continuum extrapolation with leftmost two points —o—i

0.3608 = 0.0030

2nd order continuum extrapolation with all three points +—o—

F5(0)/(er/m)?
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Phys.Rev. D93 (2016) 1, 014503. arXiv:1510.07100.

0.3679 = 0.0042

b3

&

0

0.02

0.04 0.06 0.08 0.1 0.12
1/(my,L)?

Pure QED computation. Muon leptonic light by light contribution to muon

e O(1/L?) finite volume effect, because the photons are emitted from a conserved loop.
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139MeV pion 482 x 96 lattice

0.03 I |
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7]

65 configurations are used. They each are separated by 20 MD time units.

_)3 — (11.60 +0.96) x 1010

(00498 +0.0064) x (£ )" = (~6.2540.80) x 1010

— (0.0427 +0.0108) x (

T

8%
v

—)3: (5.35+1.35) x 1010

26/38
_; %% %%%%§ %§
it
- §§§%%%%% )

Left: connected diagrams contribution. Right: leading disconnected diagrams contribution.
483 x 96 lattice, with = 1=1.73GeV, m.. =139 MeV, m,, = 106 MeV.

We use Lanczos, AMA, and zMobius techniques to speed up the computations.

(15)
(16)

(17)
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135MeV pion on 643 x 128 lattice 28/38

This is slightly partial quenched calculation performed on the 139 MeV pion mass ensemble.

481 65 confs H—o— 481 65 confs H—o—
641 28 confs ——+— 641 7 confs ——+—
0.14 0 '—bﬂ* |
L
ap il ﬁHHHuHHQ - —
0.1 - §§ 3 - S
o o _ L _|
o I §§ ¢ %}} %%% e oo H %%%%%
S 0.08 | } gE 103 L1
= X = -0.06 -
= 0.06 Tz 4 =
3 L -0.08 | T
=
0.02 |- - -0.1 - 1 17
-
0 | | | | -0.12 | | | |
0 5 10 15 20 0 5 10 15 20
r (lattice unit for 48I) r (lattice unit for 48I)

e Left: connected diagrams contribution. Right: leading disconnected diagrams contribution.
o 483 x 96 lattice, with a ' =1.73GeV, m, =139 MeV, m, =106 MeV.
e 64° x 128 lattice, with a='=2.36 GeV, m, =135MeV, m, =106 MeV.
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Infinite volume QED box 30/38

flgj($7 y?'Z?xOp) - (_ie)(ﬂgp,ff,ff(x? yaz)Hg,U,R,V(xv Y, Z7x0p)
The QED part, G, » .(z,y, 2) can be evaluated in infinite volume QED box.

The QCD part, HS , .. (.1, 2, o) can be evaluated in a finite volume QCD box.
p’ 9 ) p

QED Box
QCD Box
z
Top
Y
> 5, > 3, > Ll, >
z Y x
3Gp.on(T,Y,2) = 6,4 k(1,y,2)+ 4 . o(y, 2, x) + other 4 permutations. (18)
Q5p,g,ﬁ(x7y’z) —  Mu(tank—tsrc) Z Gp,p/(x7x/)Gg7a'/(y,y’)GK’/{/(z,Z/) (19)
m/,y/,zl

% Z Su(@snk, )Y Su(@’, y')ive Su(y', )i Su(2's Tsee)

Lsnk;Lsrc



Infinite volume QED box

How to evaluate &, , (7, y,2)? arXiv:1705.01067.

First, we need to regularize the infrard divergence in &, , .(z, v, 2).

1+ : 1+
8pon(t,y,2) = 5 (@pon(, 4 2)kZk+ibp o w2,y 2)l 5

where a, , .(z,y,2) and b, » .(x,y, z) are real functions.

1

1
6(01,)0,11(557 Y, Z) — 560,0,/1(567 Y, Z) + 5[6%,0,0(29 Y, x)]T

It turned out that Qﬁ(p{?,,,{(:v, y, z) is infrard finite.

1. - ' !
8L (@, 9,2) = L= i (et v+ 1)ime( P+ 20+ 1)in, g

31/38

(20)

(21)

(22)

X/cﬁ7ﬂn—y+0f@—n+€%:ﬂy—n+0fm—x+9

4 772 2(n—2)?

£=¢=0

The 4 dimensional integral is calculated numerically with the CUBA library cubature rules.



Subtraction on 6&,12, (T, Y, 2) 32/38

Eventually, we need to compute

D7 oo (@, .2) M ol Y. 2. Top)

x?y’z

Hg,(,,,i,y(:v, Y, %, Zop) satisfies current conservation condition, which implies:

Z Hp,o,/-@,y L, Y, =z, xop) =0 (23)

Z Hp,O',li,l/ Tr,Y,z, xop) =0 (24)

So, we have some freedom in changing &, , ..(x, vy, 2). One choice we find particularly helpful
Is:

o (w.y.2) = 8V (z,y,2) -6 (y,y,2) =6 (z,y,9)+ &) (y,y,y)

PO,k )



Consequence of current conservation 33/38
Consider a vector field J,(x). It satisfies two conditions:

o 0,J,(x)=0.

o J,(x)=0if |z|is large.

We can conclude (the result is a little bit unexpected, but actually correct):

/d4:ch(a:) =0 (25)

In three dimension, this result have a consequence which is well-known.
Consider a finite size system with stationary current. We then have

e V.j(Z)=0, because of current conservation.

e j(Z)=0if |Z| large, because the system if of finite size.

Within a constant external magnetic field B, the total magnetic force should be

/[j(f)xé]d% — [/}'(f)d%] x B=0 (26)



Infinite volume QED box 34/38

e Compare the two &, , (7, v, 2) in pure QED computation.

mlL = 3.2 +--+--- mL = 3.2 +--+---
mlL =48 --8- mlL =48 --8-
mL = 6.4 mL = 6.4

mL =9.6 - ©O- mL =9.6+- ©O-

0.4 T T T T T T T T 0.46 T T T T T T T T
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0.3 fo e - ! ekl
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cv/:)_\ 02 EL\\‘\‘ \“~-_~‘~ cv/:)_\ 04 - \“~.__~~~s —
£ TR Tl = -
S 01t T TR 4 S 038 F Tl s
S \\‘etz\ ~~~~~~ = = R —= g
S £ 036 F e -
0k e . e e
T 0.34 - T T g T
0.1 F -
0.32 |- e -
S X
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0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045
2 2

(ma) (ma)
o Left: Q5(1).
e Right: &), Subtraction is performed on &),

e Notice the vertical scales in the two plots are different.



Infinite volume QED box 35/38

e Compare the finite volume effects in different approaches in pure QED computation,

0.6 T T T T T T T
lattice ——1
&) ——
0.5 2 —
04 _

0.3

Fy/(a/m)?

0.2

0.1

e Lattice: O(1/L?) finite volume effect, because the photons are emitted from a conserved
loop. Phys.Rev. D93 (2016) 1, 014503.

o &) O(e~L) finite volume effect. Everything except the four-point-correlation function
is evaluated in infinite volume. arXiv:1705.01067.

o &2 smaller O(e=™") finite volume effect. arXiv:1705.01067.
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Conclusions and future plans 37/38

Using the recently developed methods, we have computed the connected hadronic light-
by-light contribution with physical pion mass. We use a 483 x 96 lattice where L = 5.5fm,
my = 139MeV, m, =106MeV. 65 configurations are used in the calculation.

Gu — 2
2

0

- (0.0926i0.0077)( )3:(11.60i0.96)><10_10 (27)

cHLDbL m

We have extended the methods to cover the leading disconnected diagrams.

Ju —2
2

a\3

)’ =(~6.2540.80) x 10710 (28)

— (—0.0498 + 0.0064)(

7

dHLbL

The sum of these two contributions is (significant cancellation between them):

gp —2
2

«
™

_ (0.0427i0.0108)( )3:(5.35i1.35)><10_10 (29)

HLbL

e We expect rather large finite volume and finite lattice spacing corrections.

e The finite lattice spacing errors can be corrected by performing the same calculation on
a finer 642 x 128 lattice.

e Most of the finite volume errors come from the QED part of the calcutions. They can be
corrected by perform only the QED part of the calculation in infinite volume with a semi-
analytical way.
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Thank You!



A New Hope 39/38

Value + Error Reference
1=r'=pv  Experiment 11659208.9+6.3 E821, g — 2 Collab. 2006

" Standard Model 11659182.8 5.0 Particle Data Group, 2014
777 26.1 +8.1

p

Table 2. Standard model theory and experiment comparison [in units 10~ 1]

Future is hard to predict, let's think of something similar in the history.

Precession of the perihelion of Mercury

/4* Value & Error Reference

FarE A N Experiment 574.10£0.65 G. M. Clemence 1947

N1/ Newton'slaw 531.63+0.69 G. M. Clemence 1947
55 vz d 77 42.47+0.95

Table 3. Newton's Law theory and experiment comparison [in units arcsec/Julian century].



Anomalous Magnetic Moment 40/38

Figure 4. (L) Muon Vertex Function Diagram (R) Schwinger Term Diagram.

p>

(5, /| ju( o =) [ B s) = <p S 010 (op = 0) 7 s (Fop = 0

f
= —canld) B+ 2D e B 0
i = —g5—5=—(F1(0)+ F2(0)) —3 (31)
F5(0) = g—_QEa (32)

Use Euclidean convention by default, the relation is

Yo=y1=()"  y=—iy" (33)



Current g — 2 experiment scheme 41/38

Protons Pions Polarized Muons
from AGS p=3.1 GeV Inﬂector/InjeCtion Point
I Tt =y,
Target
Injection Orbit
Storage Ring Orbit
Kicker
In Pion Rest Frame Modules
. Storage
= ~ spin .
momentum Ring
I/// IJ’+

“Forward” Decay Muons
are highly polarized

Figure 5. The schematics of muon injection and storage in the g — 2 ring. Phys. Rept. 477, 1 (2009).

w, = B (34)
M,y
ws = B —|—aug (35)
m,, "y my,

v = 1/vV1—0?~29.3 (36)
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Authors Lab Muon Anomaly

Garwin et al. '60 CERN | 0.001 13(14)

Charpak et al. '61 | CERN | 0.001 145(22)

Charpak et al. '62 | CERN | 0.001 162(5)

Farley et al. '66 | CERN | 0.001 165(3)

Bailey et al. '68 CERN | 0.001 166 16(31)

Bailey et al. '79 CERN | 0.001 165 923 0(84)

Brown et al. '00 BNL | 0.001 165 919 1(59) ()
Brown et al. '01 BNL | 0.001 165 920 2(14)(6)  (u™*)
Bennett et al. '02 | BNL | 0.001 165 920 4(7)(5)  (u")
Bennett et al. '04 | BNL | 0.001 165 921 4(8)(3)  (u~)

World Average dominated by BNL
a, = (11659208.9+6.3) x 10~ 10 (37)
In comparison, for electron

a. = (11596521.8073£0.0028) x 1010 (38)
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2
32ED — 05 x (g) + 0.765 857 425 (17) X (g)
T ~~

my /me r

+24.050 509 96 (32) (%)3 + 130.8796  (63) (%)4

~~ ~~
my,/me r num. int.
a5
475329 (1.04) x (—)
N—— ™
num. int.

= 116584 718.853 (9) (19) (7) (29) [36] x 10~ "
~ =~ =~ =~

m/,z/me,‘r = =] Oé(ae)

Aoyama et al. '12
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a y b
0% 0%

ry Vp ~ 7

Leading weak contribution. a=38.87,b=—19.39,¢=0.00 [in units 10~ 17]

Value 4 Error Reference
QED incl. 5-loops 11658471.8853 +0.0036  Aoyama, et al, 2012

Weak incl. 2-loops 15.36 2 0.10 Gnendiger et al, 2013

Table 4. Standard model theory, QED and Weak interaction. [in units 10_10]
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HLbL scattering: summary of selected results

o x Y. Exchange of 0
o) other reso- .
= g % é -t ;;‘42 + - =+ nances + o
) W S G— . (fb, ai, f’2 . )
Chiral counting: p* p° p® p®
Nc-counting: 1 Nc Nc Nc
Contribution to a,, x 10
BPP: +83(32) | -19(13) 185 (13) -4 (3) [fy, a1] +21 (3)
HKS: 490 (15) | -5 (8) +83 (6) +1.7 (1.7) [a1] +10 (11)
KN:  +80 (40) 183 (12)
MV: +136 (25) | 0 (10) +114 (10) +22 (5) [a1] 0
2007: +110 (40)
PdRV:+105 (26) | -19 (19) +114 (13) +8 (12) [fo, a1] +2.3 [c-quark]
N,JN: +116 (40) | -19 (13) +99 (16) +15 (7) [f, a1] +21 (3)
ud.: -45 ud.: +oo ud.: 460
ud. = undressed, i.e. point vertices without form factors

BPP = Bijnens, Pallante, Prades '96, '02; HKS = Hayakawa, Kinoshita, Sanda '96, '98, '02;

KN = Knecht, AN '02; MV = Melnikov, Vainshtein '04; 2007 = Bijnens, Prades; Miller, de Rafael,
Roberts; PARV = Prades, de Rafael, Vainshtein '09 (compilation; “Glasgow consensus”); N,JN =
AN '09; Jegerlehner, AN '09 (compilation)

Pseudoscalars: numerically dominant contribution (according to most models !).

Recent reevaluations of axial vector contribution lead to much smaller estimates than in MV '04:
EL]’L””‘“‘] — (8 +3) x 10" (Pauk, Vanderhaeghen '14; Jegerlehner '14, '15). Would shift
central values of compilations downwards:

a; "Pt = (98 £26) x 107" (PdRV) and  a}["P" = (102 + 40) x 107" (N, JN).

Recall (in units of 107 '!): §a, (HVP) ~ 45; §a,(exp [BNL]) = 63; da,(future exp) = 16
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OV 5,u,d.d.5,5])qep = - / DU, Je 56l / 'Dal [Du][Dd)[Dd] [ Ds] [ Ds]

.eaD[ml,U]u+c_lD[ml,U]d+§D[ms,U]s O[U, a,u, C_l, d, 3, S]. (39)
A simple example, quark propagator:

(u(z)u(y))qep = %/ (DU Je~5det(Dlmy, U])? det(D[ms, U]) D~ my, Ul(x, y)
= (Si(%,y))qcp (40)

A more realistic example, pion correlation function:

(et siwhacs = - [ DUl det(Dlm, U) det(Dlm,, U)
X Tr[D~Ymy, Ul(z, y)vsDmy, Ul(y, z)vs]
= (Tr[Si(z, y)v551(y, ) ¥s]) qep

= (Tx[Si(z, »)[Si(z, ¥)]])qacp (41)
~ L omely—o] (42)
ly — z[*/?2

(O(t2)O(t1))qcp = (0]O(t2) exp(—H (t2 —t1)) O(t1)]0)
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Charged pion correlation function

—(d(x)ysu(z)a(y)ysd(y))qep = (Tr[Si(z, y)[Si(z, y)]'])qep (43)
~ e_mﬂy_mlme—mwly—ﬂ (44)
ly — "/

The quantity being averaged is positive semi-definite, thus the statistical error is on the same
order as the signal. This implies:

One can evaluate the charged pion correlation function at very long distance without
suffering from the signal to noise problem.

The typical size of the light quark propagator at long distance is roughly ¢~ Y ~*! this
can be used to help us to estimate the size of the noise for many observable.



Hadronic Light-by-Light diagram 48 /38

(U(zop) wulTop) ul(x)vpulz) u(y)vou(y)u(z)vsu(z))aen
(=tr[1Su(@op, ) 7pSu(®, 2)VSu(z, Y) Vo Su(Y: Top)]) Qep
+ <_tr[’7VSU(330p7Z)'Vmsu(zvx)'yp u( )’YJSu(y,ﬂfop)]>QCD
+ other 4 permutations
_|_

disconnected contractions (45)

Figure 6. Light by Light diagrams. There are 4 other possible permutations.
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e Evalutate the quark and muon propagators in the background quenched QED fields. Thus
generate all kinds of diagrams.

@ N
< >QCD+quenched QED 4 < @ >QCD+quenched QED, 3 X Y, 0 T, p

< >quenched QED 4 Tsre

Figure 7. PoS LAT2005 (2006) 353. hep-lat/0509016. One typical diagram remains after subtraction
is shown on the left, 5 others are not shown.

o After subtraction, the lowest order signal remains is O(e%) which is exact LbL diagram.

e Solved the 3-loop problem. Now we only need to compute point source propagators in
the background of QED fields.

e Unwanted higher order effects. In practice, one normally choose ¢ =1.

e Lower order noise problem. The signal after subtraction is O(e). But even after charge
conjugation average on the muon line, the noise is still O(e?).
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Nprop = 81000 ¢ = 27/L +—o—
0.12 T T T T T T

0.1 T -
0.08 _

0.06 - .
0.04 - }) .
o } _
-0.02 - % .

-0.04 ] ] ] ] ] ]

Fy(q®)/(er/7)?

tsep

Figure 8. Phys.Rev.Lett. 114 (2015) 1, 012001. arXiv:1407.2923.

o 247 x 64 lattice with = ' =1.747GeV and m, =333MeV. m,, = 175MeV.

e For comparison, at physical point, model estimation is 0.08 £ 0.02. The agreement is
accidental, because the result has a strong dependence on m,,.
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Tsnk Lsrc Tsnk Tsrc

e \We can use two point source photons at x and ¥, which are chosen randomly. It is a very
standard 8-dimentional Monte Carlo integral over two space-time points.

e Only the relative coordinate between x and y is relevant. The integration is actually 4-
dimensional.

e Major contribution comes from the region where = and y are not far separated. Importance
sampling is needed. In fact, we can evaluate all possible (upto discrete symmetries) relative
positions for distance less than a certain value 7., which is normally set to be 5 lattice
units. Only 102 pairs are needed to reach 7, .x.
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exp(i - Top) My H(T; Top) (46)
= > exp(i G- Top) FS (G 7, Y, 2, Top) (47)
m’y7z—
with tranlational invariance = Z Z exp(i G - Zop) f,fj(é'; —g,—i—g,z,azop)] (48)
r | 2,%op
. .. -~ C( - _Z Z
in the small ¢ limit ~ Z Z (14+:q-Zop) Fu (q, 5 2,z,xop)] (49)
_ =7 Cf=_T T
=YY 77,7 (a 2,+2,z,xop)]

+2 Z 7:,/0(67;—%,4—%,2,56@) (50)
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0@/ DM D-/2) = w22 vl a2/ o2

Taking ¢ — 0 limit by computing derivative with respect to ¢, we obtained the familiar
magnetic moment formula.

F»(0) as,(a)gus(a) =Y [Z %fop><usf(ﬁ)z'ﬁc(ﬁ;—%,Jrg,z,xop)us(a)] (53)
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q=271/L Nprop = 81000 +—o—
¢ = 0 Nypop = 26568
0.12 T T T T T T

0.1 T .

0.08 @

0.06 - ;%i _
0.04 - }

0.02 } _
-0.02 | % —

-0.04 ] ] ] ] ] ]

Fy(q®)/(er/7)?

tsep

Figure 9. Phys.Rev.Lett. 114 (2015) 1, 012001. Compare with the latest method and result.

o 247 x 64 lattice with = ' =1.747GeV and m, =333MeV. m,, = 175MeV.

e For comparison, at physical point, model estimation is 0.08 £ 0.02. The agreement is
accidental, because the result has a strong dependence on m,,.
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e We test our setup by computing muon leptonic light by light contribution to muon g — 2.

L =11.9fm
0.3226 £ 0.0017 ——

L = 8.9fm mlL =32 ---+---
0.2873 £0.0013 mé = éi LY =
L =5.9fm mL = 6.
0.2099 £+ 0.0011 ——— mL=9.6 - ©-
0.35 T T T T I I I 0.46 : I I I : : : :
0.3 . 0.44 _-k |
- 0.25 - . 0.42 - T i
= o O o
= 04F s
3 0.2 F 4% ‘ S
~— ~ Teel
= S 038 F e i
= 015 - - \\; —— S
3 &036 F e T i
o1t ] e TR
034 T T I
0057 _ 0.32 |- e _
©
0 . ' ' ' ' ! ! 0.3 1 1 I I I I I I
0 0.5 1 1.5 2 2.5 3 3.5 4 0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045
a? (GeViz) (ma)?

e Pure QED computation. Muon leptonic light by light contribution to muon g — 2.

o Left: O(1/L?) finite volume effect, because the photons are emitted from a conserved
loop. Phys.Rev. D93 (2016) 1, 014503.

e Right: O(e~™!) finite volume effect. Everything except the four-point-correlation func-
tion is evaluated in infinite volume.
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T Y
ZU/ y/

For the four-point-function, when its two ends, = and v, are far separated, but =’ is close to
x and vy’ is close to v, the four-point-function is dominated by 7° exchange.

Both the connected and the disconnected diagram will contribute in these region. We can
find a connection between the connnected diagram and the disconnected diagram by first
investigating the 7 correlation function.

. <ﬂ75u(56)(ﬂ%u+a_%d)(y)> ~ e mleyl (54)
(aysu(z) (ysu — dysd)(y)) +2{aysu(z)dysd(y)) ~ e ™o (55)

That is
(su(@)dysd(y)) = —{msu(e)(@se - dysd)(y)) + O(e ™V (56)

Above is a relation between disconnected diagram " exchange (left hand side) and connected
diagram 7 exchange (right hand side).
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T Y
.CU/ y/

The nearby two current operater can be viewed as an interpolating operator for 7, just like
uysu or dvysd with appropriate charge factors.

Multiplied by appropriate charge factors:

] A 4-
Connected contribution (%) - (—%) | :é—z (57)

. N [ (2))? V]2 1\ _ 25/ 1
Disconnected contribution (§> +(—§> | <_§>—8_1 ) (58)
Connected : Disconnected = 34:—-25 (59)

Different approach by J. Bijnens and J. Relefors: JHEP 1609 (2016) 113.
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i

The four-point function (V,,(z)V,(z")V,(y)Vs(y")) is
e Very small in large separation limit.
e Only composed diagrams in the first row.

The contribution from the first two diagrams must cancel among themselves. Leads to ratio
obtained in previous slides. 34: —25 (first two, first row)

Similarly, we can obtain: 14: —5 (first two, second row), 10: —1 (last two, second row).
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When the 4 points of the 4-point function are all far separated:

(ef +¢e5)C  Connected diagram contribution
(e2+4¢e3)?D Leading order disconnected diagram contribution

(eu+eq) (€3 4+¢e3) D’ Next leading order disconnected diagram contribution

M =~ (ef+e)C+(e2+e2)? D+ (ey+eq) (e3+ed) D’ (63)

x (€4 —eq)t

C:D:D" = —2:-3:4 (64)

Connected : LO-disconnected : NLO-disconnected = —34:—75:28 (65)
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Study the spatial component,

IR — / (¢ >
1305 =0)lp.s) = —cae)| Bl iy - 2 iqx Flup) (00
Vi, V] = 2i€iuXk (67)
With Gordon identity
Y o nfP+tPp 1. X
wp) ivutp) = a2 - LiaxF Juip) (68)

<p/7 Sl‘ij(xop — O)‘p, S>

— —cau(p)| F(e?) BB - DOl

a3 ) (69)
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Consider a normalized state

0) = [ 3 lips)v. (70)

We require the state with the momentum almost zero and the expectation value of the current
exactly zero:

/ P op (1 §(Xop)| ) = 0 (71)

We then consider the following amplitude with extremely small q < Ap~1/Ax.

M = [d’zopexp(iq-Xop) (1)]ij(Xop)|¥)) (72)

We can safely subtract zero

Q

M = /d%op exp (i - Xop) — 1]{]i §(Xop)|1))

d°Top i q - Xop (1]i j(Xop)[ 1) (73)
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On the other hand, with momentum conservation

M= ¢ / %w:«pm/ws(p—q/m
usf<p+q/2>[F1<q2> P _ BB, 2 p—q/2 (74)

The second term is explicitly O(q), the first term must be at most O(q) as well. The magnetic
moment of a fermion could result from its orbital angular momentum even if its momentum
is small, because of large size. One way we can eliminate that is to require ¥%(p) = ¥s(p),
so that the O(q) part of the first term vanishes. Only keep the leading O(q) term, we obtain

M ~ eFl(q2:O>:1F2<q2:O>iqx<§> (75)

> Bp >
<7> = [ ot e) )i (p) 5 (o) (76)
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Combine the results from previous two approaches:

2 __ 2 _
AT =0+ Falg —O>iqx<§> ~ [P @ xon (0]l 0) (77)
Cancel the q, we obtain
2 __ 2
AN (5 (T) = [ gy Wliixal0) (78)

Finally

—e F1(q°=0)+ F»(¢°=0) <§> _ <¢|/%Xop><ij(xop)d3xop

w> (79)
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e e.g. Pion correlation function with non-zero momentum: Noise ~e =¥ =]

3m .
e e.g. Proton correlation function: Noise ~e 2 1Vl

There is one kind of correlation without the fermion line connected to both ends. This kind
of diagrams is called the “disconnected diagram”. The size of the noise is roughly independent
of separation. For example:

(d(y)ysd(y)a(x)ysu(z))gep = <Tr[%|>5z(z|/,y)]Tr[%Sz(w,fv)DQCD (80)
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e Only evaluate the O(e%) term. No lower order noise, no contribtion from higher order
diagrams.

Lsnk Lsrc

PoS(LATTICE2014)130. Light by Light diagrams calculated with one exact photon and two
stochastic photon. There are 4 other possible permutations.

G/M/ L y ~ Z Am ) (82>

e Diagram can be evaluated with sequential source propagators and independent QED gauge

fields.

e "Disconnect diagram” problem is still there. Noise will increase in larger volume.
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FsHEPL (2 =0) (04r,5)i

m 2
~ 1 - . = . =
= S 3(5 L)Y ey 10 0) F (b @) (89
Fo(@,y, 2, Top) = (=i€)° Gp o n(w,y,2) Y (eg/€) (84)

q=u,d,s
X %<tr[—fyp5q(:v, 2)Y.S¢(2, Y) VoS q(Y, Top) VS ¢(Top, x)] + other 2 permutations>
QCD

e The integrand decreases exponentially if one of r, 2, or 2., become large. The fact that
the sum is limited within the lattice only has exponentially suppressed effect. We have use
the moment method to take ¢— 0 limit, eliminating that part of the “finite volume” effect.

e However, G(x,y, z) involves massless photon propagators. Thus, evaluating this function
in a small volume leads to O(1/L?) finite volume effects.

e Solution: do not evaluate G(z, vy, z) within the QCD box. We evaluate it in larger QED
boxes. We are also working on numerical strategies to compute the sum in infinite volume.
This way, we can capture the major part of the finite volume effects with the QCD lattice
just large enough to contain the quark loop.
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QED Box

QCD Box

ff(m,y,z,xop):(—ie)(ﬁ Gp.on(T, Y, 2) Z (eQ/e)4 (85)
q=u,d,s
X %<tr[—fyp5q(:v, 2)YeSq(2, ¥) VoS q(Y, Top) VS ¢(Top, :L’)] + other 2 permutations>QCD
Gpo,i(T Y, 2) (86)
_ emu(tsnk—tsrc) Z Gp,p'(x,CC/)Gg,g/(y,y’)G,@,{/(Z,Z/)
x/’y/’z/

Z [Su(xsnlﬁ x/)’yp’su(ajla Z/)VE’SM(Z,7 y’)’VU’Su(ylv xSFC)

TsnkyTLsrc

+S, (Tsnk, 2) VS (2, )y, S u(x’, Yy ve S (Y, Tsre) + other 4 permutations].
I u p"p p



423 MeV Pion 162 X 32 Lattice V.S. 243 x 64 Lattice

Fy(¢°=0)
(/)3
161 3.87 163x32 163x32 0.1158(8)
24| 581 243 x64 243 x64 0.2144(27)

161-24 163 x 32 243 x 64 0.1674(22)

Ensemble m,.L QCD Size QED Size

68/38

Table 5. arXiv:1511.05198. Finite volume effects studies. o~ ! = 1.747 GeV, m, = 423 MeV,

m,, = 332 MeV.

e Large finite volume effects with these ensembles and muon mass.

fixed the problem.

e Suggesting significant QCD finite volume effect.

Increasing the QED box size help reducing the finite volume effect, but haven't completely

The histogram plot may help us further investigating this QCD finite volume effect.



423 MeV Pion 162 X 32 Lattice V.S. 243 x 64 Lattice

0.09 | | |
0.08 - 161 -
- 0.07 - 24] —o—
= 0.06 161-24 .
> 0.05 |- =
< 004 = -
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arXiv:1511.05198. Above plots show histograms of the contribution to F5 from different
separations || = |z — y|. The sum of all these points gives the final result for F5. The
vertical lines at || =5 in the plots indicate the value of 7,,x.

The left plot is evaluated with =z sumed over longer distance region, so the small 7 region
includes most of the contribution.

The right plot is evaluated with z sumed over longer distance region, so the QCD finite
volume is better controlled in the small » region.

Z V.S.

z
|z —y|<min(Jz—z|,|y —z])

2.

z
|z —y|>max(|z—z][,|y —z])



139MeV Pion 483 x 96 Lattice

0.03 | |
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includes most of the contribution.

o

F5(0)/(a/m)

0.03
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0.02
0.015
0.01
0.005

-0.005
-0.01
-0.015

volume is better controlled in the small r region.

Suggesting the QCD finite volume effects be small in this case.

48° x 96 lattice, with =1 =1.73GeV, m,=139MeV, m, = 106MeV.

Contribution vanishes long before reaching the boundary of the lattice.

Simply increasing the QED box will fix most of the finite volume effects.

S il
| it

The left plot is evaluated with z sumed over longer distance region, so the small  region

The right plot is evaluated with z sumed over shorter distance region, so the QCD finite
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Tsnk Lsrc Tsnk Tsrc

e The points z, y, z are equivalent, we are free to re-label them.

e Since we sum over z, but sample over » = y — x. It is beneficial to keep r small, where
the fluctuation is small and sampling can be complete.

e So, when we sum over z, we only sum the region where z is far from x, y compare with
the distance between = and y.

e This way, we move most of the contribution into the small r region, where the fluctuation
is small and sampling can be complete.
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Z 3(— —— Z)Z 5 €idk (Top) -0 Us (6)fk (2,—;,~ % )us(ﬁ) (87)

CEOp

(3 if|lr—y|<|r—z|and |z —y|<|y— 7

3/2 itz —y|=|z—z|<|y—z|or [z —y|=|y—z| <[]z -z
3z,y,2) = 4 . 88
92 = V1 it fo—yl=|e— 2| = |y— 2| (88)
0 otherwise

\
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