
Chiral	extrapola-on	of	the	hadronic	vacuum	polariza-on	
contribu-on	to	the	muon	anomalous	magne-c	moment	

Maarten	Golterman,	Kim	Maltman,	San-ago	Peris	
Phys.	Rev.	D95	(2017)	074509	

	
(Thanks	to	Christopher	Aubin,	Tom	Blum,	Cheng		Tu)	

	
	

	Fermilab	Muon	g-2	Theory	Ini-a-ve,	June	3-6,	2017	
	

1	



Hadronic	vacuum	polariza-on	contribu-on	to	muon	anomalous	
magne-c	moment:	

expression:																																																																																																						(Blum,	‘03)		

	
with															a	known	weight	func-on,	and															the	HVP	obtained	from	
	
	
	
integrand	looks	like	
	
new	sta-s-cs	‘15	
AMA	(Blum	et	al.,	‘13)	
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Aim:		computa-on	to	be[er	than	1%:	

•  Need	very	good,	model-independent	low-							representa-on	

•  Finite-volume	effects:														even	at																				?	

•  Disconnected	contribu-on	and	isospin	breaking	

•  Strange	and	charm	contribu-ons,	4	(3)	dynamical	flavors	

•  Pion	mass	dependence	of														--		this	talk				
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	ETMC	“trick”	
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Dependence	of													on									.			Lower	curve:			“uncorrected”	
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ETMC	trick	

Improve	expression	for													:	
	
from	
	
	
to	
	
	
VMD:	
	
	
				
	
HPQCD	variant:		take	out	lowest-order	pion	loop	first,	and	put	it	back	at	the	
																														physical	pion	mass	at	the	end	
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Chiral	perturba-on	theory	

Amoros,	Bijnens	and	Talavera	(2000):	
	
	
	
	
	
	
•  														known	func-on	(two-pion	and	two	kaon	cuts)	
•  																																		NLO	LEC			(Bijnens	and	Talavera	(2002))	
•  																																																						NNLO	LEC			(new,	from	ALEPH	tau-decay	data)				
•  																																							analy-c	NNNLO	term	(from	ALEPH	data)	
					(all	at																				)					
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Chiral	perturba-on	theory	

red										ChPT	without	
blue								ChPT	with											agreement	with	data	to	a︎bout								
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Model	pion	mass	dependence	of																																																					:			

•  From	MILC	(HISQ):	

•  																														hence	replace	
							
	
	
				(takes	residual	quark-mass	dependence	at	higher	orders	into	account;	
					clearly	visible	in	ALEPH	data)		

m⇡ = 223, 262, 313, 382, 440 MeV
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blue			uncorrected	
red					ETMC	trick			
pink			HPQCD	version									

at	physical	
pion	mass	
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quadra-c	fit:				am4
⇡ + bm2
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logarithmic	fit:				a log(m2
⇡/m

2
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⇡ + c

0.00 0.05 0.10 0.15 0.20

5.¥ 10-8

6.¥ 10-8

7.¥ 10-8

8.¥ 10-8

9.¥ 10-8

1.¥ 10-7

mp2

aé m

12	



linear	inv.	fit:				a/m2
⇡ + bm2

⇡ + c
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Observa-ons	about	fits:	

•  log	fit	much	be[er	than	quadra-c	fit	(same	number	of	parameters)	
																																																																																					ETMC	trick											HPQCD	
•  rela-ve	errors		--		quadra-c:																										
																																						logarithmic:																													
																																						linear	inv:																						
•  however,	can	predict	coefficient	of	logarithm	(for																	)	:	
						theory:	
						fits:																																																																	to	
						⇒					all	fits	just	models	(fit	with	log	fixed	at	theory	value	is	disaster)	
						⇒					need	to	es-mate	errors	from	comparing	fits,	e.g.	quadra-c	and	log	
	
•  need	to	add	integral	from																					to									;	unlikely	to	change	lessons	
						(no	qualita-ve	change	if	we	integrate	up	to																				)		
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quadra-c	fit:				am4
⇡ + bm2

⇡ + c

Same	game	with	EM	current:	
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logarithmic	fit:				a log(m2
⇡/m
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linear	inv.	fit:				a/m2
⇡ + bm2

⇡ + c
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Observa-ons	about	fits	(EM	case):	

•  log	fit	much	be[er	than	quadra-c	fit	(same	number	of	parameters)	
																																																																																					ETMC	trick											HPQCD	
•  rela-ve	errors		--		quadra-c:																										
																																						logarithmic:																													
																																						linear	inv:																						
•  again,	can	predict	coefficient	of	logarithm:	
						theory:	
						fits:																																																																	to	
						⇒					all	fits	just	models	(fit	with	log	fixed	at	theory	value	is	disaster)	
						⇒					need	to	es-mate	errors	from	comparing	fits,	e.g.	quadra-c	and	log	
	
•  need	to	add	integral	from																					to									;	unlikely	to	change	lessons	
						(no	qualita-ve	change	if	we	integrate	up	to																				)		
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Conclusion	

•  														is	very	sensi-ve	to	the	pion	mass;	long	extrapola-on	from		

•  ETMC/HPQCD	trick	helps,	but	is	not	sufficient	for	<1%	accuracy	

•  2-pion	cut	important,	in	addi-on	to	pion-mass	dependence	of	

•  No	“easy”	chiral	extrapola-on	to	physical	pion	mass:	
						need	lapce	computa-ons	at	values	well	below	
						with	sufficient	accuracy	for	sub-percent	error	in					
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