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We present a new general dispersive formalism for evaluating the hadronic light-by-light scattering
contribution to the anomalous magnetic moment of the muon. In the suggested approach, this correction is
related to the imaginary part of the muonÕs electromagnetic vertex function. The latter may be directly
related to measurable hadronic processes by means of unitarity and analyticity. As a test we apply the
introduced formalism to the case of meson pole exchanges and find agreement with the direct two-loop
calculation.
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The keen interest in the anomalous magnetic moment of
the muona! is motivated by its high potential for probing
physics beyond the Standard Model (SM). The presently
observed3Ð4" discrepancy[1] allows for a number of
beyond SM scenarios which relate this deviation to
contributions of hypothetical particles, see[2] and refer-
ences therein. On the experimental side, the new measure-
ments both at Fermilab (E989)[3] as well as at J-PARC[4]
aim to reduce the experimental error ona! to
#a! !exp" # $ 16! 10−11, which is a factor of 4 improve-
ment over the present value. The expected precision of the
new experiments will give access to scales up to
! ! m=

!!!!!!!
#a!

p
! 8 TeV, wherem is the mass of the muon

[5], which makes it highly competitive to measurements at
the Large Hadron Collider (LHC). However, the interpre-
tation of a! is undermined by theoretical uncertainties
of the strong-interaction contributions entering its SM
value. Depending on the analysis of these hadronic con-
tributions[1,6] the present SM uncertainty amounts to the
range#a! !SM" # $! 49− 58" ! 10" 11 which significantly
exceeds the future experimental accuracy. This motivates
an intense activity to reliably estimate contributions of
hadrons toa! , see[7] and references therein.

The hadronic uncertainties mainly originate from had-
ronic vacuum polarization (HVP) and hadronic light-by-
light (HLbL) insertion diagrams shown in Fig.1. The
dominant HVP contribution can be reliably estimated on
the basis of experimental information of electromagnetic
hadron production processes implemented via the
dispersion technique. The existing estimates are based on
data fore%e" ! hadrons, data fore%e" ! $%hadrons, as
well as%decays (see[1] and references therein) yielding an
accuracy #a! ! lowest-order HVP" # $ 42.4 ! 10" 11 [6].
The ongoing experiments ate%e" -colliders (mainly
VEPP-2000 and BES-III) will provide valuable experi-
mental input to further constrain this contribution. It was
estimated in[1] that the forthcoming data will allow to
reduce the uncertainty in the HVP by around a factor of 2.

Unlike the HVP contribution, in most of the existing
estimates of the HLbL contribution, the description of the
nonperturbative light-by-light matrix element is based on
hadronic models rather than determined from data. These
approximations are based on a requirement of consistency
with the asymptotic constraints of QCD and predict that the
hadronic corrections are dominated by long-distance phys-
ics, namely due to exchange of the lightest pseudoscalar
states[8]. Unfortunately, a reliable estimate based on such
models is possible only within certain kinematic regimes.
This results in a large, mostly uncontrolled uncertainty
of a! . The two main estimates of the HLbL contribution
to a! yield the following[8,9]:

a! !HLbL" # ! 116$ 39" ! 10" 11; !1"

a! !HLbL" #! 105$ 26" ! 10" 11: !2"

To overcome the model dependence one may resort to
data-driven approaches for the HLbL contribution toa! .
Recently, such an approach based on the analytic structure
of the HLbL tensor has been discussed in[10,11]. In the
present paper, we present a new data driven approach
for calculatinga! based on the analytic properties of the
muonÕs electromagnetic vertex function. We expressa!
through a dispersive integral over the discontinuity of the

FIG. 1. The hadronic vacuum polarization (left panel) and light-
by-light scattering (right panel) contributions to the anomalous
magnetic moment of the muon.
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Muon anomalous magnetic moment
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aµ, exp . = 116592089(54)(33)á10! 11

aµ, SM = 116591802(2)(42)(26)á10! 11

EW LO Had. NLO Had. 

¥            discrepancy. 

¥ The experimental error should be reduced by a factor 4 
in the next years (FNAL & J-PARC experiments). 

¥ Theoretical error completely dominated by hadronic 
uncertainties.

! 3.6!

[PDG 2016]



Hadronic contributions

6

Anomalous magnetic moment of the muon in a dispersive approach

Vladyslav Pauk and Marc Vanderhaeghen
Institut fŸr Kernphysik, Johannes Gutenberg-UniversitŠt, Mainz D-55099, Germany

and PRISMA Cluster of Excellence, Johannes Gutenberg-UniversitŠt, Mainz D-55099, Germany
(Received 3 September 2014; published 18 December 2014)

We present a new general dispersive formalism for evaluating the hadronic light-by-light scattering
contribution to the anomalous magnetic moment of the muon. In the suggested approach, this correction is
related to the imaginary part of the muonÕs electromagnetic vertex function. The latter may be directly
related to measurable hadronic processes by means of unitarity and analyticity. As a test we apply the
introduced formalism to the case of meson pole exchanges and find agreement with the direct two-loop
calculation.

DOI: 10.1103/PhysRevD.90.113012 PACS numbers: 13.40.Em, 11.55.Fv, 12.38.Lg, 14.60.Ef

The keen interest in the anomalous magnetic moment of
the muona! is motivated by its high potential for probing
physics beyond the Standard Model (SM). The presently
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ment over the present value. The expected precision of the
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[5], which makes it highly competitive to measurements at
the Large Hadron Collider (LHC). However, the interpre-
tation of a! is undermined by theoretical uncertainties
of the strong-interaction contributions entering its SM
value. Depending on the analysis of these hadronic con-
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exceeds the future experimental accuracy. This motivates
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hadrons toa! , see[7] and references therein.

The hadronic uncertainties mainly originate from had-
ronic vacuum polarization (HVP) and hadronic light-by-
light (HLbL) insertion diagrams shown in Fig.1. The
dominant HVP contribution can be reliably estimated on
the basis of experimental information of electromagnetic
hadron production processes implemented via the
dispersion technique. The existing estimates are based on
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well as%decays (see[1] and references therein) yielding an
accuracy #a! ! lowest-order HVP" # $ 42.4 ! 10" 11 [6].
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VEPP-2000 and BES-III) will provide valuable experi-
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Unlike the HVP contribution, in most of the existing
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nonperturbative light-by-light matrix element is based on
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with the asymptotic constraints of QCD and predict that the
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models is possible only within certain kinematic regimes.
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FIG. 1. The hadronic vacuum polarization (left panel) and light-
by-light scattering (right panel) contributions to the anomalous
magnetic moment of the muon.
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¥ Order     : hadronic vacuum polarisation (HVP) 

¥ Order     : 

- hadronic light-by-light (HLbL) scattering 

- QED corrections to the HVP

! 2

! 3

HVP HLbL



Hadronic contributions
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HVP LO

HLbL

HVP NLO

6932(42)(3)! 10! 11

105(26)! 10! 11

! 98.4(0.6) " 10! 11

[Davier et al. 2011]

[PDG 2015]

[Glasgow Consensus 2007]

¥ Quantities dominated by non-perturbative QCD. 

¥ Lattice calculations can increase precision and 
reliability. Ideal target: per-mil precision. 

¥ It is very important to control isospin breaking e!ects 
(O(1%) e!ect).



Isospin corrections to the HVP  
from the lattice



¥ Lattice QCD: Monte-Carlo evaluation of the Euclidean 
QCD path integral on a Þnite and discrete space-time. 

¥ Equivalent to an SU(3) gauged statistical system.  

¥ Allows ab-initio non-perturbative calculations.  

¥ It is now possible to perform realistic lattice 
simulations (physical quark masses, large volumes).

Lattice QCD

9



¥ Naively discretised Maxwell action :!
!

¥ Pure gauge theory is free, it can be solved exactly. 

¥ Gauge invariance is preserved . 

¥ No mass gap: large Þnite volume e!ects expected  
(power law in the inverse spatial extent).

Non-compact lattice QED

10

S[Aµ ] =
1
4

!

µ,!

(! µ A! � ! ! Aµ )2



Finite volume: momentum quantisation

Zero-mode subtraction

11

Possibly IR divergent, but 
not for physical quantities

Contains a straight 1/0 !

!
!

d4k
(2" )4

1
k2 á á á !"#

!
V

"

k

1
k2 á á á

Possible solution: remove all the spatial zero-modes ,!
(cf. discussion in [Borsanyi et al., Science, 2015]).



¥ Electro-quenched approximation: charged valence 
quarks , but neutral sea quarks. 

¥ Non-unitary  theory (partially quenched) 

¥ Greatly reduce  the computational cost in both cases 

¥ Missing contributions are large-      and SU(3) ßavour 
suppressed: O(10%) of EM e!ects 

¥ Might be enough  for          ! (to investigate)

Electro-quenched approximation

12

Nc

g ! 2



¥ Stochastic method: !
Simulate the EM Þeld directly in the Monte-Carlo process, !
cf. for example [Borsanyi et al., Science, 2015]. 

¥ Perturbative method: !
Expand the action and the observables at          and compute 
the corrections as pure QCD correlation functions, !
cf. for example [de Divitiis et al., PRD, 2013].

Coupling to QCD

13

Two possible strategies to couple QED to QCD:

So far no direct comparison  of both approaches.

O(! )



¥ Pros: 
- Ad hoc: Wick contractions to compute are the same, 

QED e!ects are automatically included. 
- Simpler contractions: less propagators to compute. 
- Sea EM e!ects included in the Monte-Carlo process, 

no additional disconnected diagrams. 
¥ Cons: 

- Black box: no way to distinguish di!erent 
corrections (order in   , isospin channel). 

- Photon propagation stochastic: more noisy? 
- EM coupling Þxed once for all.

Stochastic method

14

!



¥ Pros: 
- Exact photon propagation. 
- Possibility to study di!erent types of contributions. 
- Possibility to change the EM coupling. 
- Generally: more knobs to turn. 

¥ Cons: 
- Much more complicated correlation functions !

(convolution with the photon propagator). 
- EM sea e!ects come through disconnected diagrams.

Perturbative method

15

!O1(x1)O2(x2)" = !O1(x1)O2(x2)"! =0

+ !
!

x,y,µ, "

!O1(x1)Jµ (x)J" (y)O2(x2)"! =0 Dµ" (x # y) + O( ! 2)



¥ EM current 2-point function in Euclidean space-time: !

¥ Renormalisation:                                     

¥ Vertex loop integral: !
!
!
where          is a know function of     .

HVP vertex loop integral
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! µ ! (q) =
!

d4x !0| T[Jµ (x)J! (0)] |0" eiq áx = ( ! µ ! q2 # qµ q! )! (q2)

ö! (q2) = ! (q2) ! ! (0)

f (q2) q2

a(2)had .
µ =

! !
"

" 2
# + !

0
dq2 ö! (q2)f (q2)



¥ Conserved current           not          . !
Comes from NoetherÕs theorem and veriÞes                .!
Depends on   :                                                                  .  

¥ Local current                    . !
Not conserved. 

¥             is transverse!

Lattice HVP
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J C
µ = !" µ !

! µ J C
µ = 0

e

J L
µ = !" µ !

!J C
µ J L

! "

J C
µ = J C,0

µ ! iqAµ Tµ ! q2A2
µ J C,0

µ + O( q3)



¥               RBC-UKQCD ensemble 

¥ 2+1 domain wall fermions and Iwasaki gauge action. 

¥                           and                     . 

¥ Electro-quenched and no disconnected diagrams

Exploratory calculation setup

18

243 ! 64

M ! ! 350 MeV a ! 0.12 fm



EM corrections to the HVP
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Pure QCD HVP

Expansion of the action (no disconnected, electro-quenched)

Expansion of the lattice conserved current

!J C
µ (z)J L

! (0)" = !J C,0
µ (z)J L

! (0)"
" =0

+ q2

+ q2

+ O( q4)

+ +

+

!

!

!

!

J C,0
µ Tµ

0

x

y

z 0

x y

z 0
x

z

0

x

z 0 z
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Preliminary results: HVP mass corrections
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Preliminary results: e"ciency
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Preliminary results:  g-2
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a0
µ ! 1010 �V astoch

µ ! 1010 �V apert
µ ! 1010

u 318± 11 0.65± 0.31 0.37± 0.33
d 78.0 ± 2.3 0.040± 0.021 0.022± 0.16
s 47.98± 0.25 " 0.0030± 0.0012 " 0.0049± 0.0011

Table 5 : The HVP contribution to aµ without QED and the QED corrections from stochas-
tic and perturbative data at an isospin symmetric pion mass of 340 MeV. Results have been
obtained using Pad«eR11.

using equation (5.11). For the strange quarks we again Þnd a negative QED correction to
aµ, which is in agreement with the results given in table4.
The di! erence of the results for�Vaµ using the two di! erent methods to determine ö" ( öQ2)
discussed here, could, in principle, be used to determine a systematic error for�Vaµ. How-
ever, in this study we are more interested in getting an idea of the overall size of the QED
correction to aµ, and thus, a detailed study of systematics due to the analysis method used,
is beyond the scope of this work.
Currently, we do not include any quark-disconnected diagrams in the calculation of QED
corrections. However, one type of quark-disconnected diagrams is also present in the
electro-quenched approximation. A sketch of this diagram is shown in Þgure13. Note,
that in this context one is only interested in the case, where the two quark lines are addi-
tionally connected by gluons. If the two quark lines are only connected by the photon and
not by gluons this diagram is conventionally counted as a higher order HVP contribution
(see e.g. [46]), not as a QED correction to the leading order HVP.

z0

Figure 13 : Quark-disconnected diagram for the QED correction toaµ.

The counterpart of this diagram without QED, i.e. without a photon coupling the two
quark loops, is SU(3) suppressed (see [47Ð49] for lattice QCD calculations of the quark-
disconnected contribution to the HVP and [50, 51] for estimates of the disconnected HVP
in chiral perturbation theory). However, when including a photon to obtain the QED
correction shown in Þgure13 the corresponding correlation function is no longerSU(3)
suppressed. Thus, this quark-disconnected diagram might give a large QED correction
to the HVP. We plan to include this contribution in future calculations. Note, that the
diagram shown in Þgure13 determines the mixing of ⇢- and !-mesons.

5.2.2 Comparison of Statistical Errors

To compare the statistical errors between the perturbative and the stochastic data, we
look at the ratio of statistical errors from both methods. Figure 14 shows the error on the
perturbative data divided by the error on the stochastic data. For the plot on the left-hand
side, the errors are scaled by the number of inversions used in each case to obtain an equal

Ð 28 Ð

EM corrections:

Strong corrections: about                    . ! 5 " 10! 10

Disclaimer: Unphysical pions, missing disconnected!
diagrams, electro-quenched.!
!
We are working on it.
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¥ This is the Þrst exploratory lattice computation  of 
the isospin breaking corrections to the HVP. 

¥ First direct comparison  of the stochastic and 
perturbative methods for including QED. 

¥ For this quantity, the stochastic method has clearly the 
advantage on the perturbative one. 

¥ For more details, see V. GŸlpers and J. Harrison 
talks at Lattice 2017.

Summary
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¥ Can the perturbative method take the advantage by 
using a better integration strategy ? 

¥ Size of the disconnected diagrams ? 

¥ We need to go to physical pion masses . 

¥ Large Þnite volume e!ects essentially unknown .!
(work in progress with Southampton & Lund)

Outlook
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Thank you!


