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La3ce	QCD	approach	to	HVP

Convolu6on	integral	over	Euclidean	momenta: [Lautrup	&	de	Rafael;	Blum]

Jµ = 2
3 u�µu � 1

3 d�µd � 1
3 s�µs + . . .

ahvp
µ =

✓↵
⇡

◆2 Z 1

0
dQ2 f (Q2)⇧̂(Q2), ⇧̂(Q2) = 4⇡2

⇣
⇧(Q2) � ⇧(0)

⌘

Direct	method:		determine	Π(Q2)		from	VP	tensor

⇧µ⌫(Q) =
Z

d

4
x eiQ·x D

Jµ(x)J⌫(0)
E
⌘ (QµQ⌫ � �µ⌫Q2)⇧(Q2)

• Determine	Π(0)	and	Padé	representa6on	of	Π(Q2)	from	fits		
Q2  Q2

cut ⇡ 0.1 � 0.5 GeV2

Weight	func6on	f(Q2)	strongly	peaked	near	muon	mass
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La3ce	QCD	approach	to	HVP

a

hvp
µ =

✓↵
⇡

◆2 Z 1

0
dx0 f̃ (x0) G(x0), G(x0) = �a

3
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hJ
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Z 1

0
dQ
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f (Q2)

"
x

2
0 �

4
Q

2 sin2
⇣

1
2 Qx0

⌘#

Time-momentum	representa0on: [Bernecker	&	Meyer]

G(x0)	dominated	by	two-pion	state	for x0 ! 1

Kernel												admits	expansion	in	x0mμ	which	is	accurate	to	O(10–6)f̃ (x0)
[arXiv:1705.01775]

Control	long-distance	behaviour	of	G(x0)
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La3ce	QCD	approach	to	HVP

Time	moments: [Chakraborty	et	al.]

Expansion	of	VPF	at	low	Q2: ⇧(Q2) = ⇧0 +

1X

j=1

Q2 j⇧ j

Coefficients: ⇧(0) ⌘ ⇧0 = �
1
2

G2, ⇧ j = (�1) j+1 G2 j+2

(2 j + 2)!

Resumming	6me	moments	yields	6me-momentum	representa6on:

⇧̂(Q2) =
1

Q

2

Z 1

0
dx0 G(x0)

h
Q

2
x

2
0 � 4 sin2

⇣
1
2 Qx0

⌘i

=
1

Q

2

Z 1

�1
dx0 G(x0)

1X

k=1

(�1)k+1 (Qx0)2k+2

(2k + 2)!
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La3ce	QCD	approach	to	HVP

Construct	low-energy	representa6on	of	Π(Q2)	from	6me	moments

Control	large-x0	regime	(c.f.	TMR)

G2n

⌘ a

X

x0

x

2n

0 G(x0)

Time	moments:	input	for	Mellin-Barnes	representa6on	of	ahvp
µ

[E	de	Rafael	2014,	2017,	Benayoun	et	al.	2016]
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The	Mainz	(g	–	2)μ	project

6

Collaborators:

N.	Asmussen,	A.	Gérardin,	O.	Gryniuk,	G.	von	Hippel,	H.	Horch,	
H.	Meyer,	A.	Nyffeler,	V.	Pascalutsa,	A.	Risch,	HW

M.	Della	Morte,	A.	Francis,	J.	Green,	V.	Gülpers,	
B.	Jäger,	G.	Herdoíza

Topics:

Hadronic	vacuum	polarisa6on

Hadronic	light-by-light	sca]ering

Running	of		αem		and		sin2θW

Determina6on	of		αs		from	vacuum	polarisa6on	func6on
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Current	data	sets

7

Nf	=	2	flavours	of	O(a)	improved	Wilson	fermions

Three	values	of	the	la_ce	spacing:			a	=	0.076,	0.066,	0.049	fm

Pion	masses	and	volumes:		mmin
⇡ = 185MeV, m⇡L > 4

Nf	=	2+1	flavours	of	O(a)	improved	Wilson	fermions;	tree-level	
Symanzik	gauge	ac6on;	open	boundary	condi6ons

Five	values	of	the	la_ce	spacing;	physical	pion	mass

Future:

CLS	consor6um	—	“Coordinated	La_ce	Simula6ons”
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Current	data	sets
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Abstract

We present a calculation of the hadronic vacuum polarization contribution to the muon anoma-
lous magnetic moment, ahvp

µ

, in lattice QCD employing dynamical up and down quarks. We
focus on controlling the infrared regime of the vacuum polarization function. To this end
we employ several complementary approaches, including Padé fits, time moments and the
time-momentum representation. We correct our results for finite-volume e↵ects by combining
the Gounaris-Sakurai parameterization of the timelike pion form factor with the Lüscher for-
malism. On a subset of our ensembles we have derived an upper bound on the magnitude of
quark-disconnected diagrams and found that they decrease the estimate for ahvp

µ

by at most
2 %. Our final result is ahvp

µ

= (654 ± 32 +21

�23

) · 10�10, where the first error is statistical, and
the second denotes the combined systematic uncertainty. Based on our findings we discuss
the prospects for determining ahvp

µ

with sub-percent precision.
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B. Jägerf , H.B.Meyere,g, A.Ny↵elere, H.Wittige,g

a CP3-Origins, University of Southern Denmark, Campusvej 55, 5230 Odense M, Denmark

b Department of Physics and Astronomy, York University, Toronto, ON, Canada, M3J1P3

c School of Physics and Astronomy, University of Southampton, Southampton SO17 1BJ, UK
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time-momentum representation. We correct our results for finite-volume e↵ects by combining
the Gounaris-Sakurai parameterization of the timelike pion form factor with the Lüscher for-
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Run L/a �  m
⇡

L a [fm] m
⇡

[MeV] N
cfg

N
meas

A3 32 5.20 0.13580 6.0 0.0755(9)(7) 495 251 1004
A4 32 5.20 0.13590 4.7 0.0755(9)(7) 381 400 1600
A5 32 5.20 0.13594 4.0 0.0755(9)(7) 331 251 1004
B6 48 5.20 0.13597 5.0 0.0755(9)(7) 281 306 1224

E5 32 5.30 0.13625 4.7 0.0658(7)(7) 437 1000 4000
F6 48 5.30 0.13635 5.0 0.0658(7)(7) 311 300 1200
F7 48 5.30 0.13638 4.2 0.0658(7)(7) 265 250 1000
G8 64 5.30 0.13642 4.0 0.0658(7)(7) 185 325 4588

N5 48 5.50 0.13660 5.2 0.0486(4)(5) 441 347 1388
N6 48 5.50 0.13667 4.0 0.0486(4)(5) 340 559 2236
O7 64 5.50 0.13671 4.2 0.0486(4)(5) 268 149 2384

Table 1: Details of the lattice ensembles used in the calculation of the hadronic vacuum polarization,
showing the lattice extent, L, where T = 2L, the values of the bare coupling � and light quark hopping
parameter  in the lattice action, as well as the lattice spacing and pion masses in physical units. Ncfg

and Nmeas denote the number of gauge configurations and measurements, respectively.

resulting number of measurements for each ensemble is shown in the right-most column of
Table 1.

The bare values of the strange quark mass used in this work are based on an update of the
analysis of ref. [70] where the physical values of the kaon mass and decay constant were used
to set 

s

. The updated analysis [72] includes improved determinations of the renormalization
factors Z

A

of the axial current, increased statistics, as well as a new measurement of 
s

for
the ensembles B6 and G8. In the charm sector, we used the bare quark masses determined
from the experimental value of the D

s

-meson mass in ref. [73] for the two finest values of the
lattice spacing. Based on these results, at � = 5.2 we estimated the hopping parameter 

c

of
the charm quark from the a2 dependence of the ratio, m

c

/m
s

. Values for 
s

and 
c

are listed
in Table 2.

In our calculation we have considered a mixed vector correlator including the conserved
point-split vector current

V ps

µ,f

(x) = 1

2

⇣

 
f

(x + aµ̂)(1 + �
µ

)U †
µ

(x) 
f

(x) �  
f

(x)(1 � �
µ

)U
µ

(x) 
f

(x + aµ̂)
⌘

, (16)

and the local vector current
V loc

µ,f

(x) =  
f

(x)�
µ

 
f

(x), (17)

where f denotes one of the quark flavours u, d, s and c. The local current is neither conserved
nor improved, yet it can be renormalized in a fashion that is consistent with O(a) improvement
[74]

V R

µ,f

= Z
V

(1 + b
V

am
f

)(V loc

µ,f

+ ac
V

@
⌫

T
µ⌫,f

) . (18)

Here m
f

denotes the bare subtracted quark mass of quark flavour f , b
V

and c
V

are improve-
ment coe�cients, and T

µ⌫,f

(x) = � 
f

(x)1

2

[�
µ

, �
⌫

] 
f

(x) is the tensor current. The conserved
vector current, while not subject to renormalization, requires O(a) improvement even at tree

5

Focus	on	methodology	and	systema6cs
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Standard	Method

9

La_ce	observable:

Use	twisted	boundary	condi6ons	to	reach	smaller	values	of	Q2:

 (x + Leµ) = ei✓µ (x) ) Qµ =
2⇡
L

+
✓µ
L

Π
(q

2
)

(aq)2

Twist
Fourier

0.19

0.2

0.21

0.22

0.23

0.24

0.25

0.26

0.27

0.28

0 0.002 0.004 0.006 0.008 0.01

 (x + Leµ) = ei✓µ (x) ) Qµ =
2⇡
L

+
✓µ
L

[Della	Morte	et	al.	2011]

a

4

X

f

q

2

f

Z

V

X

x

⇣
e

iQ(x+aµ̂/2) � 1

⌘ D
V

con

µ, f (x)V

loc

⌫, f (0)

E
= (QµQ⌫ � �µ⌫Q2

)⇧(

ˆ

Q)
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Standard	Method

10
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0 0.1 0.2 0.3 0.4 0.5

�⇧(Q2)ud

Q2
[GeV

2
]

m⇡ = 268 MeV

0.09

0.10

0.11

m⇡ = 185 MeV

Padé [1,1]

twisted boundary conditions

periodic boundary conditions

Time moment ⇧0

Fit	Π(Q2)	to	low-order	Padé	approximants	for Q2  Q2
cut ⇡ 0.5 GeV2

Intercept	Π(0)	agrees	well	with	Π0	determined	from	6me	moment
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Time-momentum	representa0on
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La_ce	observable: G

f

(x

0

) = �a

3

3

X

k

X

~x

q

2

f

Z

V

D
V

con

k, f (x

0

, ~x)V

loc

k, f (0)

E

Control	tail	of	integrand:

(ahvp
µ ) f =

✓↵
⇡

◆2 Z 1

0
dx0 f̃ (x0) G

f (x0)

xcut0

xcut0

x0 [fm]

−0.005

0

0.005

0.01

0.015

0 0.5 1 1.5 2 2.5 3

G(x0)K̃(x0)/mµ

Data
1-Exp
GS(L)
GS(∞)

−0.005

0
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0.015

• Gounaris-Sakurai	parameterisa6on	
of	6meline	pion	form	factor

• Naive	single	exponen6al:
G(x

0

)

ext

= A e

�m⇢x0

• Single	exponen6al	plus	2-pion	state:

G(x

0

)

ext

= A e

�m⇢x0 + B e

�E

2⇡(~p)x

0
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TMR	analysis	of	finite-volume	effects
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Large-x0	behaviour	of	G(x0,	L)	and	G(x0,	∞):

Long-distance	regime	related	to	finite-volume	effects

Long-distance	behaviour	of	Gρρ(x0)	constrained	by	6me-like	pion	
form	factor	Fπ(ω)

• G(x0,	∞)	contains	a	con6nuum	of	states	with E � 2m⇡

• G(x0,	L):	discrete	energy	levels: E � 2
q

m2
⇡ + (2⇡/L)2

Isospin	decomposi6on:

G(x0) = G

⇢⇢(x0) +G

I=0(x0), G

⇢⇢(x0) =
9

10
G

ud(x0)
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TMR	analysis	of	finite-volume	effects
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Iso-vector	correlator	in	infinite	volume:

Approximate	Fπ(ω)	by	Gounaris-Sakurai	parameterisa6on:	(mρ,	Γρ)

Finite	volume:

• Fix	mρ	from	fits	to	smeared	correla6on	func6on

• Determine	Γρ	from	correlator	G(x0,	L)	using	mρ	as	input

• Determine	energy	levels	ωn	and	amplitudes	An	via	Lüscher	formalism	and	GS

�11(k) + �
⇣kL
2⇡

⌘
= n⇡, n = 1, 2, . . .

|F⇡(!)|2 =
(
�
z�0(z)

�
z=kL/2⇡ + k

@�1(k)
@k

)
3⇡!2

2k2 |A|
2

G

⇢⇢(x0) =
Z 1

0
d!!2⇢(!2)e�!|x0 | =

1
48⇡2

Z 1

0
d!!2�1 � 4m

2
⇡/!

2�3/2|F⇡(!)|2e�!x0

G

⇢⇢(x0, L) =
X

n

|A
n

|2 e�!n

x0 , !
n

= 2
q

m

2
⇡ + k

2
n
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TMR	analysis	of	finite-volume	effects
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Infinite	volume:	

Determine	finite-volume	shig	from	G(x0,	∞)	–	G(x0,	L)

G

⇢⇢(x0) =
Z 1

0
d!!2⇢(!2)e�!|x0 | =

1
48⇡2

Z 1

0
d!!2�1 � 4m

2
⇡/!

2�3/2|F⇡(!)|2e�!x0

Compute	Gρρ(x0)	beyond	x0,cut	using	GS	parameterisa6on

At	mπ	=	185	MeV,		L	=	4.0	fm,		mπL	=	4.0:

ahvp
µ (1) � ahvp

µ (L) ⇡ 3.5%

Assign	20%	uncertainty	to	determina6on	of	volume	shig
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Disconnected	Contribu0ons

15

[Gülpers	et	al.,	arXiv:1411.7592;	V.	Gülpers,	PhD	Thesis	2015]

Electromagne6c	current	correlator	with	u,	d,	s	quarks:

Iden6fy	connected	and	disconnected	contribu6ons:

G(x0) := �a

X

~x

⌦
J

k

(x)J

k

(0)
↵
, J

k

= 2
3 u�

k

u � 1
3 d�

k

d � 1
3 s�

k

s

�k� f (x0) ⇠
G(x0) = G

ud(x0) +G

s(x0) �Gdisc(x0)

G

disc(x0) = � 1
9

D⇣
�ud(x0) � �s(x0)

⌘ ⇣
�ud(0) � �s(0)

⌘E
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�Gdisc(x0)
G

⇢⇢(x0)
x0!1�! �1

9
, G

⇢⇢(x0) =
9

10
G

ud(x0)

Disconnected	Contribu0ons

16

Disconnected	contribu6ons	evaluated	on	subset	of	ensembles

−
G

(x
0
)/
G

ρ
ρ
(x

0
)

x0/a
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0.2
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0 5 10 15 20 25 30

G
(x

0
)

x0/a

−6e− 07

−4e− 07

−2e− 07

0

2e− 07
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Asympto6c	behaviour:

Data	compa6ble	with: �Gdisc(x0)
G

⇢⇢(x0)
=

(
0, x0  x

⇤
0,

�1/9, x0 > x

⇤
0
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Disconnected	Contribu0ons
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Disconnected	contribu6ons	evaluated	on	subset	of	ensembles

−
G

(x
0
)/
G

ρ
ρ
(x

0
)

x0/a

−0.4

−0.2

0

0.2

0.4

0 5 10 15 20 25 30

Upper	bound	on	disconnected	contribu6on:

Run N
cfg

N
r

T/a x⇤
0

�ahvp

µ

E5 1000 75 64 25 0.7%
28 0.3%

F6 300 45 96 22 1.8%
23 1.5%

Table 12: Details of the evaluation of quark-disconnected contribution Gdisc(x0) (see eq. (76)). Nr

denotes the number of stochastic sources per timeslice, while x⇤
0 represents the Euclidean time at which

the ratio Gdisc(x0)/C⇢⇢(x0) is replaced by its asymptotic value. The upper bound on the size of the
quark-disconnected contribution to ahvp

µ is given by �ahvp
µ .

G
(x

0

)

x
0

/a

�6e � 07

�4e � 07

�2e � 07

0

2e � 07

0 4 8 12 16 20 24 28 32

Figure 6: The quark-disconnected contribution Gdisc(x0) to the vector correlator (in lattice units)
computed on ensembles E5 and F6.

is useful to recall the isospin decomposition of the electromagnetic current shown in eq. (13),
which gives rise to the iso-vector (I = 1) correlator G⇢⇢ and its iso-scalar counterpart GI=0

(see eq. (15)). The iso-vector correlator G⇢⇢(x
0

) contains only quark-connected diagrams; it
is related to the connected light quark contribution Gud(x

0

) via

G⇢⇢(x
0

) =
9

10
Gud(x

0

). (80)

By contrast, the iso-scalar correlator GI=0 contains both connected and disconnected contri-
butions, i.e.

G(x
0

)I=0 =
1

10
Gud(x

0

) + Gs(x
0

) � G
disc

(x
0

). (81)

With the help of eqs. (76) and (80) one derives the expression

�G
disc

(x
0

)

G⇢⇢(x
0

)
=

G(x
0

) � G⇢⇢(x
0

)

G⇢⇢(x
0

)
� 1

9

✓

1 + 9
Gs(x

0

)

G⇢⇢(x
0

)

◆

. (82)

32

(ahvp
µ )disc =

✓↵
⇡

◆2 Z 1

0
dx0 f̃ (x0)(�Gdisc(x0)) = �

✓↵
⇡

◆2 Z 1

x

⇤
0

dx0 f̃ (x0)
1
9

G

⇢⇢(x0)

) �ahvp

µ ⌘ �
(ahvp

µ )

disc

(ahvp

µ )

con

 2%
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Chiral	and	con0nuum	extrapola0ons

18

Employ	variety	of	phenomenological	ansätze	to	fit											e.g.ahvp
µ

↵1 + ↵2m2
⇡ + ↵3m2

⇡ ln m2
⇡ + ↵4a �1 + �2m2

⇡ + �3a�1 + �2m2
⇡ + �3m4

⇡ + �4a

300

400

500

600

700

lightahvpµ × 1010

40

45

50

55

strange

6

8

10

12

14

charm

300

400

500

600

700

0 0.1 0.2

40

45

50

55

0 0.1 0.2

6

8

10

12

14

0 0.1 0.2

H
yb

ri
d

β = 5.2
β = 5.3
β = 5.5

T
M

R

m2
π [GeV2]



HVP:	Results	from	Mainz/CLSHartmut	Wittig

Results	at	the	physical	point

19

Systema6c	errors	es6mated	from	distribu6on	of	fit	varia6ons
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ahvpµ Hybrid
TMR
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Good	consistency	between	“hybrid”	method	and	TMR

Finite-volume	correc6ons	sizeable
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Scale	se3ng	error

20

Evaluate �ahvp
µ =

�������
a

dahvp
µ

da

�������
�a
a

TMR:		 a

hvp
µ =

✓↵
⇡

◆2 Z 1

0
dx0 f̃ (x0) G(x0) x0 f̃

0(x0) � f̃ (x0) = J(x0)

Use	expansion	of												to	obtain	J(x0)f̃ (x0)

) a

da

hvp
µ

da

= �a

hvp
µ +

✓↵
⇡

◆2 Z 1

0
dx0 G(x0) J(x0)

�ahvp
µ

ahvp
µ

=
1

ahvp
µ

�������
a

dahvp
µ

da

�������
|          {z          }
⇡ 1.8

�a
a

a
dahvp
µ

da
= 1.22 · 10�7 )

Rather	precise	determina6on	of	la_ce	spacing	a	[fm]	required!
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Final	result

21

Es6mate	from	TMR	including	finite-volume	correc6on

ahvp
µ = (654 ± 32 stat ± 17 syst ± 10 scale ± 7 FV

+ 0
�10 disc) · 10�10
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Summary	and	Outlook

Consistency	among	different	methods	to	determine	the	HVP	
contribu6on	to	(g	–	2)	
Result	of	this	study:	

Improvements:	

• Process	CLS	Nf	=	2+1	ensembles;	employ	TMR,	6me	moments	

• Determine	pion	6melike	form	factor	

• Include	isospin	breaking

ahvp
µ = (654 ± 32 +21

�23) · 10�10 4.8%	sta6s6cal	error	
3.3%	total	systema6c	error


