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Breaking of the Vainshtein mechanism inside matter 
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Corrections for Horndeski theory:

Newtonian order (Linearised gravity)

equations of motion to suppress the scalar field gradient sourced by massive objects. Indeed,
expanding the metric sourced by an object of mass M to Newtonian order as

ds2 = (�1 + 2�) dt2 + (1 + 2 ) �ij dx
i dxj , (1.1)

one finds a correction to the Newtonian potential
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where the dimensionless constant ↵ parameterises the coupling of the scalar to matter and
n > 0 is model dependent. A solar mass object has rv ⇠ O(0.1 kpc) [20] and so the cor-
rection to GR is strongly suppressed in the solar system. In the case of Horndeski theories,
Vainshtein screening is fully e↵ective [21–23]. For beyond Horndeski theories, this mechanism
works outside extended bodies but breaks down inside matter [24]. The equations governing
Newtonian perturbations were found to be of the form [24–27]
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where M(r) ⌘ 4⇡
R r
0 s2⇢(s)ds, and the parameters ⌥1 and ⌥2 are non vanishing when the

theory contains beyond Horndeski terms in its Lagrangian.
This opens up the possibility of testing beyond Horndeski theories using astrophysical

objects such as stars [25, 26, 28–30] and galaxy clusters [27]. Currently, ⌥1 is bounded in
the range �0.22 < ⌥1 < 0.027 where the lower bound comes from the Chandrasekhar mass
of white dwarf stars [30] and the upper bound comes from consistency of the minimum mass
for hydrogen burning with the lowest mass hydrogen burning star [28, 29]. For later purposes
we note that prior to the white dwarf constraint, Ref. [26] was able to place the lower limit
⌥1 > �2/3 by requiring a sensible stellar profile (with a mass density that decreases with the
radius). The best constraint on ⌥2 = �0.22+1.22

�1.19 comes from the agreement of the lensing
and hydrostatic mass of galaxy clusters [27].

Constraining these parameters is important because they are directly related to the
coe�cients introduced in the context of the e↵ective description of dark energy that includes
Horndeski and beyond Horndeski theories [31–33], via [26, 27]:

⌥1 =
4↵2

H

c2T (1 + ↵B)� ↵H � 1
and ⌥2 =

4↵H(↵H � ↵B)

5(c2T (1 + ↵B)� ↵H � 1)
. (1.5)

The coe�cients ↵T ⌘ c2T � 1, ↵B and ↵H are defined at the level of the cosmological back-
ground solution and characterise the behaviour of cosmological perturbations [33]. In partic-
ular, when the theory is purely Horndeski ↵H = 0 and we thus have ⌥1 = ⌥2 = 0. Therefore,
constraints on ⌥i directly restrict the allowed “beyond Horndeski” deviations from GR.

The constraints mentioned above all rely on non-relativistic systems. The purpose of
this paper is to investigate the existence and structure of relativistic stars in these theories.
There are several motivations for such a study. First, the equations of motion for beyond
Horndeski theories are very non-linear and it is important to verify that static spherically
symmetric solutions for relativistic stars exist. Second, there are technical issues relating to
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equations of motion to suppress the scalar field gradient sourced by massive objects. Indeed,
expanding the metric sourced by an object of mass M to Newtonian order as
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where the dimensionless constant ↵ parameterises the coupling of the scalar to matter and
n > 0 is model dependent. A solar mass object has rv ⇠ O(0.1 kpc) [20] and so the cor-
rection to GR is strongly suppressed in the solar system. In the case of Horndeski theories,
Vainshtein screening is fully e↵ective [21–23]. For beyond Horndeski theories, this mechanism
works outside extended bodies but breaks down inside matter [24]. The equations governing
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objects such as stars [25, 26, 28–30] and galaxy clusters [27]. Currently, ⌥1 is bounded in
the range �0.22 < ⌥1 < 0.027 where the lower bound comes from the Chandrasekhar mass
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⌥1 > �2/3 by requiring a sensible stellar profile (with a mass density that decreases with the
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and hydrostatic mass of galaxy clusters [27].

Constraining these parameters is important because they are directly related to the
coe�cients introduced in the context of the e↵ective description of dark energy that includes
Horndeski and beyond Horndeski theories [31–33], via [26, 27]:
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ular, when the theory is purely Horndeski ↵H = 0 and we thus have ⌥1 = ⌥2 = 0. Therefore,
constraints on ⌥i directly restrict the allowed “beyond Horndeski” deviations from GR.

The constraints mentioned above all rely on non-relativistic systems. The purpose of
this paper is to investigate the existence and structure of relativistic stars in these theories.
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Horndeski theories are very non-linear and it is important to verify that static spherically
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For beyond Horndeski theory:

Newtonian order (Linearised gravity)

equations of motion to suppress the scalar field gradient sourced by massive objects. Indeed,
expanding the metric sourced by an object of mass M to Newtonian order as
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i dxj , (1.1)
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where the dimensionless constant ↵ parameterises the coupling of the scalar to matter and
n > 0 is model dependent. A solar mass object has rv ⇠ O(0.1 kpc) [20] and so the cor-
rection to GR is strongly suppressed in the solar system. In the case of Horndeski theories,
Vainshtein screening is fully e↵ective [21–23]. For beyond Horndeski theories, this mechanism
works outside extended bodies but breaks down inside matter [24]. The equations governing
Newtonian perturbations were found to be of the form [24–27]
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where M(r) ⌘ 4⇡
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theory contains beyond Horndeski terms in its Lagrangian.
This opens up the possibility of testing beyond Horndeski theories using astrophysical

objects such as stars [25, 26, 28–30] and galaxy clusters [27]. Currently, ⌥1 is bounded in
the range �0.22 < ⌥1 < 0.027 where the lower bound comes from the Chandrasekhar mass
of white dwarf stars [30] and the upper bound comes from consistency of the minimum mass
for hydrogen burning with the lowest mass hydrogen burning star [28, 29]. For later purposes
we note that prior to the white dwarf constraint, Ref. [26] was able to place the lower limit
⌥1 > �2/3 by requiring a sensible stellar profile (with a mass density that decreases with the
radius). The best constraint on ⌥2 = �0.22+1.22

�1.19 comes from the agreement of the lensing
and hydrostatic mass of galaxy clusters [27].

Constraining these parameters is important because they are directly related to the
coe�cients introduced in the context of the e↵ective description of dark energy that includes
Horndeski and beyond Horndeski theories [31–33], via [26, 27]:
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The coe�cients ↵T ⌘ c2T � 1, ↵B and ↵H are defined at the level of the cosmological back-
ground solution and characterise the behaviour of cosmological perturbations [33]. In partic-
ular, when the theory is purely Horndeski ↵H = 0 and we thus have ⌥1 = ⌥2 = 0. Therefore,
constraints on ⌥i directly restrict the allowed “beyond Horndeski” deviations from GR.

The constraints mentioned above all rely on non-relativistic systems. The purpose of
this paper is to investigate the existence and structure of relativistic stars in these theories.
There are several motivations for such a study. First, the equations of motion for beyond
Horndeski theories are very non-linear and it is important to verify that static spherically
symmetric solutions for relativistic stars exist. Second, there are technical issues relating to
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⌥1 > �2/3

equations of motion to suppress the scalar field gradient sourced by massive objects. Indeed,
expanding the metric sourced by an object of mass M to Newtonian order as
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where the dimensionless constant ↵ parameterises the coupling of the scalar to matter and
n > 0 is model dependent. A solar mass object has rv ⇠ O(0.1 kpc) [20] and so the cor-
rection to GR is strongly suppressed in the solar system. In the case of Horndeski theories,
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Simplest beyond Horndeski theory

• We re-investigate white dwarf stars using the full TOV equations and find that post-
Newtonian corrections are important for massive stars, so much so that the Chan-
drasekhar mass for ⌥1 < 0 is larger than the GR prediction, in contrast to the non-
relativistic case. For this reason, the bounds found using white dwarf stars should be
revisited [30].

The paper is organised as follows: we first present a model that exhibits Vainshtein
breaking and study its cosmology in FLRW coordinates in section 2, focusing on exact de
Sitter solutions, which allows us to perform an exact transformation to Schwarzschild-like
coordinates. In section 3 we examine the structure of static spherically symmetric objects.
The sub-horizon weak-field limit is reviewed in order to remind the reader of the ambiguities
associated with selecting a branch. The values of GN and �PPN (= 1) are derived and are
found to agree with the non-relativistic treatment. Next, we focus on the full relativistic
problem and find an exact solution for the metric exterior to the star. Using this, we show
that �PPN = 1 and that the Vainshtein breaking solution is the one which has the correct
asymptotic limit i.e. that space-time is asymptotically de Sitter. Finally, we derive and
numerically solve the TOV system for relativistic stars using polytropic and realistic equations
of state. We discuss our results and conclude in section 4.

2 Model and cosmological de Sitter solution

For simplicity and concreteness, we will study one of the simplest models which exhibits
Vainshtein breaking inside matter2, characterised by the action

S =

Z
d4x

p�g
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µ ⌘ X (2.2)

L4,bH = �X
⇥
(⇤�)2 � (�µ⌫)

2
⇤
+ 2�µ�⌫ [�µ⌫⇤�� �µ��

�
⌫ ] , (2.3)

where ⇤ is a (positive) cosmological constant and k2 and f4 are constant coe�cients. Here,
we have used the shorthand notations, �µ ⌘ rµ� and �µ⌫ ⌘ rµr⌫�. We note that
M2

pl = (8⇡G)�1 where G is not Newton’s constant GN but must be related to it by matching
to the weak field limit. The Lagrangian L4,bH is one of the two beyond Horndeski terms
introduced in [8], which lead to higher order equations of motion but without su↵ering from
an Ostrogradsky instability. The theory (2.1) contains two tensor modes and a single scalar
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STEP 1: cosmology

The tensor equations of motion, which generalise Einstein’s equations, can be written in the
form

M2
pl(Gµ⌫ + ⇤gµ⌫) +Hµ⌫ = Tµ⌫ , (2.5)

where Gµ⌫ is the familiar Einstein tensor and Hµ⌫ represents the new terms derived from L2

and L4,bH. Finally, since the scalar sector of the theory is shift-symmetric, the equation of
motion for the scalar field can be written in the form

rµJ
µ = 0 . (2.6)

The explicit expressions for Hµ⌫ and Jµ are rather involved and we will not write their
general form here but simply give their relevant components in a static spherical symmetric
geometry (see [24] for the general equation in beyond Horndeski theories).

We now seek vacuum (i.e. no matter energy-momentum tensor in addition to the cos-
mological constant) de Sitter cosmological solutions, expressed in FLRW coordinates,

ds2 = � d⌧2 + e2H⌧
�
dr02 + r02 d⌦2

2

�
, (2.7)

with H constant. The scalar equation of motion reduces to

@⌧ (a
3J⌧ ) = 0, (2.8)

which is solved by J⌧ = 0 (the general solution J⌧ / a�3 quickly approaches this particular
solution).

Substituting the explicit expression for the current, one gets the equation

J⌧ = �2�̇
⇣
k2 + 12f4H

2�̇2
⌘
= 0 . (2.9)

Einstein’s equations give the Friedmann constraint, which reads

3M2
plH

2 = M2
pl⇤+ k2�̇

2 + 30f4H
2�̇4, (2.10)

where an over-dot denotes a derivative with respect to cosmic time ⌧ .
Replacing �̇ by v0 and introducing the dimensionless quantity �2 ⌘ ⇤/(3M2

plH
2), one

finds that the two above equations imply

k2 = �2
M2

plH
2

v20

�
1� �2

�
, f4 =

M2
pl

6v40

�
1� �2

�
. (2.11)

In what follows, we will always eliminate k2 and f4 in favour of v0, H and �. This will guar-
antee that our local solution is related to a well defined cosmological solution asymptotically.

The FLRW slicing of de Sitter spacetime is not well adapted to study static spherically
symmetric objects such as stars. It is therefore convenient to work in Schwarzschild-like
coordinates using the transformation

⌧ = t+
1

2H
ln

⇥
1�H2r2

⇤
and r0 =

e�Ht

p
1�H2r2

r . (2.12)

In terms of the new coordinates t and r, the metric (2.7) reads

ds2 = �(1�H2r2) dt2 +
dr2

1�H2r2
dr2 + r2 d⌦2

2 , (2.13)

while the scalar field cosmological solution becomes

�(r, t) = v0t+
v0
2H

ln
�
1�H2r2

�
, (2.14)

which now depends on both temporal and radial coordinates. One may check that these
expressions solve the current and tensor equations in this coordinate system.
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STEP 2: Solution outside the star

Exact vacuum solution:

3 Static Spherically Symmetric Objects

We now introduce an astrophysical object, which we model as a spherical symmetric perfect
fluid configuration whose energy-momentum tensor is of the form

Tµ
⌫ = diag (�", P, P, P ) , (3.1)

where "(r) and P (r) denote the energy density and pressure, respectively. Introducing this
source modifies the spacetime metric, which we now write as

ds2 = �e⌫(r) dt2 + e�(r) dr2 + r2 d⌦2
2 . (3.2)

The relevant equations of motion are the following: one needs the time and radial
components of the tensor equations of motion, which are
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as well as the equation of motion for the scalar field, Eq. (2.6), which reduces to
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i
= 0 , (3.5)

implying that Jr = 0. Substituting the explicit expression of the radial component of the
current, we get the equation
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Note that if Jr = 0 the time-radial component of the metric equations of motion is auto-
matically satisfied since it is proportional to Jr for the ansatz assumed in this paper [53].
Finally, the energy-momentum tensor rµT

µ⌫ = 0 yields

⌫ 0 =
2P 0

"+ P
, (3.7)

where a prime denotes a derivative with respect to r.
Far from the star the solution must asymptotically approach the cosmological solution

(2.13)-(2.14):

⌫ ⇡ �� ⇠ ln
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�
, � ⇠ v0t+
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ln
�
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�
for r⇤ ⌧ r < H�1 . (3.8)

Note that the coordinate r is bounded by the value rH = H�1, corresponding to de Sitter
horizon.
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where the integration constant M must be found by matching to the interior solution at
the stellar radius. This solution corresponds to exact Schwarzschild-de-Sitter metric with
a non-trivial scalar field. The presence of the nontrivial scalar field configuration results
in a modification of the value of the cosmological constant. Similar solutions were found
previously in the case of the “John” term [38] and the quartic Horndeski term [42].

Taking the sub-horizon limit Hr ⌧ 1 and assuming M/r ⌧ 1, i.e. the weak-field limit,
one can match ⌫ and � to find

M = 2GNM, (3.26)

independently of the branch of solutions chosen for '0. Taking the weak-field limit in eq. (3.25)
one finds

�0

v0
= �

r
2GNM

r
(3.27)

showing that Vainshtein breaking branch with '0 < 0 is the physical one. Furthermore,
taking the limit r � 2GNM and r ⇠ H�1, we find that the metric potentials asymptote
to their de Sitter forms (3.8) so that this solution is fully consistent on all scales. We note
that in the sub-horizon limit the metric is simply the Schwarzschild one, and so the PPN
parameter �PPN is unity. This means that the theory agrees with GR at the post-Newtonian
level4.

3.3 Compact Objects

Having confirmed that the Vainshtein breaking branch is the physical one we now proceed
to derive the TOV system of equations governing relativistic stars. Since we do not require
Hubble-scale corrections we will concentrate on the quantities �⌫, ��, and ' introduced in
equations (3.9)–(3.11) whereby we consider the corrections to the metric potentials and scalar
due to the source and neglect terms of O(Hr) and higher. In what follows, we work in units
where GN = c = 1, which aids with the numerical integration.

We begin with the scalar equation of motion Jr = 0, which gives

e�2����⌫r
�
��0 + 5�⌫ 0

�� 4e�3��
�
1 + r�⌫ 0

� '02

v20
= 0. (3.28)

This can be used to eliminate the scalar field perturbation from the 00- and rr-equations. The
final form of the equations is very long and not particularly enlightening and so we give them
in appendix C for completeness rather than presenting them here, although we note that
after several manipulations they are of the first-order form �⌫ 0 = g1(�⌫, ��0, ��, ", "0, P, P 0),
��0 = g2(�⌫, ��, ", "0, P, P 0). The dependence on "0 indicates Vainshtein breaking.

In order to study the stability of stellar configurations it is useful to expand the functions
near the centre as

�⌫(r) = �⌫2 r
2 (3.29)

��(r) = ��2 r
2 (3.30)

4Technically, it only agrees for e↵ects such as the perihelion shift of Mercury. The other PPN parameters
are not captured by the vacuum solution and require a more detailed modelling of the source (see [54]).
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where "(r) and P (r) denote the energy density and pressure, respectively. Introducing this
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as well as the equation of motion for the scalar field, Eq. (2.6), which reduces to
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implying that Jr = 0. Substituting the explicit expression of the radial component of the
current, we get the equation
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Note that if Jr = 0 the time-radial component of the metric equations of motion is auto-
matically satisfied since it is proportional to Jr for the ansatz assumed in this paper [53].
Finally, the energy-momentum tensor rµT

µ⌫ = 0 yields

⌫ 0 =
2P 0

"+ P
, (3.7)

where a prime denotes a derivative with respect to r.
Far from the star the solution must asymptotically approach the cosmological solution

(2.13)-(2.14):

⌫ ⇡ �� ⇠ ln
�
1�H2r2

�
, � ⇠ v0t+

v0
2H

ln
�
1�H2r2

�
for r⇤ ⌧ r < H�1 . (3.8)

Note that the coordinate r is bounded by the value rH = H�1, corresponding to de Sitter
horizon.
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Note that if Jr = 0 the time-radial component of the metric equations of motion is auto-
matically satisfied since it is proportional to Jr for the ansatz assumed in this paper [53].
Finally, the energy-momentum tensor rµT

µ⌫ = 0 yields

⌫ 0 =
2P 0

"+ P
, (3.7)

where a prime denotes a derivative with respect to r.
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Observations of neutron stars

Solving numerically modified Tolman-Oppenheimer-
Volkoff equations, we find mass-radius relations and 

we can compare the results with observations



mass-radius relation

Figure 1. The mass-radius relation for the polytropic model (top left), SLy4 EOS (top right panel),
BSK20 EOS (bottom left panel) for varying values of ⌥ < 0 indicated in the plots, and the extreme
case ⌥ = �0.1 using the SLy4 and BSK20 equations of state (bottom right panel). The region between
the gray dashed lines represents the highest mass neutron star observed (M = 2.01± 0.04M�). Note
that the axes on each plot have di↵erent scales.

and ⌥ = �0.05. One can see qualitatively similar features to the polytropic case, namely a
higher maximum mass and a shift to larger radii. Observationally, the most massive neutron
star thus far observed is PSR J0348+0432 with a mass M = 2.01 ± 0.04M� [62], and both
equations of state give stable neutron stars that are consistent with this observation when
the theory of gravity is GR. One can see that even mild deviations from GR (⌥ = �0.05)
predict stars as massive as 3M�. Of course, such predictions are consistent with the highest
mass observed neutron star and so one may hope to get constraints by looking at smaller
mass objects. Indeed, one can see that our model with ⌥ < 0 predicts radii that can be 1
km or larger than the GR prediction at fixed mass. Typically, fits to neutron star masses
and radii predict radii less than 14 km at 2� for masses between 1 and 2M� [63] and one can
see that the neutron stars predicted by the parameter range studied are consistent with this.
Moving to larger values of ⌥, we plot the (not so) extreme value ⌥ = �0.1 in the bottom
right panel of fig. 1 where drastic deviations from GR can be seen; the masses can be as large
as 5 M� (or larger) in stark contrast with the current stellar evolution paradigm where the
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Figure 2. The mass-radius relation for the polytropic model (top left), SLy4 EOS (top right panel),
BSK20 EOS (bottom left panel) for varying values of ⌥ > 0 indicated in the plots, and the extreme
case ⌥ = �0.1 using the SLy4 and BSK20 equations of state (bottom right panel). The region between
the gray dashed lines represents the highest mass neutron star observed (M = 2.01± 0.04M�). Note
that the axes on each plot have di↵erent scales

which allowed us to confirm that the Vainshtein breaking branch is the physical one. Fur-
thermore, this shows that the PPN parameter �PPN = 1 so that the theory agrees with GR
at the post-Newtonian level.

Turning our attention to the structure of relativistic stars, we derived the Tolman-
Oppenheimer-Volko↵ equations and used them to find a relativistic correction to the lower
bound on ⌥1 found by [26] that must be satisfied in order to have static spherically symmetric
stellar configurations. In particular, the bound is raised from ⌥1 > �2/3 to ⌥1 > �4/9.
We solved the TOV equations for polytropic and two realistic neutron star equations of
state (SLy4 and BSK20) and consistently found mass-radii relations with larger maximum
masses and larger radii at fixed mass than predicted by GR when ⌥1 < 0. Configurations
with ⌥1

>⇠ � 0.05 (note that ⌥1 closer to zero implies smaller deviations from GR) predict
maximum masses M ⇠ 3M� and radii R <⇠ 14 km favoured by observation [63] whereas
⌥1

<⇠ � 0.05 predict masses that can be larger than 5M� and radii in excess of 14 km.
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maximum mass and radius 5

FIG. 1. The maximum mass for each equation of state for
values of ⌥ indicated in the figure.

2. Ī–C Relations

As mentioned in the introduction, [18] have found an
approximately universal relation between the dimension-
less moment of inertia Ī = Ic2/GNM

3 and the compact-
ness C = GNM/R of the form

Ī = a1C�1 + a2C�2 + a3C�3 + a4C�4; (16)

In what follows, we will fit our modified gravity models
to a relation of this form. In the upper left panel of
figure 3 we plot the Ī–C relation for individual stellar
models for GR and show the best-fitting relation found
by [18] and our own, whose coe�cients are given in table
I. One can see that our relation agrees well with that
of [18]8. In the upper right panel we show the residuals
�Ī/Ī = (Īfit � Ī)/Ī; one can see that these are less than
10% and that there is no clear correlation with C. We
plot the equivalent figures for ⌥ = �0.03 and ⌥ = �0.05
in the middle and lower panels of figure 3 and give the
coe�cients for the fitting functions in table I. Evidently,
a similar (approximately) universal relation holds in both
cases.

The coe�cients in the table by themselves are not par-
ticularly illuminating and a cursory glance does not re-
veal whether the di↵erences between the relations for the

not clear that this remains the case in beyond Horndeski theo-
ries since the mTOV equations contain new terms that depend
on the derivative of the density. Such terms are absent in GR.
Finding the maximally compact EOS would require a detailed
numerical study similar to [64, 65].

8 We have not shown their best-fitting coe�cients for clarity rea-
sons but if one compares the two one finds small di↵erences. This
is to be expected since we use di↵erent equations of state and a
di↵erent code to calculate the stellar models. What is important
is that the two curves match very closely in the region [0.05, 0.40]

FIG. 2. The maximum mass and radius for each equation
of state. The values of ⌥ are the same as in figure 1. The
light gray shaded region shows the condition for causality in
GR i.e. the condition for the sound speed to be  1 and
assumes that the heaviest observed neutron star has a mass
of 2.01M

�

. The dark gray region corresponds to objects that
would be more compact than black holes i.e. R < 2GNM .

di↵erent theories are significant or not. This is partly be-
cause the fitting function typically used is phenomenolog-
ical and it is not clear how much degeneracy there is be-
tween the free parameters. For this reason, we have plot-
ted two figures better suited to show that the di↵erences
between the GR and beyond Horndeski theories is signif-
icant. In figure 4 we plot all three relations on the same
axes. Evidently, there is a marked di↵erence between the
three. To quantify this, in figure 5 we plot the quantity
�(⌥, C) ⌘ (Ī⌥(C) � ĪGR(C))/ĪGR(C), where ĪGR is our
best-fitting Ī–C relation for GR and Ī⌥ is the equivalent
relation for a beyond Horndeski theory with parameter
⌥. We also plot the quantity �GR ⌘ (ĪGR � ĨGR)/ĨGR

where ĨGR is the best-fit relation found by [18]. We
also plot the scatter in the best-fitting relation for all
three theories. The di↵erence between the GR relations
is commensurate with the scatter in the best-fitting rela-
tions whereas the di↵erence between the GR and beyond
Horndeski relations is far greater than this ( >

⇠

15%).
Therefore a precise measurement of this relation has the
power to discriminate between di↵erent theories. We
note that many alternative theories of gravity, such as
massless scalars coupled to matter and Einstein-Dilaton-
Gauss-Bonnet, predict similar relations to GR [59, 66]
and can therefore cannot be probed using the Ī–C rela-
tion.

B. Hyperon and Quark Stars

Stars containing particles such as hyperons, kaons, or
quarks in a colour-deconfined phase have been posited to
exist, and their study is an active and ongoing area of re-
search, and several of the equations of state we have used

32 equations of state 



Rotating neutron stars

3 Static Spherically Symmetric Objects

We now introduce an astrophysical object, which we model as a spherical symmetric perfect
fluid configuration whose energy-momentum tensor is of the form

Tµ
⌫ = diag (�", P, P, P ) , (3.1)

where "(r) and P (r) denote the energy density and pressure, respectively. Introducing this
source modifies the spacetime metric, which we now write as

ds2 = �e⌫(r) dt2 + e�(r) dr2 + r2 d⌦2
2 . (3.2)

The relevant equations of motion are the following: one needs the time and radial
components of the tensor equations of motion, which are
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as well as the equation of motion for the scalar field, Eq. (2.6), which reduces to
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implying that Jr = 0. Substituting the explicit expression of the radial component of the
current, we get the equation
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Note that if Jr = 0 the time-radial component of the metric equations of motion is auto-
matically satisfied since it is proportional to Jr for the ansatz assumed in this paper [53].
Finally, the energy-momentum tensor rµT

µ⌫ = 0 yields

⌫ 0 =
2P 0

"+ P
, (3.7)

where a prime denotes a derivative with respect to r.
Far from the star the solution must asymptotically approach the cosmological solution

(2.13)-(2.14):
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Note that the coordinate r is bounded by the value rH = H�1, corresponding to de Sitter
horizon.
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3

context of testing GR; we also discuss the technical chal-
lenges associated with constructing more realistic mod-
els, placing emphasis on the hurdles future studies would
need to focus on overcoming. We conclude in section V.

II. BEYOND HORNDESKI THEORIES

Beyond Horndeski theories [24, 25] are a very broad
class of scalar-tensor theories that exhibit interesting
properties that make them perfect paragons for alterna-
tive gravity theories. The e↵ects of modified gravity are
hidden, or screened, in the solar system by the Vainshtein
mechanism [48] and so classical tests of gravity based on
the parameterised post-Newtonian (PPN) framework are
automatically satisfied5 but novel deviations from GR,
often referred to as Vainshtein breaking, are seen inside
astrophysical bodies so that the equations of motion for
the weak-field metric potentials defined by

ds2 = �(1 + 2�) dt2 + (1� 2 ) �ij dx
i dxj (1)

are modified to [37–39, 43]

d�

dr
=

GNM(r)

r2
+
⌥1GN

4

d2M(r)

dr2
(2)

d 

dr
=

GNM(r)

r2
� 5⌥2GN

4r

dM(r)

dr
. (3)

The dimensionless parameters ⌥i characterise deviations
from GR of the beyond Horndeski type. They are directly
related to the parameters appearing in the e↵ective de-
scription of dark energy that controls the linear cosmol-
ogy of beyond Horndeski theories [50–52] via [39, 43]:

⌥1 =
4↵2

H

c2T (1 + ↵B)� ↵H � 1
and

⌥2 =
4↵H(↵H � ↵B)

5(c2T (1 + ↵B)� ↵H � 1)
. (4)

The coe�cients ↵i (see [52] for their definitions) will be
constrained by future cosmological surveys aimed at test-
ing the structure of gravity on large scales [53] and so
any constraints from small scale probes are complimen-
tary to these and may provide orthogonal bounds. When
↵H = 0, as is the case in GR but also in Horndeski the-
ories, the parameters ⌥i vanish. Currently, ⌥1 is con-
strained to lie in the range �0.48 < ⌥1 < 0.027 [40–
42, 44] using stellar tests whilst ⌥2 is only weakly con-
strained by galaxy cluster tests [43]. This is partly due

5 This is the case for most Vainshtein screened theories although
it has yet to be shown in full generality. In particular, it has not
been investigted for theories that exhibit Vainshtein breaking
with the exception of the Eddington light bending parameter �
(in all theories [37, 38]) and � (only simple theories such as the
one presented in [45] and extended here or those which admit
exact Schwarzchild-de Sitter solutions such as theories in the
three graces class [49]). See the discussion in section V.

to the need for relativistic systems that probe  and so
the strong field regime is perfect for placing more strin-
gent constraints. The upper bound on ⌥1 is free of the
technical ambiguities related to the strong field regime
(non-relativistic stars are used) and so, for this reason,
we focus exclusively on the case ⌥1 < 0 in this work.

A. Model

The specific action we will consider is

S =

Z
d4x

p�g


M2

pl

✓
R

2
� k0⇤

◆
� L2 + f4L4,bH

�
,

(5)
with

L2 = k2X +
⇣

2
X2, (6)

L4,bH = �X
⇥
(⇤�)2 � (�µ⌫)

2
⇤
+ 2�µ�⌫ [�µ⌫⇤�� �µ��

�
⌫ ] ,

(7)

with X=�µ�
µ; ⇤ is a (positive) cosmological constant

and k2, ⇣, f4, and k0 are constant coe�cients. The above
action belongs to the family of the beyond Horndeski the-
ory (“three Graces”), which admits exact Schwarzschild-
de-Sitter outside a star, with a time-dependent scalar
field [49]6. Our previous model [45] had k0 = 1 and ⇣ = 0
but in order to have a model that does not contain a bare
cosmological constant we will instead set k0 = 0. This
action is by no means the most general beyond Horndeski
action but contains simple models that exhibit Vainshtein
breaking. The L4,bH term corresponds to a covariantisa-
tion of the quartic galileon.
The derivation of the mTOV equations, which follows

the procedure set out in [45], is rather long and technical,
as is the derivation of the new di↵erential equation we
will solve in this work. For this reason, the main details
can be found in Appendix B but here we will outline the
important points briefly. We will follow the method of
Hartle and Thorne [56, 57] and write the metric as

ds2 = �e⌫(r) dt2 + e�(r) dr2 + r2
�
d✓2 + sin2 ✓ d�2

�

� 2"(⌦� !(r))r2 sin2 ✓ dt d�. (8)

This describes the geometry of a space-time containing
a slowly rotating star with angular velocity ⌦. The slow
rotation is enforced by using a small dimensionless book-
keeping parameter " ⌧ 1.
At zeroth order, i.e. for " = 0, the metric is static

and spherically symmetric. It is convenient to decom-
pose each metric potential, as well as the scalar field,
into a cosmological contribution, corresponding to the

6 Exact Schwarzschild-de Sitter solutions with a time-dependent
scalar field also exist in the Horndeski theory [54, 55].

geometry of space-time, containing  a slowly rotating star 
with angular velocity ⌦

+ one differential equation !00 = ...
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context of testing GR; we also discuss the technical chal-
lenges associated with constructing more realistic mod-
els, placing emphasis on the hurdles future studies would
need to focus on overcoming. We conclude in section V.

II. BEYOND HORNDESKI THEORIES

Beyond Horndeski theories [24, 25] are a very broad
class of scalar-tensor theories that exhibit interesting
properties that make them perfect paragons for alterna-
tive gravity theories. The e↵ects of modified gravity are
hidden, or screened, in the solar system by the Vainshtein
mechanism [48] and so classical tests of gravity based on
the parameterised post-Newtonian (PPN) framework are
automatically satisfied5 but novel deviations from GR,
often referred to as Vainshtein breaking, are seen inside
astrophysical bodies so that the equations of motion for
the weak-field metric potentials defined by

ds2 = �(1 + 2�) dt2 + (1� 2 ) �ij dx
i dxj (1)

are modified to [37–39, 43]
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The dimensionless parameters ⌥i characterise deviations
from GR of the beyond Horndeski type. They are directly
related to the parameters appearing in the e↵ective de-
scription of dark energy that controls the linear cosmol-
ogy of beyond Horndeski theories [50–52] via [39, 43]:

⌥1 =
4↵2

H

c2T (1 + ↵B)� ↵H � 1
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⌥2 =
4↵H(↵H � ↵B)

5(c2T (1 + ↵B)� ↵H � 1)
. (4)

The coe�cients ↵i (see [52] for their definitions) will be
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ing the structure of gravity on large scales [53] and so
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5 This is the case for most Vainshtein screened theories although
it has yet to be shown in full generality. In particular, it has not
been investigted for theories that exhibit Vainshtein breaking
with the exception of the Eddington light bending parameter �
(in all theories [37, 38]) and � (only simple theories such as the
one presented in [45] and extended here or those which admit
exact Schwarzchild-de Sitter solutions such as theories in the
three graces class [49]). See the discussion in section V.

to the need for relativistic systems that probe  and so
the strong field regime is perfect for placing more strin-
gent constraints. The upper bound on ⌥1 is free of the
technical ambiguities related to the strong field regime
(non-relativistic stars are used) and so, for this reason,
we focus exclusively on the case ⌥1 < 0 in this work.
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�
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with X=�µ�
µ; ⇤ is a (positive) cosmological constant

and k2, ⇣, f4, and k0 are constant coe�cients. The above
action belongs to the family of the beyond Horndeski the-
ory (“three Graces”), which admits exact Schwarzschild-
de-Sitter outside a star, with a time-dependent scalar
field [49]6. Our previous model [45] had k0 = 1 and ⇣ = 0
but in order to have a model that does not contain a bare
cosmological constant we will instead set k0 = 0. This
action is by no means the most general beyond Horndeski
action but contains simple models that exhibit Vainshtein
breaking. The L4,bH term corresponds to a covariantisa-
tion of the quartic galileon.
The derivation of the mTOV equations, which follows

the procedure set out in [45], is rather long and technical,
as is the derivation of the new di↵erential equation we
will solve in this work. For this reason, the main details
can be found in Appendix B but here we will outline the
important points briefly. We will follow the method of
Hartle and Thorne [56, 57] and write the metric as

ds2 = �e⌫(r) dt2 + e�(r) dr2 + r2
�
d✓2 + sin2 ✓ d�2

�

� 2"(⌦� !(r))r2 sin2 ✓ dt d�. (8)

This describes the geometry of a space-time containing
a slowly rotating star with angular velocity ⌦. The slow
rotation is enforced by using a small dimensionless book-
keeping parameter " ⌧ 1.
At zeroth order, i.e. for " = 0, the metric is static

and spherically symmetric. It is convenient to decom-
pose each metric potential, as well as the scalar field,
into a cosmological contribution, corresponding to the

6 Exact Schwarzschild-de Sitter solutions with a time-dependent
scalar field also exist in the Horndeski theory [54, 55].

Important star properties:

- dimensionless moment of inertia

- compactness

Ī =
Ic2

G2M3

C =
GM

Rc2
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FIG. 1. The maximum mass for each equation of state for
values of ⌥ indicated in the figure.

2. Ī–C Relations

As mentioned in the introduction, [18] have found an
approximately universal relation between the dimension-
less moment of inertia Ī = Ic2/GNM

3 and the compact-
ness C = GNM/R of the form

Ī = a1C�1 + a2C�2 + a3C�3 + a4C�4; (16)

In what follows, we will fit our modified gravity models
to a relation of this form. In the upper left panel of
figure 3 we plot the Ī–C relation for individual stellar
models for GR and show the best-fitting relation found
by [18] and our own, whose coe�cients are given in table
I. One can see that our relation agrees well with that
of [18]8. In the upper right panel we show the residuals
�Ī/Ī = (Īfit � Ī)/Ī; one can see that these are less than
10% and that there is no clear correlation with C. We
plot the equivalent figures for ⌥ = �0.03 and ⌥ = �0.05
in the middle and lower panels of figure 3 and give the
coe�cients for the fitting functions in table I. Evidently,
a similar (approximately) universal relation holds in both
cases.

The coe�cients in the table by themselves are not par-
ticularly illuminating and a cursory glance does not re-
veal whether the di↵erences between the relations for the

not clear that this remains the case in beyond Horndeski theo-
ries since the mTOV equations contain new terms that depend
on the derivative of the density. Such terms are absent in GR.
Finding the maximally compact EOS would require a detailed
numerical study similar to [64, 65].

8 We have not shown their best-fitting coe�cients for clarity rea-
sons but if one compares the two one finds small di↵erences. This
is to be expected since we use di↵erent equations of state and a
di↵erent code to calculate the stellar models. What is important
is that the two curves match very closely in the region [0.05, 0.40]

FIG. 2. The maximum mass and radius for each equation
of state. The values of ⌥ are the same as in figure 1. The
light gray shaded region shows the condition for causality in
GR i.e. the condition for the sound speed to be  1 and
assumes that the heaviest observed neutron star has a mass
of 2.01M

�

. The dark gray region corresponds to objects that
would be more compact than black holes i.e. R < 2GNM .

di↵erent theories are significant or not. This is partly be-
cause the fitting function typically used is phenomenolog-
ical and it is not clear how much degeneracy there is be-
tween the free parameters. For this reason, we have plot-
ted two figures better suited to show that the di↵erences
between the GR and beyond Horndeski theories is signif-
icant. In figure 4 we plot all three relations on the same
axes. Evidently, there is a marked di↵erence between the
three. To quantify this, in figure 5 we plot the quantity
�(⌥, C) ⌘ (Ī⌥(C) � ĪGR(C))/ĪGR(C), where ĪGR is our
best-fitting Ī–C relation for GR and Ī⌥ is the equivalent
relation for a beyond Horndeski theory with parameter
⌥. We also plot the quantity �GR ⌘ (ĪGR � ĨGR)/ĨGR

where ĨGR is the best-fit relation found by [18]. We
also plot the scatter in the best-fitting relation for all
three theories. The di↵erence between the GR relations
is commensurate with the scatter in the best-fitting rela-
tions whereas the di↵erence between the GR and beyond
Horndeski relations is far greater than this ( >

⇠

15%).
Therefore a precise measurement of this relation has the
power to discriminate between di↵erent theories. We
note that many alternative theories of gravity, such as
massless scalars coupled to matter and Einstein-Dilaton-
Gauss-Bonnet, predict similar relations to GR [59, 66]
and can therefore cannot be probed using the Ī–C rela-
tion.

B. Hyperon and Quark Stars

Stars containing particles such as hyperons, kaons, or
quarks in a colour-deconfined phase have been posited to
exist, and their study is an active and ongoing area of re-
search, and several of the equations of state we have used
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FIG. 3. Left panels: The Ī–C relations for GR (upper), ⌥ = �0.03 (middle), and ⌥ = �0.05 (lower). The Black solid line
is the best fit of [18] (upper panel only) and the black dashed line is our best fit. Right panels: �Ī/Ī as a function of the
compactness for GR (upper), ⌥ = �0.03 (middle), and ⌥ = �0.05 (lower). Each individual stellar model is represented by a
purple dot in all cases.

contain such particles. In this section we briefly discuss
hyperonic and quark stars in beyond Horndeski theories,
focusing on the hyperon puzzle and the transition from
hyperon to quark stars. The former phenomenon can
be solved by beyond Horndeski theories, whilst the lat-
ter remains a feature of theory, just as in GR. We note
that our equations of state containing quarks are of the
strange quark matter (SQM) form and are based on the

MIT bag model [67]; they do not contain nucleons. Thus,
when we refer to quark stars we refer to objects composed
solely of SQM rather than neutron stars with quark cores.

6

FIG. 3. Left panels: The Ī–C relations for GR (upper), ⌥ = �0.03 (middle), and ⌥ = �0.05 (lower). The Black solid line
is the best fit of [18] (upper panel only) and the black dashed line is our best fit. Right panels: �Ī/Ī as a function of the
compactness for GR (upper), ⌥ = �0.03 (middle), and ⌥ = �0.05 (lower). Each individual stellar model is represented by a
purple dot in all cases.

contain such particles. In this section we briefly discuss
hyperonic and quark stars in beyond Horndeski theories,
focusing on the hyperon puzzle and the transition from
hyperon to quark stars. The former phenomenon can
be solved by beyond Horndeski theories, whilst the lat-
ter remains a feature of theory, just as in GR. We note
that our equations of state containing quarks are of the
strange quark matter (SQM) form and are based on the

MIT bag model [67]; they do not contain nucleons. Thus,
when we refer to quark stars we refer to objects composed
solely of SQM rather than neutron stars with quark cores.

Universal relation also holds in beyond Horndeski theory



Hyperon and quark stars 

Hyperons (baryons with non-zero strangeness) should appear at high 
densities

Hyperons contribute to the structure of neutron stars (in the core)

Equations of state which include hyperons are much softer than pure 
nucleonic ones

The resulting maximum mass of NSs is significantly lower than 
nucleonic NSs 

“Hyperon puzzle ”
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Monday 15 June 15

+ Quark stars!

Monday 15 June 15

Hyperon stars are unstable above a threshold mass!

Monday 15 June 15

A first-order phase transition occurs to deconfined quark matter!

Monday 15 June 15

EoS becomes stiffer => stars with similar mass but smaller radii
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FIG. 6. The mass-radius relation for hyperon (GM2NPH) stars (black) and quark (SQM2) stars (red) for general relativity (left
panel) and beyond Horndeski theories with ⌥ = �0.05 (right panel). The region between the gray dashed lines corresponds to
the 1-� region for the heaviest mass object observed [46]. Note that the axes have di↵erent scales.

FIG. 7. The maximum masses of hyperonic and quark stars
in GR (black dots) and beyond Horndeski theories with ⌥ =
�0.03 (blue dots) and ⌥ = �0.05 (red dots). The upper and
lower bounds on the mass of the heaviest observed neutron
star presently observed (2.01± 0.04M

�

[46]) are shown using
the grey dashed lines.

Finally, one also needs to measure the neutron star
radius in order to calculate the compactness. This can
be achieved using X-ray observations [101] or by using
universal I–M–R relations [95]11.

11 In the latter case one would need to derive such relations for
beyond Horndeski theories since the current relations are fit to
GR solutions.

C. Technical Considerations

The two main constituents of our formalism were

1. The simple model presented in (5): a k-essence
term and the beyond Horndeski quartic galileon.

2. Asymptotic de Sitter space-time.

The combination of both constituents resulted in an ex-
act Schwarzschild-de Sitter space-time outside the star
and, furthermore, gave analytic relations between the co-
e�cients k2, ⇣, f4, and H that come from the Friedman
equations because the scalar itself drives the asymptotic
de Sitter solution. We now proceed to discuss each con-
stituent in turn, focusing on how they may be relaxed in
future studies.
The first was simply an aesthetic choice made for sim-

plicity. Note that the model (5) is a subclass of the
more general “three Graces” family of the beyond Horn-
deski theory [49], which allows for exact Schwarzschild-
de-Sitter solution outside a star. Therefore, it is not dif-
ficult to perform similar calculations for the theories be-
longing to this three Graces family (in particular the work
[58] studied another subclass of the three Graces family
that includes the “John” term). On the other hand, one
should be able to extend this study also to other beyond
Horndeski action (outside of the three Graces) with little
changing except the length of the resulting equations of
motion. The one technical complication that may arise is
the following: The metric potentials and ! have bound-
ary conditions at the centre and edge of the star whereas
the scalar has boundary conditions at the centre and at
infinity. In this simple model, it was possible to elim-
inate the scalar from the mTOV equations by solving
an algebraic equation for d�/ dr that was found by in-
tegrating the equation of motion once. This is a result

- Hyperon stars!
- Quarks stars



Conclusions

Monday 15 June 15

Beyond Horndeski theories can give masses larger than 2 solar masses !

Monday 15 June 15

The               persists in bH theories. There is a difference from GR 
relation, which provides a robust state-independent of the theory!

Monday 15 June 15

The hyperon puzzle is solved in bH theories

Ī � C


