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DE/MG can impact CMB observations in a variety of model dependent ways.  
Focusing on scalar perturbations: 
 

•  Modifications of background evolution: shift of peaks (projection effects) 
•  Late time decay of potentials: ISW effect => cross-correlation CMB-LSS 
•  Modifications of lensing potential. 
•  Modifications of growth factor => mismatch between As and σ8 . Planck Collaboration: Planck 2015 results. XIV.

in detail in Sect. 4 before we present results in Sect. 5 and discuss
conclusions in Sect. 6.

2. Why is the CMB relevant for dark energy?

The CMB anisotropies are largely generated at the last-scattering
epoch, and hence can be used to pin down the theory at early
times. In fact many forecasts of future DE or MG experiments
are for new data plus constraints from Planck. However, there
are also several e↵ects that DE and MG models can have on the
CMB, some of which are to:

1. change the expansion history and hence distance to the last
scattering surface, with a shift in the peaks, sometimes re-
ferred to as a geometrical projection e↵ect (Hu & White
1996);

2. cause the decay of gravitational potentials at late times, af-
fecting the low-multipole CMB anisotropies through the in-
tegrated Sachs-Wolfe (ISW) e↵ect (Sachs & Wolfe 1967;
Kofman & Starobinskii 1985);

3. enhance the cross-correlation between the CMB and large-
scale structure, through the ISW e↵ect (Giannantonio et al.
2008);

4. change the lensing potential, through additional DE pertur-
bations or modifications of GR (Acquaviva & Baccigalupi
2006; Carbone et al. 2013);

5. change the growth of structure (Peebles 1984;
Barrow & Saich 1993) leading to a mismatch between the
CMB-inferred amplitude of the fluctuations As and late-time
measurements of �8 (Kunz et al. 2004; Baldi & Pettorino
2011);

6. impact small scales, modifying the damping tail in CTT
` , giv-

ing a measurement of the abundance of DE at di↵erent red-
shifts (Calabrese et al. 2011; Reichardt et al. 2012);

7. a↵ect the ratio between odd and even peaks if modifica-
tions of gravity treat baryons and cold dark matter di↵erently
(Amendola et al. 2012);

8. modify the lensing B-mode contribution, through changes in
the lensing potential (Amendola et al. 2014);

9. modify the primordial B-mode amplitude and scale depen-
dence, by changing the sound speed of gravitational waves
(Antolini et al. 2013; Amendola et al. 2014; Raveri et al.
2015).

In this paper we restrict our analysis to scalar perturbations. The
dominant e↵ects on the temperature power spectrum are due to
lensing and the ISW e↵ect, as can be seen in Fig. 1, which shows
typical power spectra of temperature anisotropies and lensing
potential for modified gravity models. Di↵erent curves corre-
spond to di↵erent choices of the µ and ⌘ functions, which change
the relation between the metric potentials and the sources, as
well as introducing a gravitational slip; we will define these func-
tions in Sect. 3.2.2, Eqs. (4) and (6), respectively. Spectra are
obtained using a scale-independent evolution for both µ and ⌘.
The two parameters in the figure then determine the change in
amplitude of µ and ⌘ with respect to the ⇤CDM case, in which
E11 = E22 = 0 and µ = ⌘ = 1.

3. Models and parameterizations

We now provide an overview of the models addressed in this
paper. Details on the specific parameterizations will be discussed
in Sect. 5, where we also present the results for each specific
method.
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Fig. 1. Typical e↵ects of modified gravity on theoretical CMB tempera-
ture (top panel) and lensing potential (bottom panel) power spectra. An
increase (or decrease) of E22 with respect to zero introduces a gravita-
tional slip, higher at present, when ⌦de is higher (see Eqs. (4) and (6));
this in turns changes the Weyl potential and leads to a higher (or lower)
lensing potential. On the other hand, whenever E11 and E22 are di↵erent
from zero (quite independently of their sign) µ and ⌘ change in time:
as the dynamics in the gravitational potential is increased, this leads to
an enhancement in the ISW e↵ect. Note also that even when the tem-
perature spectrum is very close to ⇤CDM (as for E11 = E22 = 0.5)
the lensing potential is still di↵erent with respect to ⇤CDM, shown in
black.

We start by noticing that one can generally follow two dif-
ferent approaches: (1) given a theoretical set up, one can specify
the action (or Lagrangian) of the theory and derive background
and perturbation equations in that framework; or (2) more phe-
nomenologically, one can construct functions that map closely
onto cosmological observables, probing the geometry of space-
time and the growth of perturbations. Assuming spatial flatness
for simplicity, the geometry is given by the expansion rate H
and perturbations to the metric. If we consider only scalar-type
components the metric perturbations can be written in terms
of the gravitational potentials � and  (or equivalently by any
two independent combinations of these potentials). Cosmolog-
ical observations thus constrain one “background” function of
time H(a) and two “perturbation” functions of scale and time
�(k, a) and  (k, a) (e.g., Kunz 2012). These functions fix the
metric, and thus the Einstein tensor Gµ⌫. Einstein’s equations
link this tensor to the energy-momentum tensor Tµ⌫, which in
turn can be related to DE or MG properties.
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and perturbation equations in that framework; or (2) more phe-
nomenologically, one can construct functions that map closely
onto cosmological observables, probing the geometry of space-
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components the metric perturbations can be written in terms
of the gravitational potentials � and  (or equivalently by any
two independent combinations of these potentials). Cosmolog-
ical observations thus constrain one “background” function of
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�(k, a) and  (k, a) (e.g., Kunz 2012). These functions fix the
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2 K-mouflage

2.1 Definition of the model

We are interested in K-mouflage models, which we define by the action

S =

!

d4x
"

−g̃

#

M̃2
Pl

2
R̃+M4K(χ̃)

$

+

!

d4x
√
−gLm(ψi, gµν) +

!

d4x
√
−g

1

4α
FµνFµν ,

(2.1)
where g̃µν is the Einstein-frame metric and gµν the Jordan-frame metric, given by the relation
between Einstein- and Jordan-frame line elements

ds2 = A2(ϕ)ds̃2, gµν = A2(ϕ) g̃µν , (2.2)

when we use the same coordinates in both frames, and A(ϕ) is the coupling function of the
model. Throughout this paper, we denote Einstein-frame quantities by a tilde to distinguish
them from Jordan-frame quantities. The first and second parts in the action (2.1) give the
gravitational and scalar field contributions, which are defined in the Einstein frame. The
K-mouflage Lagrangian of the scalar field ϕ involves a non-canonical kinetic term, defined by
a dimensionless function K(χ̃) with

χ̃ = −
g̃µν∂µϕ∂νϕ

2M4
, (2.3)

where M4 is of the order of the dark energy scale today. The third and fourth parts in the
action (2.1) give the matter and radiation contributions, which are expressed in the Jordan
frame, and ψi are various matter fields.

At the background level, we have the FLRW metrics

d¯̃s2 = ¯̃gµνdx
µdxν = ã2(τ)[−dτ2 + dx2] (2.4)

and
ds̄2 = ḡµνdx

µdxν = a2(τ)[−dτ2 + dx2], (2.5)

where τ is the conformal time, and the scale factors are related by

a = A(ϕ̄)ã. (2.6)

Throughout this paper, we denote background quantities with a bar.

2.2 Dynamics of K-mouflage cosmologies

We briefly recall here the equations of motion that govern the dynamics of K-mouflage cos-
mologies in the Jordan frame. We refer the reader to [32–34, 37] for the derivations from the
action (2.1).

2.2.1 Cosmological background

In the Jordan frame, the Friedmann equation takes the form

3M2
PlH

2(1− ϵ2)
2 = ρ̄+ ρ̄rad + ρ̄ϕ with MPl = Ā−2M̃2

Pl, ϵ2 =
d ln Ā

d ln a
, (2.7)

– 4 –
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d ln a
, (2.7)

– 4 –

P. Brax and P. Valageas, JCAP 01 (2016) 020 
P. Brax and P. Valageas,  Phys. Rev D  90, 023507 (2014)  



DARKMOD	2017	

K-mouflage	

M.	Liguori				”CMB	contraints	on	K-mouflage"	 4	

2 K-mouflage

2.1 Definition of the model

We are interested in K-mouflage models, which we define by the action

S =

!

d4x
"

−g̃

#

M̃2
Pl

2
R̃+M4K(χ̃)

$

+

!

d4x
√
−gLm(ψi, gµν) +

!

d4x
√
−g

1

4α
FµνFµν ,

(2.1)
where g̃µν is the Einstein-frame metric and gµν the Jordan-frame metric, given by the relation
between Einstein- and Jordan-frame line elements

ds2 = A2(ϕ)ds̃2, gµν = A2(ϕ) g̃µν , (2.2)

when we use the same coordinates in both frames, and A(ϕ) is the coupling function of the
model. Throughout this paper, we denote Einstein-frame quantities by a tilde to distinguish
them from Jordan-frame quantities. The first and second parts in the action (2.1) give the
gravitational and scalar field contributions, which are defined in the Einstein frame. The
K-mouflage Lagrangian of the scalar field ϕ involves a non-canonical kinetic term, defined by
a dimensionless function K(χ̃) with

χ̃ = −
g̃µν∂µϕ∂νϕ

2M4
, (2.3)

where M4 is of the order of the dark energy scale today. The third and fourth parts in the
action (2.1) give the matter and radiation contributions, which are expressed in the Jordan
frame, and ψi are various matter fields.

At the background level, we have the FLRW metrics

d¯̃s2 = ¯̃gµνdx
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Screening in regions of large acceleration. In a cosmological setting:  
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•  Friedmann equation (note: deviations from LCDM evolution) 

where we have introduced the scalar field energy density given by

ρ̄ϕ = Ā−4M4(−K̄ + 2¯̃χK̄ ′) with ¯̃χ =
Ā2

2M4

!

dϕ̄

dt

"2

. (2.8)

Here t is the Jordan-frame cosmic time, with dt = adτ , and H = d ln a/dt the Jordan-frame
Hubble expansion rate. The matter and radiation energy densities obey the usual conservation
laws, which give

ρ̄(a) =
ρ̄0
a3

and ρ̄rad(a) =
ρ̄rad0
a4

, (2.9)

and the Klein-Gordon equation satisfied by the scalar field writes as

d

dt

#

Ā−2a3
dϕ̄

dt
K̄ ′

$

= −a3ρ̄
d ln Ā

dϕ̄
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βρ̄0

M̃Pl

, (2.10)

where we defined

β(a) ≡ M̃Pl
d ln Ā

dϕ̄
. (2.11)

2.2.2 Linear perturbations

At the perturbative level, at linear order in the metric and density fluctuations, the Einstein
equations can be analysed in the Newtonian gauge,

ds2 = a2
%

−(1 + 2Φ)dτ2 + (1− 2Ψ)dx2
&

, (2.12)

where the two Newtonian potentials Φ and Ψ are not equal. In the non-relativistic (Φ ≪ 1,
Ψ ≪ 1 and v2 ≪ 1) and small-scale (k/aH ≫ 1) limits, the Einstein equations lead to

Φ = (1 + ϵ1)ΨN, Ψ = (1− ϵ1)ΨN, with ϵ1 =
2β2

K̄ ′
,

∇2

a2
ΨN =

δρ

2M2
Pl

. (2.13)

In the last equation in (2.13), we used the fact that fluctuations of the scalar field energy den-
sity are negligible as compared with fluctuations of the matter density [34, 37], δρϕ ≪ δρ, in
the small-scale limit. In a nutshell, this springs from the Klein-Gordon equation, which implies
that δϕ ∼ (βa2/K̄ ′M̃Plk2)δρ when k/a ≫ H. This leads to δρϕ ∼ (β2a2H2/K̄ ′k2)δρ≪ δρ.

At the linear level, the effect of screening appears through the factor ϵ1 which measures
the deviation of the two Newtonian potentials Φ and Ψ from ΨN. When ϵ1 ≪ 1, gravity
is not modified and the two Newtonian potentials coincide. It turns out that ϵ1 ̸= 0 is also
responsible for the change in the growth of structure for K-mouflage models. Indeed the linear
growing mode of the density contrast, D = δρ

ρ̄ , obeys the evolution equation

d2D

d(ln a)2
+

!

2 +
1

H2

dH

dt

"

dD

d ln a
−

3

2
Ωm(1 + ϵ1)D = 0, (2.14)

where the gravitational force is multiplied by the factor (1+ϵ1) as compared with the Λ-CDM
cosmology, i.e the effective Newtonian constant is

GN,eff

GN
= 1 + ϵ1, (2.15)

corresponding to a modification of gravity. At the linear level in perturbations, screening
occurs when ϵ1 ≪ 1, which corresponds to backgrounds where K̄ ′ ≫ 1, as for the early-
Universe cosmological background. It has to be noticed that the same factor ϵ1 appears in
the static case and (2.15) is also valid. In this situation too, screening occurs where ϵ1 ≪ 1,
which turns out to be inside the K-mouflage radius where GR is retrieved around a static
object.
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Figure 5. Left panel: matter and dark energy cosmological density parameters, as a function of
the redshift. We show the three K-mouflage models of Table 1 and the Λ-CDM reference cosmology.
Middle panel: effective dark energy equation of state parameter wde = p̄de/ρ̄de for the K-mouflage
models. Right panel: relative deviation of the Hubble rate from the Λ-CDM reference, for the three
K-mouflage models.

models [43] due to the coupling to matter of K-mouflage. We can check in the right panel
in Fig. 5 that the Hubble rates converge to the same normalization H0 today. As we move
to higher redshift, the K-mouflage Hubble rates first grow more slowly than in the Λ-CDM
scenario, which yields a negative deviation ∆H at z ∼ 1. This is due to the decrease of the
K-mouflage dark energy density with redshift until it vanishes and next becomes negative,
as explained above, whereas the Λ-CDM dark energy density remains constant (the matter
densities remain identical, ρ̄0/a3, in all scenarios). The K-mouflage Hubble rates become
greater than the Λ-CDM expansion rate at high z, when the dark energy density is negligible.
This is due to the time dependence of the K-mouflage Planck mass (in the Jordan frame).
Indeed, all Planck masses are normalized to the same value M̃Pl today, and we have seen
in Eq.(3.13) that the K-mouflage Planck mass is given by M2

Pl = fM̃2
Pl = Ā−2M̃2

Pl. This
gives a Newton’s constant GN = G̃NĀ2 that grows with redshift and leads to a greater Hubble
expansion rate from the Friedman equation. The time dependence of the K-mouflage Newton
constant can be read from the time dependence of the conformal factor Ā shown in the left
panel in Fig. 1. For instance, in the model 1 with the greatest deviation from Λ-CDM the
Newton constant is higher by 10% at high redshift, z ! 100, than its value today.

In agreement with expectations, the deviations from the Λ-CDM background quantities
decrease from model 1 to 2 and from 2 to 3. This corresponds to smaller values of the factors
ϵ1 and ϵ2 and to a higher kinetic function derivative K̄ ′, that is, to a stronger K-mouflage
non-linear screening of the cosmological background.

From the reconstruction of the K-mouflage model, and more precisely from its Hubble
expansion rate and the factor ϵ1 defined in Eq.(2.13), we can obtain the linear growing and
decaying modes D±(a) of the matter density field from Eq.(2.14). This also provides the
linear growth rate f+(a) and the growth rate parameter γ+(a) defined by

f+(a) ≡
d lnD+

d ln a
, γ+(a) =

ln f+
lnΩm

, (6.6)

with f+ = Ωγ+
m .
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Parametrization in terms of scale factor: 

Finally, the kinetic function must satisfy the property

!

χ̃K ′(χ̃) is a monotonic increasing function of χ̃ over χ̃ > 0, K ′ + 2χ̃K ′′ > 0,

and
!

χ̃K ′(χ̃) → +∞ for χ̃ → +∞.
(5.4)

This ensures that the system is well defined up to arbitrarily high redshifts, when ρ̄ → +∞,
and that there are neither small-scale instabilities nor causality problems.

In this paper we focus on the cosmological background and large-scale perturbations,
which correspond to χ̃ > 0. The kinetic function must also satisfy similar properties on the
semi-axis χ̃ < 0, which corresponds to the small-scale quasi-static regime, but we do not need
to consider this here.

5.2 Building a simple parameterization in terms of the scale factor

5.2.1 The parameterisation

In order to build an implicit parameterization we must consider the equations of motion
satisfied by the system at the background level, namely the Friedmann equation (2.7), the
usual conservation equations for the matter and radiation components (2.9), and the Klein-
Gordon equation (2.10) satisfied by the scalar field. From the second relation (2.8) and the
sign convention (5.1) we have

dϕ̄

dt
= −

!

2 ¯̃χM4

Ā
,

dϕ̄

d ln a
= −

!

2 ¯̃χM4

ĀH
,

β

M̃Pl
= −

ϵ2ĀH
!

2 ¯̃χM4
, (5.5)

and the Klein-Gordon equation (2.10) reads

d

d ln a

"

Ā−3a3
!

2 ¯̃χM4K̄ ′
#

= −
ϵ2Āρ̄0
!

2 ¯̃χM4
. (5.6)

This equation suggests that a simple parameterization of the K-mouflage model is provided
by the two functions of the scale factor

U(a) ≡ a3
!

¯̃χK̄ ′ and Ā(a), with Ā0 ≡ Ā(a = 1) = 1, (5.7)

where we choose to normalize the conformal factor Ā to unity today. Given Ā(a) we obtain
at once ϵ2(a) from its definition (2.7) and the Klein-Gordon equation (5.6) yields

!

¯̃χ = −
ρ̄0
M4

ϵ2Ā4

2U(−3ϵ2 +
d lnU
d lna )

(5.8)

This gives an explicit parameterization of ¯̃χ(a).

5.2.2 Normalising M

The full reconstruction of the Lagrangian K(χ) and the coupling function A(ϕ) can only
be achieved when the scale M has been specified in terms of the present-time cosmological
parameters. This can be achieved using the Friedmann equation (2.7) which writes as

H2

H2
0

=
Ā2

(1− ϵ2)2

$

Ωm0

a3
+

Ωrad0

a4
+ Ωϕ0Ā

−4 K̄ − 2 ¯̃χK̄ ′

K̄0 − 2 ¯̃χ0K̄ ′
0

%

, (5.9)
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have no particular theoretical meaning. They are only the simplest choices that satisfy the
previous requirements and are sufficient for our illustration purposes.

For the function Ā(a) we take

γA > 0 : Ā(a) = 1 + αA − αA

!

(γA + 1)a

γA + a

"νA

. (6.1)

This is the simplest function that goes to constants at both early and late times, a → 0 and
a → ∞, with a power-law behaviour aνA at early times. The parameters αA, γA and νA are
related to the more physical quantities ϵ2,0 and m by

ϵ2,0 = −
αAγAνA
γA + 1

, νA =
3(m− 1)

2m− 1
with m > 1, (6.2)

where m is the exponent of the kinetic function in the matter era regime, defined by K ∼ χ̃m,
see (5.32). If we require the kinetic function to keep the same exponent in χ̃ in the radiation
era we should change νA for a < aeq, following (5.33). However, because the dark energy
component is negligible in the radiation era and cannot be measured at these high redshifts
(for the models that we consider here) we keep the same form (6.1) with a single parameter
νA given by Eq.(6.2) at all redshifts. Thus, the parameterization (6.1) is determined by the
three parameters {m, ϵ2,0, γA}, αA being obtained from Eq.(6.2). As explained above, m is
the logarithmic slope of the kinetic function at large χ̃, ϵ2,0 = d ln Ā/d ln a at a = 1 today,
and γA ∼ 1 describes the transition to the dark energy epoch, where Ā converges to a finite
value as in (5.3). In particular, we have

Ā(a = 0) = 1 + αA, Ā(a = 1) = 1, Ā(a = ∞) = 1 + αA − αA(γA + 1)νA . (6.3)

The parameter ϵ2,0 measures the deviation of Ā from unity and the departure of the K-
mouflage model from the Λ-CDM cosmology.

For the function U(a) we consider the shape

αU > 0, γU ≥ 1 : U(a) ∝
a2 ln(γU + a)

(
√
aeq +

√
a) ln(γU + a) + αUa2

, (6.4)

which comes from the simple combination

1

U
∝

√
aeq
a2

+
1

a3/2
+

αU

ln(γU + a)
, (6.5)

where aeq is the scale factor at equality between the matter and radiation components. This
is the simplest function that follows the evolution of t(a) through the radiation, matter and
dark-energy eras, each term successively dominating in Eq.(6.5). In agreement with the
requirements (5.24) and (5.28), it gives U(a) ∼ a2 first, followed by U(a) ∼ a3/2 and next
U(a) ∼ ln a. The transition between the radiation and matter eras is set by aeq whereas the
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Perturba=ons	

At the linear level, in the non-relativistic, linear regime, deviations from GR  
are  governed by the parameter ε1, defined in terms of the coupling function  
and kinetic term:  

where we have introduced the scalar field energy density given by

ρ̄ϕ = Ā−4M4(−K̄ + 2¯̃χK̄ ′) with ¯̃χ =
Ā2

2M4

!

dϕ̄

dt

"2

. (2.8)

Here t is the Jordan-frame cosmic time, with dt = adτ , and H = d ln a/dt the Jordan-frame
Hubble expansion rate. The matter and radiation energy densities obey the usual conservation
laws, which give

ρ̄(a) =
ρ̄0
a3

and ρ̄rad(a) =
ρ̄rad0
a4

, (2.9)

and the Klein-Gordon equation satisfied by the scalar field writes as

d

dt

#

Ā−2a3
dϕ̄

dt
K̄ ′

$

= −a3ρ̄
d ln Ā

dϕ̄
= −

βρ̄0

M̃Pl

, (2.10)

where we defined

β(a) ≡ M̃Pl
d ln Ā

dϕ̄
. (2.11)

2.2.2 Linear perturbations

At the perturbative level, at linear order in the metric and density fluctuations, the Einstein
equations can be analysed in the Newtonian gauge,

ds2 = a2
%

−(1 + 2Φ)dτ2 + (1− 2Ψ)dx2
&

, (2.12)

where the two Newtonian potentials Φ and Ψ are not equal. In the non-relativistic (Φ ≪ 1,
Ψ ≪ 1 and v2 ≪ 1) and small-scale (k/aH ≫ 1) limits, the Einstein equations lead to

Φ = (1 + ϵ1)ΨN, Ψ = (1− ϵ1)ΨN, with ϵ1 =
2β2

K̄ ′
,

∇2

a2
ΨN =

δρ

2M2
Pl

. (2.13)

In the last equation in (2.13), we used the fact that fluctuations of the scalar field energy den-
sity are negligible as compared with fluctuations of the matter density [34, 37], δρϕ ≪ δρ, in
the small-scale limit. In a nutshell, this springs from the Klein-Gordon equation, which implies
that δϕ ∼ (βa2/K̄ ′M̃Plk2)δρ when k/a ≫ H. This leads to δρϕ ∼ (β2a2H2/K̄ ′k2)δρ≪ δρ.

At the linear level, the effect of screening appears through the factor ϵ1 which measures
the deviation of the two Newtonian potentials Φ and Ψ from ΨN. When ϵ1 ≪ 1, gravity
is not modified and the two Newtonian potentials coincide. It turns out that ϵ1 ̸= 0 is also
responsible for the change in the growth of structure for K-mouflage models. Indeed the linear
growing mode of the density contrast, D = δρ

ρ̄ , obeys the evolution equation

d2D

d(ln a)2
+

!

2 +
1

H2

dH

dt

"

dD

d ln a
−

3

2
Ωm(1 + ϵ1)D = 0, (2.14)

where the gravitational force is multiplied by the factor (1+ϵ1) as compared with the Λ-CDM
cosmology, i.e the effective Newtonian constant is

GN,eff

GN
= 1 + ϵ1, (2.15)

corresponding to a modification of gravity. At the linear level in perturbations, screening
occurs when ϵ1 ≪ 1, which corresponds to backgrounds where K̄ ′ ≫ 1, as for the early-
Universe cosmological background. It has to be noticed that the same factor ϵ1 appears in
the static case and (2.15) is also valid. In this situation too, screening occurs where ϵ1 ≪ 1,
which turns out to be inside the K-mouflage radius where GR is retrieved around a static
object.

– 5 –

where we have introduced the scalar field energy density given by
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ρ̄ϕ = Ā−4M4(−K̄ + 2¯̃χK̄ ′) with ¯̃χ =
Ā2
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Growth factor evolution 

Screening (at linear level) when ε1 << 1 => K’ >> 1 => Early Universe 
background.   
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EFT	of	K-mouflage	

 Marco Raveri

Introduction DE/MG EFT approach Conclusions

36

After some algebraic reshuffling this can be casted in a more 
familiar (?) form

If interested in the details here’s the references… 
[ arXiv:1304.4840, arXiv:1601.04064 ]
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only real trick is the Gauss-Codazzi relation

General EFT action 
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Mapping K-mouflage 

  

K-mouflage implementation 
in EFTCAMB

11/15 Giampaolo Benevento

K-mouflage action in Jordan frame and unitary gauge:

Mapping K-moufalge in the Effective Field Theory of Dark Energy framework:

B. Hu, M. Raveri, N. Frusciante, A. Silvestri, arXiv:1312.5742 Phys.Rev. D89 (2014) 103530

P. Brax, P. Valageas arXiv:1509.00611 JCAP 01 (2016) 020

•  Mapping implemented in EFTCAMB 

•  Planck 2015 analysis sets background to  
     ΛCDM and  M2

4 = 0



DARKMOD	2017	M.	Liguori				”CMB	contraints	on	K-mouflage"	 10	

Data	analysis	

     Approaches to CMB data analysis: 
 

•  Model dependent. Choose a specific model and fit parameters to the data  

•  Phenomenological parametrization. Parametrize (usually) Newtonian  
            Gauge potentials and use parametrizations to constrain deviations from  
            expected behaviour in GR., e.g.  
 
 

 
 

•  Theory-driven parametrization: EFT, Horndeski. 

Planck Collaboration: Planck 2015 results. XIV.

functions of time and scale. Since a non-vanishing anisotropic
stress (proportional to � �  ) is a generic signature of modi-
fications of GR (Mukhanov et al. 1992; Saltas et al. 2014), the
parameterized potentials will correspond to predictions of MG
models.

Various parameterizations have been considered in the liter-
ature. Some of the more popular (in longitudinal gauge) are:

1. Q(a, k), which modifies the relativistic Poisson equation
through extra DE clustering according to

�k2� ⌘ 4⇡Ga2Q(a, k)⇢�, (3)

where � is the comoving density perturbation;
2. µ(a, k) (sometimes also called Y(a, k)), which modifies the

equivalent equation for  rather than �:

�k2 ⌘ 4⇡Ga2µ(a, k)⇢�; (4)

3. ⌃(a, k), which modifies lensing (with the lensing/Weyl po-
tential being � +  ), such that

�k2(� +  ) ⌘ 8⇡Ga2⌃(a, k)⇢�; (5)

4. ⌘(a, k), which reflects the presence of a non-zero anisotropic
stress, the di↵erence between � and  being equivalently
written as a deviation of the ratio2

⌘(a, k) ⌘ �/ . (6)

In the equations above, ⇢� = ⇢m�m+⇢r�r so that the parameters
Q, µ, or ⌃ quantify the deviation of the gravitational potentials
from the value expected in GR due to perturbations of matter and
relativistic particles. At low redshifts, where most DE models be-
come relevant, we can neglect the relativistic contribution. The
same is true for ⌘, where we can neglect the contribution of rel-
ativistic particles to the anisotropic stress at late times.

The four functions above are certainly not independent. It is
su�cient to choose two independent functions of time and scale
to describe all modifications with respect to General Relativity
(e.g. Zhang et al. 2007; Amendola et al. 2008b). Popular choices
include: (µ, ⌘), which have a simple functional form for many
theories; (µ,⌃), which is more closely related to what we actu-
ally observe, given that CMB lensing, weak galaxy lensing and
the ISW e↵ect measure a projection or derivative of the Weyl po-
tential � +  . Furthermore, redshift space distortions constrain
the velocity field, which is linked to  through the Euler equa-
tion of motion.

All four quantities, Q, µ, ⌃, and ⌘, are free functions of time
and scale. Their parameterization in terms of the scale factor a
and momentum k will be specified in Sect. 5.2.2, together with
results obtained by confronting this class of models with data.

3.3. Examples of particular models

The last approach is to consider particular models. Even
though these are in principle included in the case described in
Sect. 3.2.1, it is nevertheless still useful to highlight some well
known examples of specific interest, which we list below.

– Minimally-coupled models beyond simple quintessence.
Specifically, we consider “k-essence” models, which are
defined by an arbitrary sound speed c2

s in addition to a
free equation of state parameter w (Armendariz-Picon et al.
2000).

2 This parameter is called � in the code MGCAMB, but since � is also
often used for the growth index, we prefer to use the symbol ⌘.

– An example of a generalized scalar field model
(De↵ayet et al. 2010) and of Lorentz-violating massive
gravity (Dubovsky 2004; Rubakov & Tinyakov 2008), both
in the “equation of state” formalism of Battye & Pearson
(2012).

– Universal “fifth forces”. We will show results for f (R) the-
ories (Wetterich 1995; Capozziello 2002; Amendola et al.
2007; De Felice & Tsujikawa 2010), which form a subset of
all models contained in the EFT approach.

– Non-universal fifth forces. We will illustrate results for cou-
pled DE models (Amendola 2000), in which dark matter par-
ticles feel a force mediated by the DE scalar field.

All these particular models are based on specific ac-
tions, ensuring full internal consistency. The reviews by
Amendola et al. (2013), Clifton et al. (2012), Joyce et al. (2015)
and Huterer et al. (2015) contain detailed descriptions of a large
number of models discussed in the literature.

4. Data

We now discuss the data sets we use, both from Planck and in
combination with other experiments. As mentioned earlier, if
we combine many di↵erent data sets (not all of which will be
equally reliable) and take them all at face value, we risk attribut-
ing systematic problems between data sets to genuine physical
e↵ects in DE or MG models. On the other hand, we need to avoid
bias in confirming ⇤CDM, and remain open to the possibility
that some tensions may be providing hints that point towards DE
or MG models. While discussing results in Sect. 5, we will try to
assess the impact of additional data sets, separating them from
the Planck baseline choice, keeping in mind caveats that might
appear when considering some of them. For a more detailed dis-
cussion of the data sets we refer to Planck Collaboration XIII
(2016).

4.1. Planck data sets

4.1.1. Planck low-` data

The 2013 papers used WMAP polarization measurements
(Bennett et al. 2013) at multipoles `  23 to constrain the op-
tical depth parameter ⌧. The corresponding likelihood was de-
noted “WP” in the 2013 papers.

For the present release, we use in its place a Planck polar-
ization likelihood that is built through low-resolution maps of
Stokes Q and U polarization measured by LFI at 70 GHz (ex-
cluding data from Surveys 2 and 4), foreground-cleaned with
the LFI 30 GHz and HFI 353 GHz maps, used as polarized syn-
chrotron and dust templates, respectively (see Planck Collabora-
tion XI 2016).

The foreground-cleaned LFI 70 GHz polarization maps
are processed, together with the temperature map from the
Commander component separation algorithm over 94% of the
sky (see Planck Collaboration IX 2016 for further details), us-
ing the low-` Planck temperature-polarization likelihood. This
likelihood is pixel-based, extends up to multipoles ` = 29 and
masks the polarization maps with a specific polarization mask,
which uses 46% of the sky. Use of this likelihood is denoted as
“lowP” hereafter.

The Planck lowP likelihood, when combined with the high-`
Planck temperature one, provides a best fit value for the opti-
cal depth ⌧ = 0.078 ± 0.019, which is about 1� lower than

A14, page 5 of 31
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the velocity field, which is linked to  through the Euler equa-
tion of motion.

All four quantities, Q, µ, ⌃, and ⌘, are free functions of time
and scale. Their parameterization in terms of the scale factor a
and momentum k will be specified in Sect. 5.2.2, together with
results obtained by confronting this class of models with data.

3.3. Examples of particular models

The last approach is to consider particular models. Even
though these are in principle included in the case described in
Sect. 3.2.1, it is nevertheless still useful to highlight some well
known examples of specific interest, which we list below.

– Minimally-coupled models beyond simple quintessence.
Specifically, we consider “k-essence” models, which are
defined by an arbitrary sound speed c2

s in addition to a
free equation of state parameter w (Armendariz-Picon et al.
2000).

2 This parameter is called � in the code MGCAMB, but since � is also
often used for the growth index, we prefer to use the symbol ⌘.

– An example of a generalized scalar field model
(De↵ayet et al. 2010) and of Lorentz-violating massive
gravity (Dubovsky 2004; Rubakov & Tinyakov 2008), both
in the “equation of state” formalism of Battye & Pearson
(2012).

– Universal “fifth forces”. We will show results for f (R) the-
ories (Wetterich 1995; Capozziello 2002; Amendola et al.
2007; De Felice & Tsujikawa 2010), which form a subset of
all models contained in the EFT approach.

– Non-universal fifth forces. We will illustrate results for cou-
pled DE models (Amendola 2000), in which dark matter par-
ticles feel a force mediated by the DE scalar field.

All these particular models are based on specific ac-
tions, ensuring full internal consistency. The reviews by
Amendola et al. (2013), Clifton et al. (2012), Joyce et al. (2015)
and Huterer et al. (2015) contain detailed descriptions of a large
number of models discussed in the literature.

4. Data

We now discuss the data sets we use, both from Planck and in
combination with other experiments. As mentioned earlier, if
we combine many di↵erent data sets (not all of which will be
equally reliable) and take them all at face value, we risk attribut-
ing systematic problems between data sets to genuine physical
e↵ects in DE or MG models. On the other hand, we need to avoid
bias in confirming ⇤CDM, and remain open to the possibility
that some tensions may be providing hints that point towards DE
or MG models. While discussing results in Sect. 5, we will try to
assess the impact of additional data sets, separating them from
the Planck baseline choice, keeping in mind caveats that might
appear when considering some of them. For a more detailed dis-
cussion of the data sets we refer to Planck Collaboration XIII
(2016).

4.1. Planck data sets

4.1.1. Planck low-` data

The 2013 papers used WMAP polarization measurements
(Bennett et al. 2013) at multipoles `  23 to constrain the op-
tical depth parameter ⌧. The corresponding likelihood was de-
noted “WP” in the 2013 papers.

For the present release, we use in its place a Planck polar-
ization likelihood that is built through low-resolution maps of
Stokes Q and U polarization measured by LFI at 70 GHz (ex-
cluding data from Surveys 2 and 4), foreground-cleaned with
the LFI 30 GHz and HFI 353 GHz maps, used as polarized syn-
chrotron and dust templates, respectively (see Planck Collabora-
tion XI 2016).

The foreground-cleaned LFI 70 GHz polarization maps
are processed, together with the temperature map from the
Commander component separation algorithm over 94% of the
sky (see Planck Collaboration IX 2016 for further details), us-
ing the low-` Planck temperature-polarization likelihood. This
likelihood is pixel-based, extends up to multipoles ` = 29 and
masks the polarization maps with a specific polarization mask,
which uses 46% of the sky. Use of this likelihood is denoted as
“lowP” hereafter.

The Planck lowP likelihood, when combined with the high-`
Planck temperature one, provides a best fit value for the opti-
cal depth ⌧ = 0.078 ± 0.019, which is about 1� lower than
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The 2013 papers used WMAP polarization measurements
(Bennett et al. 2013) at multipoles `  23 to constrain the op-
tical depth parameter ⌧. The corresponding likelihood was de-
noted “WP” in the 2013 papers.

For the present release, we use in its place a Planck polar-
ization likelihood that is built through low-resolution maps of
Stokes Q and U polarization measured by LFI at 70 GHz (ex-
cluding data from Surveys 2 and 4), foreground-cleaned with
the LFI 30 GHz and HFI 353 GHz maps, used as polarized syn-
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are processed, together with the temperature map from the
Commander component separation algorithm over 94% of the
sky (see Planck Collaboration IX 2016 for further details), us-
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which uses 46% of the sky. Use of this likelihood is denoted as
“lowP” hereafter.

The Planck lowP likelihood, when combined with the high-`
Planck temperature one, provides a best fit value for the opti-
cal depth ⌧ = 0.078 ± 0.019, which is about 1� lower than

A14, page 5 of 31

In this analysis we take a “hybrid” approach: EFT mapping of a specific class of 
models, namely K-mouflage.  
We will consider a general parametrization of K and A. 
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Choice	of	parameters	and	priors	

•  General parametrization producing the behaviour U(a) ~ t(a) (if not, 
energy density of φ dominates over matter at early times). 

 

     Very weak dependence of cosmology on γU. We fix γU = 1 . 
      αU ~ 1 sets transition into dark energy era. We choose   0 < αU < 10 

have no particular theoretical meaning. They are only the simplest choices that satisfy the
previous requirements and are sufficient for our illustration purposes.

For the function Ā(a) we take

γA > 0 : Ā(a) = 1 + αA − αA

!

(γA + 1)a

γA + a

"νA

. (6.1)

This is the simplest function that goes to constants at both early and late times, a → 0 and
a → ∞, with a power-law behaviour aνA at early times. The parameters αA, γA and νA are
related to the more physical quantities ϵ2,0 and m by

ϵ2,0 = −
αAγAνA
γA + 1

, νA =
3(m− 1)

2m− 1
with m > 1, (6.2)

where m is the exponent of the kinetic function in the matter era regime, defined by K ∼ χ̃m,
see (5.32). If we require the kinetic function to keep the same exponent in χ̃ in the radiation
era we should change νA for a < aeq, following (5.33). However, because the dark energy
component is negligible in the radiation era and cannot be measured at these high redshifts
(for the models that we consider here) we keep the same form (6.1) with a single parameter
νA given by Eq.(6.2) at all redshifts. Thus, the parameterization (6.1) is determined by the
three parameters {m, ϵ2,0, γA}, αA being obtained from Eq.(6.2). As explained above, m is
the logarithmic slope of the kinetic function at large χ̃, ϵ2,0 = d ln Ā/d ln a at a = 1 today,
and γA ∼ 1 describes the transition to the dark energy epoch, where Ā converges to a finite
value as in (5.3). In particular, we have

Ā(a = 0) = 1 + αA, Ā(a = 1) = 1, Ā(a = ∞) = 1 + αA − αA(γA + 1)νA . (6.3)

The parameter ϵ2,0 measures the deviation of Ā from unity and the departure of the K-
mouflage model from the Λ-CDM cosmology.

For the function U(a) we consider the shape

αU > 0, γU ≥ 1 : U(a) ∝
a2 ln(γU + a)

(
√
aeq +

√
a) ln(γU + a) + αUa2

, (6.4)

which comes from the simple combination

1

U
∝

√
aeq
a2

+
1

a3/2
+

αU

ln(γU + a)
, (6.5)

where aeq is the scale factor at equality between the matter and radiation components. This
is the simplest function that follows the evolution of t(a) through the radiation, matter and
dark-energy eras, each term successively dominating in Eq.(6.5). In agreement with the
requirements (5.24) and (5.28), it gives U(a) ∼ a2 first, followed by U(a) ∼ a3/2 and next
U(a) ∼ ln a. The transition between the radiation and matter eras is set by aeq whereas the
two parameters αU and γU describe the transition to the dark energy era and are of order
unity. Finally, the normalization of U(a) is obtained from Eq.(5.30).

In the following, we present our numerical results for the three K-mouflage models
defined by the parameters given in Table 1. They have ϵ2 = −0.01, which ensures that Solar
system tests and cosmological bounds are satisfied, while other parameters are of order unity.
We keep γU and m unchanged, because the results are less sensitive to these parameters,
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where aeq is the scale factor at equality between the matter and radiation components. This
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U(a) ∼ ln a. The transition between the radiation and matter eras is set by aeq whereas the
two parameters αU and γU describe the transition to the dark energy era and are of order
unity. Finally, the normalization of U(a) is obtained from Eq.(5.30).

In the following, we present our numerical results for the three K-mouflage models
defined by the parameters given in Table 1. They have ϵ2 = −0.01, which ensures that Solar
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•  If K ~ χm, then  
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γA > 0 : Ā(a) = 1 + αA − αA

!

(γA + 1)a

γA + a

"νA

. (6.1)

This is the simplest function that goes to constants at both early and late times, a → 0 and
a → ∞, with a power-law behaviour aνA at early times. The parameters αA, γA and νA are
related to the more physical quantities ϵ2,0 and m by

ϵ2,0 = −
αAγAνA
γA + 1

, νA =
3(m− 1)

2m− 1
with m > 1, (6.2)

where m is the exponent of the kinetic function in the matter era regime, defined by K ∼ χ̃m,
see (5.32). If we require the kinetic function to keep the same exponent in χ̃ in the radiation
era we should change νA for a < aeq, following (5.33). However, because the dark energy
component is negligible in the radiation era and cannot be measured at these high redshifts
(for the models that we consider here) we keep the same form (6.1) with a single parameter
νA given by Eq.(6.2) at all redshifts. Thus, the parameterization (6.1) is determined by the
three parameters {m, ϵ2,0, γA}, αA being obtained from Eq.(6.2). As explained above, m is
the logarithmic slope of the kinetic function at large χ̃, ϵ2,0 = d ln Ā/d ln a at a = 1 today,
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mouflage model from the Λ-CDM cosmology.

For the function U(a) we consider the shape

αU > 0, γU ≥ 1 : U(a) ∝
a2 ln(γU + a)

(
√
aeq +

√
a) ln(γU + a) + αUa2

, (6.4)

which comes from the simple combination

1

U
∝

√
aeq
a2

+
1

a3/2
+

αU

ln(γU + a)
, (6.5)

where aeq is the scale factor at equality between the matter and radiation components. This
is the simplest function that follows the evolution of t(a) through the radiation, matter and
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defined by the parameters given in Table 1. They have ϵ2 = −0.01, which ensures that Solar
system tests and cosmological bounds are satisfied, while other parameters are of order unity.
We keep γU and m unchanged, because the results are less sensitive to these parameters,
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•   - 0.01 < ε2,0 < 0 (solar system bounds), 
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•  Growth of perturbations is governed by ε1. It is possible to show  
     that ε1 and ε2 are related 

We can check that these behaviours satisfy the constraint (5.27) over the full range 1 ≤
m < +∞. We recover the behaviours (5.24) and we find that the function U(a) is largely
independent of the kinetic function K(χ̃). In agreement with Eq.(5.23), it is mostly related
to the expansion history of the universe as

U(a) ∼ t(a) (5.34)

and should not deviate much from the “Λ-CDM shape” UΛ−CDM(a) that is obtained by setting
Ā and β to constants in Eq.(5.23), unless one considers coupling functions A(ϕ) with steep
slopes. The main freedom, associated with the shape of K(χ̃), is contained in the function
ϵ2(a). In particular, its power-law exponent in the scale factor, ϵ2 ∼ −aνA , is directly related
to the exponent of the kinetic function, with νA = 3(m−1)/(2m−1) in the early matter era.

5.5 Factors ϵ1 and ϵ2

In addition to the factor ϵ2 defined in (2.7), a key factor that enters the growth of large-scale
structures is the function ϵ1 defined in (2.13), which enters the evolution equation (2.14) of
the linear growing modes of the density contrast and describes the amplification of gravity in
the unscreened regime.

The function ϵ2(a) is directly obtained from the function Ā(a) within the parameteriza-
tion {U(a), Ā(a)}, as ϵ2 = d ln Ā/d ln a. It is interesting to see how the characteristic function
ϵ1(a) is related to this parameterization. From the last Eq.(5.5) and the definition (2.13) of
ϵ1, we have ϵ1 = ϵ22Ā

2H2M̃2
Pl/

¯̃χK̄ ′M4. On the other hand, from the definition (5.7) we have
¯̃χK̄ ′ =

!

¯̃χU/a3 and from Eq.(5.8) we obtain ¯̃χK̄ ′ = −ρ̄0ϵ2Ā4/2M4a3(−3ϵ2 + d lnU/d ln a).
Combining these two results gives

ϵ1(a) = − ϵ2
2
"

−3ϵ2 +
d lnU
d lna

#

3Ωm
. (5.35)

In the matter dominated era we have Ωm ≃ 1 and d lnU/d ln a ≃ 3/2, see (5.24). This yields

matter era: ϵ1 ≃ −ϵ2. (5.36)

At late time in the dark energy era the ratio ϵ1/|ϵ2| grows because Ωm decreases in the
denominator of (5.35). Therefore, in the K-mouflage models the functions ϵ1 and ϵ2 are equal
for most of the cosmological evolution and measure both the drift of Newton’s constant (or
the Jordan-frame Planck mass) and the amplification of the gravitational force in the growth
of large-scale structures.

6 Numerical results

We now present our numerical results for several K-mouflage models defined by the parame-
terization {U(a), Ā(a)} described in section 5.

6.1 Explicit models

In the following sections, we describe our reconstruction procedure and our analysis with
a simple choice for the functions U(a) and Ā(a), with a few parameters. We shall consider
three sets of parameters that cover different behaviours for the underlying K-mouflage models,
within the constraints that must satisfied. The precise forms of the functions (6.1) and (6.4)

– 19 –
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Projec=on	effects	

Main effect: shift of the peaks toward higher l, due to changes in  
background evolution. 
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ε2 > −0.0076 (95% C.L.)
γA > 0.22 (95% C.L.)
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Forecasts	

Fiducial Planck COrE 

αU 0.2 10912 25.18 

γU 1 54562 194.52 

m 3 5411 378 

ε2 -10-8 1.68x10-3 0.000103 

γA 0.2 39.52 17.23 

Ωbh2 0.0226 2.12x10-4 2.58x10-5 

Ωch2 0.112 1.48x10-3 4.99x10-4 

H0 70 2.51 0.227 

ns 0.96 5.91x10-3 1.41x10-3 

τ 0.09 4.23x10-3 1.9110-3 

As 2.10x10-9 1.83x10-11 8.30x10-12 
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ISW-galaxy	

  

K-mouflage 
linear growth factor 

Growth factor deviation from ΛCDM 

Growth suppression factor

Still significant deviations 
at high redshift 

Giampaolo Benevento6/15

Growth factor: K-mouflage vs. ΛCDM 
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Giampaolo Benevento9/15

Euclid-like survey LSST-like survey

Cross-correlation results:
 Model 2ISW-tomography	(model	2)	
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Conclusions	

•  We have analyzed K-mouflage models, considering a general  
     parametrization of the kinetic and coupling functions. 

•  Steps: 
          - Describe linear perturbations in K-mouflage in EFT framework  
          - Map model in EFTCAMB 
          - MCMC (CMB + lensing + BAO + SN) 

•  Most of the constraining power comes from non-trivial background  
     evolution, up to high redshift. Shifting of the peaks. 

•  Forecasts for future generation CMB surveys shows possible order  
     of magnitude improvement in constraining power for crucial parameters. 

•  Growth factor evolution differs from LCDM also in matter domination. 
     ISW tomography can be interesting with future LSS surveys (model  
     dependent analysis so far) 
 
•  And of course still need to check other LSS observables. 
 
 
 
 


