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Main Message

We have reformulated the lattice Abelian Higgs model (scalar
QED) in 1 space + 1 time dimension using the Tensor
Renormalization Group method.
The reformulation is gauge invariant and connects smoothly the
classical Lagrangian formulation used by lattice gauge theorists
and the quantum Hamiltonian method used in condensed matter
and for quantum simulations.
In the O(2) limit we can add a chemical potential and reach a
superfluid phase at small hopping. The entanglement entropy
scales like in Conformal Field Theory ((c/8) ln(N)) which could be
checked using current experiments quantum simulating the
Bose-Hubbard (BH) model.
We propose to use BH Hamiltonians with a ladder structure as
quantum simulators.
Recent experimental progress allows this setup and we propose
data collapse checks for small systems (FSS).
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Important Lattice QCD problems/questions

A common problem to practical lattice QCD calculations:
large box size/small lattice spacing = many lattice sites.
The problem gets more acute for many flavors with small masses
(composite Higgs models?). Existence of non-trivial IR fixed
points for enough flavors (e.g. SU(3) with 12 massless quarks)?
What are the remnants of the expected CFT on the lattice? Is
there a topological picture? Again, lattices used in numerical
calculations always seem too small.
Finite density calculations: sign problem (MC calculations with
complex actions are only possible if the complex part is small
enough to be handled with reweighing).
Real time evolution: requires detailed information about the
Hamiltonian and the states which is usually not available from
conventional MC simulations at Euclidean time.
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Quantum simulations?

We need to start with something simple!

Figure: Mike Creutz’s calculator used for a Z2 gauge theory on a 34 lattice
(circa 1979).
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30+ years later

The Fermilab cluster, accurate
estimates of |Vub|, g − 2, nuclear
form factors for neutrino
experiments, exploration of the
boundary of the conformal window
...
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Field theory and machine learning (Daping Du)
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A first quantum calculator for the abelian Higgs model?

Figure: Left: Johannes Zeiher, a recent graduate from Immanuel Bloch’s
group can design ladder shaped optical lattices with nearest neighbor
interactions. Right: an optical lattice experiment, once used to observe a
“Higgs mode" by Bloch’s group.
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Quantum Simulators

No sign problems
Real time evolution
Large optical lattices (L ' 1000) are part of the future
We can do interesting experiments with small lattices
Many interesting proposals based on the Kogut-Susskind
Hamiltonian and quantum rotors (Reznik, Zohar, Cirac, Wiese,
Lewenstein, Kuno, Dalmonte, Zoller, Muschick et al. and others;
see Uwe’s talk)
Our approach is based on the tensor formulation of lattice gauge
theory and is manifestly gauge invariant
So far, the remarkable theory-experiment reached for the
Bose-Hubbard model is just a source of inspiration in the context
of lattice gauge theory and a proof of principle is needed
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Optical lattices "computers"

Alkali-metals (Li, Na, K, Rb, Cs) have a loosely bound electron in the
the outer shell. Typical choices are 87Rb (a boson: 37 e−, 37 p and 50
n) or 6Li (a fermion: 3 e−, 3 p and 3 n).

The polarizable cold atoms are trapped in standing waves created by
counterpropagating laser beams in 1, 2 or 3 dimensions. The periodic
potential is due to the dipole moment induced by the linearly polarized
laser beam:

V (r) = −(1/2)α(ω)|E(r)|2 , (1)

with
α(ω) ∼ | < e|d |g > |2/~(ω0 − ωL) . (2)
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Example, orders of magnitude

3D lattice potential with a cubic symmetry using 3 mutually orthogonal
laser beams of the same wavelength λL. The periodic potential is

V (x , y , z) = V0(sin2(kx) + sin2(ky) + sin2(kx)) ,

with k = 2π/λL. The lattice spacing is a = λL/2 .

The depth of the potential V0 is measured in units of the recoil energy
Er ≡ (~k)2/2matom and can be tuned continuously by changing the
intensity of the laser.

For Rubidium atoms with λL = 856nm, the recoil energy is
1.3× 10−11 eV ' kB1.5× 10−7K. The critical temperature for Bose
condensation in Rubidium with a specific volume of (λL/2)3 is close to
10−7K according to the ideal gas formula. The recoil momentum is
1.5eV/c and the recoil velocity about 5 mm/s.

Of the order of Natoms ' 653 can be used. Assuming one atom per
site, the physical size of the lattice is of the order of 30 µm.
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The Bose-Hubbard model

The Hubbard model Hamiltonian is

H = −t
∑
〈i,j〉

(a†i aj + h.c.) +
U
2

∑
i

n2
i − µ

∑
i

ni

where t characterizes the tunneling between nearest neighboor sites
and U controls the onsite Coulomb repulsion. These interactions can
be approximately recreated with the atoms trapped in an optical lattice.

-t

U
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Phase diagram of the Bose Hubbard model

Figure: M. P. A. Fisher et al. Phys. Rev. B 40, 546 (1989) .
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Insulator-Superfluid transition

Figure: Observation of the superfluid to Mott insulator transition when the
potential depth increases in ballistic pictures (M. Greiner et al. Nature 415, 51
(2002)).
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The (high) standards: Quantum Monte Carlo vs.
Experiment for BH

Figure: From S. Trotzky, L. Pollet, F. Gerbier, U. Schnorrberger, I. Bloch, N.V.
Prokof’ev, B. Svistunov, M. Troyer Nature Phys. 6, 998-1004 (2010)
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Recent experimental progress

Tunable nearest neighbor
interactions, Johannes Zeiher et al.
arxiv 1705.08372

Quantum gas microscopes, Gross
and Bloch, Science 357, 995-1001
(2017)
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The Tensor Renormalization Group (TRG) method

Based on character expansions over links,
plaquettes,...Z = Tr

∏
T are sums over paths, surfaces ...

Exact blocking (spin and gauge, PRD 88 056005)
Unique feature: the blocking separates the
degrees of freedom inside the block (integrated
over), from those kept to communicate with the
neighboring blocks. The only approximation is
the truncation in the number of “states" kept.

xU

xD

yL yR

x1

x2

x1'

x2'

y1 y2

y1' y2'

X X'

Y

Y'

Applies to many lattice models: Ising model, O(2) model, O(3)
model, SU(2) principal chiral model (in any dimensions), Abelian
and SU(2) gauge theories (1+1 and 2+1 dimensions)
Solution of sign problems: complex temperature (PRD 89,
016008), chemical potential (PRA 90, 063603)
Critical exponents of Ising (PRB 87, 064422; Kadanoff RMP 86)
Connects easily to the Hamiltonian picture and provides spectra
Used to design quantum simulators: O(2) model (PRA 90,
063603), Abelian Higgs model (PRD 92 076003) on optical lattices
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1+1 dimensions: phase diagram of O(2) + chemical potential
(PRA 90, 063603) and Entanglement entropy (PRE 93, 012138)
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Gauge invariant transfer matrix for the Abelian Higgs model in 1+1
dimensions (PRD 92 076003). This is an exact effective theory.
Central charge of O(2) in the superfluid/KT phase (c=1) from
entanglement entropy; PRA 96 023603, PRD 96 034514 (2017).
Polyakov loop in the Abelian Higgs model.
Ising fermions (Grassmann version of Kaufman, in progress).
Schwinger model: Y. Shimizu and Y. Kuramashi (∼ MPS work?)
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Climbing the lattice ladder: a “dialogue" between the
TRG and sampling methods
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Climbing down the lattice “ladder" (then climbing up)

QCD: SU(3) gauge fields +quarks, non-perturbative, requires a 4D
(3 space + 1 Euclidean time) lattice.
QED: U(1) photons + electrons (and positrons), the theory of
(almost) everything, perturbative, Feynman diagrams work well for
most problems.
3D models (spin, gauge, ...)
QED in 1+1 dimensions: the Schwinger model, non-perturbative,
confinement, mass gap, solvable at zero electron mass.
Scalar QED in 1+1 dimensions: the Schwinger model with
spinless (scalar) electrons, confinement, deconfinement at finite
volume (probed with the Polyakov’s loop)?
O(2) model in 1+1 dimensions: the zero gauge coupling limit of
scalar QED, Kosterlitz-Thouless transition, Conformal Field
Theory with c=1.
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The O(2) model with a real chemical potential µ

Z =

∫ ∏
(x ,t)

dθ(x ,t)
2π

e−S.

S = − βτ
∑
(x ,t)

cos(θ(x ,t+1) − θ(x ,t) − iµ)

− βs
∑
(x ,t)

cos(θ(x+1,t) − θ(x ,t)).

Z =
∑
{n}

∏
(x ,t)

In(x,t),x̂ (βs)In(x,t),̂t
(βτ )eµn(x,t),̂t

× δn(x−1,t),x̂+n(x,t−1),̂t ,n(x,t),x̂+n(x,t),̂t
.

For real µ the action is complex, β = 1/g2
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Worm configurations
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Figure: Allowed configuration of {n} for a 4 by 32 lattice. The uncovered links
on the grid have n=0, the more pronounced dark lines have |n|=1 and the
wider lines have n=2. The dots need to be identified periodically. The time
slice 5, represents a transition between |1100〉 and |0200〉. Statistical
sampling of these configurations (worm algorithm, Banerjee and
Chandrasekharan PRD 81) has been used to check the TRG calculations.
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TRG approach of the transfer matrix

The partition function can be expressed in terms of a transfer matrix:

Z = TrTLt .

The matrix elements of T can be expressed as a product of tensors
associated with the sites of a time slice (fixed t) and traced over the
space indices (PhysRevA.90.063603)

T(n1,n2,...nLx )(n
′
1,n
′
2...n

′
Lx
) =

∑
ñ1ñ2...ñLx

T (1,t)
ñLx ñ1n1n′1

T (2,t)
ñ1ñ2n2n′2...

. . .T (Lx ,t)
ñLx−1

ñLx nLx n′Lx

with

T (x ,t)
ñx−1ñx nx n′x

=
√

Inx (βτ )In′x (βτ )Iñx−1
(βs)Iñx (βs)e(µ(nx+n′x ))δñx−1+nx ,ñx+n′x

The Kronecker delta function reflects the existence of a conserved
current, a good quantum number (“particle number" ).
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Coarse-graining of the transfer matrix

Figure: Graphical representation of the transfer matrix (left) and its
successive coarse graining (right). See PRD 88 056005 and PRA 90, 063603
for explicit formulas.
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Phase diagram
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Figure: Mott Insulating “tongues" and Thermal entropy in a small region of
the β − µ plane. Intensity plot for the thermal entropy of the classical XY
model on a 4× 128 lattice in the β-µ plane. The dark (blue) regions are close
to zero and the light (yellow ochre) regions peak near ln 2 (level crossing).
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Entanglement entropy SE (PRE 93, 012138 (2016))

We consider the subdivision of AB into A and B (two halves in our
calculation) as a subdivision of the spatial indices.

ρ̂A ≡ TrB ρ̂AB; SEvonNeumann = −
∑

i

ρAi ln(ρAi ).

We use blocking methods until A and B are each reduced to a single
site.

Figure: The horizontal lines represent the traces on the space indices. There
are Lt of them, the missing ones being represented by dots. The two vertical
lines represent the traces over the blocked time indices in A and B.
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Rényi entanglement entropy

The n -th order Rényi entanglement entropy is defined as:

Sn(A) ≡ 1
1− n

ln(Tr((ρ̂A)n)) .

limn→1+ Sn=von Neumann entanglement entropy.

The approximately linear behavior in ln(Ns) is consistent with the
Calabrese-Cardy scaling which predicts

Sn(Ns) = K +
c(n + 1)

6n
ln(Ns)

for periodic boundary conditions and half the slope (c(n+1)
12n ) for open

boundary conditions. The constant K is non-universal and different in
the four situations considered (n=1, 2 with PBC and OBC).
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Time continuum limit

When βt � βx we obtain the time continuum limit (Fradkin, Susskind,
Kogut, Polyakov, ..) and a quantum rotor Hamiltonian on a lattice with
βx acting as the coupling between the spatial sites.

Ĥ =
Ũ
2

∑
x

L̂2
x − µ̃

∑
x

L̂x − J̃
∑
<xy>

cos(θ̂x − θ̂y ) , (3)

with Ũ = 1/(βta), µ̃ = µch./a and J̃ = βx/a, the sum extending over
sites x and nearest neighbors 〈xy〉 in space and a the time lattice
spacing. Finite spin approximations are used (typically spin-1).
For Ũ >> J̃ and µ̃ ' Ũ/2, the model can be approximated by a Bose
Hubbard model with a single species of bosons

HBH =
∑

x

[
Ũ
2

n2
x − µ̃nx − J̃(axa†x+1 + a†xax+1)

]
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Central charge with cold atoms? PRA 96 023603
(2017), PRD 96 034514 (2017)

Current experiments using cold bosonic atoms trapped in
one-dimensional optical lattices can measure the second-order
Rényi entanglement entropy S2 (Greiner, Kaufman, Preiss, ...)
Can we use it to verify detailed predictions of conformal field
theory (CFT) and estimate the central charge c?
We propose an adiabatic preparation of the ground state at
half-filling where we expect a CFT with c = 1. This can be
accomplished with a very small hoping parameter J, in contrast to
existing studies with density one where a much larger J is needed.
We provide methods to estimate and subtract the classical
entropy due to the experimental preparation and imaging
We compare numerical calculations of S2 for the classical O(2)
model with a chemical potential on a 1+1 dimensional lattice, and
the quantum Bose-Hubbard model simulated in experiments.
Can we check the Calabrese-Cardy scaling, S2 ' (c/8) ln(Ns)?
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Bose-Hubbard & O(2) Phase Diagram
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Experimental Proposal (PRA 96 023603 (2017))
A way to set-up half-filling in the ground state

Left
Two identical copies are made
A beamsplitter operation is
applied across the copies
The resulting parities at each
site in a copy give the
quantum purity

Right
A Mott state is prepared with
Np bosons.
Harmonic confinement is
imposed and boundary walls
are created.
J/U is tuned to the desired
value.
The harmonic confinement is
removed.

copy 2

copy 1

I. State preparation 

III. Parity readout

II. Interference 

a) b)
Preparation sequence
initialization

homogeneous system

reduce lattice

walls + harmonic confinement

beamsplitter

++++ --- -

--++ -++ -
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Measurements of S2

Using (Daley, Pichler, Schachenmayer and Zoller, PRL 109.020505):

exp(−S2) = Tr(ρ2
A) = 〈(−1)

∑
x∈A ncopy

x 〉 , (4)

The probability for parity (−1)nx = ±1 is (1± exp(−S2))/2. As S2
increases, more cancellations occur and one needs on the order of
exp(2S2) measurements to overcome the fluctuations. Assuming Ns to
be less than 16 (i. e., less than 8 particles at half-filling with an entropy
per particle of order 0.05), the maximal measured S2 is less than 1.1.
For N independent measurements, we find that the statistical error is

σS2 =
√

(e2S2 − 1)/N . (5)

For the maximal value S2 = 1.1, it takes about 800 measurements to
reach σS2 ' 0.1. Due to the logarithmic growth of S2, the number of
measurements only needs to increase like N1/4

s to maintain a desired
accuracy, which is not a prohibitive growth.
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Results and Fits (A2 = c/8?)
Rényi entropy and fit coefficient for BH and O(2) at J/U = 0.005
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Results and Fits
Rényi entropy and fit coefficient for BH and O(2) at J/U = 0.1
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Conclusion and Work to Do for the O(2) model

The O(2) model can be quantum simulated with a single species
BH model in the superfluid phase.
It is possible with current experimental technology to observe the
oscillations in S2.
CFT provides functional forms for the Rényi entropy that make it
possible to extract the central charge from experimental data.
Look into efficient use of experimental data to improve the error.
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The Abelian Higgs model on a 1+1 space-time lattice

a.k.a. lattice scalar electrodynamics. Field content:
• Complex (charged) scalar field φx = |φx |eiθx on space-time sites x
• Abelian gauge fields Ux ,µ = exp iAµ(x) on the links from x to x + µ̂
• Fµν appears when taking products of U ’s around an elementary
square (plaquette) in the µν plane
• Notation for the plaquette: Ux ,µν = ei(A(x)µ+A(x+µ̂)ν−A(x+ν̂)µ−A(x)ν)

• βpl. = 1/e2 and κ is the hopping coefficient

S = −βpl.
∑

x

∑
ν<µ

ReTr [Ux ,µν ] + λ
∑

x

(
φ†xφx − 1

)2
+
∑

x

φ†xφx

− κ
∑

x

d∑
ν=1

[
eµch.δ(ν,t)φ†xUx ,νφx+ν̂ + e−µch.δ(ν,t)φ†x+ν̂U†x ,νφx

]
.

Z =

∫
Dφ†DφDUe−S

Unlike other approaches (Reznik, Zohar, Cirac, Lewenstein, Kuno,....)
we will not try to implement the gauge field on the optical lattice.
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The large λ limit (finite λ will not be considered here)

λ→∞, |φx | is frozen to 1, or in other words, the Brout-Englert-Higgs
mode becomes infinitely massive.
We are then left with compact variables of integration in the original
formulation (θx and Ax ,ν̂) and the Fourier expansions
exp[2κν̂cos(θx+ν̂−θx +Ax ,ν̂)] =

∑∞
n=−∞ In(2κν̂)exp(ın(θx+ν̂−θx +Ax ,ν̂))

leads to expressions of the partition function in terms of discrete sums.
We use the following definitions:

tn(z) ≡ In(z)/I0(z)

tn(0) = δn,0.

For z non zero and finite, we have 1 > t0(z) > t1(z) > t2(z) > · · · > 0
In addition for sufficiently large z,

tn(z) ' 1− n2/(2z)
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Tensor Renormalization Group formulation

As in PRD.88.056005 and PRD.92.076003, we attach a B(�) tensor to
every plaquette

B(�)
m1m2m3m4

=

{
tm�(βpl), if m1 = m2 = m3 = m4 = m�

0, otherwise.

a A(s) tensor to the horizontal links

A(s)
mupmdown

= t|mdown−mup|(2κs),

and a A(τ) tensor to the vertical links

A(τ)
mleft mright

= t|mleft−mright |(2κτ ) eµ.

The quantum numbers on the links are completely determined by the
quantum numbers on the plaquettes

Yannick Meurice (UofI) Quantum simulating Lattice GT Fermilab, November 7, 2017



Z = Tr [
∏

T ]

Z =∝ Tr

∏
h,v ,�

A(s)
mupmdown

A(τ)
mright mleft

B(�)
m1m2m3m4

 .
The traces are performed by contracting the indices as shown
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The transfer matrix T

B(m1,m2,...mNs )(m
′
1,m
′
2...m

′
Ns

) = tm1(2κτ )δm1,m′1
tm1(βpl)×

t|m1−m2|(2κτ )δm2,m′2
tm2(βpl)t|m2−m3|(2κτ ) . . .

tmNs
(βpl)tmNs

(2κτ )

Note that with this choice of open boundary conditions, the chemical
potential has completely disappeared. If we had chosen different m’s
at the end allowing a total charge Q inside the interval, we would have
an additional factor exp(µQ). We next define a matrix A as the product.

A(m1,m2,...mNs )(m
′
1,n
′
2...m

′
Ns

) =

t|m1−m′1|(2κs)t|m2−m′2|(2κs) . . . t|mNs−mN′s
|(2κs)

With these notations we can construct a symmetric transfer matrix T.
Since B is diagonal, real and positive, we can define its square root in
an obvious way and write the transfer matrix as

T =
√
BA
√
B
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The time continuum limit and the energy spectrum

In the limit κs = 0, and if both κτ and βpl become large, at leading
order in the inverse of these large parameters, the eigenvalues of T are

λ(m1,m2,...mNs )
=

1− 1
2

[(
1
βpl

(m2
1 + m2

2 + · · ·+ m2
Ns

) +

1
2κτ

(m2
1 + (m2 −m1)2 + . . .

· · ·+ (mNs −mNs−1)2 + m2
Ns

)]

In the case 1 << βpl << κτ , we set the scale with the (large) gap
energy Ũg ≡ 1/aβpl .

For 1 << κτ << βpl , we tend to have strings of constant m but for
large volume, the plaquette energy can take over (confinement).
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The Hamiltonian for 1 << βpl << κτ and m = 0,±1

We now use the spin-1 approximation (m = 0,±1 or n = 0,±1) to
discuss the two cases.

For 1 << βpl << κτ , We use the notation L̄x
(i) to denote the first

generator of the spin-1 rotation algebra at the site (i). The notation L̄ is
used to emphasize that the spin is related to the m quantum numbers
attached to the plaquettes, not to the charges n on the time links.

We define Ỹ ≡ (βpl/(2κτ ))Ũg and X̃ ≡ (βplκs
√

2)Ũg which are the
(small) energy scales. The final form of the Hamiltonian H̄ for
1 << βpl << κτ is

H̄ =
Ũg

2

∑
i

(
L̄z
(i)

)2
+

Ỹ
2

∑
i

(L̄z
(i) − L̄z

(i+1))
2 − X̃

∑
i

L̄x
(i) .
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Polyakov loop: definition

Polyakov loop, a Wilson line wrapping around the Euclidean time
direction: 〈Pi〉 = 〈

∏
j U(i,j),τ 〉 =exp(−F (single charge)/kT ); the order

parameter for deconfinement.

With periodic boundary condition, the insertion of the Polyakov loop
(red) forces the presence of a scalar current (green) in the opposite
direction (left) or another Polyakov loop (right).

0 01

0 01

0 01

0 01

0 01

1

1

1

1

1

0

0

0

0

0

0 0 01 1

0 0 01 1

0 0 01 1

0 0 01 1

0 0 01 1

In the Hamiltonian formulation, we add − Ỹ
2 (2(L̄z

i? − L̄z
(i?+1))− 1) to H.
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Polyakov loop (Judah Unmuth-Yockey)
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Figure: Left: comparison between TRG and MC. Right: TRG with fixed spatial
length and various temporal lengths. Data like this was used to find the decay
in the temporal length of the lattice. It was found to decay exponentially for
large enough temporal lengths (see next slide).
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Polyakov loop (Judah Unmuth-Yockey)
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Figure: Here we see for different spatial sizes, the free energy for a static
charge is different in each case for large Nτ (very small T ). The slope ∆E is
a function of g2.
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Conjectures

• For g2Ns small enough ∆E ' a/Ns + bg2Ns

• ∆ENs = f (g2N2
s ) (data collapse)

• For large g2N2
s , f (g2N2

s ) ∼
√

g2N2
s

• ∆E stabilizes at large Ns at some value proportional to g

We use g2 = 1/βplaquette
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Polyakov loop collapse (Judah Unmuth-Yockey)
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Figure: A fit to the universal curve of the form
√

A + Bx (preliminary).
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Two species Bose-Hubbard (PRD 92 076003)

The two-species Bose-Hubbard Hamiltonian (α = a,b indicates two
different species, respectively) on square optical lattice reads

H = −
∑
〈ij〉

(taa†i aj + tbb†i bj + h.c.)−
∑
i,α

(µ+ ∆α)nαi

+
∑
i,α

Uα

2
nαi (nαi − 1) + W

∑
i

na
i nb

i +
∑
〈ij〉α

Vαnαi nαj

− (tab/2)
∑

i

(a†i bi + b†i ai)

with na
i = a†i ai and nb

i = b†i bi .
In the limit where Ua = Ub = U and W and µa+b = (3/2)U much larger
than any other energy scale, we have the condition na

i + nb
i = 2 for the

low energy sector. The three states |2,0〉, |1,1〉 and |0,2〉 satisfy this
condition and correspond to the three states of the spin-1 projection
considered above.
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Using degenerate perturbation theory

Heff = (
Va

2
− t2

a
U0

+
Vb

2
−

t2
b

U0
)
∑
〈ij〉

Lz
i Lz

j

+
−tatb
U0

∑
〈ij〉

(L+
i L−j + L−i L+

j ) + (U0 −W )
∑

i

(Lz
i )2

+ [(
pn
2

Va + ∆a −
p(n + 1)t2

a
U0

)− (
pn
2

Vb

+ ∆b −
p(n + 1)t2

b
U0

)]
∑

i

Lz
i − tab

∑
i

Lx
(i)

where p is the number of neighbors and n is the occupation (p = 2,
n = 2 in the case under consideration). L̂ is the angular momentum
operator in representation n/2.
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Matching the O(2) and BH spectra for large U

Matching: with the O(2) model, we need to tune the hopping amplitude
as tα =

√
VαU/2 and have J̃ = 4

√
VaVb, Ũ = 2(U −W ), and

µ̃ = −(∆a − Va) + (∆b − Vb).
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BH model
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∼
=0

Figure: O(2) and Bose-Hubbard spectra for L=2 (left) and L=4 (right).
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Optical lattice implementation (PRA 90 06303)

The two-species: 87Rb and 41K Bose-Bose mixture where an
interspecies Feshbach resonance is accessible (W ).
Species-dependent optical lattice are used in boson systems,
which allows hopping amplitude of individual species to be tuned
to desired values.
The extended interaction, Vα, is present and small when we
consider Wannier gaussian wave functions sitting on nearby lattice
sites (Mazzarella et al. 2006)

tatb

Ub UaW

Vb Va
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Matching the Ab. Higgs model and BH spectra

Matching: ta = tb = 0, Va = Vb = −Ỹ /2, tab = X̃ ,
Ũp = 2(U −W + 2Va(b)), ∆a(b) = −2Va(b).

Figure: Abelian-Higgs model with X̃/ŨP = 0.1, Ỹ/ŨP = 0.1 and the
corresponding Bose-Hubbard spectra for L = 2 (top) and L = 4 (bottom).
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Optical lattice implementation

• Ladder structure?

Figure: A ladder structure with a and b corresponding to the two sides of the
ladder (right).

• Two species -> hyperfine states or physical ladder?
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A physical ladder

The two “species" of bosons previously invoked are the bosons in
the two sides of the ladder.
There is no tunneling along the two long sides of the ladder
(ta = tb = 0) and there are exactly two bosons attached to each
rung. This condition corresponds to the spin-1 approximation.
The ladder can be setup in a way similar to the preparation of twin
tubes in recent experiments. We start with a deep Mott ladder with
one boson per site. We then make the potential more shallow
along the rungs allowing tab to be non zero.
The nearest neighbor interactions can be realized using Rydberg
atoms (Zeiher et al. 1705.08372)
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Checking the feasibility of the proposal with a simpler
example (spin-1/2)

With one boson per rung, we can realize a spin-1/2 system
The range of the Rydberg interaction can be tuned in such a way
that two neighbor atoms on the same side of the ladder feel an
attractive interaction while if they are on opposite sides (but on
neighbor rungs) the attraction is much weaker.
We can use this simpler setup to quantum simulate the well
studied quantum Ising model in a transverse field. This model has
second order phase transition with known exponents.
Spin-imaging is easy (up-down corresponds to the two sides of
the ladder).
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The “classical" Ising model

System of spins on a square lattice: σx ,y = ±1

S = −β
∑

(x ,y) σx ,y (σx+1,y + σx ,y+1)− h
∑

(x ,y)

partition function: Z =
∑
{σ} e−S

Second order phase transition (order-disorder) at self dual βc :
tanh(βc) = exp(−2βc) which implies βc = ln(1 +

√
2)/2 = 0.4406....

Transfer matrix exactly diagonalizable at finite volume (Kaufman)

Critical exponents are known exactly (ν = 1, η = 1/4, γ = 7/8, ...)

Allows us to test renormalization group (RG) method
As quantum simulations are still made on relatively small lattices, it is
convenient to study the finite size scaling dictated by the RG analysis
of the second-order phase transition.
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On a L× L lattice, the magnetic susceptibility is

χclass. =
1
L2

∑
<(x,y>

< (σx− < σx >)(σy− < σy >) >∝ ξ2−η ∝ |β − βc |−γ

with ξ the correlation length and γ = ν(2− η)=1.75
Under a RG transformation with a scale factor b, L→ L/b and we
obtain a data collapse by plotting χclass.′ = χclass.L−γ/ν versus
β′ = L1/ν(β − βc)/βc . A magnetic field is introduced to break the
symmetry between the two vacua in the broken symmetry phase and
is varied in order to keep h′ = hL15/8 constant. Numerical calculations
by Jin Zhang.

Yannick Meurice (UofI) Quantum simulating Lattice GT Fermilab, November 7, 2017



Data collapse for the classical magnetic susceptibility
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The “quantum" Ising model

It is possible to take the time continuum limit and keep the spatial
lattice. This result into the quantum hamiltonian in one space
dimension.

Ĥ = −λ
∑

i

σ̂z
i σ̂

z
i+1 −

∑
i

σ̂x
i − h

∑
i

σ̂z
i

where all the energies are expressed in units of the transverse
magnetic field (the coefficient in front of −

∑
i σ̂

x
i ). In the ladder

realization, this is proportional to the inverse tunneling time along the
rungs. The zero temperature magnetic susceptibility is

χquant . =
1
L

∑
<i,j>

< (σi− < σi >)(σj− < σj >) >∝ ξ1−η ∝ |λ− 1|−ν(1−η)

where < ... > are short notations for 〈Ω|...|Ω〉 with |Ω〉 the lowest
energy state of Ĥ. Recent calculations by Jin Zhang show a nice data
collapse.
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Data collapse for the quantum magnetic susceptibility:
χquant .′ = χquant .L−(1−η) versus λ′ = L1/ν(λ− 1)
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Looking at the vacuum wavefunction
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Sudden expansion and thermalization (in progress)

Figure: S2(t) for a sudden expansion (half-filling after the expansion), by Jin
Zhang.
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Conclusions

We have proposed a gauge-invariant approach for the quantum
simulation of the abelian Higgs model.
The tensor renormalization group formulation allows reliable
calculations of the phase diagram and spectrum in the limit
λ→∞.
Calculations of the entanglement entropy for the O(2) model in
the superfluid phase at increasing Nx are consistent with a CFT of
central charge 1.
Calculations of the Polyakov loop at finite Nx and small gauge
coupling shows an interesting behavior (related to the KT
transition of the limiting O(2) model).
We have proposed a Bose-Hubbard model that corresponds to the
spin-1 version and proposed implementation on optical lattices.
Proof of principle: data collapse for the quantum Ising model
realized on a ladder.
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