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Why do we climb mountains?
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Why do we climb mountains?

Because they're there.
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Why do we study neutrino scattering?

To support the oscillations program, yes, but also as probes of fundamental physics.
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Goals
• Sketch the challenges imposed by our oscillation physics 

program, and highlight the need for high quality cross section 
measurements and calculations.
• Discuss the basic formalism and jargon.
• Highlight a handful of active neutrino cross section 

experimental programs (at a very superficial level).
• Explain the role of event generators in accelerator-based 

neutrino physics, and mention a few of the more popular codes.

5

Disclaimer: I work in experiment (MINERvA), on 
generators, and in computing. These facts shape my 
perspective... I tried to make connections to many of 
the lectures coming later in this school, but some of 
those were easier for me than others...
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The Basic Problem
A neutrino comes in (unobserved).

A lepton comes out (maybe)...

...along with some 
hadrons (maybe).

What was the neutrino's energy?

We really want flavor too...

This (flux) is a major problem which we will not consider much here....
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• 3 x 3 Unitary Matrix 
- 3 “Euler Angles”, 1 Complex Phase*

• 3 Masses
- 2 Independent Splittings
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mc

ma

mb

θ12,θ23,θ13,δCP

νi = Mass 
Eigenstates

να = Flavor 
Eigenstates

PMNS matrix...

*Plus two Majorana phases - Insanely important!

Why do we need the energy?
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• Flavor eigenstates interact. Flavor states are superpositions of 
mass states. 
- Different masses ⇒ Different propagators.

• ⇒ Flavor composition evolves with time.
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B. Kayser, arXiv 
0804.1121

m1 6= m2 6= m3
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How do we measure PMNS?

• We beat these probabilities against each other.
• δ → -δ for antineutrinos.
• Compare neutrinos to antineutrinos to measure CP violation and 

the mass hierarchy.

9
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Probabilities

• The probabilities are a function of the matrix parameters, the mass 
splittings, and the neutrino energy!
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In MATTER:

�ij = 1.27�m2
ijL/E
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P ≥ 2
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How do we measure these probabilities?
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Experiments

• N = overall normalization (e.g., mass)
• 𝛷𝛼 = flux of 𝜈𝛼

• 𝜎𝛽 = cross section for 𝜈𝛽

• 𝜀𝛽 = detection efficiency for 𝜀𝛽

• NOTE: 𝜎𝛽𝜀𝛽 always appear together. Define:

12

R(Evis) = N

Z
dE�↵(E)��(E,Evis)✏�(E)P (⌫↵ ! ⌫� , E)

We do not measure the probability directly - we measure a rate:

�̃� = ��✏�

Slide inspired by P. Huber, NuInt2017
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Problem & Solution
• How do we know the components of the integral?
• How can we even determine the ratios for flavor and helicity 

combinations?
• Even if we know the cross sections from theory, we don't know 

efficiency ratios.
• But, we can measure ratios if we use two detectors!

13

R↵!↵(Far)L2

R↵!↵(Near)
=

Nfar�↵�̃↵P (⌫↵ ! ⌫↵)

Nnear�↵�̃↵

R↵!↵(Far)L2

R↵!↵(Near)
=

Nfar

Nnear
P (⌫↵ ! ⌫↵)

Slide inspired by P. Huber, NuInt2017
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14

http://www-numi.fnal.gov/PublicInfo/forscientists.html

Measure "Near"/Far

Fit Ratio

Extract Physics!

⇠ �m2
32

⇠ sin2 2✓32

http://www-numi.fnal.gov/PublicInfo/forscientists.html
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But, another (harder) problem!

• The above equations were for a disappearance measurement. For 
appearance measurements:

• It is even worse than that, because the efficiencies and the cross sections 
will both change for antineutrinos.

15 Slide inspired by P. Huber, NuInt2017
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But wait - because our beams aren't pure, we're saved, right?

• The oscillated flux is different for a given species, so energy-
dependent effects never really cancel.
• You need independent, external measurements to constrain your 

cross section model. Using internal measurements only introduces 
a degree of circularity.
• If you are truly able to build identical near and far detectors, 

projecting your near detector measurement to the far detector to 
compute an expected spectrum is a powerful technique. But...
- It is hard to build identical near and far detectors!
- If nothing else, you typically want your far detector to be much, much larger 

than your near detector. Even assuming perfect calibration this has 
important consequences for the acceptance in both detectors.
- Scaling the same technology in the same way is also challenging. Typically 

technologies that scale well for both small and large detectors involve 
making granularity sacrifices in the near detector.

16
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The challenge and the reward
• Current and future neutrino oscillation 

experiments have a very ambitious program.
• U. Mosel, NuInt 2017: DUNE is “an 

impossible” experiment:
- Flux not fully specified,
- Beamline is over 1,000 km, diameter is over 1 

km at Far Detector,
- Cross sections are tiny (10-11 mb) and 

plagued by numerous theory and 
experimental uncertainties,

- Somehow we need to extract evidence of 
physics beyond the Standard Model!

• Control of cross section systematics is a 
critical piece - requires a multi-pronged effort 
involving theorists, experimenters, and and 
Monté Carlo authors all working together.
- No single measurement or calculation will 

solve it all!

17

WIN2017: June 20, 2017 7

Why do we care that the 
cross-sections are poorly known?

 We are now in a period of precision 
neutrino oscillation measurements

Can't ignore systematics 
uncertainties

Systematic errors due to neutrino 
interaction cross sections are a large 
fraction of the error

 Need better models (generators) based 
on high precision data 

→  Enter MINERnA

Figure by 
V. Paolone

See more from S. Bolognesi in this school!
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Fermi’s Second Golden Rule

Mif =

Z
 ⇤
fH id⌧Perturbation Theory:

ρf is the density of states (phase space factor).

Basic Formalism

Fermi makes the rules.

� (a+ b ! c+ d) / |Mif |2 ⇢f

M is the “Matrix Element”
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Weak Interactions in the Standard Model

νe

e-

νµµ-

W-

Particle e- e+ νe νe

le +1 -1 +1 -1

Lepton Number Conservation*

*Actually, “hiding” behind Parity violation. Hmmm...

Massive Propagator!

Parity Violation.
Z0

ν ν

fermion

anti-lepton

neutrino
Charged Current (CC) W±

Flavor Pairing!

Neutral Current 
(NC)

Flavor 
Unknown!
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1

2

�
1� �5

�
 =  L

Maximal Parity 
Violation

• The Weak force is left-handed.
• Put simply, the Weak force couples to 

left-handed stuff and right-handed anti-
stuff.

• Handedness is frame dependent for 
massive particles.

• To the extent neutrinos are massless, 
the Weak force couples to left-handed 
neutrinos and right-handed anti-
neutrinos only.

20

Left-Helicity Right-Helicity

Right Handed Left Handed

Mirror Plane

100%
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Skip a lot of steps! See: Halzen & 
Martin Quarks & Leptons or Griffiths 

Intro. to Elementary Particles.
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e-!e

W

!e

1

2

X

spins

|M|2 = 16G2
F t

2

= 4G2
F s

2
(1� cos ✓)2

d�

d⌦
=
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By crossing the neutrinos of previous diagram, we have 
the result for antineutrinos, replacing s with t:

e-

e-
!e

W

!e Integrating over angles, we have:

Neutrino-Electron Scattering

Anti-Neutrino-Electron Scattering

DONE!, 
right?...
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Free Nucleon: 
Parameterize  

w/ Form Factors…

Nucleus:  
What is the initial state?  

What escapes the nucleus?

ν lepton

d u

W±

f f

ν ν

Z0
Charged Current Neutral Current

ν lepton

?

Bare fermions: 
Graduate 

homework 
problem

Framing the issue

???

How do we get 
there?

What do we 
measure?

What can we 
calculate?
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Reaction Channel Menagerie: A Glossary
• Charged current: exchange a W boson; neutral current: exchange a Z 

(not shown) - no charged lepton in the final state for NC.
- CCQE : Charged-Current Quasi-Elastic
- CC π±, π0 
• Coherent (no break-up) & Resonance Production

- Deep Inelastic Scattering (DIS - scatter on a parton)
• Our descriptive language is something of a historical accident. 

These terms are really only proper when discussing scattering on free 
nucleons.
- When scattering on nuclei, final state interactions (FSI) mix up the 

particles leaving the nucleus, making this sort of assignment 
impossible.

- We should prefer specification by visible particles in the final 
state (but we still use these terms anyway).

23

n p

W⁺

νμ μ'

CCQE

p
p

W⁺

μ%νμ

π+

Δ++

CC  
Resonant π+

A A

π+

νμ

W⁺

μ(

N X

W±

νμ μ'

CC-DIS CC 
Coherent π 
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k k0

p Hadrons : p0

q

q2 ⌘ (p0 � p)
2
= �Q2

Mass : M

⌫ ⌘ p · q
M

y =
p · q
p · k x =

�q

2

2p · q =
�q

2

2M⌫

W 2 ⌘ (p+ q)2 = E2
H � pH

2

Neutrino Kinematics Jargon : Technical

Inelasticity Parton Momentum 
Fraction

(Momentum Transfer)2

(Hadronic Invariant Mass)2

Energy transfer.
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Q
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2

= �Q2
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Neutrino Kinematics Jargon : Practical

Inelasticity Parton Momentum 
Fraction

(Hadronic Invariant Mass)2

Energy transfer.

q (Momentum Transfer)2
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How to think about neutrino interactions
• W/Z boson exchange with target is complex.
• We slide around in Q2, W, x, and y with reasonably hard divisions between 

coherent, elastic, and inelastic reactions, but the target is very messy - do we 
resolve partons? nucleons? correlated groups of nucleons? the whole 
nucleus? It depends on the kinematics.
• The produced particles can vary a lot for a given set of kinematics and the 

inverse is also true - many different kinematic configurations can produce the 
same set of produced particles.
• Then everything gets smeared by final state interactions. 

26

High Q2Low Q2

Fermi Motion

NucleonNucleus
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How to think about neutrino interactions
• Generically though, at very low energy transfer to the nucleus (t), 

reactions are coherent. The nucleus remains in the ground state 
and we produce a pion and a lepton.
• As we move up in energy transfer and four momentum transfer, we 

start to resolve more of the inside of the nucleus and scatter of 
nucleons and correlated groups of nucleons (all bound, of course). 
We generally call these reactions quasielastic, elastic, or “2p2h” 
depending on current and scattering target.
• As we go up we may produce resonances  and then mesons 

through non-resonant processes. In this smeary ("transition") 
region of energy and momentum transfer we are no longer 
“elastic”.
• We pass through a complex transition region until we begin 

resolving partons. This is the domain of deep inelastic scattering 
(high Q2, high W, very messy and busy final states).

27
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Features
• Cross-sections scale ~linearly with the number of targets.
• Experiments often report cross-sections per:
- Isoscalar nucleon (sum of protons and neutrons)
- Atom (e.g. per 12C, etc.)
- Per proton / neutron (typically for anti-nu / nu)

28

CTEQ Summer School – July , 2011 Dave Schmitz, Fermilab 41 

  +85�<5@D?>�F5BD5H�G1C�@B5DDI�C9=@<5	�&6�3?EBC5��9DNC�D85�814B?>93�
F5BD5H�9>�ν�%�C31DD5B9>7�D81D�3?>D19>C�1<<�D85�3?=@<931D9?>�

Neutrino-Nucleon Interactions  

νl l 
� 

.��
The total cross-section increases linearly with energy!
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QCD and the nuclear Hamiltonian 
• Owing to its non-abelian character, QCD is strongly nonperturbative at “large” distances.

• Quark and gluons do not exists in the physical spectrum as asymptotic states

• Lattice-QCD is the most reliable way of “solving” 
QCD in the low-energy regime, and it promises to 
provide a solid foundation for the structure of nuclei 
directly from QCD

Lattice QCD  
QFT in a Finite and Discretized Spacetime

Lattice Spacing :

1/Λχa << 

m⇡L >> 2⇡
Lattice Volume : 

Extrapolate to a = 0 and L =1

(Nearly Continuum)

(Nearly Infinite Volume)

Systematically remove non-QCD parts of calculation
11

•The applicability of Lattice-QCD is limited to few 
body systems, (A<4), and to a nuclear physics in 
which the pion mass must be kept much higher 
than the physical one. 

• Effective theory: non relativistic nucleons interacting via instantaneous potentials

H =
X

i

p2
i

2m
+

X

i<j

vij +
X

i<j<k

Vijk + . . .

Courtesy of M. Savage 

Alessandro Lovato 

In collaboration with:

Stefano Gandolfi, Joe Carlson, Juan Nieves, Maria Piarulli, Steve Pieper, Noemi Rocco, and 
Rocco Schiavilla


Electron scattering within ab-initio 
approaches 

NuINT 2017

We must use effective theories (differing approaches to the use 
of relativity) - connecting the physics of scattering on nucleons 
to scattering on nuclei is particularly tricky, important.

Ask him about this at NuSTEC 2017!
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4/12/2013 M. Martini,  INT Seattle 23 

Neutrino-nucleus interaction 

lepton 

hadron 

Vector Axial 

] 

Cross section: 

Nucleon properties o Form factors: Electric GE, Magnetic GM, Axial GA 

Nuclear dynamics o Nuclear Response Functions:  

Charge Rc (W),  Isospin Spin-Longitudinal RL(W Vxq), Isospin Spin Transverse RT (W Vxq) 

http://www.int.washington.edu/talks/WorkShops/int_13_54W/People/Martini_M/Martini.pdf4/12/2013 M. Martini,  INT Seattle 57 

Neutrino vs  Antineutrino-nucleus cross-section 

• The 2p-2h term affects the magnetic and axial responses (terms in GA
2

 ,GM
2

, GAGM )  
• The isovector response Rτ (term in GE

2
 ) is not affected  

     (remember: Superscaling analysis of  (e,e’) data displays no tail above the QE peak  in RW ) 

isovector nuclear response  

] 

isospin spin-longitudinal 

isospin spin-transverse 

interference V-A  

The asymmetry between neutrinos and antineutrinos interactions is important for the 
investigation of CP violation effects.  
 

Nuclear effects generate an additional asymmetry due to interference term  

In our model : 

4/12/2013 M. Martini,  INT Seattle 2 

Outline 

•Review of the main results obtained with our model and  
  comparison with experimental data 
 
•Description of our theoretical model 
  - nuclear response functions in RPA 
  - np-nh excitations 
 
•Comparison among theoretical models  

Phys. Rev. C 80 065501 (2009) 
Phys. Rev. C 81 045502 (2010) 
Phys. Rev. C 84 055502 (2011) 
Phys. Rev. D 85 093012 (2012) 
Phys. Rev. D 87 013009 (2013) 
Phys. Rev. C 87 065501 (2013) 
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http://www.int.washington.edu/talks/WorkShops/int_13_54W/People/Martini_M/Martini.pdf

4/12/2013 M. Martini,  INT Seattle 57 

Neutrino vs  Antineutrino-nucleus cross-section 

• The 2p-2h term affects the magnetic and axial responses (terms in GA
2

 ,GM
2

, GAGM )  
• The isovector response Rτ (term in GE

2
 ) is not affected  

     (remember: Superscaling analysis of  (e,e’) data displays no tail above the QE peak  in RW ) 

isovector nuclear response  

] 

isospin spin-longitudinal 

isospin spin-transverse 

interference V-A  

The asymmetry between neutrinos and antineutrinos interactions is important for the 
investigation of CP violation effects.  
 

Nuclear effects generate an additional asymmetry due to interference term  

In our model : 
4/12/2013 M. Martini,  INT Seattle 57 

Neutrino vs  Antineutrino-nucleus cross-section 

• The 2p-2h term affects the magnetic and axial responses (terms in GA
2

 ,GM
2

, GAGM )  
• The isovector response Rτ (term in GE

2
 ) is not affected  

     (remember: Superscaling analysis of  (e,e’) data displays no tail above the QE peak  in RW ) 

isovector nuclear response  

] 

isospin spin-longitudinal 

isospin spin-transverse 

interference V-A  

The asymmetry between neutrinos and antineutrinos interactions is important for the 
investigation of CP violation effects.  
 

Nuclear effects generate an additional asymmetry due to interference term  

In our model : 
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The Basic Problem: we must interpret with models

32

E1, P1

E2, P2

E3, P3

We must leverage every 
possible observable!

E ~ E1P1 + E2P2 + E3P3 + …

Need to integrate - we 
interpret results statistically 
using event generators.(and so on…)

(Energy1, Probability1)
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What do we measure?
• It is important to understand observables, and to align what we 

measure with what we calculate.
• This is particularly important with neutrinos.
• Recall, we do not observe the incoming neutrino!
• Final states are "degenerate" - we do not have complete 

information about the final state - we must interpret observables 
with probabilistic models that integrate over different possible initial 
states for an observed final state.
• It is very dangerous to report results that can only be computed 

with a model - if you do (sometimes we can't help ourselves), we 
should also always provide cross sections of the input observables.
• More and better dialog is needed about what we mean even when 

we say we are measuring "simple" particle observables.
- Are we sure we all agree on the definition of a particle?

33
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                                              MINERνA - Neutrino Scattering

• Fine-grained, high-
resolution scintillator 
tracker for detailed 
kinematic reconstruction 
of neutrino-nucleus 
interactions.
• Cross-section program.
• Nuclear effects with a 

variety of target 
materials ranging from 
Helium to Lead.

34

A status report on the 
MINERQA neutrino 

Experiment 

Steven Manly, University of Rochester 
Representing the MINERQA collaboration 

 
HEP 2012, Valparaiso, Chile 

January 4-10 , 2012 
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FIG. 9: The predicted thick target ⌫µ flux at the MINERvA detector for the low energy, ⌫µ

focused, beam configuration. The ratio plot shows the e↵ect of correcting the flux simulation using

thick and thin target hadron production and attenuation data as described in the text. The error

band includes uncertainties due to hadron interactions, beam geometry and beam focusing.
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2 between the two predictions:
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NX

i,ij
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i � �
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j � �

thin
j )[V�1

tt ]ij (4)

where �

thick,thin refers to the flux predictions in the bins i, j and Vtt is the bin-to-bin co-

19

Phys. Rev. D 94, 
092005 (2016)
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June 1, 2012

 

Mike Kordosky, Wm &Mary 123

Event reconstruction 

One full beam spill

X vs Z

nµ

June 1, 2012

 

Mike Kordosky, Wm &Mary 20

Event reconstruction 

Most important quantities:
muon energy and angle
recoil energy
secondary tracks/blobs

p+ g

g

µ-

p

n

My guess,
just for fun

Modern neutrino detectors are imaging detectors.
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The NOvA Experiment

˚ NOvA (NuMI Off-axis ⌫e Appearance) is
a neutrino oscillation experiment

˚ Baseline of 8�� km
˚ NuMI, beam of mostly ⌫µ
˚ �� mrad off-axis from the beam
˚ Two functionally identical detectors

˚ Oscillation channels accessible to
NOvA:

˚ ⌫µ(⌫̄µ) to ⌫e(⌫̄e) (appearance)
˚ ⌫µ(⌫̄µ) to ⌫µ(⌫̄µ) (disappearance)

˚ Can also do sterile searches

Far Detector
15m X 15m X 60m
896 planes

Near Detector
4m X 4m X 16m
214 Planes

Kanika Sachdev 8/��

NOvA Detectors

˚ Tracking calorimeters

Far Detector (FD)
˚ �� kt, Á ���,��� channels

˚ On surface

˚ 8�� km from source

Near Detector (ND)
˚ �.� kt, Á ��,��� channels

˚ ��� m below surface

˚ � km from the NuMI

Kanika Sachdev ��/��

NOvA Detector Design

˚ Composed of PVC modules extruded to form long tube-like

cells : �� m long in FD, � m ND

˚ Each cell is �lled with liquid scintillator

˚ Optical �ber loop carries scintillation light to a pixel on an

Avalanche Photo Diode (APD)

˚ Cells arranged in planes, with alternating planes

perpendicular in orientation

Kanika Sachdev ��/��

Alexander Radovic 
College of William and Mary

NOvA

NOvA Detector Design

˚ Composed of PVC modules extruded to form long tube-like

cells : �� m long in FD, � m ND

˚ Each cell is �lled with liquid scintillator

˚ Optical �ber loop carries scintillation light to a pixel on an

Avalanche Photo Diode (APD)

˚ Cells arranged in planes, with alternating planes

perpendicular in orientation

Kanika Sachdev ��/��

Latest Neutrino Oscillations Results from NOvA

PINS ���� Workshop, SLAC

Kanika Sachdev

March ��, ����

Kanika Sachdev �/��

@novaexperiment
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  NuMI Beam              

➔ Detectors are installed by being
off beam axis

➔ Narrow band beam peaked at 2 GeV

➔ Near maximum oscillation

➔ Reduced NC background

➔ Electron neutrino flux counts ~1%
of total flux.

The Neutrino Flux
NO𝜈A detectors are sited 
14 mrad off the NuMI 
beam axis 
 
With the medium-energy NuMI 
tune, yields a narrow 2-GeV 
spectrum at the NO𝜈A detectors 
 
 
    → Reduces NC and 𝜈e CC 
 backgrounds in the  
 oscillation analyses 
 while maintaining 
 high 𝜈𝜇 flux at 2 GeV. 
 
 

NuMI off-axis beam 

Ryan Patterson, Caltech Fermilab JETP, August 6, 2015 7 

14 mrad 
(NO𝜈A) 

on axis 

5

• Narrow band neutrino beam 1~3GeV peak at ~2GeV, Dominated by 
νμ (94%) 

• Hadron production uncertainty constraint by external hadron 
production data. (See Leo Aliaga’s talk on Monday)

Jonathan M. Paley
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νµ CC inclusive - Summary of Uncertainties

14

• Statistical uncertainties are typically < 2%

• Systematics are still being assessed, but we expect for the differential measurement 
~10% highly correlated (normalization) flux uncertainties, and all others systematics 
combined to be 5-8%.

• σ(E) measurement systematics will be similar, although systematics from energy 
scale uncertainties will be larger on the rising and falling edges of the spectrum.

NOvA Pion Measurements
Hongyue Duyang 

University of South Carolina 

For the NOvA Collaboration

1
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Far Detector Data

˚ Trigger window is ��� µs, neutrino spill only lasts �� µs

Top View

Side ViewDown

Up

West

East

Beam Direction

Kanika Sachdev ��/��

Latest Neutrino Oscillations Results from NOvA

PINS ���� Workshop, SLAC

Kanika Sachdev

March ��, ����

Kanika Sachdev �/��

Alexander Radovic 
College of William and Mary

500 microsecond readout “gate”: Detector on the surface.

Where’s the neutrino?
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Far Detector Data

˚ Trigger window is ��� µs, neutrino spill only lasts �� µs

Top View

Side ViewDown

Up

West

East

Beam Direction

Kanika Sachdev �8/��

Latest Neutrino Oscillations Results from NOvA

PINS ���� Workshop, SLAC

Kanika Sachdev

March ��, ����

Kanika Sachdev �/��

Alexander Radovic 
College of William and Mary

Apply a timing cut (still significant cosmic background)
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                    T2K

• Oscillation experiment (far detector 
Superkamiokande) with high 
granularity, magnetized near 
detector complex for comprehensive 
cross section program on Carbon, 
Oxygen.
- P0D contains water layers, 

scintillator, and absorbers.
- TPC and segmented scintillator 

modules.

39

Stephen Dolan LLWI 2017, Lake Louise, Canada

The Flux

• Off-axis 𝜈𝜇 beam
• Tightly-peaked at 600 MeV 2.5° off-axis towards SK
• Low contamination from non-𝜈𝜇 components
• Flux estimation aided by hadron production measurements from 

NA61/SHINE at CERN
Phys. Rev. D 87, 012001

Peak: 0.6 GeV

Peak: 1.1 GeV

(ND280)

32

T2K	neutrino	flux

5

• Primarily	νμ in	neutrino	mode
• Other	flavors	mainly	from	
decays	of	muons,	kaons,	
and	wrong-sign	pions
• 3%	wrong-sign	
contribution	

• Constrained	by	hadron-
production	data	
(NA61/SHINE)  (GeV)νE
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T2K ND280 Upgrade
Masashi Yokoyama

(Department of Physics, The University of Tokyo)
for the T2K Collaboration

masashi@phys.s.u-tokyo.ac.jp

Figures by S. Dolan, Lake Louise 2017 & T. Yuan, IPA Symposium 2017

Stephen Dolan LLWI 2017, Lake Louise, Canada

ND280 (off axis near detector)
Peak Eν

On Axis ~ 1.1 GeV

Off Axis ~ 0.6 GeV

33
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ND280

Stephen Dolan LLWI 2017, Lake Louise, Canada

ND280 (off axis near detector)

7

PØD

P0D ECal
Electromagnetic 

Calorimeter (ECal)

π0 detector 
(P0D)

UA1 Magnet

Time Projection  
Chambers (TPCs)

Fine Grained 
 Detectors (FGDs)

EC
al

T2K Off-Axis Near Detector

55

Beam

Interaction in FGD1

Primary Interaction Material: Carbon 
Secondary Interaction Materials: 

Oxygen, Lead, Brass, Argon

Side Muon Range Detector

Beam Interaction in P0D

Interaction in ECal

Markov Chain Monte 
Carlo Oscillation Fits  
(with an emphasis on systematics)

Asher Kaboth 
2017.04.19

P0D 
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Scintillation Light 
detected by PMTs

Anode 
(wire plane)

X = 2.5 m

Y
 = 2.3 m

Z = 10
.4 

m

1. Charged particles interact in Ar 
• Ionize argon 
• Produce scintillation light 

2. Ionization e- drift toward anode 
3. Wire planes detect drift e-

Charge collected 
by wire plane

Drift Time = X position

Cathode @ 70 kV 
(plate)

Electric Field 
~270 V/cm
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TPC Working Principle (IV)

Three 
Wire Planes

The MicroBooNE 
Experiment

Raquel Castillo Fernández 
03/13/2017 

PINS2017, SLAC

On behalf the MicroBooNE 
collaboration

Figures: Kazuhiro Terao, SLAC & 
Andy Furmanski, Manchester
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(70&kV:&273&V/cm)&

•  PMTs&used&for&online&triggering&(don’t&save&
every&event)&

•  TPC&dri`&;me&~2ms&
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SBN&(an&aside)&

•  Fermilab&Short&Baseline&Neutrino&program&
•  Three&LArTPCs&along&the&Booster&Neutrino&

Beam&
•  World&leading&sensi;vity&to&eVPscale&

sterile&neutrinos&
•  Crucial&low&energy&νPAr&interac;on&

measurements&

Andy&Furmanski& 2&

8GeV&proton&accelerator&(Booster)&
Beryllium&target&
+&focusing&horn&

TPC Working Principle (I)

Cathode @ 70 kV 
(plate)

Anode 
(wire plane)

Electric Field 
~270 V/cm

X = 2.5 m

Y
 = 2.3 m

Z = 10
.4 

m

1. Charged particles interact in Ar 
• Ionize argon 
• Produce scintillation light 

2. Ionization e- drift toward anode 
3. Wire planes detect drift e-
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Gabriel Perdue / @gnperdue / Fermilab | 2017 OLCF User's Meeting 2017 / May / 2542 (These are mostly ArgoNeut images)
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Our Input

Alexander Radovic CVN@DUNE7

U V Collection

CVN @ DUNE

Adam Aurisano 
University of Cincinnati

Alexander Radovic 
College of William and Mary

Fernanda Psihas 
Indiana University

Alex Himmel & Evan Niner 
Fermilab

Alexander Radovic CVN@DUNE1

Sparsity (40,000 tons of LAr) is a major challenge (but no cosmic background).

May not be able to downsample for 
supernova burst or proton decay triggers.

DUNE TPC Images

(Zoomed w/ simple trigger; down-
sampled by x8 in the time direction)
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Neutrino Simulations: A Three-Part Software Stack

µ-

νµ

X

µ+
π+ → µ+ + νµ

νµ + N → µ- + X

Detector

π+

Beamline (FLUKA/Geant)
+ Produces a flux prediction
+ Hadron production, focusing, etc.

Event Generator (GENIE)
+ Interaction Physics
+ Nuclear medium

Detector (Geant)
+ Final state radiation traversing matter
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Neutrino MC Event Generators
• The generator must simulate all the types and momenta of every 

particle that appears in the final state.
• Some generators (MadGraph, Pythia, etc.) are computation aids 

for theorists, but most neutrino event generators are not (GiBUU 
is somewhat different).

• This is because we lack a theoretical framework that is both 
complete and consistent. 

• The ideal input theory would be internally consistent and provide 
fully-differential cross sections in the kinematics of every final 
state particle over all reaction mechanisms, energies, and 
targets.
- But the experiments must go on! So we must stitch together an 

ensemble that is consistent with all the data.

45
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What else do neutrino event generators provide?

• Interfaces to geometry engines for modeling complex 
detectors.
• Flux drivers for computing exposure (atmospheric/solar 

sources) or normalizing responses to accelerator beams.
• Event re-weighting engines for studying systematic 

uncertainties and performing error propagation.
• Databases of electron, hadron, and neutrino scattering 

experiments with applications for comparing simulation and 
data.
- Electron and hadron scattering event generator functionality.
• Nucleon decay generators.
• Libraries of pre-computed cross sections.

46
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Pieces (Usually)
• Vertex selection
- Simple nuclear density model
• Initial state nuclear model
- Removal energy and momentum
• RFG with Bodek-Ritchie tails.
• New: Local Fermi Gas
• New: Effective Spectral Function
• Almost there: "Benhar" spectral function
• Just started: Correlated Fermi Gas (MIT)

• Hard scattering process
- Differential cross section formula to get event kinematics (x, y, Q2, W, t, etc.)
• Lepton kinematics
• Hadronic system
- Propagation/transport (default is an "effective cascade")
• Fast and re-weightable

47

GROUND STATE

INITIAL STATE

FINAL STATE
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Pieces (Usually)

• Decays before and after propagation
• Remnant decay
- Just started caring about this, really...
- Current model is very simple
• Working on adopting other codes (Geant4, INCL++, possibly GiBUU) to handle 

clustering, de-excitation, evaporation
• May be a bridge to more sophisticated transport codes 

• Sometimes models can't work this way - e.g., discovering we can't separate lepton and 
hadron kinematics into separate modules for QE events (can't compute cross section in 
Q2 and then compute lepton and hadron kinematics, need to flip the procedure and then 
accept-reject based on Q2), etc.
- (Actually, we should do all events this way - but the code runs much slower and so we're 

working on ways to make that process fast enough to be more widely used.)

48

REMNANT STATE
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• Impulse approximation: scatter off 
independent single nucleons summed 
(incoherently) over the nucleus.
• In the FGM, all the nucleons are non-

interacting and all states are filled up 
to kF.
• The IA becomes problematic when the 

momentum transfer is smaller than 
~300 MeV (think about the de Broglie 
wavelength and remember 1 fm = 
1/200 MeV).

49

12C EB = 25 MeV pF = 220 MeV/c
It is nice to see this problem 
getting high-level attention.

Smith and Moniz, 1972, Nucl. Phys. B43, 605

90 8. Models of the nucleus

pF = pF,n = pF,p =
~
R0

µ
9π

8

¶1/3
≈ 250 MeV/c (8.5)

Hence, the nucleons move in the nucleus with large momentum.

— The Fermi energy is the energy of the highest occupied nucleon level:

EF =
p2F
2mN

≈ 33 MeV (8.6)

mN denotes the nucleon mass (mn ≈ mp in the present context). The difference B0 between
the edge of the potential well and the Fermi level is rather constant for different nuclei and
equals the average binding energy per nucleon, B/A ≈ 7 − 8 MeV (note that, since the
potential well is created by the nucleons, removing a few of them changes the well depth in
a way that B0 stays approximately constant). Hence, the depth of the potential well, V0, is
approximately independent of A and given by

V0 = EF +B0 ≈ 40 MeV (8.7)

Kinetic and potential energies of the nucleons are thus of the same order. In this sense,
nucleons are rather weakly bound in the nucleus (similar to the case of electrons in a metal).

Fig. 8.1. Sketch of the proton and neutron potential wells and states in the Fermi gas model [B. Povh
et al., Particles and Nuclei, Springer, 2002].

• Coulomb repulsion of the protons leads to an asymmetry in Z and N :

— The neutron potential well is deeper than the proton one, since the former have no Coulomb
interaction. On the other hand, for a stable nucleus, the Fermi levels of the protons and the
neutrons have to be the same, otherwise it would decay to an energetically more favourable
state through a β transition. As a result, there are more neutron states than proton states
occupied, which explains the fact that N > Z for heavier stable nuclei.

— The binding energy as a function of N −Z can be estimated using the Fermi-gas model: the
mean kinetic energy per nucleon is

hEkini =
R pF
0

Ekinp
2dpR pF

0
p2dp

=
3

5

p2F
2mN

≈ 20 MeV (8.8)

The total kinetic energy of the nucleus is

Ekin (N,Z) = N hEkin,ni+ Z hEkin,pi =
3

10mN

¡
Np2F,n + Zp2F,p

¢
(8.9)

Nucleon not at rest: Fermi Gas Model

B. Povh et al, Particles and Nuclei, Springer 2002

Bosons and fermions

Bosons and fermions at zero temperature

NUCS 342 (Lecture 9) February 2, 2011 13 / 34
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You can’t use 
the Fermi Gas 

Model anymore!

Nucleon not at rest: Fermi Gas Model

12C EB = 25 MeV pF = 220 MeV/c

90 8. Models of the nucleus

pF = pF,n = pF,p =
~
R0

µ
9π

8

¶1/3
≈ 250 MeV/c (8.5)

Hence, the nucleons move in the nucleus with large momentum.

— The Fermi energy is the energy of the highest occupied nucleon level:

EF =
p2F
2mN

≈ 33 MeV (8.6)

mN denotes the nucleon mass (mn ≈ mp in the present context). The difference B0 between
the edge of the potential well and the Fermi level is rather constant for different nuclei and
equals the average binding energy per nucleon, B/A ≈ 7 − 8 MeV (note that, since the
potential well is created by the nucleons, removing a few of them changes the well depth in
a way that B0 stays approximately constant). Hence, the depth of the potential well, V0, is
approximately independent of A and given by

V0 = EF +B0 ≈ 40 MeV (8.7)

Kinetic and potential energies of the nucleons are thus of the same order. In this sense,
nucleons are rather weakly bound in the nucleus (similar to the case of electrons in a metal).

Fig. 8.1. Sketch of the proton and neutron potential wells and states in the Fermi gas model [B. Povh
et al., Particles and Nuclei, Springer, 2002].

• Coulomb repulsion of the protons leads to an asymmetry in Z and N :

— The neutron potential well is deeper than the proton one, since the former have no Coulomb
interaction. On the other hand, for a stable nucleus, the Fermi levels of the protons and the
neutrons have to be the same, otherwise it would decay to an energetically more favourable
state through a β transition. As a result, there are more neutron states than proton states
occupied, which explains the fact that N > Z for heavier stable nuclei.

— The binding energy as a function of N −Z can be estimated using the Fermi-gas model: the
mean kinetic energy per nucleon is

hEkini =
R pF
0

Ekinp
2dpR pF

0
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=
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≈ 20 MeV (8.8)

The total kinetic energy of the nucleus is

Ekin (N,Z) = N hEkin,ni+ Z hEkin,pi =
3
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¡
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¢
(8.9)

B. Povh et al, Particles and Nuclei, Springer 2002

Bosons and fermions

Bosons and fermions at zero temperature

NUCS 342 (Lecture 9) February 2, 2011 13 / 34

• Impulse approximation: scatter off 
independent single nucleons summed 
(incoherently) over the nucleus.
• In the FGM, all the nucleons are non-

interacting and all states are filled up 
to kF.
• The IA becomes problematic when the 

momentum transfer is smaller than 
~300 MeV (think about the de Broglie 
wavelength and remember 1 fm = 
1/200 MeV).
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Fermi gas

Plan
MC in experiment

Neutrino interactions

Nuclear effects
Fermi gas
Spectral function
Final state interactions
Intranuclear cascade
FSI in GENIE

Generating splines

Generating events

Analyzing an output

Tomasz Golan MINERvA101 GENIE 12 / 45

Nucleons move freely
within the nuclear vo-
lume in constant bin-
ding potential.
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Figure by T. Golan



2017/11/07 Gabriel N. Perdue | NuSTEC School 2017

QE Cross Section

• Early formalism by Llewellyn Smith.
• Vector and Axial-Vector Components.
- Vector piece can be lifted from (“easier”) electron scattering data.
- We have to measure the Axial piece.

• Q2 is the 4-momentum transfer (-q2).

• s and u are Mandelstam variables.

• The lepton vertex is known; the nucleon structure is parameterized with 2 vector 
(F1, F2) and 1 axial-vector (FA) form factors. 

- Form factors are f(Q2) and encoded in A, B, and C.

52

C. H. Llewellyn Smith, Phys. Rept. 3 261 (1972).

d�

dQ2
=

M2G2
F cos

2 ✓c
8⇡E2

⌫

"
A
�
Q2

�
±B

�
Q2

� s� u

M2
+ C

�
Q2

�
(s� u)2

M4

#

ν Cross Section:
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A ' t
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⇣
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Form Factors

The form factors (f) contain parameterized information about the target 
(general shape of the form factors comes from symmetry arguments). 

Not calculable from first principles, instead we measure them 
experimentally.

fA
�
q2
�
=

fA (0)
⇣
1� q2

M2
A

⌘2

fA is the axial-vector form factor. We must 
measure this in ν-scattering. The dipole has been 

dominant, but that is changing...

*See e.g. PRD 84, 7, 073006 (2011)
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Lattice QCD and neutrino-nucleus scattering
• New neutrino-nucleon data will be hard to come by, making lattice 

contributions potentially critical.
• We have started to phase out the dipole form factor in favor of the 

model-independent z-expansion (lattice program ongoing to compute 
the elements of the z-expansion):

54

Dipole Form Factor

Most analyses assume the Dipole axial form factor
(Llewellyn-Smith, 1972):

F dipole
A (Q2) = gA1

1 + Q2

m2
A

22

[Phys.Rept.3 (1972),261]
Dipole is an ansatz:

unmotivated in interesting energy region
=∆ uncontrolled systematics and therefore underestimated uncertainties

Large variation in mA over many experiments
(dubbed the “axial mass problem”):
I mA = 1.026 ± 0.021 (Bernard et al., [arXiv:00107088])
I me�

A = 1.35 ± 0.17 (MiniBooNE, [arXiv:1002.2680])

Essential to use well-motivated parameterization of FA
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z Expansion
The z Expansion [arXiv:1108.0423] is a conformal mapping which takes

kinematically allowed region (t = ≠Q2 Æ 0) to within |z| < 1

z(t; t0, tc) =
Ô

tc ≠ t ≠ Ô
tc ≠ t0Ô

tc ≠ t +
Ô

tc ≠ t0
FA(z) =

Œÿ

n=0

anzn tc = 9m2
fi

I Motivated by analyticity arguments from QCD
I Only few parameters needed to get good description of form factor
I Sum rules regulate large-Q2 behavior
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z-expansion: conformal mapping taking kinematically allowed region (t = -Q2) to |z| < 1.

Model-independent determination of the axial mass parameter
in quasielastic neutrino-nucleon scattering

Bhubanjyoti Bhattacharya, Richard J. Hill, and Gil Paz
Enrico Fermi Institute and Department of Physics, The University of Chicago, Chicago, Illinois, 60637, USA

(Received 18 August 2011; published 13 October 2011)

Quasielastic neutrino-nucleon scattering is a basic signal process for neutrino oscillation studies.

At accelerator energies, the corresponding cross section is subject to significant uncertainty due to the

poorly constrained axial-vector form factor of the nucleon. A model-independent description of the axial-

vector form factor is presented. Data from the MiniBooNE experiment for quasielastic neutrino scattering

on 12C are analyzed under the assumption of a definite nuclear model. The value of the axial mass

parameter, mA ¼ 0:85þ0:22
#0:07 $ 0:09 GeV, is found to differ significantly from extractions based on tradi-

tional form factor models. Implications for future neutrino scattering and pion electroproduction

measurements are discussed.

DOI: 10.1103/PhysRevD.84.073006 PACS numbers: 13.15.+g, 11.55.#m, 13.60.#r, 14.20.Dh

I. INTRODUCTION

High statistics neutrino experiments are probing the
hadronic structure of nuclear targets at accelerator energies
with ever greater precision. Extracting the underlying
weak-interaction parameters, or new physics signals, re-
quires similar precision in the theoretical description of the
strong interactions.

A basic cross section describes the charged-current qua-
sielastic scattering process on the neutron,

!" þ n ! "# þ p: (1)

Recent evidence indicates a tension between measure-
ments of this process in neutrino scattering at low [1–4]
and high [5] neutrino energies, and between results from
neutrino scattering and results inferred from pion electro-
production [6]. In particular, with a commonly used dipole
ansatz for the axial-vector form factor of the nucleon,

Fdipole
A ðq2Þ ¼ FAð0Þ

½1# q2=ðmdipole
A Þ2(2

; (2)

different experiments have reported values for the so-

called axial mass parameter mdipole
A . World averages

reported by Bernard et al. [6] find comparable values
obtained from neutrino scattering results prior to 1990,

mdipole
A ¼ 1:026$ 0:021 GeV, and from pion electro-

production, mdipole
A ¼ ð1:069# 0:055Þ $ 0:016 GeV.1 The

NOMAD Collaboration reports [5] mdipole
A ¼ 1:05$

0:02$ 0:06 GeV. In contrast, MiniBooNE reports [3]

mdipole
A ¼ 1:35$ 0:17 GeV, and other recent results from

the K2K SciFi [1], K2K SciBar [7], and MINOS [8]
Collaborations similarly find central values higher than
the above-mentioned world average. Quasielastic

neutrino-nucleon scattering (1) is a basic signal process
in neutrino oscillation studies. It is essential to obtain
consistency between experiments utilizing different beam
energies, and different nuclear targets.
While a number of effects could be causing this tension,

we here investigate perhaps the simplest possibility: that
the parametrizations of the axial-vector form factor in
common use are overly constrained. Such a possibility
seems natural, considering that the dipole ansatz has
been found to conflict with electron scattering data for
the vector form factors. We do not offer new insight on
whether other effects, such as nuclear modeling, could also
be biasing measurements. However, we point out that by
gaining firm control over the nucleon-level amplitude, such
nuclear physics effects can be robustly isolated.
The axial mass parameter as introduced in (2) is not

well-defined, since the true form factor of the proton does
not have a pure dipole behavior. Sufficiently precise mea-
surements forced to fit this functional form will necessarily

find different values for mdipole
A resulting from sensitivity

to different ranges of q2. Let us define the axial mass para-

meter in terms of the form factor slope at q2 ¼ 0: mA ¼
½F0

Að0Þ=2FAð0Þ(#1=2. This definition is model-independent,
and allows us to sensibly address tensions between differ-
ent measurements. To avoid confusion, whenever (2) is

used we refer to the extracted parameter asmdipole
A . We will

show that the slope at q2 ¼ 0 is essentially the only rele-
vant shape parameter for current data atQ2 & 1 GeV2, and
introduce the formalism to systematically account for the
impact of other poorly constrained shape parameters on the
determination of mA. A related study of the vector form
factors of the nucleon was presented in [9].
The paper is structured as follows. In Sec. II we discuss

the application of analyticity and dispersion relations to the
axial-vector form factor of the nucleon. Section III presents
results for the extraction of the axial-vector form factor
slope from MiniBooNE data. We illustrate constraints

1The difference 0.055 is a correction to the conventional
representation of the pion electroproduction amplitude, as pre-
dicted by heavy baryon chiral perturbation theory [6].

PHYSICAL REVIEW D 84, 073006 (2011)

1550-7998=2011=84(7)=073006(10) 073006-1 ! 2011 American Physical Society
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Final State Interactions
• Hadrons produced at the hard-scattering vertex must propagate out of the nucleus - 

very complex process (everything is an off-shell, many-bodied, non-perturbative, 
strongly coupled mess).

• Three ways of handling it on the market: transport theory (GiBUU - http://
gibuu.hepforge.org - best theory), intranuclear cascade (“billiard balls”), parameterized 
cascade.

55

Final state interactions [FSI]

Plan
MC in experiment

Neutrino interactions

Nuclear effects
Fermi gas
Spectral function
Final state interactions
Intranuclear cascade
FSI in GENIE

Generating splines

Generating events

Analyzing an output

Tomasz Golan MINERvA101 GENIE 14 / 45

Two models available: hA and hN

Figure by T. Golan

Plus, much more from 
T. Golan on generators 
later in this school...

http://gibuu.hepforge.org
http://gibuu.hepforge.org
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NuWro

• http://school.genie-mc.org (lecture by T. Golan)
- Plus, this school!
• https://github.com/NuWro/nuwro
• https://nuwro.github.io/user-guide/

56

NuWro
u NuWro is not an official MC in any experiment and serves as a 

laboratory for new developments.

u New (or relatively new) ingredients:
u Berger-Sehgal coherent pion production

u π momentum distribution from Δ decay

u effective density and momentum dependent potential for CCQE 
(C. Juszczak, J. Nowak, J. Sobczyk)

u eWro - electron scattering module (a work in progress) C. 
Juszczak, K. Graczyk, JTS, J. Zmuda

u The open source code can be downloaded from the 
repository: https://github.com/nuwro/

u A new userguide https://nuwro.github.io/user-guide

10

J.Sobczyk, NuInt2015

Review of current neutrino 
simulation efforts 
GENIE, NEUT, NuWro
Jarek Nowak, Lancaster University

IPPP/NuSTEC topical meeting on 
Neutrino-Nucleus scattering

18 – 20 April 2017

http://school.genie-mc.org
https://github.com/NuWro/nuwro
https://nuwro.github.io/user-guide/
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GiBUU: new in 2016
� Stable groundstate implemented -> improved hole spectral functions

� 2p2h structure function for all kinematics, fitted to e-scattering, is used
for neutrinos as well

Durham 04/2017

“Nature”
• http://gibuu.hepforge.org
• Strives to use the “best possible theory” in all cases.

57

� Initial interactions:
� Mean field potential with local Fermigas momentum distribution, nucleons are bound (not so in 

generators!)
� Initial interactions calculated by summing over interactions with all bound, Fermi-moving

nucleons
� 2p2h from electron phenomenology

� Final state interaction: 
� propagates outgoing particles through the nucleus using quantum-kinetic transport theory, fully

relativistic (off-shell transport possible). 
Initial and final interactions come from the same Hamiltonian.
CONSISTENCY of inclusive and semi-inclusive X-sections

� Calculations give final state phase space distribution of all particles, 
four-vectors of all particlesÎ generator

Durham 04/2017

Ulrich Mosel
IPPP/NuSTEC (Durham) 2017New in 2016:

PLUS, new in 2017 (just 
last week!)... see their site.

K. Gallmeister at this school...
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NUISANCE
• Open source generator tuning 

framework.
- Tools for comparison plots, re-weighting 

(for NEUT, NuWro, and GENIE), fitting. 
- Interfaces to re-weighting tools in 

generators; can add ad-hoc weights as 
well.
- Tuning mechanisms include support for 

priors via penalties in the likelihood.
- Migrad & Bayesian tuning.
- Reproducible results via job cards.
• http://nuisance.hepforge.org
- Plus P. Stowell at this school!

58

NUISANCE(Generator(Support

• Simple(to(perform(model(tunings(in(
NUISANCE(allowing(reweight(parameters(to(
float(freely(until(a(likelihood(is(maximised.

• Supports(multiple(reweightable generators.
• NEUT
• GENIE
• NuWro

• NUISANCE(allows(us(to(take(advantage(of(
the(different(generator(strengths(when(
trying(to(understand(fit(results.

3

NuWro has less free parameters but 
will probably be included in summer 
tunings/comparisons.

MiniBooNE CCQE*Data

ANL*CC1pi*Data

http://nuisance.hepforge.org
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http://nuisance.hepforge.org/files/validation/nuisancevalidation_v1r0_280217/nuisance_v1r0_validation_280217.pdf
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The stage is set...
• The title of this talk was "The Practical Beauty of Neutrino-Nucleus 

Interactions".
• Hopefully everyone is convinced of the "practical" part, but the "beautiful?"

60
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MINERvA double-differential CCQE-like cross sections

n-Result

21

MINERvA Preliminary Data POT: 3.34e20

Similar results available for anti-neutrinos, see C. Patrick FNAL JETP, 2016 June 17 

MINERvA (n)n-CC0pi Results 

Daniel Ruterbories
NuInt 2017

June 29th, 2016

Fiducial, QE-like:
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Double-differential CCQE-like vertex E: model evolutionWhat Do The Models Say?

29

MINERvA Preliminary Data POT: 3.34e20 MINERvA Preliminary Data POT: 3.34e20

MINERvA (n)n-CC0pi Results 

Daniel Ruterbories
NuInt 2017

June 29th, 2016

  
11

0.0 < q3 < 0.4 GeV  no RPA, no 2p2h

neutrino
3.33e20 POT

Rodrigues, Demgen, Miltenberger
et al. [MINERvA] PRL 116 071802

Reco data and chisquares
(and unfolded cross sections)
are from distributions made

with resolution-driven six bins
condensed into just two plots

good for physics interpretation

Can put one or two on a slide
nice and big, flipbook models

0.4 < q3 < 0.8 GeV

  
16

GENIE, Pion base, RPA, Valencia 2p2h

Add Valencia 2p2h, improves the dip region
Nieves, Ruiz Simo, Vicente Vacas PRC83 (2011) 045501

and R.G., Nieves, Sanchez, Vicente Vacas PRD 88 (2013) 113007
Same code as in Genie 2.12.6:  J. Schwehr, R.G., D. Cherdack, arXiv:1705.02932

X2 = 84 for 19 binsX2 = 138 for 21 bins

neutrino
3.33e20 POT

anti-neutrino
1.02e20 POT

  
16
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Add Valencia 2p2h, improves the dip region
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1

Saint Surrounded by
Three Pi Mesons

Salvador Dali
Figueres, Spain, 1957

Model uncertainties
in light of MINERvA

momentum and
energy transfer data

Rik Gran
University of Minnesota Duluth

For the 

MINERvA collaboration

Talk at NuInt17, Toronto, June

,
  

15

GENIE, pion base, RPA, no 2p2h

Add (updated) Valencia RPA weight and model error band
Valverde, Amaro, Nieves PLB 638 (2006) 325 with unpub. followup by F. Sanchez

plus muon capture uncertainty and implementation R. Gran, arXiv:1705.02932

X2 = 237 for 19 binsX2 = 227 for 21 bins

neutrino
3.33e20 POT

anti-neutrino
1.02e20 POT
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Organizing the challenges - NuSTEC

• New paper from NuSTEC (http://nustec.fnal.gov) outlines the 
current challenges facing the field of neutrino-nucleus scattering
- https://arxiv.org/abs/1706.03621
• The paper summarizes
- the impact of interaction uncertainties on oscillation physics,
- the role of event generators in accelerator-based neutrino 

experiments,
- how electron-nucleus scattering experiments inform our 

understanding of neutrino-nucleus scattering,
- our current understanding of the various interaction channels 

(ranging from the elastic regime through deep inelastic 
scattering).

• After you're done with the school, give the paper a read!

63

http://nustec.fnal.gov
https://arxiv.org/abs/1706.03621
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Thank you!
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Backup
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Embedded Assumptions
• There are a few facts that are often buried in the details of discussions of neutrino interactions:
- Your knowledge of the flux is typically only good to 10-20% and you have no information event-

by-event.
- Kinematic distributions are always integrated over a specific (barely known) flux.
- Measurements are always convolutions of flux, cross section, nuclear effects, and detector 

efficiencies. 

66

J.A. Formaggio and G.P. Zeller, "From eV to EeV: Neutrino 
Cross Sections Across Energy Scales", Rev. Mod. Phys. 84, 1307-1341, 2012

Neutrino

Anti-Neutrino

"Oscillation Zone"
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And remember, we need to do it all over again for antineutrinos!
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1

2

�
1� �5

�
 =  L

Helicity, Chirality, & 
Parody, oops, Parity!

• The Weak force is left-handed.
• (1-γ5) projects onto left-handed states for 

massless fermions and right-handed states for 
massless anti-fermions.

68

• Helicity 

• Projection of spin along a particle’s momentum vector. 

• Frame-dependent for massive particles.

• Chirality 

• Lorentz invariant version of helicity (= helicity 
for massless particles). 

• It is determined by whether the particle 
transforms in a right or left-handed 
representation of the Poincaré group. Some 
representations (e.g. Dirac spinors) have right 
and left-handed components. We define 
projection operators that project out either the 
right or left hand components.

Left-Helicity Right-Helicity



2017/11/07 Gabriel N. Perdue | NuSTEC School 2017

FSI Models

• GENIE: "hA"  (default) - use iron reaction cross section data, isospin symmetry, and 
A2/3 scaling to predict the FSI reaction rates.
• Individual particle energies and angles use data templates or sample from the 

allowed phase space.

69

Pion Proton
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FSI Models
• GENIE "hN" is our cascade model.
• New to hN are: Oset et al, Nucl. Phys. A468 (1987), Oset et 

al, Nucl. Phys. A484 (1998)
• Model describes low energy (kinetic E around Delta peak, 85 

MeV - 350 MeV) pion interactions inside nuclear matter.
- Nuclear effects are implemented as modifications of the 

Delta width.
• Introduced here as a modification of the GENIE cascade 

model (hN). Modifications not yet filtered down into the 
parameterized (hA, default) model.

70

GENIE vs data

Tomasz Golan Oset model 17 / 19
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Eur. Phys. J. C (2009) 63: 1–10 7

Fig. 6 Average π0 multiplicity ⟨nπ0 ⟩ as a function of the number of negative hadrons n− for different intervals of W . Data points are taken
from [25]

Fig. 7 Average charged-hadron multiplicity in the forward and backward hemispheres as functions of W 2: (a) νp, forward, (b) νp, backward,
(c) νn, forward, (d) νn, backward. Data points are taken from [7, 25, 26]

One consequence could be that the MC overestimates the
energetic hadrons since the hadrons in the forward hemi-
sphere of hadronic c.m.s. get more Lorentz boost than those

in the backward hemisphere when boosted to the LAB
frame. This may be caused by the way we determine the
baryon 4-momentum and preferably select events with low

Modeling Nuclear Effects

• What about hadronization in the nuclear medium?
• We use Pythia (currently version 6, migration to 8 is on-going).
• GENIE does reasonably well, but the validation uses deuterium or hydrogen - little influence 

from nuclear effects.
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AGKY Hadronization
2 Eur. Phys. J. C (2009) 63: 1–10

2 The AGKY model

2.1 Overview

The AGKY model, which is now the default hadroniza-
tion model in the neutrino Monte Carlo generators NEU-
GEN [9] and GENIE-2.0.0 [10], includes a phenomenolog-
ical description of the low invariant mass region based on
Koba–Nielsen–Olesen (KNO) scaling [11], while at higher
masses it gradually switches over to the PYTHIA/JETSET
model. The transition from the KNO-based model to the
PYTHIA/JETSET model takes place gradually, at an in-
termediate invariant mass region, ensuring the continuity
of all simulated observables as a function of the invariant
mass. This is accomplished by using a transition window
[W tr

min,W
tr
max] over which we linearly increase the fraction

of neutrino events for which the hadronization is performed
by the PYTHIA/JETSET model from 0% at W tr

min to 100%
at W tr

max. The default values used in the AGKY model are

W tr
min = 2.3 GeV/c2, W tr

max = 3.0 GeV/c2. (1)

The kinematic region probed by any particular experi-
ment depends on the neutrino flux, and for the 1–10 GeV
range of importance to oscillation experiments, the KNO-
based phenomenological description plays a particularly
crucial role. The higher invariant mass region where
PYTHIA/JETSET is used is not accessed until a neutrino
energy of approximately 3 GeV is reached, at which point
44.6% of charged-current interactions are non-resonant in-
elastic and are hadronized using the KNO-based part of the
model. For 1 GeV neutrinos this component is 8.3%, indi-
cating that this model plays a significant role even at rel-
atively low neutrino energies. At 9 GeV, the contributions
from the KNO-based and PYTHIA/JETSET components
of the model are approximately equal, with each handling
around 40% of generated CC interactions. The main thrust
of this work was to improve the modeling of hadronic show-
ers in this low invariant mass/energy regime, which is of
importance to oscillation experiments.

The description of AGKY’s KNO model, used at low in-
variant masses, can be split into two independent parts:

– generation of the hadron shower particle content;
– generation of hadron 4-momenta.

These two will be described in detail in the following sec-
tions.

The neutrino interactions are often described by the fol-
lowing kinematic variables:

Q2 = 2Eν

(
Eµ − pL

µ

)
− m2,

ν = Eν − Eµ,

W 2 = M2 + 2Mν − Q2,

x = Q2/2Mν,

y = ν/Eν

(2)

where Q2 is the invariant 4-momentum transfer squared, ν

is the neutrino energy transfer, W is the effective mass of
all secondary hadrons (invariant hadronic mass), x is the
Bjorken scaling variable, y is the relative energy transfer,
Eν is the incident neutrino energy, Eµ and pL

µ are the energy
and longitudinal momentum of the muon, M is the nucleon
mass and m is the muon mass.

For each hadron in the hadronic system, we define the
variables z = Eh/ν, xF = 2p∗

L/W and pT where Eh is the
energy in the laboratory frame, p∗

L is the longitudinal mo-
mentum in the hadronic c.m.s., and pT is the transverse mo-
mentum.

2.2 Low-W model: particle content

At low invariant masses the AGKY model generates had-
ronic systems that typically consist of exactly one baryon
(p or n) and any number of π and K mesons that are kine-
matically possible and consistent with charge conservation.

For a fixed hadronic invariant mass and initial state (neu-
trino and struck nucleon), the method for generating the
hadron shower particles generally proceeds in four steps.

Determine ⟨nch⟩: Compute the average charged-hadron
multiplicity using the empirical expression:

⟨nch⟩ = ach + bch lnW 2. (3)

The coefficients ach, bch, which depend on the initial state,
have been determined by bubble chamber experiments.

Determine ⟨n⟩: Compute the average hadron multiplicity
as ⟨ntot⟩ = 1.5⟨nch⟩ [12].

Deterimine n: Generate the actual hadron multiplicity
taking into account that the multiplicity dispersion is de-
scribed by the KNO scaling law [11]:

⟨n⟩ × P(n) = f
(
n/⟨n⟩

)
(4)

where P(n) is the probability of generating n hadrons and f

is the universal scaling function, which can be parameterized
by the Levy function1 (z = n/⟨n⟩) with an input parameter
c that depends on the initial state. Figure 1 shows the KNO
scaling distributions for νp (left) and νn (right) CC interac-

1The Levy function: Levy(z; c) = 2e−cccz+1/#(cz + 1).
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Fig. 1 KNO scaling
distributions for νp (left) and νn
interactions. The curve
represents a fit to the Levy
function. Data points are taken
from [7]

tions. We fit the data points to the Levy function and the best
fit parameters are cch = 7.93 ± 0.34 for the νp interactions
and cch = 5.22 ± 0.15 for the νn interactions.

Select particle types: Select hadrons up to the generated
hadron multiplicity taking into account charge conservation
and kinematic constraints. The hadronic system contains any
number of mesons and exactly one baryon which is gener-
ated based on simple quark model arguments. Protons and
neutrons are produced in the ratio 2:1 for νp interactions,
1:1 for νn and ν̄p, and 1:2 for ν̄n interactions. Charged
mesons are then created in order to balance charge, and the
remaining mesons are generated in neutral pairs. The prob-
abilities for each are 31.33% (π0,π0), 62.66% (π+,π−),
and 6% production of strange meson pairs. The probability
of producing a strange baryon via associated production is
determined from a fit to # production data:

Phyperon = ahyperon + bhyperon lnW 2. (5)

Table 1 shows the default average hadron multiplicity and
dispersion parameters used in the AGKY model.

2.3 Low-W model: hadron system decay

Once an acceptable particle content has been generated, the
available invariant mass needs to be partitioned amongst
the generated hadrons. The most pronounced kinematic fea-

Table 1 Default AGKY average hadron multiplicity and dispersion
parameters (see text for details)

νp νn ν̄p ν̄n

ach 0.40 [7] −0.20 [7] 0.02 [13] 0.80 [13]

bch 1.42 [7] 1.42 [7] 1.28 [13] 0.95 [13]

cch 7.93 [7] 5.22 [7] 5.22 7.93

ahyperon 0.022 0.022 0.022 0.022

bhyperon 0.042 0.042 0.042 0.042

tures in the low-W region result from the fact that the pro-
duced baryon is much heavier than the mesons and exhibits a
strong directional anticorrelation with the current direction.

Our strategy is to first attempt to reproduce the experi-
mentally measured final-state nucleon momentum distribu-
tions. We then perform a phase space decay on the remnant
system employing, in addition, a pT -based rejection scheme
designed to reproduce the expected meson transverse mo-
mentum distribution. The hadronization model performs its
calculation in the hadronic c.m.s., where the z-axis is in the
direction of the momentum transfer. Once the hadronization
is completed, the hadronic system will be boosted and ro-
tated to the LAB frame. The boost and rotation maintains
the pT generated in the hadronic c.m.s.

In more detail, the algorithm for decaying a system of N

hadrons is the following.
Generate baryon: Generate the baryon 4-momentum

P ∗
N = (E∗

N,p∗
N) using the nucleon p2

T and xF PDFs which
are parameterized based on experimental data [14, 15]. The
xF distribution used is shown in Fig. 2. We do not take into

Fig. 2 Nucleon xF distribution data from Cooper et al. [15] and the
AGKY parametrization (solid line)
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where Dπ (x,Q2, z) is the pion fragmentation function. Ex-
perimentally Dπ is determined as

Dπ
(
x,Q2, z

)
=

[
Nev

(
x,Q2)]−1

dN/dz. (8)

In the framework of the Quark Parton Model (QPM) the
dominant mechanism for reactions (6) is the interaction of
the exchanged W boson with a d-quark to give a u-quark
which fragments into hadrons in neutrino interactions, leav-
ing a di-quark spectator system which produces target frag-
ments. In this picture the fragmentation function is indepen-
dent of x and the scaling hypothesis excludes a Q2 depen-
dence; therefore the fragmentation function should depend
only on z. There is no reliable way to separate the current
fragmentation region from the target fragmentation region if
the effective mass of the hadronic system (W ) is not suffi-
ciently high. Most experiments required W > W0 where W0

is between 3 and 4 GeV/c2 when studying the fragmentation
characteristics. This caused difficulties in the tuning of our
model because we are mostly interested in the interactions
at low hadronic invariant masses.

We determined the parameters in our model by fitting ex-
perimental data with simulated CC neutrino free nucleon in-
teractions uniformly distributed in the energy range from
1 to 61 GeV. The events were analyzed to determine the
hadronic system characteristics and compared with pub-
lished experimental data from the BEBC, Fermilab 15-foot,
and SKAT bubble chamber experiments. We reweight our
MC to the energy spectrum measured by the experiment if
that information is available. This step is not strictly neces-
sary for the following two reasons: many observables (mean
multiplicity, dispersion, etc.) are measured as a function of
the hadronic invariant mass W , in which case the energy de-
pendency is removed; secondly the scaling variables (xF , z,
etc.) are rather independent of energy according to the scal-
ing hypothesis.

Some experiments required Q2 > 1 GeV2 to reduce the
quasi-elastic contribution, y < 0.9 to reduce the neutral cur-
rents, and x > 0.1 to reduce the sea-quark contribution.

They often applied a cut on the muon momentum to se-
lect clean CC events. We apply the same kinematic cuts as
explicitly stated in the papers to our simulated events. The
hadronization model described here is used only for con-
tinuum production of hadrons, resonance-mediated produc-
tion is described as part of the resonance model [21]. Com-
bining resonance and non-resonant inelastic contributions
to the inclusive cross section requires care to avoid double
counting [22], and the underlying model used here includes
a resonant contribution which dominates the cross section at
threshold, but whose contribution gradually diminishes up to
a cutoff value of W = 1.7 GeV/c2, above which only non-
resonant processes contribute [23]. All of the comparisons
shown in this paper between models and data include the
resonant contribution to the models unless it is explicitly ex-
cluded by experimental cuts.

Figure 3 shows the average charged-hadron multiplicity
⟨nch⟩ (the number of charged hadrons in the final state, i.e.
excluding the muon) as a function of W 2. ⟨nch⟩ rises linearly
with ln(W 2) for W > 2 GeV/c2. At the lowest W values
the dominant interaction channels are single pion production
from baryon resonances:

ν + p → µ− + p + π+, (9)

ν + n → µ− + p + π0, (10)

ν + n → µ− + n + π+. (11)

Therefore ⟨nch⟩ becomes 2(1) for νp(νn) interactions as
W approaches the pion production threshold. For νp inter-
actions there is a disagreement between the two measure-
ments especially at high invariant masses, which is proba-
bly due to differences in scattering from hydrogen and deu-
terium targets. Our parameterization of low-W model was
based on the Fermilab 15-foot chamber data. Historically the
PYTHIA/JETSET program was tuned on the BEBC data.
The AGKY model uses the KNO-based empirical model at
low invariant masses and it uses the PYTHIA/JETSET pro-
gram to simulation high invariance mass interactions. There-
fore the MC prediction agrees better with the Fermilab data

Fig. 3 Average charged-hadron
multiplicity ⟨nch⟩ as a function
of W 2. (a) νp events. (b) νn
events. Data points are taken
from [7, 20]

T. Yang et al, Eur. Phys. J C (2009) 63:1-10



2017/11/07 Gabriel N. Perdue | NuSTEC School 2017

                   ArgoNeuT

• 175L Liquid Argon Time 
Projection Chamber (TPC).
• First step in the US liquid 

argon program (MicroBooNE, 
LBNE) & first LArTPC in a 
low-energy neutrino beam.
• Physics run in the NuMI 

Beam June ’09 ⊕ Sept. ’09 - 
Feb. ’10.
- Located between MINOS 

ND and MINERνA & 
utilized MINOS for muon 
momentum and charge 
sign. (NuMI “LE” beam.)
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J. Spitz, arXiv: 1009.2515v1

TPC / Cryostat Volume 175 / 500 L

# of Electronics Channels* 480

Wire Pitch 4 mm

Max Drift Length 0.5 m (330 μs)

Electric Field 500 V/cm

*Two readout planes: Induction & Collection 
Each Channel: 2048 Samples / 400 µs
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Understanding the theory of neutrino-nucleus interactions

• The particle theory community has begun to really engage with neutrino 
interactions (the field has long been of interest to nuclear theorists).

• We’ve begun to organize problems more clearly around leptonic, nucleon, and 
nuclear effects in the full picture, with particle theorists beginning to work more 
vigorously on the first two.
- Our model involves going from quarks to nucleons and again to nuclei. For 

precision, we “need to control both form factors and nuclear effects” and we 
must properly separate them (G. Paz, NuInt 2017).
• e.g., MA from the dipole parameterization of the vector axial form factor is often 

presented with inflated uncertainties to cover nuclear modeling effects. It is 
time to do better than that and recent work shows us how.

- Our understanding of proper nucleon level uncertainties has leapt forward, but 
understanding how to fully leverage this information in a nuclear context is 
important and will help direct all of our efforts (R. Hill, Radiative Corrections at the 
IF, Perimeter Inst. 2017).

- Nuclear modeling must first succeed with electrons: good progress here!
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Precise nucleon form factors

• Nucleon inputs will play an important role in assessing the 
overall nuclear uncertainties, whether they come from 
calculations or measurement.
- For another calculation, see e.g. Meyer, Hill, Kronfeld, Li and 

Simone, arXiv 1610.04593
• Also, new (this week!) nucleon vector form factors from 

Ye, Arrington, Hill and Lee in arXiv 1707.09063
• Re-analyzing existing deuterium data using the z-

expansion from above is important for properly specifying the 
axial-vector form factor and its uncertainties.
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σνn→μpðEν ¼ 1 GeVÞ ¼ 10.1ð0.9Þ × 10−39 cm2;

σνn→μpðEν ¼ 3 GeVÞ ¼ 9.6ð0.9Þ × 10−39 cm2; ð38Þ

for neutrinos and

σν̄p→μnðEν ¼ 1 GeVÞ ¼ 3.83ð23Þ × 10−39 cm2;

σν̄p→μnðEν ¼ 3 GeVÞ ¼ 6.47ð47Þ × 10−39 cm2; ð39Þ

for antineutrinos.

C. Neutrino nucleus cross sections

Connecting nucleon-level information to experimentally
observed neutrino-nucleus scattering cross sections
requires data-driven modeling of nuclear effects. Our
description of the axial form factor and uncertainty in
Eqs. (31), (32), and (33) can be readily implemented in
neutrino event generators that interface with nuclear
models.15

A multitude of studies and comparisons are possible.
As illustration, consider MINERvA quasielastic data on
carbon [56]. Figure 9 shows a comparison of the Q2

distribution of measured events with the predictions from
our FAðq2Þ, using a relativistic Fermi gas nuclear model in
the default configuration of the GENIE v2.8 neutrino event
generator [6]. For comparison, we display the result
obtained using a dipole FA with axial mass central value
and error as quoted in the world average of Ref. [55]. The
central curves differ in their kinematic dependence, and the
dipole result severely underestimates the uncertainty propa-
gated from deuterium data.
The z expansion implementation within GENIE includes

a complete description of parameter errors and correlations.
This will provide a systematic approach for testing different
nuclear models and fitting nuclear model parameters, and
for propagating uncertainties in nucleon-level amplitudes
through to oscillation observables.

D. Discussion

The dipole ansatz has been commonly used to para-
metrize the axial form factor in neutrino cross section
predictions. The axial mass parameter in this ansatz often
appears with either a very small uncertainty, e.g. mA ¼
1.014ð14Þ GeV [55], or a very large uncertainty, e.g. mA ¼
1.21ð45Þ GeV [14].
In the first case, the small error estimate results from the

restrictive dipole ansatz, and is likely an underestimate of
the actual uncertainty: as a point of comparison, the ≲1.5%
axial radius error is comparable to or smaller than the

uncertainty on the proton charge radius [35,69]. Recall that
the charge radius is defined for the vector charge form
factor analogously to the axial radius for the axial form
factor. In contrast to the axial radius from neutrino-deuteron
scattering, the charge radius from electron-proton scattering
involves much higher statistics, amonoenergetic beam, and
a simpler, proton, target.
In the second case, the large uncertainty on mA is

typically included to account for tensions in external inputs
from other experiments [14], and/or poorly constrained
nuclear effects. Neither of these approaches is suited to the
kinds of analyses that can be undertaken with modern cross
section data such as the MINERvA example considered in
Fig. 9. Underestimating nucleon-level uncertainties will
bias conclusions about neutrino parameters or nuclear
models. Inflating errors on mA within a dipole ansatz fails
to capture the correct kinematic dependence of either
nucleon-level uncertainties, or of nuclear corrections.16

VIII. SUMMARY AND CONCLUSION

The constraints of elementary target data are critical to
precision neutrino-nucleus cross sections underlying the
accelerator neutrino program. Oscillation experiments rely
on event rate predictions using nucleon-level amplitudes
corrected for nuclear effects. Cross section experiments on
nuclear targets can measure these nuclear effects but a
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FIG. 9. Cross section for charged-current quasielastic events
from the MINERvA experiment [56] as a function of recon-
structed Q2, compared with prediction using relativistic Fermi
gas (RFG) nuclear model with z expansion axial form factor
extracted from deuterium data. MINERvA data uses an updated
flux prediction from [82]. Also shown are results using the same
nuclear model but dipole form factor with axial mass mA ¼
1.014ð14Þ GeV [55].

15The z expansion will be available in GENIE production
release v2.12.0. The code is currently available in the GENIE
trunk prior to its official release. The module provides full
generality of the z expansion, and supports reweighting and
error analysis with correlated parameters.

16Nondipole parametrizations have been considered in
Refs. [67,83]. Similar remarks apply to these examples.
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analysis, we modify the original fits displayed in Table V.
First, we allow a correlated acceptance correction as in
Eq. (28). Second, we include a 10% error added in
quadrature to statistical error in each Q2 bin to account
for residual deuteron or other systematic corrections, as
described at the end of Sec. IV B. With these corrections in
place, we perform a χ2 fit to all data up to Q2 ¼ 1 GeV2.
The neglect of data above Q2 ¼ 1 GeV2 has only minor
impact on the extraction of FAðq2Þ, and allows a simple
treatment of these combined uncertainties with full covari-
ance using a χ2 fit.
As an alternative, we also provide a log-likelihood fit to

the data up to Q2 ¼ 3 GeV2, but without inflated errors to
account for deuterium and other residual systematics. This
has the benefit of including data over the entire kinematic
range, but omits sources of systematic error that would
need to be treated separately.

VI. AXIAL FORM FACTOR EXTRACTION

The best axial form factor is extracted from a joint fit to
the three data sets. We choose Na ¼ 4 free parameters with
t0 ¼ toptimal

0 ð1 GeV2Þ and data with Q2 ≤ 1 GeV2. As
discussed above, this corresponds to a kmax ¼ 8 z expan-
sion, where five linear combinations of coefficients are
fixed by the Q2 ¼ 0 constraint and by the four sum rules
(16). The acceptance correction free parameter is indepen-
dent for each experiment in the joint fit.
Our knowledge of the axial form factor resulting from

deuterium scattering data is summarized by constraints on
the coefficients ak. Central values and 1σ errors determined
from Δχ2 ¼ 1 are13

½a1; a2; a3; a4% ¼ ½2.30ð13Þ;−0.6ð1.0Þ;−3.8ð2.5Þ;2.3ð2.7Þ%:
ð31Þ

The diagonal entries of the error (covariance) matrix,
computed from the inverse of the Hessian matrix for
χ2ðfakgÞ, are

Ediag ¼ ½0.0154; 1.08; 6.54; 7.40%: ð32Þ

Note that ðEdiagÞi ≈ ðδaiÞ2, reflecting approximately
Gaussian behavior. The four-dimensional correlation
matrix is

Cij ¼

0

BBB@

1 0.350 −0.678 0.611

0.350 1 −0.898 0.367

−0.678 −0.898 1 −0.685
0.611 0.367 −0.685 1

1

CCCA ð33Þ

and as usual the error matrix is given by Eij ¼ δaiδajCij.
This description can be systematically improved when and
if further data or externally constrained deuterium models
become available. The form factor is plotted versus Q2 and
versus z in Fig. 7, and compared with a previous world
average dipole form factor from Ref. [55].
We also provide an alternate log-likelihood determina-

tion of the axial form factor to the range Q2 < 3.0 GeV2,
but without deuteron systematic corrections. Central values
and 1σ errors determined from Δð−2LLÞ ¼ 1 are

½a1; a2; a3; a4% ¼ ½2.28ð8Þ; 0.25ð95Þ;−5.2ð2.3Þ; 2.6ð2.7Þ%:
ð34Þ
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FIG. 7. Final form factor from Eqs. (31), (32) and (33). Also
shown is the dipole axial form factor with axial mass mA ¼
1.014ð14Þ GeV [55].

13The complete specification for the form factor involves the
normalization gA ¼ −1.2723 from Table I; the pion mass mπ ¼
0.14 GeV employed in the specification of tcut ¼ 9m2

π in
Eq. (12); and the choice t0 ¼ −0.28 GeV2. The remaining
coefficients, a0, a5, a6, a7 and a8, are determined by FAð0Þ ¼
gA, and by the sum rule constraints (16); for ease of comparison
we list the complete list of central values here: ½a0;…;a8%¼
½−0.759;2.30;−0.6;−3.8;2.3;2.16;−0.896;−1.58;0.823%.
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Amplitudes derived from scattering data on elementary targets are basic inputs to neutrino-nucleus cross
section predictions. A prominent example is the isovector axial nucleon form factor, FAðq2Þ, which
controls charged current signal processes at accelerator-based neutrino oscillation experiments. Previous
extractions of FA from neutrino-deuteron scattering data rely on a dipole shape assumption that introduces
an unquantified error. A new analysis of world data for neutrino-deuteron scattering is performed using a
model-independent, and systematically improvable, representation of FA. A complete error budget for
the nucleon isovector axial radius leads to r2A ¼ 0.46ð22Þ fm2, with a much larger uncertainty than
determined in the original analyses. The quasielastic neutrino-neutron cross section is determined as
σðνμn → μ−pÞjEν¼1 GeV ¼ 10.1ð0.9Þ × 10−39 cm2. The propagation of nucleon-level constraints and
uncertainties to nuclear cross sections is illustrated using MINERvA data and the GENIE event generator.
These techniques can be readily extended to other amplitudes and processes.

DOI: 10.1103/PhysRevD.93.113015

I. INTRODUCTION

Current and next generation accelerator-based neutrino
experiments are poised to answer fundamental questions
about neutrinos [1–5]. Precise neutrino scattering cross
sections on target nuclei are critical to the success of these
experiments. These cross sections are computed using
nucleon-level amplitudes combined with nuclear models.
Determination of the requisite nuclear corrections presently
relies on data-driven modeling [6–9] employing experi-
mental constraints [10–17]. Ab initio nuclear computations
are beginning to provide additional insight [18–20].
Regardless of whether nuclear corrections are constrained
experimentally or derived from first principles, independent
knowledge of the elementary nucleon-level amplitudes is
essential. In this paper, we address the problem of model-
independent extraction of elementary amplitudes from
scattering data, and the propagation of rigorous uncertain-
ties through to nuclear observables.

The axial-vector nucleon form factor, FAðq2Þ, is a promi-
nent source of uncertainty in any neutrino cross section
program.While the techniques employed in thepresent paper
may be similarly applied to other elementary amplitudes,
such as vector form factors [21], we focus on the axial-vector
form factor, which is not probed directly in electron scatter-
ing measurements, and which has large uncertainty.
The axial form factor is constrained, with a varying

degree of model dependence, by neutron beta decay [22],
neutrino scattering on nuclear targets heavier than deuterium
[11,23–28], pion electroproduction [29] and muon capture
[30]. Existing data for the neutrino-deuteron scattering
process provide the most direct access to the shape of the
axial-vector nucleon form factor. The assumption of a neutron
at rest and barely bound in the laboratory frame permits
unambiguous energy reconstruction, eliminating flux uncer-
tainties. The abundant neutrino scattering data on heavier
targets involve degenerate uncertainties from neutrino flux,
and from large and model-dependent nuclear corrections,
complicating the extraction of nucleon-level amplitudes.
Antineutrino scattering on hydrogen would entirely elimi-
nate even the nuclear corrections required for deuterium, but
there are no high-statistics data for this process. Given the
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where ni is the number of events in the ith bin, and μi is the
theory prediction (7) for the bin. Errors correspond to
changes of 1.0 in the −2LL function.
Because we do not use an unbinned likelihood fit, we do

not expect precise agreement even when the original
choices of constants in Table I are used. Comparing the
first two columns of Table II, the size of the resulting
statistical uncertainties are approximately equal, and only
FNAL shows a discrepancy in central value. A similar
exercise was performed in Refs. [66,74,75], and similar
results were obtained. Having reproduced the original
analyses to the extent possible, we will proceed with the
updated constants as in the final column of Table I.

III. z EXPANSION ANALYSIS

The dipole assumption (9) on the axial form factor shape
represents an unquantified systematic error. We now
remove this assumption, enforcing only the known analytic
structure that the form factor inherits from QCD. We
investigate the constraints from deuterium data in this
more general framework. A similar analysis may be
performed using future lattice QCD calculations in place
of deuterium data.

A. z expansion formalism

The axial form factor obeys the dispersion relation,

FAðq2Þ ¼
1

π

Z
∞

tcut
dt0

ImFAðt0 þ i0Þ
t0 − q2

; ð11Þ

where tcut ¼ 9m2
π represents the leading three-pion thresh-

old for states that can be produced by the axial current. The
presence of singularities along the positive real axis implies
that a simple Taylor expansion of the form factor in the
variable q2 does not converge for jq2j ≥ 9m2

π ≈ 0.18 GeV2.
Consider the new variable obtained by mapping the domain
of analyticity onto the unit circle [31],

zðq2; tcut; t0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tcut − q2

p
− ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tcut − t0
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tcut − q2

p
þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tcut − t0
p ; ð12Þ

where t0, with −∞ < t0 < tcut, is an arbitrary number that
may be chosen for convenience. In terms of the new
variable we may write a convergent expansion,

FAðq2Þ ¼
Xkmax

k¼0

akzðq2Þk; ð13Þ

where the expansion coefficients ak are dimensionless
numbers encoding nucleon structure information.
In any given experiment, the finite range of Q2 implies a

maximal range for jzj that is less than unity. We denote by
toptimal
0 ðQ2

maxÞ the choice which minimizes the maximum
size of jzj in the range −Q2

max ≤ q2 ≤ 0. Explicitly,

toptimal
0 ðQ2Þ ¼ tcut

"
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ2

max=tcut
q #

: ð14Þ

Table III displays jzjmax for several choices of Q2
max and t0.

The choice of t0 can be optimized for various applica-
tions. We have in mind applications with data concentrated
below Q2 ¼ 1 GeV2, and therefore take as default choice,

t̄0 ¼ toptimal
0 ð1 GeV2Þ ≈ −0.28 GeV2; ð15Þ

minimizing the number of parameters that are necessary to
describe data in this region. Inspection of Table III shows
that the form factor expressed as FAðzÞ becomes approx-
imately linear. For example, taking jzjmax ¼ 0.23 implies
that quadratic, cubic, and quartic terms enter at the level of
∼5%, 1% and 0.3%.
The asymptotic scaling prediction from perturbative QCD

[76], FA ∼Q−4, implies the series of four sum rules [35]

X∞

k¼n

kðk − 1Þ % % % ðk − nþ 1Þak ¼ 0; n ¼ 0; 1; 2; 3: ð16Þ

We enforce the sum rules (16) on the coefficients, ensuring
that the form factor falls smoothly to zero at large Q2.
Together with the Q2 ¼ 0 constraint, this leaves Na ¼
kmax − 4 free parameters in Eq. (13). From Eq. (16), it can
be shown [35] that the coefficients behave as ak ∼ k−4 at
large k. We remark that the dipole ansatz (9) implies the
coefficient scaling law jakj ∼ k at large k, in conflict with
perturbative QCD.
In addition to the sum rules, an examination of explicit

spectral functions and scattering data [31] motivates the
bound of

jak=a0j ≤ 5: ð17Þ

As noted above, from Eq. (16), the coefficients behave as
ak ∼ k−4 at large k. We invoke a falloff of the coefficients at
higher order in k,

jak=a0j ≤ 25=k; k > 5: ð18Þ

The bounds are enforced with a Gaussian penalty on the
coefficients entering the fit. We investigate fits using a

TABLE III. Maximum value of jzj for different Q2 ranges and
choices of t0. t

optimal
0 is defined in Eq. (14).

Q2
max GeV2 t0 jzjmax

1.0 0 0.44
3.0 0 0.62
1.0 toptimal

0 ð1.0 GeV2Þ ¼ −0.28 GeV2 0.23
3.0 toptimal

0 ð1.0 GeV2Þ ¼ −0.28 GeV2 0.45
3.0 toptimal

0 ð3.0 GeV2Þ ¼ −0.57 GeV2 0.35

DEUTERIUM TARGET DATA FOR PRECISION NEUTRINO- … PHYSICAL REVIEW D 93, 113015 (2016)

113015-5

(Form factor fully specified in 
the paper, etc.)

Here, Minerva for illustration - fit 
was to deuterium data.

Measurement from re-analysis

Nucleon physics
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Calculations of Interest

Di�culty in lattice QCD
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A. Kronfeld

Lattice prospects
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How Does Lattice Help?

Lattice is well suited to compute matrix elements:

M‹µnæµp(p, pÕ) = Èµ(pÕ)| (Vµ ≠ Aµ) |‹(p)ÍÈp(q)| (Vµ ≠ Aµ) |n(0)Í

p ≠ pÕ = q

n(0)

‹µ(p)

p(q)

µ≠(pÕ)

pen & paper

Lattice QCD

7 / 41
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Well-determined from electron scattering expts


can be related to        by pion pole dominance

Cross-section for quasi-elastic neutrino-nucleon scattering

Quasi-elastic scattering

  6 

When considering neutrino scattering from nucleons, an axial current comes into play.  The 

total nucleon current coupling to the charged weak leptonic current is an isovector one 

body nucleon current with both vector and axial‐vector components: 

. The full nucleon weak current had been written down by 

Llewellyn‐Smith (1) but for our purposes it suffices to write the axial current of the nucleon 

as 

jA
µ
(Q

2
) = u (p ') GA (Q

2
)γ µ

+
1

2M
GP (Q

2
)q

µ⎛
⎝⎜

⎞
⎠⎟
γ 5
u(p)          (4) 

where the induced pseudoscalar GP(Q
2
)=4mN

2
GA/(mπ

2
+Q

2
)

 
is determined by PCAC and the 

axial-vector form factor GA(Q
2
) is established from experiment. 

 

The weak leptonic current is 

                                                              
 

jµ
l
=ψ

l
−

l
+

(1 γ 5 )γ µψν
ν

             (5) 

The lepton‐nucleon coupling is the scalar product of the two currents.  The change in sign 

for the axial coupling arises from the opposite helicity of neutrinos and anti‐neutrinos 

leading to constructive interference between the transverse vector and axial vector 

amplitudes for neutrino cross sections and destructive interference for anti‐neutrinos.   

 

It follows that the differential cross section for neutrino QE scattering off free nucleons can 

be expressed in the form (1):  

 

 

dσ

dQ
2
=
Gf

2
M

2
cos

2θC

8πEν
2

A 
(s − u)

M
2
B +

(s − u)2

M
4

C
⎡

⎣
⎢

⎤

⎦
⎥    (6) 

GA

3

Figure 2. The percent change in the neutrino
cross section for a 1% change in the form factors.

cross sections from deuterium. We plan to study
the nuclear corrections, adopting models which
have been used in precision electron scattering
measurements from nuclei at SLAC and JLab.

4. Extraction of FA(q2)

A substantial fraction of the cross section
comes from the form factor FA(q2). Therefore,
we can extract FA(q2) from the differential cross
section. Figure 2 and 3 show the contribution
of FA(q2) to dσ/dQ2. Figure 2 shows the per-
cent change in the neutrino cross section for a 1%
change in the form factors. Figure 3 shows the
fractional contribution of the form factor deter-
mined by setting the form factor to zero and by
determining the fractional decrease in the differ-
ential cross section. Since some terms are prod-
ucts of different form factors, the sum of the
curves do not have be 1.

To extract FA, we write the equation for
dσ/dq2(q2, Eν) in terms of a quadratic function
of FA(q2).

a(q2, Eν)FA(q2)2 + b(q2, Eν)FA(q2)

+ c(q2, Eν) −
dσ

dq2
(q2, Eν) = 0

Figure 3. Fractional contribution of the form
factor determined by setting the form factor
to zero and by determining the fractional de-
crease in the differential cross section, 1 −
(dσ/dQ2(formfactor = 0))/(dσ/dQ2).

For each q2 bin, we integrate the above equation
over the q2 bin and the neutrino flux.
∫∫

dq2dEν{a(q2, Eν)FA(q2)2 + b(q2, Eν)FA(q2)

+c(q2, Eν) −
dσ

dq2
(q2, Eν)} = 0

The above equation can be written as a
quadratic equation in FA at the bin value q2

bin.

αFA(q2
bin)2 + βFA(q2

bin) + γ − ∆ − NData
Bin = 0

The terms of this equation are given below:

α =

∫∫

dq2dEνa(q2, Eν)

β =

∫∫

dq2dEνb(q2, Eν)

γ =

∫∫

dq2dEνc(q2, Eν)

F1,2

GP

  7 

 

where (‐)+ refers to (anti)neutrino scattering, (s ‐ u) = 4MEν ‐ Q2 ‐ m2, and m is the lepton 

mass. The factors A, B, and C are functions of the Q2‐dependent vector, axial‐vector, and 

pseudoscalar form factors:  

 

A =
(m

2
+Q

2
)

M
2

[(1+ τ )G
A

2 − (1− τ )F
1

2
+ τ (1− τ )F

2

2
+ 4τF

1
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2
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2

F
1
+ F
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2

+ G
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2
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2

M
2
+ 4
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⎞
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G

P

2
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⎞

⎠⎟
⎤

⎦
⎥
⎥

B =
Q
2

M
2
G

A
(F
1
+ F

2
)

C =
1

4
(G

A

2
+ F

1

2
+ τF

2

2
)

    (7) 

 

and F1 and F2 are the aforementioned isovector Dirac and Pauli vector form factors. With 

the vector form factors determined from electron scattering and small contributions from 

the pseudoscalar form factor for νµ scattering, early studies of neutrino QE scattering 

focused on investigating the axial‐vector form factor of the nucleon. 

 

2.2 – Early Investigations of the Weak Hadronic Current 

Some of the earliest experimental investigations of neutrino QE scattering,  vµ + n→ µ−
+ p , 

were performed in the late 1960's using spark chambers (aluminum, iron) (2,3) and bubble 

chambers (propane, freon) (4) as neutrino detectors.   These early experiments provided 

the first neutrino QE scattering event samples from which initial determinations of the 

underlying nucleon form factors were made.   In the early 1970's, many experiments 

dominant contribution

largest uncertainty

GA

Budd, Bodek, Arrington
Nucl.Phys.Proc.Suppl. 139 (2005) 90-95 

N

ν
l

N

Phiala Shanahan 
MIT

Lattice QCD input for  
neutrino-nucleus interactions                             is a historically difficult calculation

Recent calculations in agreement with experiment with fully-controlled 
uncertainties
      -dependence well-determined in LQCD — competitive with experiment
z-parameterisations remove assumption of dipole form

Nucleon Axial FFs from LQCD

14

FIG. 11. Results for GA(Q
2) (left) and Gp(Q

2) (right) for momentum Q2 = 0.2848 GeV2. The notation is as in Fig. 10.

FIG. 12. Results for Gu�d
A (Q2) (left) and Gu�d

p (Q2) (right) as a function of Q2 for three source-sink time separations, namely
ts = 0.94 fm (red filled circles), ts = 1.13 fm (blue crosses) and ts = 1.31 fm (green filled triangles). We also show results
extracted from the summation method (open brown diamonds) and two-state fit (open magenta pentagons). The experimental
value of gA is shown with the black asterisk. Results are slightly shifted to the right for clarity.

results for G

u�d

A

that calls for a further study of excited states and volume e↵ects on the lattice determination of
G

u�d

p

(Q2).
In order to compute the individual light quark axial form factors one needs, besides the isovector form factors, the

Alexandrou et al., arXiv:1705.03399

gA = GA(Q
2 = 0)

Q2

16
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FIG. 9. The 8-point fit using Eq. (23) without the finite volume correction (c4 = 0) to the data for the axial radius hrAi. The
grey band in the bottom row is the fit neglecting both the lattice spacing and the finite volume corrections. The rest is the
same as in Fig 8.
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FIG. 10. (Left) The data for GA(Q
2)/gA from the eight ensembles is plotted versus Q2 (GeV2). We show the dipole fit with the

phenomenological estimates of the axial mass, MA = 1.026 GeV and with our best estimate MA = 1.39 GeV corresponding
to hrAi|dipole = 0.49(10) given in Eq. 24. The experimental data have been provided by Ulf Meissner [9]. (Right) A zoomed in
view of the data and the two dipole fits in the region Q2 < 0.5 GeV2.

for the four ensembles a12m310, a09m130, a06m220 and
a06m135. Including the O(a) improvement of the axial

current, the ratios in Eqs (29)–(32) become
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Gupta et al., arXiv:1705.06834

MiniBooNE MA 
=1.35(17) GeV 
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Quick refresher - scaling

• Scaling of the first kind occurs when the electron-nucleus cross section or 
longitudinal/transverse response functions (divided by a function describing 
free nucleon physics) no longer depend on two variables (e.g. energy 
transfer and the absolute value of the 3-momentum transfer), but only on a 
specific function of them, which defines the scaling variable.
• Scaling of the second kind takes place when there is no dependence on the 

nuclear species.
• The simultaneous occurrence of both kinds of scaling is called superscaling.
• Scaling of the zeroth kind occurs when the scaling function is the same for 

the longitudinal and transverse responses.

78
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Analysis of experimental cross sections

Experimental scaling function: F (q, y) =
[dσ/dωdΩ′]exp

σeN (q,ω; p = −y, ε = 0)

σeN (q,ω; p, ε) ≡
1

2π

∫
dφN

EN

q
[Zσep(q,ω; p, ε,φN) + Nσen(q,ω; p, ε,φN)]

Scaling of the first kind: q → ∞ =⇒ F (q, y) −→ F (y) ≡ F (∞, y)

JAC, Toronto, 06/26/2017 – p. 4

J. Caballero, Seville
NuInt 2017
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Inelastic Reactions
• “Real” scattering involves very complicated targets. Electroweak theory does not provide couplings 

for composite particles (e.g. nucleons). 
• We assume massless leptons in the following section...

80

CTEQ Summer School – July , 2011 Dave Schmitz, Fermilab 43 

νµ Total CC/NC Cross Sections 

&><I�9>�<?G5CD�5>5B7I�
B579?>��65G��5-��4?5C�
>?>�� *�3B?CC�C53D9?>�

4?=9>1D5�

� *�
D. Schmitz, CTEQ ‘11

Transition Region - Messy Final States, 
but not scattering cleanly off partons.

In DIS, the neutrino scatters against an 
individual parton, carrying momentum 

fraction x, inside the nucleon.

q = p⌫ � pµ = p� p0

m

2
q = x

2
P

2 = x

2
M

2
T

m

2
q0 = (xP + q)2

P

νμ μ$

xP

(1($(x)P

m

q

p p
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Parton Distribution Functions q(x) : Charge and Helicity

•Neutrinos and anti-neutrinos “taste” different quark flavors!
- Neutrinos: d, s, u-bar, c-bar ONLY
- Anti-neutrinos: u, c, d-bar, s-bar ONLY

• Scattering is not from free quarks though! We must use parton 
distribution functions! 
- We cannot calculate these with QCD, but we do know they 

are universal:

83
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CTEQ Summer School – July , 2011 Dave Schmitz, Fermilab 48 

%5EDB9>?����� *�3B?CC�C53D9?>�FC	�y!

Parton Distribution Functions  q(x) 

y = (1 – cosθ)/2 

y = 0 
neutrinos and 
antineutrinos  

the same  

y = 1 
neutrinos  

only see quarks 
antineutrinos  

only see antiquarks  

θ = 0! θ = π%

D. Schmitz, CTEQ ‘11

y = 1� El

E⌫
Inelasticity

“All Lepton”

“All Hadron”
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Nucleon Structure Functions
• We may write the ν-N cross-sections in a model-independent way using three 

nucleon structure functions: F1, F2, xF3:

• We may invoke Callan-Gross (2xF1 = F2) to simplify. Deviations:

• The functions F2(x,Q2), xF3(x,Q2), and R (x,Q2) may now be experimentally charted 
from the measured DIS cross-section, dσ/dy, in bins of x and Q2.
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y / m⇥ x+ b
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Nucleon Structure Functions
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Nucleon Structure Functions 

€ 

d2σνA

dxdy
∝ F2

νA x,Q2( ) + xF3
νA x,Q2( )[ ] + 1− y( )2 F2νA x,Q2( ) − xF3νA x,Q2( )[ ] + f (R)
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d2σν A
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ν A x,Q2( ) − xF3ν A x,Q2( )[ ] + 1− y( )2 F2ν A x,Q2( ) + xF3
ν A x,Q2( )[ ] + f (R)

neutrino 

antineutrino 

€ 

y ∝ b +mx
Equations of lines! 

bin of (x,Q2)!

Fit for parameters F2, xF3!
in bins of (x,Q2)!

R related to excursions 
from a straight line shape 

Equations of lines!

Fit for F2, xF3 in bins of (x,Q2).

C.G. R is related to 
excursions from a straight-

line slope.
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Nucleon Structure Functions

CTEQ Summer School – July , 2011 Dave Schmitz, Fermilab 51 

Nucleon Structure Functions 
��&),*�
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D. Schmitz, CTEQ ‘11
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Structure Functions & PDFs 
(Charged Current)

Leading order expressions to relate SFs to PDFs:

Assuming c = c-bar & s = s-bar:
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Parton Distribution Functions  q(x) 
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If there were only the  
valence quarks (Q=0) 

About half proton  
content is quarks, 
the rest is gluons 

Antiquark  
content ~5% 

D. Schmitz, CTEQ ‘11

If there were no valence quarks 
(Q-bar = 0):

Parton Distribution Functions


