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Motivation

e Improve on 1995 model of Rummukainen and Gottlieb to study
scattering resonances [5]

- Not A — oo Ising limit

- Symanzik-improved so “lattice dispersion” not needed

o Investigate partial wave mixing using box matrix formalism
developed by Morningstar et al. [4]
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Action

e In Minkowski spacetime:

1 1 1
Z = —§¢(62 + mi)qﬁ - 5[’(62 + mi) ¢4 p p §9¢>2P

e ¢, p real scalar fields
e p tuned to appear as resonance

e Quartic terms — action bounded from below
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Choice of parameters

e Lattices ranging from ng = 16 to ngy = 53
Want:

e Renormalized mgL > 4, but renormalized mass not known a prior:

- Choose aymy = 0.15

® m, > 2mgy, but m, suitably less than 3-, 4-particle thresholds.

- Choose m, ~ 2.67mg
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Choice of Parameters

e Simple theory = simple vacuum, no S.S.B.

e Minimize Ay, A, to simplify model and to minimize mass
renormalizations

e Large enough g to yield significant interaction energies

Studying an action with uniform fields yields good candidates:
2

_ 9
° )‘¢ - 4m3>
2
[ )\ = %
P m2
Test monte-carlo runs determine miqb =1 to yield significant interaction
energies.
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Discretization and the Need for an Improved Action

A naive discretization scheme:

x a 2
¢> _ a atzz < + M:u) ¢( )) + %mi(ﬁ(:c)Z + Z?qb(xf)

e Sy is portion of action containing ¢-only terms

e Large discretization errors!
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Discretization and the Need for an Improved Action
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Symanzik Improvement (Improved Finite Difference)

Rewrite kinetic term in action:

/ APz 9,¢0,6 = — / dPx 020

Naive finite-difference:

1"

a”*(f(z+a) - fz —a) = 2f(2)) = f (2) +|O(a*)

Improved finite difference:

a? (g(f(x +a)+ flz—a)) - 1—12(f(x +2a) + f(z — 2a) — 2f(fc)>

= f (z) +|O(a")
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Unimproved Action
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Improved action
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Updating scheme: Sequential Metropolis +
Microcanonical

Sequential Metropolis-Hastings
e Not effective at reducing autocorrelations

Microcanonical updating

e Greatly reduces autocorrelations

o Makes large but action-preserving changes at each site

Measurement parameters

e Each compound sweep: 1 Metropolis + 3 microcanonical
e 5 compound sweeps between measurements

e Number of measurements: 560,000 for larger lattices to
11,000, 000 for smaller lattices
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Operators: d2 =0

Operators, Olio), used to extract spectrum in the [P = 0, A;4] sector.

Name | Operator details

o”t) | (0,0,0,t)

o(t) | 19(0,0,0,1)

o) | 12(1,0,0,8)]2 +®(0,1,0,)2 + |®(0,0,1,¢)[2
oV ) | 1®(1,1,0,8)]2 + [0, 1,1,8)> + |®(1,0,1,1)|2

+]®(1,—1,0,1)|% + |®(0,1, —1,1)|? + |®(1,0, —1,1)|?
o) | 10(1,1,1,0)]2 + |®(=1,1,1,8)[2 + |®(1, -1, 1,¢)[2
|®(1,1,—1,1)|?

o) | 1®(2,0,0,8) + [#(0,2,0,8)| + |(0,0, 2, )|
o) | 2(0,0,0,t)
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Operators:

Operators, O

d’ =

(1)

x> used to extract the spectrum in the

[P = (27/L)(0,0,1), A;] sector.

Name Operator details

oY) | (0,0,1,¢)

o) [ ®(0,0,1,4)®(0,0,0,1)

o) | ©(1,0,1,6)B(—1,0,0,¢) + ®(—1,0,1,£)®(1,0,0,)
+®(0,1,1,£)®(0,—1,0,t) + (0,1, 1,4)3(0, 1,0, t)

O () | ®(1,1,1,6)B(—1,-1,0,£) + ®(—1,—1,1,£)®(1, 1,0, )
+B(1,-1,1,4)® ( 1,1,0 B+ O(—1, 1,1, B(1, —1,0,1)

o) | ©(0,0,2,)®(0,0,—1,%)

o) | 2(0,0,1,t)
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Operators: d? =

Operators, O,(f), used to extract the spectrum in the

P-

(2w/L)(0,1,1), A;] sector.

Name Operator details

o) | (0,1,1,¢)

o) | (0,0,0,)®(0,1,1,¢)

0(0”)(75) (0,0, 1,4)®(0,1,0,t)

OV 1) | &(=1,0,0,4)®(1,1,1,¢) + ®(—1,1,1,£)(1,0,0,)
0(0”)(75) $(0,—1,0,4)®(0,2,1,¢) + (0,0, —1,£)®(0, 1, 2, )
0P 1) | &(=1,0,1,4)®(1,1,0,¢) + ®(—1,1,0,£)®(1,0,1,t)
0(0“)(75) B(0,—1,1,4)8(0,2,0,¢) + ©(0,0,2,1)D(0,1, —1,¢)
o) [ 2(0,1,1,1)
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Operators: d? = 3

Operators, O,(:’), used to extract the spectrum in the
[P = (2n/L)(1,1,1), Ay] sector.

Name Operator details

o) [ @(1,1,1,1)

oM (1) [ ©(0,0,0,)0(1, 1,1, )

+®(0,1,1,£)9(1,0,0,)

oSV (1) | (0,0,1,6)®(1,1,0,¢) + ®(0,1,0,£)B(1,0,1,1)

+8(0,0,—1,4)D(1,1,2,¢)

o) | ®(-1,0,0 t) (2,1,1,8) + ®(0, —1,0,1)®(1,2,1,1)

+@(0,—
+®(0,1, 2, t

1,6)9(1,2,0,t) + ®(0,1, —

Offll)(t) ®(—1 071775)@(271 0,t) +®(—1,1,0, t)¢(2,0,1775)

1,6)®(1,0,2,t)

(1,0, —1,t) + ®(0, 2,1,t)(I>(1,—1,0,t)

)@
o) | ®(-1,1,1,4)®
)@

(
+8(0,2,0,6)®(1,—1,1,¢)

2,0,0,t) + ©(0,0,2,)®(1,1,—1,¢)

o™ () | 2(1,1,1,1)
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Energy Determinations: d? = 0
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Energy Determinations: d? = 0

16F # + Non-interacting
o ¢ Interacting
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Energy Determinations: d? = 1
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Energy Determinations: d? = 1
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Energy Determinations:
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Energy Determinations: d? = 2
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Energy Determinations:
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Energy Determinations: d* = 3
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Energy Determinations: d* = 3
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Energy Determinations: d? =
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Phase Shift Determination

e Liischer: Finite-volume spectrum — infinite-volume scattering [3]

e Morningstar et al.: “box matrix” parametrization of quantization
condition [4]:

det [frl — B} —0

2041
K l*1 = <QCM> cot & B: Known function of energies
me
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Resonance Parameters Determined using Box Matrix
Parametrization in QCD

d’=0,H [d’=1,6G

g9 2

Wd*=3F ld*=3F,
Hd=40,

7 O I S B S S
03 0.8 0.9

()" coty

K*(892) resonance [2]: A(1232) resonance [1]:
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Phase Shift Determinations in ¢/p model

2 2
- m- — F
Rl = <QCM> cot 6o = (QCM) »— Lem
Mg me m,l',
- 1
-1
m¢a2
2 2
__ 9 2 42 _ Eom 2
P 32mm3 mjy — Amg fdon = \/< 2 > ~ "

- My, My, g are renormalized
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Phase Shift Determination

40

201

cotdy

qom
Mg

e =2.70629(59)
_20 L
— =0.691(40)

mg

~401 mBay = —0.0025(24)

— &*=0

—_ d2=2
— d’=3

—60¢, . . . . .
2.67 2.68 2.69 2.70 2.71 2.73
Ecy
mg
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Phase Shift Determination

— a’=0
— d’=1
3.0f — &=
— d°=3
2.5}
X2
20!t SOF =0.85
o
“ 15}
1.0}
0.5}
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Supplementary slides
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Symanzik Improvement (Improved Finite Difference)

g0l + 20,00(2) + 1500 — 20,)6() + 36(0))
Fymiota + o)
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Updating scheme: Sequential Metropolis +
Microcanonical

Microcanonical update procedure:

1. Propose a new field with some probability. If decision is to
propose new field, continue, otherwise retain current value.

2. For initial value of dimensionless field ¢ at site x, solve
945 () = 0. 1-3 real solutions.

3. Choose one solution randomly with equal probability as proposed
new field value, ¢.

4. Accept this value with probability

Picc(p < ) = min (1,
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