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Novel idea: PDFs on the lattice

PDFs from QCD: lattice QCD is the only non-perturbative
tool for QCD.

Lattice QCD is defined by...

O Discretization

O Euclidean vs Minkowski

O Quark masses

O Finite volume
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Novel idea: PDFs on the lattice

PDFs from QCD: lattice QCD is the only non-perturbative
tool for QCD.

Lattice QCD is defined by...

O Discretization

O Euclidean vs Minkowski

O Quark masses

O Finite volume

Focus of this talk...
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Scheme to extract PDFs from the lattice

| evaluation of matrix elements
| of non-local operators

(V[O|N)

OWﬂSOH 1iHES:<N ‘q Wq |N >oo Ji (2013), Radyushkin (2017)

PDFs on the lattice

There are different techniques:

Otwo current operatorsz<N ‘j (O, ' )j (O) ‘ N > Ma & Qiu (2018),

OO | Braun et al. (2008, 2018)

Lattice QCD
(N|gWq|N)v

(N1T(0,8)T(0)|N)v
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Scheme to extract PDFs from the lattice

| evaluation of matrix elements
| of non-local operators

(V[O|N)

OWﬂSOH 1iHES:<N ‘q Wq |N >oo Ji (2013), Radyushkin (2017)

PDFs on the lattice

There are different techniques:

Otwo current operatorsz<N ‘j (O, ' )j (O) ‘ N > Ma & Qiu (2018),

OO | Braun et al. (2008, 2018)

Lattice QCD ‘ Pheno QCD
(NgWalNYyy | €@ | (NjgWaN)a

|
\
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Finite volume: Infrared limit of the theory

O Finite-volume artifacts arise from the interactions with mirror images

O Assuming L >> size of the hadrons ~ 1/m

o This is a purely infrared artifact

o We can determine these artifact using hadrons as d.o.f.

p p p
p P) p
p p p
«—>
~1/mg
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Finite volume: Infrared limit of the theory

O Finite-volume artifacts arise from the interactions with mirror images

O Assuming L >> size of the hadrons ~ 1/m

o This is a purely infrared artifact

o We can determine these artifact using hadrons as d.o.f.

muy (L) — my(00) ~ (N|V|N)p ~ e ™m=E

p p p
p P) p
p p p
«—>
~1/mg
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Finite volume effects: Matrix elements

OIn general, the masses and matrix elements of stable particles have
been observed to have these exponentially suppressed corrections.

O Matrix elements of non-local currents suffer from larger FV effects:

(N|T(0,6)T(0)| V) : generally decays as a

function of &

(N|TJ(0,6)T(0)|N)y :periodic, since
J(t,x)=J(t,x+ Le;)

J Expect enhanced finite volume effects
to keep periodicity!
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N
Finite volume effects: Matrix elements

: M j
0.2-
-/\/loo EFV

—

0.17

0.01

o Expect enhanced finite volume effects
' to keep periodicity!
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A simple example: mass of a pion

Consider a toy model for mesons Ly = T4

O In a finite volume, integrals over momenta become sumes:

dkl Akz o 2w An o 1 dSk 1
1D=/27r %; o _; orL _L; 3D:/(2W)3%§§k:

A
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A simple example: self-energy of a pion

In infinite volume:

I —/ k1 L
oo T (27_‘_)4 k‘2 —|—m72_(_ <

Poisson summation

In finite volume:

ik-nL

1 dky 1
Ioy = —
Y L3zk:/ 21 k% +m2 Z/ (2m)* k2 + m2

Finite/infinite volume difference: 577%2( )~ 0lpy = Ipyv — I

zknL
—z/ A

6Lm

(Lm)3/2
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A simple example: self-energy of a pion

e—mﬁL
my(L) = my; + c(me)g/2
0.0705 X2/Ndof:0.9 N

0.07

0.069

0.0685 -

aymx(00) = 0.06906(13)

15

20 25

30 L/as

[
k Dudek, Edwards & Thomas (2012) ]

m, ~ 390 MeV, ay, ~ 0.12 tm — m, L ~ 3.8, 4.7, 5.6
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Our toy model

Consider a theory with two scalar particles
O a light one, ¥, analogous to the pion

My << My
Oa heavy one, X, analogous to the nucleon

O momentum independent coupling

Coupling to an external current :

11—)\) :gX 1-’:E’b----:gcp 11‘)3'

= Ixe = Oxpyp

A
L4
L4
L4
A
‘>
-
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Light external states

MEOEp) =2 [
q.LLb dij h 7 Jos (PE +qE)* +mZ,
p q —I—p p Even at LO has . Expect enhanced
an integral ~ FV effects
oo . et (§+iLn)
Finite volume correction: oM =g, %:0 /q op e’ 1+ m2

2
(LO) _ m<P cp Y Kl m¢\§—|—Ln|) ey Kl(mw‘L_ﬂ)
Mg Rl rin)  magt Kl

e_mCP(L_€>

(-

SMP (€, p) o
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Light external states (LO) (LO)
7 M /‘/\/l 7
4 ;. / / )
/ m.L =

L — o0

0 1 2 3 4 5 6
LIRS
- W,
(Expected behavior!j
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Light external states

- a
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Light external states

(- )
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Light external states

100% systematic uncertainty!
inaccurate...despite it being arbitrarily precise!

a )
2-A°° Mrl = 2
My °,
Ooo

4.0 4.5 5.0 5.D 6.0

m. 1
= )
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Heavy external states

Leading order

_mx(L_f)
-L‘m o MO ) < e M=)
g+p P - (L —¢§)%/?

Next to Leading Order

(a) (b) C (d)
L\‘bkm foemee . k
k "' ‘f“\ 7\ ‘f“\ p— k
p—kVLL\ p—k p_k:;LL\ k q+p q+p
(e) (f) (g) (h)
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In general...

We find that in general the matrix elements...

(M|T(0,8)T(0)| M), — (M|T(0,6)T(0)|M)oo = Pu(€, L)e M=) 4 Py(g, L)e™ ™" 4,

R 7

\
\

Polynomial bprefactbrs o« L™ /| L —&|"

This result might be universal and have a better convergence
than the EFT used, but we don’t have a proof yet...
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Implication for ongoing studies

parametrizes size of

standard finite-volume errors

| Ref. | Ny | ma(MeV) | L(fm) | zmax(fm)

LP3 nucleons | 1807.07431 | 2+1+1 135 5.8 1.8
LP3 nucleons | 1803.04393 | 2+1+1 135 5.8 1.8
LP3 mesons | 1804.01483 | 2+1+1 310 2.9 1.8
ETMC 1807.00232 2 130 4.5 1.9
ETMC 1803.02685 2 130 4.5 1.9
Bali et al. 1807.06671 2 295 2.3 0.39
Bali et al. 1709.04325 2 295 2.3 0.39
JLab 1706.05373 0 600 3.0 1.2
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Implication for ongoing studies

parametrizes size of new scale encoding errors

standard finite-volume errors for operators with finite size

~N

| Ref. | Ny | ma(MeV) | L(fm) | zmax(fm) My (L — &max)

LP3 nucleons | 1807.07431 | 2+1+1 135 5.8 1.8 2.7
LP3 nucleons | 1803.04393 | 2+1+1 135 5.8 1.8 2.7
LP3 mesons | 1804.01483 | 2+1+1 310 2.9 1.8 1.7
ETMC 1807.00232 2 130 4.5 1.9 1.7
ETMC 1803.02685 2 130 4.5 1.9 1.7
Bali et al. 1807.06671 2 295 2.3 0.39 2.9
Bali et al. 1709.04325 2 295 2.3 0.39 2.9
JLab 1706.05373 0 600 3.0 1.2 5.4
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Implication for ongoing studies

parametrizes size of

standard finite-volume errors

new scale encoding errors

for operators with finite size

| Ref. | Ny | me(MeV) | L(fm) | zmax(fm) | m-L ||| mx(L — &nax)

LP3 nucleons | 1807.07431 | 2+1+1 135 5.8 1.8 4 2.7
LP3 nucleons | 1803.04393 | 2+1+1 135 5.8 1.8 4 2.7
LP3 mesons | 1804.01483 | 2+1+1 310 2.9 1.8 4.6 1.7
ETMC 1807.00232 2 130 4.5 1.9 3 1.7
ETMC 1803.02685 2 130 4.5 1.9 3 1.7
Bali et al. 1807.06671 2 295 2.3 0.39 3.4 2.9
Bali et al. 1709.04325 2 295 2.3 0.39 3.4 2.9
JLab 1706.05373 0 600 3.0 1.2 9.1 5.4

“finite-volume effects might be the largest underestimated
systematic uncertainty...”
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Summary

oFirst study of finite-volume artifacts in matrix elements of spatially non-local

operators
» Finite volume artifacts estimated via toy model with two scalar particles

oWe considered a toy model involving two scalar particles to estimate the size of

finite-volume corrections.
»lightest particle: LO contribution dominant, effects ~ P(¢, L)e™ ™~ (L=¢)

»heaviest particle: NLO contribution dominant, effects ~ P(¢, L)e™ ™~
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Thank you!
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Backup slides
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Finite volume effects: Matrix elements

Wilson line is not periodic:

Wir+€epx] =U(x+ (£ —a)e;) Ui(z + (£ — 2a)e;) X --- X Uj(z + ae;)

Quark bilinears connected to Wilson Lines:

g(z+ (E+nLl)e;) Wz + (£ +nLl)e;, x| q(z) =gz + e;) Wz + Eey, 2] (W[x + Le;, x]n) q(z)

7

are no periodic. However,

q(x) and U(x) feel
boundary conditions

expect enhanced finite
volume effects for large &
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Asymptotic behaviors

1

SMP(E,0) = ¢2g,9, 3 [/Oldxzz[\Ln—s\;M(x)]] [/0

{n,m}#0

SMP(€,0) =202 > Ti[|Ln—§&;m,] UO dw(l—wﬂz[le—ﬁ\;M(w)]],

{n,m}+#0
SME(€0) =63, D Li[lLn—glm] L [ILm —£lmy]
{n,m}#0
1
5M(Le)(€a 0) = 99¢9x¢ Z T ULH —&l; m@] [/ dz 7o [\Lm —&; M(x)}] ’
{n,m}+#0 0
1
e 5 alinin [/ im0
{n,m}#0 °
1
SMP(E,0) = ggnogr D, Ti[lLn—Elimy] U do L[ |Lml; M(x”] ’
{n,m}#0 ’
1
5M(Lh) (£,0) = 5 IxIxee Z Ly [\Ln —&l; mx} L [|Lm\; m‘/’] '
{n,m}#0
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Asymptotic behaviors

sMEM (€, 0) ~

sMP(€,0) ~

SMP (€,0) =

sMP(€,0) =

M (€,0) =
(5M(f)(€ 0) =
5M(9)(€ 0)

SIMM (€, 0) =

juanvg@ijlab.org

g2 g2 51/2 (L — 5)1/2 .
]_287-‘-3:7/90 [(L—§)3/2Hx’3/2(£) + THx,g,/Q(L—{)]e L,

999y 1 L
6473m [51/2(1] )2 Hy1y2()Hy1/2(L — f)] e,

9*93 mi/2 [<L — €)1/

Hl—x,3/2(L _ g)] e—E(mx—my) o —my L :

12873 3/2 €3/2
327T3 63/2(1’/ o 5)3/2 € e ,

99e9x e 1 1 o
6473 |:£1/2(L _ 5)3/2H1,1/2(£) + 53/2([/ — 6)1/2[‘[1’1/2([/ — f)] e Mot
995Gy > T 1 ( |

xIxpx e

mey L

99x 9 ml/2 i 1

X% —&my ,—myL

6473m, 1/2 53/2L1/2H1,1/2(L)]€ xe Mt
9><9><<p<pmclp/2m>1</2 1 —my € —meL

6473 £3/213/2 € e :
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Heavy external states: Next to Leading Order
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