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Novel idea: PDFs on the lattice

PDFs from QCD: lattice QCD is the only non-perturbative 
tool for QCD. 

Lattice QCD is defined by…

Discretization

Euclidean vs Minkowski

Quark masses

Finite volume

La

tM ! �itE
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Novel idea: PDFs on the lattice

Lattice QCD is defined by…

Discretization

Euclidean vs Minkowski

Quark masses

Finite volume

La

tM ! �itE

Focus of this talk…

PDFs from QCD: lattice QCD is the only non-perturbative 
tool for QCD. 
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There are different techniques:

Wilson lines:

two current operators:

PDFs on the lattice 

hN |O|Ni
evaluation of matrix elements 

of non-local operators

hN |J (0,⇠⇠⇠)J (0)|Ni1

hN |q̄ Wq|Ni1

hN |J (0,⇠⇠⇠)J (0)|NiV

hN |q̄ Wq|NiV
Lattice QCD

Scheme to extract PDFs from the lattice

Ji (2013), Radyushkin (2017)

Ma & Qiu  (2018),           
Braun et al. (2008, 2018) 
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There are different techniques:

Wilson lines:

two current operators:

PDFs on the lattice 

hN |O|Ni
evaluation of matrix elements 

of non-local operators

hN |J (0,⇠⇠⇠)J (0)|Ni1

hN |q̄ Wq|Ni1

hN |J (0,⇠⇠⇠)J (0)|NiV hN |J (0,⇠⇠⇠)J (0)|Ni1

hN |q̄ Wq|Ni1hN |q̄ Wq|NiV
Lattice QCD Pheno QCD

Scheme to extract PDFs from the lattice

Ji (2013), Radyushkin (2017)

Ma & Qiu  (2018),           
Braun et al. (2008, 2018) 
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Finite volume: Infrared limit of the theory
 Finite-volume artifacts arise from the interactions with mirror images

 Assuming L >> size of the hadrons ~ 1/m! 

  This is a purely infrared artifact

 We can determine these artifact using hadrons as d.o.f.

⇠ 1/m⇡

p

p p

p p

p pp

p

L
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Finite volume: Infrared limit of the theory
 Finite-volume artifacts arise from the interactions with mirror images

 Assuming L >> size of the hadrons ~ 1/m! 

  This is a purely infrared artifact

 We can determine these artifact using hadrons as d.o.f.

⇠ 1/m⇡

Lüscher (1985)

mN (L)�mN (1) ⇠ hN |V̂ |NiL ⇠ e�m⇡L

p

p p

p p

p pp

p

L
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Finite volume effects: Matrix elements 

In general, the masses and matrix elements of stable particles have 
been observed to have these exponentially suppressed corrections. 

Matrix elements of non-local currents suffer from larger FV effects:

hN |J (0,⇠⇠⇠)J (0)|Ni1 : generally decays as a    
function of ξ 

: periodic, since hN |J (0,⇠⇠⇠)J (0)|NiV
J (t,x) = J (t,x+ Lei)

Expect  enhanced finite  volume effects 
to keep periodicity!
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0 1 2 3 4 5 6
m⇡⇠

0.0

0.1

0.2 MFVM1

Finite volume effects: Matrix elements 

Expect  enhanced finite  volume effects 
to keep periodicity!
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A simple example: mass of a pion

Consider a toy model for mesons LM =
�

4!
'4

Bare propagator is volume-independent:

so we have to have to go to loops… self-energy…

= �0(p
2) =

i

p2 �m2
0 + i✏

 In a finite volume, integrals over momenta become sums:
Z

dki
2⇡

!
X

ki

�ki
2⇡

=
X

ki

2⇡�n

2⇡L
=

1

L

X

ki

Z
d3k

(2⇡)3
! 1

L3

X

ki

1D: 3D:



juanvg@jlab.org Lattice 2018, July 2018 11

A simple example: self-energy of a pion

I1 =

Z
d4k

(2⇡)4
1

k2 +m2
⇡

IFV =
1

L3

X

k

Z
dk4
2⇡

1

k2 +m2
⇡

=
X

n

Z
d4k

(2⇡)4
eik·nL

k2 +m2
⇡

In infinite volume:

In finite volume:
Poisson summation

Finite/infinite volume difference: �m2(L) ⇠ �IFV = IFV � I1

=
X

n 6=0

Z
d4k

(2⇡)4
eik·nL

k2 +m2
⇡

⇠ K1(Lm) ⇠ e�Lm

(Lm)3/2
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 0.0685

 0.069

 0.0695

 0.07

 0.0705

 15  20  25  30

m⇡(L) = m⇡ + c
e�m⇡L

(m⇡L)3/2

Dudek, Edwards & Thomas (2012)

m⇡ ⇠ 390 MeV, as ⇠ 0.12 fm �! m⇡L ⇠ 3.8, 4.7, 5.6

A simple example: self-energy of a pion
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Our toy model

Consider a theory with two scalar particles

a light one,    , analogous to the pion

a heavy one,    , analogous to the nucleon 

 momentum independent coupling 

Coupling to an external current :

'

�
m' ⌧ m�

⇠L

= g = g� = g' = g�' = g�''

⇠L

= g = g� = g' = g�' = g�''
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Light external states

p

q

p

q

q + p

M(LO)
1 (⇠⇠⇠,p) = g2'

Z

qE

eiq·⇠⇠⇠

(pE + qE)2 +m2
'

Even at LO has 
an integral

Expect enhanced 
FV effects

�M(LO)
L (⇠⇠⇠,p) = g2'

X

n 6=0

Z

qE

eiq·(⇠⇠⇠+iLn)

(pE + qE)2 +m2
'

�M(LO)
L (⇠⇠⇠,p) =

m'g2'
4⇡2

e�ip·⇠⇠⇠
X

n 6=0

K1

�
m'|⇠⇠⇠ + Ln|

�

|⇠⇠⇠ + Ln| ⇠
m'g2'
4⇡2

K1

�
m'|L� ⇠|

�

|L� ⇠|

�M(LO)
L (⇠⇠⇠,p) / e�m'(L�⇠)

(L� ⇠)3/2

Finite volume correction:
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Light external states
M(LO)

LM(LO)
1

0 1 2 3 4 5 6
m⇡⇠

0

1

2

3

0.0 0.5 1.0 1.5 2.0

m⇡⇠

0.0

0.5
m⇡L = 4
L ! 1

m⇡L = 4
m⇡L = 6

(a) (b)

(c)

�ML

M1

4.0 4.5 5.0 5.5 6.0

m⇡L

1

2
m⇡⇠ = 2

L ! 1

M(m⇡⇠)

M1(1)

ML

M1

Expected behavior!
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Light external states

0 1 2 3 4 5 6
m⇡⇠

0

1

2

3

0.0 0.5 1.0 1.5 2.0

m⇡⇠

0.0

0.5
m⇡L = 4
L ! 1

m⇡L = 4
m⇡L = 6

(a) (b)

(c)

�ML

M1

4.0 4.5 5.0 5.5 6.0

m⇡L

1

2
m⇡⇠ = 2

L ! 1

M(m⇡⇠)

M1(1)

ML

M1
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Light external states

0 1 2 3 4 5 6
m⇡⇠

0

1

2

3

0.0 0.5 1.0 1.5 2.0

m⇡⇠

0.0

0.5
m⇡L = 4
L ! 1

m⇡L = 4
m⇡L = 6

(a) (b)

(c)

�ML

M1

4.0 4.5 5.0 5.5 6.0

m⇡L

1

2
m⇡⇠ = 2

L ! 1

M(m⇡⇠)

M1(1)

ML

M1
⇠ 10% when

⇠

L
=

1

4
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Light external states

0 1 2 3 4 5 6
m⇡⇠

0

1

2

3

0.0 0.5 1.0 1.5 2.0

m⇡⇠

0.0

0.5
m⇡L = 4
L ! 1

m⇡L = 4
m⇡L = 6

(a) (b)

(c)

�ML

M1

4.0 4.5 5.0 5.5 6.0

m⇡L

1

2
m⇡⇠ = 2

L ! 1

M(m⇡⇠)

M1(1)

ML

M1

100% systematic uncertainty!
inaccurate…despite it being arbitrarily precise!



juanvg@jlab.org Lattice 2018, July 2018 19

Heavy external states

Leading order

Next to Leading Orderp

q

p

q

q + p

k

k + q

p� k

k k

k + q

p� k p� k � q

k

p� k p� k
p� k + q

k

k + q

p� k

k

p� k p� k + q

k

(a) (b) (c)

(e) (f) (g) (h)

k

p� k + q

(d)

q + p
k

p� k

q + p

�M(LO)
L (⇠⇠⇠,p) / e�m�(L�⇠)

(L� ⇠)3/2
⌧ e�m'(L�⇠)

p

q

p

q

q + p

k

k + q

p� k

k k

k + q

p� k p� k � q

k

p� k p� k
p� k + q

k

k + q

p� k

k

p� k p� k + q

k

(a) (b) (c) (e)

(f) (g) (h)

k

p� k + q

(d)

q + p
k

p� k

q + p

(j)

q + p
k

p� k + q

p� k
p� k + q

(i)

q + p
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In general…

We find that in general the matrix elements…

hM |J (0,⇠⇠⇠)J (0)|MiL � hM |J (0,⇠⇠⇠)J (0)|Mi1 = Pa(⇠⇠⇠, L)e
�M(L�⇠) + Pb(⇠⇠⇠, L)e

�m⇡L + · · · ,

Polynomial prefactors / Lm/|L� ⇠|n

This result might be universal and have a better convergence 
than the EFT used, but we don’t have a proof yet…
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Implication for ongoing studies
parametrizes size of

standard finite-volume errors

Ref. Nf m⇡(MeV) L(fm) z
max

(fm) m⇡L m⇡(L� ⇠
max

)

LP

3

nucleons 1807.07431 2+1+1 135 5.8 1.8 4 2.7

LP

3

nucleons 1803.04393 2+1+1 135 5.8 1.8 4 2.7

LP

3

mesons 1804.01483 2+1+1 310 2.9 1.8 4.6 1.7

ETMC 1807.00232 2 130 4.5 1.9 3 1.7

ETMC 1803.02685 2 130 4.5 1.9 3 1.7

Bali et al. 1807.06671 2 295 2.3 0.39 3.4 2.9

Bali et al. 1709.04325 2 295 2.3 0.39 3.4 2.9

JLab 1706.05373 0 600 3.0 1.2 9.1 5.4
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Implication for ongoing studies
parametrizes size of

standard finite-volume errors
new scale encoding errors 

for operators with finite size

Ref. Nf m⇡(MeV) L(fm) z
max

(fm) m⇡L m⇡(L� ⇠
max

)

LP

3

nucleons 1807.07431 2+1+1 135 5.8 1.8 4 2.7

LP

3

nucleons 1803.04393 2+1+1 135 5.8 1.8 4 2.7

LP

3

mesons 1804.01483 2+1+1 310 2.9 1.8 4.6 1.7

ETMC 1807.00232 2 130 4.5 1.9 3 1.7

ETMC 1803.02685 2 130 4.5 1.9 3 1.7

Bali et al. 1807.06671 2 295 2.3 0.39 3.4 2.9

Bali et al. 1709.04325 2 295 2.3 0.39 3.4 2.9

JLab 1706.05373 0 600 3.0 1.2 9.1 5.4
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Implication for ongoing studies

“finite-volume effects might be the largest underestimated
systematic uncertainty…”

parametrizes size of
standard finite-volume errors

new scale encoding errors 
for operators with finite size

Ref. Nf m⇡(MeV) L(fm) z
max

(fm) m⇡L m⇡(L� ⇠
max

)

LP

3

nucleons 1807.07431 2+1+1 135 5.8 1.8 4 2.7

LP

3

nucleons 1803.04393 2+1+1 135 5.8 1.8 4 2.7

LP

3

mesons 1804.01483 2+1+1 310 2.9 1.8 4.6 1.7

ETMC 1807.00232 2 130 4.5 1.9 3 1.7

ETMC 1803.02685 2 130 4.5 1.9 3 1.7

Bali et al. 1807.06671 2 295 2.3 0.39 3.4 2.9

Bali et al. 1709.04325 2 295 2.3 0.39 3.4 2.9

JLab 1706.05373 0 600 3.0 1.2 9.1 5.4
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Summary

First study of finite-volume artifacts in matrix elements of spatially non-local 
operators

 Finite volume artifacts estimated via toy model with two scalar particles

We considered a toy model involving two scalar particles to estimate the size of 
finite-volume corrections.

lightest particle: LO contribution dominant, effects ~ 

heaviest particle: NLO contribution dominant, effects ~

P (⇠, L)e�m⇡(L�⇠)

P (⇠, L)e�m⇡L
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Thank you!
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Backup slides
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Wilson line is not periodic:

W [x+ ⇠ei, x] ⌘ Ui(x+ (⇠ � a)ei)Ui(x+ (⇠ � 2a)ei)⇥ · · ·⇥ Ui(x+ aei)

q

�
x+ (⇠ + nL)ei

�
W

⇥
x+ (⇠ + nL)ei, x

⇤
q

�
x

�
= q(x+ ⇠ei)W [x+ ⇠ei, x]

⇣
W [x+ Lei, x]

n
⌘
q(x)

Quark bilinears connected to Wilson Lines:

are no periodic. However,

?
q(x) and U(x) feel 
boundary conditions

expect enhanced finite 
volume effects for large ξ

Finite volume effects: Matrix elements 



juanvg@jlab.org Lattice 2018, July 2018 28

8

where

M(x)2 ⌘ xm2
'

+ (1 � x)m2
�

+ x(1 � x)p2
E

= xm2
'

+ (1 � x)2m2
�

. (26)

In the second step we have set the Euclidean external momentum on-shell, p2
E

= �m2
�

.
At this stage we have written the loop in terms of products of two integrals of the kind given in Eq. (16). Substituting

the definition of I
�

then gives

�M(a)
L

(⇠⇠⇠,p) = 2g2g2
'

ˆ 1

0

dxx
X

{n,m} 6=0

ei(1�x)p·[Lm�⇠

⇠

⇠] I1

⇥|⇠⇠⇠ � Ln|; m
'

⇤ I3

⇥|⇠⇠⇠ � Lm|; M(x)
⇤
, (27)

where we have shifted the summed integer vectors. Taking the external state to be at rest in the finite-volume,
i.e. setting p = 0, then gives

�M(a)
L

(⇠⇠⇠,0) = 2g2g2
'

X

{n,m} 6=0

I1

⇥|Ln � ⇠⇠⇠|; m
'

⇤ ˆ 1

0

dxx I3

⇥|Lm � ⇠⇠⇠|; M(x)
⇤�

. (28)

b. Diagrams 3(b) to 3(h): This set of diagrams is amenable to the same approach as Diagram 3(a). In Ap-
pendix A 2, we present a simple generalization of the technique presented above for Diagram 3(a) that allows for a
rapid derivation of the finite-volume e↵ects for these diagrams. The results for p = 0 are

�M(b)
L

(⇠⇠⇠,0) = g2g
'

g
�

X

{n,m} 6=0

ˆ 1

0

dx I2

⇥|Ln � ⇠⇠⇠|; M(x)
⇤� ˆ 1

0

dy I2

⇥|Lm � ⇠⇠⇠|; M(y)
⇤�

, (29)

�M(c)
L

(⇠⇠⇠,0) = 2g2g2
�

X

{n,m} 6=0

I1

⇥|Ln � ⇠⇠⇠|; m
�

⇤ ˆ 1

0

dx (1 � x) I3

⇥|Lm � ⇠⇠⇠|; M(x)
⇤�

, (30)

�M(d)
L

(⇠⇠⇠,0) = g2
�'

X

{n,m} 6=0

I1

⇥|Ln � ⇠⇠⇠|; m
�

⇤ I1

⇥|Lm � ⇠⇠⇠|; m
'

⇤
, (31)

�M(e)
L

(⇠⇠⇠,0) = gg
'

g
�'

X

{n,m} 6=0

I1

⇥|Ln � ⇠⇠⇠|; m
'

⇤ ˆ 1

0

dx I2

⇥|Lm � ⇠⇠⇠|; M(x)
⇤�

, (32)

�M(f)
L

(⇠⇠⇠,0) = gg
�

g
�'

X

{n,m} 6=0

I1

⇥|Ln � ⇠⇠⇠|; m
�

⇤ ˆ 1

0

dx I2

⇥|Lm � ⇠⇠⇠|; M(x)
⇤�

, (33)

�M(g)
L

(⇠⇠⇠,0) = gg
�'

g
�

X

{n,m} 6=0

I1

⇥|Ln � ⇠⇠⇠|; m
�

⇤ ˆ 1

0

dx I2

⇥|Lm|; M(x)
⇤�

, (34)

�M(h)
L

(⇠⇠⇠,0) =
1

2
g

�

g
�''

X

{n,m} 6=0

I1

⇥|Ln � ⇠⇠⇠|; m
�

⇤ I1

⇥|Lm|; m
'

⇤
. (35)

The key feature for these diagrams is that one can factorize the dependence on the current momentum, q, from that
on the internal loop momentum, k. In all cases this results in two I functions, corresponding to the two momenta after
an appropriate shift has been performed. Note that the sum of the indices on the two I functions always corresponds
to the number of internal propagators.

c. Diagrams 3(i) and (j) These two diagrams cannot be factorized into two separate momentum integrals and
must be studied using a di↵erent approach. In Appendix A 3, we evaluate these diagrams and put upper bounds on
their values. We demonstrate that the finite-volume artifacts associated with these are smaller than those for 3(a) to
(h). As we are only interested in the dominant finite-volume e↵ects, we ignore the contributions from Figs. 3(i) and
(j) from here on.

IV. ASYMPTOTIC BEHAVIOR

In this section we study the asymptotic behavior of Eqs. (28) through (35). As mentioned above, we assume that
m

�

� m
'

and ignore corrections that decrease with the volume as e�m�L or more rapidly. Since the matrix element
must be periodic with periodicity L, as ⇠ approaches L, finite-volume e↵ects become arbitrarily large [see also Fig. 1

Asymptotic behaviors
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above]. Here we are not directly interested in this regime of extreme volume e↵ects but rather in the region of ⇠ = cL
with c ⌧ 1. This motivates us to take the asymptotic forms of the I

�

functions, i.e. to take the arguments |Ln � ⇠⇠⇠|
as large.

Combining the asymptotic form of the Bessel functions with the definition of I
�

, Eq. (16), we find

I
�

⇥|zzz|; m⇤
=

1

8⇡3/2�(�)

(2m)3/2��

|zzz|5/2��

e�m|z

z

z|


1 + O

✓
1

m|zzz|
◆�

. (36)

Given this exponential suppression, terms with n chosen to minimize |Ln � ⇠⇠⇠| will dominate the sum. In addition,
terms scaling as e�m�|Ln�⇠

⇠

⇠|, i.e. with the mass of the heavier particle, will be highly suppressed and we drop such
contributions throughout.

In Eqs. (28) through (35), only � = 1, 2, 3 appear. We thus give their explicit forms for convenience

I1

⇥|zzz|; m⇤ ⇠ 1

8⇡3/2

(2m)1/2

|zzz|3/2
e�|z

z

z|m , (37)

I2

⇥|zzz|; m⇤ ⇠ 1

8⇡3/2

e�|z

z

z|m

p
2m|zzz| , (38)

I3

⇥|zzz|; m⇤ ⇠ 1

16⇡3/2

|zzz|1/2

(2m)3/2
e�|z

z

z|m , (39)

where we use ⇠ to indicate that the two sides agree up to terms suppressed by additional powers of 1/(m|zzz|).

The asymptotic forms of the one loop diagrams can be determined using a similar approach to that for the leading
order diagram, Eq. (21). We identify the dominant terms in the sums over n and m assuming ⇠ = cL with c ⌧ 1.
The only additional subtlety is that the integrals over Feynman parameters are found to be numerically dominated
by M(x) ⇠ m

'

. Factoring out this dependence we reach the following

�M(a)
L

(⇠⇠⇠,0) ⇠ g2g2
'

128⇡3m
'


⇠1/2

(L � ⇠)3/2
H

x,3/2(⇠) +
(L � ⇠)1/2

⇠3/2
H

x,3/2(L � ⇠)

�
e�m'L , (40)

�M(b)
L

(⇠⇠⇠,0) ⇠ g2g
'

g
�

64⇡3m
'


1

⇠1/2(L � ⇠)1/2
H1,1/2(⇠)H1,1/2(L � ⇠)

�
e�m'L , (41)

�M(c)
L

(⇠⇠⇠,0) =
g2g2

�

128⇡3

m
1/2
�

m
3/2
'


(L � ⇠)1/2

⇠3/2
H1�x,3/2(L � ⇠)

�
e�⇠(m��m')e�m'L , (42)

�M(d)
L

(⇠⇠⇠,0) =
g2

�'

m
1/2
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where

H
f(x),↵(⇠) =

ˆ 1

0

dxf(x)
m↵

'

M(x)↵

e�⇠(M(x)�m') . (48)

As we show in Fig. 4, H
f(x),↵(⇠) is a slowly varying function of its argument. Thus the leading scaling can be read

from the given expressions. We deduce that, in all cases, the finite-volume e↵ects are suppressed by a factor of e�m'L.
In particular, the dominant finite-volume contributions come from Diagrams (a), (b) and (e) with the leading e↵ect
for small ⇠ driven by the (L � ⇠)1/2/⇠3/2 factor appearing in Diagram (a).

Asymptotic behaviors
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