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Reduce Critical slowing down

« The DOE-funded Exascale Computing Project
IS supporting exascale-targeted lattice QCD
research in the US.

e This includes efforts to accelerate the
generation of gauge ensembles.
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HMC Fourier acceleration

HMC mixes classical ballistic motion
with momentum randomization

Introduce fifth simulation dimension
with momenta conjugate to each U;:

H = Z m—m +S(U)

Critical slowmg down:

— Length of classical trajectories ~ 1/Aqcp
— Integration step size must be ~a

— Number of steps grows as 1/a

Change M so higher frequency modes
have a larger mass and a smaller velocity
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HMC Fourier acceleration

Riemannian Manifold HMC (RMHMC)
[Guido Cossu, Lattice 2017]: M — V..

Computation cost vs trajectory length
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Fourier acceleration and
asymptotic freedom

For uncoupled harmonic oscillators perfect Fourier
acceleration is possible.

Perhaps works for lattice QCD too — keep physical
Integration step size fixedasa > 0 ?

How well do we understand gauge evolution in the
a -2 0 limit?

— Langevin: renormalizable.
[J. Zinn-Justin, Nucl Phys B275 (1986) 135]

— HMC: non-local divergences.
Luscher & Schaefer, JHEP 1104 (2011) 104, arXiv:1103.1810]

How are these conclusions affected by Fourier
acceleration?
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Langevin evolution

 Formulate a continuum version of the evolution
(the Langevin equation)

b(x, 1) = — S[p] + nix, 1)

Sp(x,1)
= —(0,0, + m?)p — %qb(x, 1)y + n(x, 1)
(nCx, Dn(y,s)) = 26(x — y)o(t — s)

e Construct a generating function for the 5-D
correlation functions.

ZlJ] = /d[n] b (qf»(x,r) + S[b] — ;7) o] dxdr{n(x.0’=J(x.0)p(x.0)}

dp(x,1)

d 528 —fdxdt{(QES(X,I)—PSLSW])Q_](X,I)QS(x,l‘)}
= [ dip]det |- e
f plde [dﬁww}e
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Langevin evolution
[ZInn-Justin]

Z|J] defines an unusual, 5-D theory with
— gauge-theory-like BRS symmetry
— Ward — Takahashi identities

d | 88 7 ~fasarl (deorsgsiol) —seneeo]
Z[J] = [ dg]det | — e
) = [ dinden| £+ e

* Only counter terms that rescale parameters are
allowed.

 However, Langevin method is a random walk
with steps of size a and critical exponent of 2.
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Hybrid Monte Carlo
[Luscher & Schaefer]

e Use continuum equation for Generalized HMC
[Horowitz, Nucl Phys B280, (1987) 510]

~ 5S[9]
Sp(x,1)

A
2 (x,1) = =240, (x. 1) — (—,0, + m)P(x,1) — ;sﬂx, t) + n(x. 1)

J,m = — 20 + n(x, 1) 0;0(x,t) = m(x,1)

(n(x,Dm(y.s)) = dppd(x — y)ot —s)

e Solve for ¢ (x,t)[n] as a power series in A using the
Green’s function:

d4p dw ei(p-x—cot)
27)° w? —ipgw + p* + m;:

K(x,t) =
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Hybrid Monte Carlo
[Luscher & Schaefer]

e General HMC correlation function can be
constructed from two components:

(@ (x1, t)n] d(x2, )N .. ¢ (xn, tn)N),

(2.1) —€ < = | d*ydsK(x — y.1 —5)¢°(y.5)
(y,5) f

= [d4zdrK(x —z,t—1r)K(x—z,5s —r)

(2, 1) (y, s)
P(z4,14) P(x3,t3)
A A
oz, ty) (9, 12)
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Hybrid Monte Carlo
[Luscher & Schaefer]

e General HMC correlation function can be
constructed from two components:

(@ (x1, t)n] d(x2, )N .. ¢ (xn, tn)N),

(2, 1) —<& < = | d'ydsK(x —y,1 —5)¢(y,5)
(. 8) [

= [d4zdrK(x —z,t—1r)K(x—z,5s —r)

(1) (Y, )

4'9(564, t/‘l) Q/D(\x%* t%)

Qﬁ(l"[,ﬁ) ¢(T2t2>
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Hybrid Monte Carlo
[Luscher & Schaefer]

e General HMC correlation function can be
constructed from two components:

(@ (x1, t)n] d(x2, )N .. ¢ (xn, tn)N),

(2, 1) —<& < = | d'ydsK(x —y,1 —5)¢(y,5)
(. 8) [

= [d4zdrK(x —z,t—1r)K(x—z,5s —r)

(1) (Y, )

CIRT) &(z3, t3) Cannot be removed by a
local counter term

e —2up(i—s)

= (- 9)

HMC not renormalizable

Qﬁ(l"[,ﬁ) ¢(T2t2>
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Add Fourier acceleration

e Langevin [G. Batrouni, et al. Phys Rev D32 2736 (1985)]

b
(=00, + WP (x,1) = — B0 I)S[czﬁ] + n(x, 1)

)
= —(0ud +m)p = (1) + n(x.1)

e ON(p.8)) = 2(=0,0, +m)S(x — )5 — 5)

« HMC

B 1 - 55p] B
atqb(xﬁt) - (_auau+ﬁ2)ﬁ(xat) atn — quJ(X,f) 2M0ﬁ+77(xst)

(=0 + AR (0, 1) = —2pt0(=,0, + )0 p(x, 1)

A
—(= 0,0, + mp(x.1) — §¢3(x, 1)+ nlx. 1)

(Ce, (v, 8)) = Apo(=0,d, + 7°)8(x — ¥)5(z — 5)
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Divide by (—4,d, + )

e Langevin
1 A
(0 + Dg(x.1) = Ny +m2)§¢(xﬁf)3+n(x,r)
wt :

1
(n(x, Only,s)) = 2(x|(_a - +m2)|y) ot —5)
pu

e HMC
I

A
(a% + 2“0 + 1) aréb(x: t) — _(_ayja“ 4 m%) igbs(x: f) T 77(x> t)

T . ) 8=
1

« Evolution time and space-time “factorize” !
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Separation of
evolution time and space-time

» Recall graphical Langevin solution:

+

A
(Ib(x’ I) — _(a,u,au T m2)¢ - yfﬁ(xa t)?) T 77(30 t)

n
Mz —2")o(r —7")
<« = > —> n
#59) S Gat) By, s)
—1
. 1
—<—= >  K(pt)=0()e” - = .
p-+me Q
——— > Gpp=eM.
C ’ p? + m?
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Separation of
evolution time and space-time

o To arbitrary order in perturbation theory:
(6 Gor.)ln) @ vz ) @ e i)l

— Z Ips(ﬁ, lr,..., tN)GF4(F5)(x1a X2 ... axN)
{F5}| J \ J

Depends only on || Usual 4-dim Green’s
evolution time function for graph 7,

— Sum over all 5-dim graphs 7+
— 4-D Feynman graph for /¢ is 7, ({5)

— 4-D results guaranteed if: Y. InGr.., 1) =1
Is

Fy(I'5)=1}y

 Dangerous Luscher-Schaefer (-2
structure cannot appear: 3273

(v =3 = (= 57) -
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Separation spoils renormalization

e Langevin evolution, ¢ 3 theory at order A2

1 A
d; + DYp(x. 1) = — ~¢(x. 1)+ nlx. 1
Bt D0 =~ e 0 a0
1 —|t—s —|t—s |
,p,“<>+ g e
+
lees 1 d*k
_4_0_ | | 1+(I—S)9(Z—S)] "X(pg_i_mz)z (27)*
+ 1
—Q*- —e 1+ (s =010 (s = 1)] (k4 p> - m?) (> + )
Equal only
S | . whent=s
< . —> —lt—s| [ — Yo (r —
(p,1) (=p,s) ) [2+(t el - X o
5;52 ji—s| 71 * ey
> — TS+ s —00(s —1
. t) (—p;s) ) [2 ¢ ) (S )]—
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Conclusion

After Fourier acceleration, evolution time
dependence has only the scale of the lattice spacing.

The familiar cancelation between “divergences” and
counter terms holds only at equal evolution times,
even for the Langevin case.

The objective of Fourier acceleration has been met:
All auto-correlations on a physical time scale have
been removed!

Still a work in progress. What happens if 77 7% 11,7
Evolution time and space-time weakly coupled.
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