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The hadronic contribution to the D → π (K)  semileptonic decay rate is regulated by the 

vector and scalar form factors f 0 and  f + which are function of q2

 Decay rate in the SM:

LATTICE 2017

So far typical lattice calculations have focused on the value of the form factors at q2 = 0

We present a determination of the CKM matrix elements Vcd  and Vcs  computing the 

form factors on the lattice in all the physical q2 
 range and comparing them with 

experimental measurements

πB

b

The hadronic contribution to the B → π semileptonic decay rate is 
regulated by the vector and scalar form factors f0 and f+ which are 
function of q2 

 

Decay rate in the SM
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Motivation

In [Phys. Rev. D96 (2017) 054514] we found evidence of the breaking 
of Lorentz Symmetry due to hypercubic effects in the vector and 
scalar form factors of both the D → π and D → K semileptonic 
transitions 

In [arXiv:1803.04807] we observed a similar breaking of Lorentz 
Symmetry in the tensor form factor of the same transitions 

These effects may be relevant when we move to B-physics and have 
to be under control

✦ An exploratory study toward B → π  

✦ Gain a better understanding on the relevance of these effects 
as the mass of the father meson increases

motivation for this analysis:



Simulation Details

Three values of the lattice spacing: 0.06 fm ÷ 0.09 fm 

Different volumes: 2 fm ÷ 3 fm 

Pion masses in range 220 ÷ 440 MeV 

heavy quark masses in range 1.5 ÷ 2.5 mc
  

Details of the ensembles used in this Nf =2+1+1 analysis

The valence light quark mass is put equal to the sea quark mass Range of the simulated masses

Three different values of the lattice

spacing: 0.06 fm ÷ 0.09 fm

Different volumes: 2 fm ÷ 3 fm

Pion masses in range 220 ÷ 440 MeV

The three values of the bare strange and charm masses are used to interpolate to m
s

phys
 and m

c

phys

Simula�on DetailsResultsSimula�on Details
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Details of the ensembles used in this Nf = 2+1+1 analysis

tabelle

� ZMS
T (2GeV)(M

1

) ZMS
T (2GeV)(M

2

)

1.90 0.711(5) 0.700(3)

1.95 0.724(4) 0.711(2)

2.10 0.774(4) 0.767(2)

� V/a4 [t
min

, t
max

]
(``, `s)/a [t

min

, t
max

]
(`c)/a [t

min

, t
max

]
(`h)/a t0/a

1.90 323 ⇥ 64 [12, 31] [8, 16] [8, 13] 18

243 ⇥ 48 [12, 23] [8, 17] [8, 14] 18

1.95 323 ⇥ 64 [13, 31] [9, 18] [10, 16] 20

243 ⇥ 48 [13, 23] [9, 18] [10, 16] 20

2.10 483 ⇥ 96 [18, 40] [12, 26] [13, 24] 26

Table 1:

ensemble � V/a4 aµsea = aµ` aµs aµc aµh M⇡(MeV) L(fm) M⇡L

A30.32 1.90 323 ⇥ 64 0.0030 {0.0180, {0.21256, {0.34583, 0.40675, 275 2.84 3.96

A40.32 0.0040 0.0220, 0.25000, 0.47840, 0.56267, 315 4.53

A50.32 0.0050 0.0260} 0.29404} 0.66178, 0.77836, 351 5.04

A40.24 243 ⇥ 48 0.0040 0.91546, 1.07672} 324 2.13 3.49

A60.24 0.0060 386 4.17

A80.24 0.0080 444 4.79

A100.24 0.0100 495 5.34

B25.32 1.95 323 ⇥ 64 0.0025 {0.0155, {0.18705, {0.30433, 0.35794, 258 2.61 3.42

B35.32 0.0035 0.0190, 0.22000, 0.42099, 0.49515, 302 3.99

B55.32 0.0055 0.0225} 0.25875} 0.58237, 0.68495, 375 4.96

B75.32 0.0075 0.80561, 0.94752} 436 5.77

B85.24 243 ⇥ 48 0.0085 467 1.96 4.63

D15.48 2.10 483 ⇥ 96 0.0015 {0.0123, {0.14454, {0.23517, 0.27659, 220 2.97 3.31

D20.48 0.0020 0.0150, 0.17000, 0.32531, 0.38262, 254 3.83

D30.48 0.0030 0.0177} 0.19995} 0.45001, 0.52928, 308 4.65

0.62252, 0.73217}

Table 2:
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Simulation Details
chosen in order to obtain momenta with values ranging from ⇡ 150MeV to ⇡ 650MeV for all
the various lattice spacings and volumes2.

� V/a4 ✓

1.90 323 ⇥ 64 0.0, ± 0.200, ± 0.467, ± 0.867

243 ⇥ 48 0.0, ± 0.150, ± 0.350, ± 0.650

1.95 323 ⇥ 64 0.0, ± 0.183, ± 0.427, ± 0.794

243 ⇥ 48 0.0, ± 0.138, ± 0.321, ± 0.596

2.10 483 ⇥ 96 0.0, ± 0.212, ± 0.493, ± 0.916

Table 3: Values of the parameter ✓, appearing in Eq. (21), for the various ETMC gauge ensembles
of Table 1.
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Furthermore since we are using democratically distributed momenta in the three spatial direc-
tions, the matrix elements of the spatial components of the vector current hbV

i

i
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are equal to
each other. Therefore, in order to improve the statistics, we average them to get
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The quality of the plateau for the matrix elements hbV
0

i
imp

, hbV
sp

i
imp

and hSi
imp

is illustrated
in Fig. 1 in the case of the D ! ⇡ transition. The time intervals adopted for fitting Eqs. (19-20)
are symmetric around t0/2 (see Table 2 for the values of t0 for each specific gauge ensemble) and
equal to [t0/2� 2, t0/2+2]. These values are compatible with the dominance of the ⇡, K and D

2The correlators used in this work have been calculated within the PRACE project PRA067 “First Lattice

QCD study of B-physics with four flavors of dynamical quarks”. The values of the quark momentum were not
chosen having in mind the investigation of hypercubic e↵ects in the semileptonic form factors. In particular the
use of spatially symmetric values of the quark momentum (see Table 3) is not ideal for such a purpose.

10

To inject momenta we used non-periodic boundary conditions

!pP =
2π
L
!
θ2

!
θ = θ(1, 1, 1)

Momentum range up to 0 ÷ 650 MeV 

Both the D' and the π mesons can be either moving or at rest

  

Giorgio  Salerno

q2(GeV 2 ) q2(GeV 2 )

Check of the disappearance of the hypercubic effects in the scalar form factor

Ensemble A80.24

uncorrected corrected

Results

After subtracting the hypercubic effects determined with the global fit the 

dependence of the scalar and vector form factor on q2
 is restored

16/19Giorgio SalernoLa�ce 2016

  

To inject momenta we used non-periodic boundary conditions

Both the D and the π(K) mesons
can have non-zero momentum

Simula�on Details
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Matrix Elements Extraction
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The matrix elements V0, Vi and S can be extracted for each ensemble 
and for different values of q2 fitting the time dependence of ratios of  
3-points and 2-points correlation functions 
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Matrix Elements Plateaux

pD=-151 MeV 
pπ=151 MeV 
Mπ=254 MeV 

MD'=3736 MeV

pD=-151 MeV 
pπ=151 MeV 
Mπ=254 MeV 

MD'=2441 MeV

Ensemble D20.48

Example of the time dependence of the ratio R and the extraction of 
the matrix elements 

fit intervals:

tabelle

� ZMS
T (2GeV)(M

1

) ZMS
T (2GeV)(M

2

)

1.90 0.711(5) 0.700(3)

1.95 0.724(4) 0.711(2)

2.10 0.774(4) 0.767(2)

� V/a4 [t
min

, t
max

]
(``, `s)/a [t

min

, t
max

]
(`c)/a [t

min

, t
max

]
(`h)/a t0/a

1.90 323 ⇥ 64 [12, 31] [8, 16] [8, 13] 18

243 ⇥ 48 [12, 23] [8, 17] [8, 14] 18

1.95 323 ⇥ 64 [13, 31] [9, 18] [10, 16] 20

243 ⇥ 48 [13, 23] [9, 18] [10, 16] 20

2.10 483 ⇥ 96 [18, 40] [12, 26] [13, 24] 26

Table 1:

ensemble � V/a4 aµsea = aµ` aµs aµc aµh M⇡(MeV) L(fm) M⇡L

A30.32 1.90 323 ⇥ 64 0.0030 {0.0180, {0.21256, {0.34583, 0.40675, 275 2.84 3.96

A40.32 0.0040 0.0220, 0.25000, 0.47840, 0.56267, 315 4.53

A50.32 0.0050 0.0260} 0.29404} 0.66178, 0.77836, 351 5.04

A40.24 243 ⇥ 48 0.0040 0.91546, 1.07672} 324 2.13 3.49

A60.24 0.0060 386 4.17

A80.24 0.0080 444 4.79

A100.24 0.0100 495 5.34

B25.32 1.95 323 ⇥ 64 0.0025 {0.0155, {0.18705, {0.30433, 0.35794, 258 2.61 3.42

B35.32 0.0035 0.0190, 0.22000, 0.42099, 0.49515, 302 3.99

B55.32 0.0055 0.0225} 0.25875} 0.58237, 0.68495, 375 4.96

B75.32 0.0075 0.80561, 0.94752} 436 5.77

B85.24 243 ⇥ 48 0.0085 467 1.96 4.63

D15.48 2.10 483 ⇥ 96 0.0015 {0.0123, {0.14454, {0.23517, 0.27659, 220 2.97 3.31

D20.48 0.0020 0.0150, 0.17000, 0.32531, 0.38262, 254 3.83

D30.48 0.0030 0.0177} 0.19995} 0.45001, 0.52928, 308 4.65

0.62252, 0.73217}

Table 2:
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From Matrix Elements To Form Factors

Using both matrix elements we over-constrain f0 and f+ and we get the determination 

of the form factors on each ensemble for the different values of q2 from a combined fit
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For n+m = 2 there are three invariants, which are Lorentz invariants, namely q2, q ·P and P 2.

The three invariants can be rewritten in terms of q2 and the parent and child meson masses.

For n +m = 4 there are five hypercubic invariants: q[4], q[3]P [1], q[2]P [2], q[1]P [3], P [4], where

q[4] (P [4]) stands for q[4]P [0] (q[0]P [4]).

As already shown in Fig. ??, the form factors f+,0 calculated using Eqs. (??-??) do not

depend on q2 only. A possible way to describe the observed hypercubic e↵ects is to address
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Evidence Of Hypercubic Effects
Hypercubic effects: breaking of the Lorentz invariance 
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✦ Form factors are not function of q2 only. We need to estimate and subtract these effects 

✦ This subtraction cannot be done at the level of a single ensemble (with the present data). 
We need a global fit

Mπ=436 MeV Mπ=258 MeV

mh ≃ 2.13 GeV mh ≃ 2.13 GeV



Elastic Form Factor

Hypercubic effects seem to disappear in the M1=M2 limit

factors analyzed in Ref. [19], where the same gauge configurations and the same parent and child
momenta were adopted4. This suggests that the hypercubic artifacts may be governed by the
di↵erence between the parent and the child meson masses. Such an indication is confirmed by the
results given in Fig. 4, where the transition between two charmed PS mesons with masses close
to the D-meson one has been considered. The momentum dependencies of the corresponding
form factors show no evidence of hypercubic e↵ects within the statistical uncertainties. The
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Figure 4: Momentum dependence of the vector (left panel) and scalar (right panel) form fac-
tors regulating the semileptonic decay in which the parent and child mesons are two charmed
PS mesons, D

1

and D
2

, with masses close to the D-meson one. In this plot we have used
the gauge ensemble A30.32, in which D

1

and D
2

have masses equal to 1718 MeV and 1887
MeV, respectively. Di↵erent markers and colors distinguish di↵erent values of the child meson
momentum.

dependence of hypercubic artifacts upon the mass di↵erence between the parent and the child
mesons is clearly a very important issue, which warrants further investigations. It may represent
an important warning in the case of the determination of the form factors governing semileptonic
B-meson decays into lighter mesons.

5 Subtraction of the hypercubic e↵ects

As shown in the previous Section the form factors f
+

and f
0

for both the D ! ⇡ and D ! K
decays exhibit a sizeable Lorentz-symmetry breaking due to hypercubic e↵ects generated at
finite lattice spacing. Let’s start by introducing Euclidean 4-momenta defined, in the case of
the 4-momentum transfer q

µ

= (q
0

, ~q), as

qE
µ

= (~q, q
4

) = (~q, iq
0

) (31)

4In Ref. [19] the vector and scalar form factors for the K
`3 decays have been constructed using local interpo-

lating fields for both the pion and the kaon. We have checked that no hypercubic e↵ects are visible also in the
case of smeared interpolating fields.
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Evidence Of Hypercubic Effects
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Is this getting worst as the meson gets heavier?

mh ≃1.84 GeV

mh ≃2.13 GeV
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Global Fit

✦ the matrix elements are decomposed in a Lorentz-covariant part + a Lorentz-
breaking Hypercubic part proportional to a2  

✦ Lorentz-breaking part must transform properly under hypercubic rotation  

✦ Lorentz-breaking part will contain additional form factors 

✦ The physical form factors will be described with modified z-expansion

Global fit studying simultaneously a2 ml and q2 dependencies to 
extract the physical form factors

ingredients:



Global Fit
Hypercubic effects

Vμ matrix elements decompositions
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RS(t, ~pD0 , ~p⇡) ����������!
t�a (t0�t)�a

|h⇡(p⇡)|S|D0(pD0)i|2 = |hSi|2 , (34)

qEµ = (~q, q4) = (~q, iq0) (35)

so that
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µ q
E
µ q

E
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E
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For n+m = 2 there are three invariants, which are Lorentz invariants, namely q2, q ·P and P 2.

The three invariants can be rewritten in terms of q2 and the parent and child meson masses.

For n +m = 4 there are five hypercubic invariants: q[4], q[3]P [1], q[2]P [2], q[1]P [3], P [4], where

q[4] (P [4]) stands for q[4]P [0] (q[0]P [4]).

As already shown in Fig. ??, the form factors f+,0 calculated using Eqs. (??-??) do not

depend on q2 only. A possible way to describe the observed hypercubic e↵ects is to address

them directly on the vector and scalar matrix elements. We start by considering the following

decomposition of the vector matrix elements:
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For n+m = 2 there are three invariants, which are Lorentz invariants, namely q2, q ·P and P 2.
The three invariants can be rewritten in terms of q2 and the parent and child meson masses.
For n+m = 4 there are five hypercubic invariants: q[4], q[3]P [1], q[2]P [2], q[1]P [3], P [4], where q[4]

(P [4]) stands for q[4]P [0] (q[0]P [4]).
As already shown in Fig. 2, the form factors f

+,0

calculated using Eqs. (28-30) do not depend
on q2 only. A possible way to describe the observed hypercubic e↵ects is to address them directly
on the vector and scalar matrix elements. We start by considering the following decomposition
of the vector matrix elements:
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(35)

and the quantities H
i

(i = 1, 2, 3, 4) are additional hypercubic form factors. Note that in the
Lorentz-covariant term (34) we have explicitly considered that the form factors f

+,0

can be
a↵ected by discretization errors of order O(a2), which are unrelated to hypercubic e↵ects and
may depend on q2 as well as on the parent and child meson masses.

Eq. (35) is the most general structure, up to order O(a2), that transforms properly under
hypercubic rotations and is built with third powers of the components of the two momenta
qE
µ

and PE

µ

. The Lorentz-invariance breaking e↵ects are encoded in the four structures
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as well as in the hypercubic form factors H
i

, which, we assume,
depend only on q2 and the parent and child meson masses. Note that the decomposition (33-35)
implies that the form factors f

+,0

calculated using Eqs. (28-30) do depend not only on q2, but
also on the five hypercubic invariants q[4], q[3]P [1], q[2]P [2], q[1]P [3], P [4].

For the H
i

form factors we adopt a simple polynomial form in terms of the z variable [44, 45]
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2

z2 , (36)

where z is defined as
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(37)
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For n+m = 2 there are three invariants, which are Lorentz invariants, namely q2, q ·P and P 2.

The three invariants can be rewritten in terms of q2 and the parent and child meson masses.
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qµ = (pD0 � p⇡)µ (40)

Pµ = (pD0 + p⇡)µ (41)

3

⟨Vμ⟩hyp is the most general structure up to O(a2) that transforms properly under hypercubic 
rotations 

Hi are assumed to depend only on q2, MD' and Mπ

this decomposition implies that f+,0 depends on q2 and on the hypercubic invariants  
q[4], q[3]P[1], q[2]P[2], q[1]P[3], P[4] 
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for c+,0 we adopted a simple linear dependence in a2 

MD' is the PS mass calculated on the lattice and Δ2= MD*2 - MD2 
MS is left as a free parameter

For the form factors f+,0(q
2, a2) we have adopted the modified z-expansion of Ref. [?], viz.
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2) (z � z0)
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1 + z+z0
2

�
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M2
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, (46)

where we assume for the coe�cients c
D0!⇡(K)
+(0) (a2) a simple linear dependence on a2 and z0 ⌘

z(q2 = 0), so that the condition f+(0, a
2) = f0(0, a

2) = f(0, a2) is explicitly fulfilled at finite

lattice spacing. In the r.h.s. of Eqs. (45-46) the terms at second order in the z-variable are

constrained by the analyticity requirements described in Ref. [?].

As for the functions P+,0, in the case of D0 ! ⇡ transition we adopt the single-pole expres-

sions

PD0!⇡
+ (q2)=1� q2

M2
V

, (47)

PD0!⇡
0 (q2)=1�K0

FSE(L)
q2

M2
S

, (48)

while for the D0 ! K channel we use

PD0!K
+ (q2)=1� q2

M2
D0⇤

s

�

1 + P+a
2
�

, (49)

PD0!K
0 (q2)=1 . (50)

In the case of the D0 ! ⇡ pole factors (47) and (48) the quantities MV and MS represent the

vector and scalar pole masses, respectively. They are treated as free parameters in the fitting

procedure. In the case of the D0 ! K decays the data are fitted equally well even excluding

the pole term in the scalar form factor and therefore we choose PD0!K
0 (q2) = 1. Conversely

the physical vector meson D0⇤
s has a mass below the cut threshold

p
t+ = (MD0

s + MK).

Consequently the pole factor (49), including a simple discretization e↵ect proportional to a2,

is introduced to guarantee the applicability of the z-expansion.
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For the vector form factor at zero 4-momentum transfer, fD0!⇡(0, a2), we use the following

Ansatz

fD0!⇡(0, a2)=F+



1 +�3
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where the coe�cients F+, b1, b2 and D0 are treated as free parameters in the fitting procedure,

while A⇡ is the chiral-log coe�cient predicted by the hard pion SU(2) Chiral Perturbation

Theory (ChPT) [?], given by

A⇡ = �3

4

�

1 + 3bg2
�

, AK = +
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2
, (53)
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Results

Subtraction of the hypercubic effects in the D'→π vector 
form factor and restored q2 dependence
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Results in the continuum 
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Comparison With Heavy Meson At Rest - on the lattice

3 3,5 4 4,5 5

q2(GeV2)

0,6

0,8

1

1,2

1,4

1,6

f0(q
2) after correction

f0(q
2) D at Rest data only

Ensemble B55.32

5 5,5 6 6,5 7 7,5

q2(GeV2)

0,6

0,8

1

1,2

1,4

1,6

f0(q
2) after correction

f0(q
2) D at Rest data only

Ensemble B55.32

Mπ=375 MeV

mh ≃2.47 GeV

3 3,5 4 4,5 5 5,5

q2(GeV2)

0,6

0,8

1

1,2

1,4

1,6

f0(q
2) after correction

f0(q
2) D at Rest data only

Ensemble D20.48Ensemble D20.48Ensemble D20.48Ensemble D20.48

Mπ=254 MeV

5,5 6 6,5 7 7,5 8 8,5

q2(GeV2)

0,6

0,8

1

1,2

1,4

1,6

f0(q
2) after correction

f0(q
2) D at Rest data only

Ensemble D20.48Ensemble D20.48Ensemble D20.48Ensemble D20.48

Mπ=254 MeV

mh ≃1.84 GeV

Mπ=375 MeV

mh ≃2.47 GeVmh ≃1.84 GeV



Comparison With Heavy Meson At Rest - in the continuum

0 2 4 6 8 10

q2(GeV2)

-10

-5

0

5

10

15

20

25

(f
+D

aR
 - 

f +C
or

r ) /
 f +C

or
r  (%

)

0 2 4 6 8 10

q2(GeV2)

-12

-10

-8

-6

-4

-2

0

2

4

6

8

10

(f
0D

aR
 - 

f 0C
or

r ) /
 f 0C

or
r  (%

)
0 2 4 6 8 10

q2(GeV2)

0

1

2

3

4

5

6

f+(q2)  mh= 1.84 GeV

f+(q2)  mh= 2.13 GeV

f+(q2)  mh= 2.47 GeV

f+(q2)  mh= 2.87 GeV

0 2 4 6 8 10
q2(GeV2)

0

1

2

3

4

5

6

f+(q2)  mh= 1.84 GeV

f+(q2)  mh= 2.13 GeV

f+(q2)  mh= 2.47 GeV

f+(q2)  mh= 2.87 GeV

f plus f zero

Percentage difference between the form factors obtained in our 
analysis using all available data (corrected for hyper cubic effect) or 
using heavy meson at rest data (uncorrected for hyper cubic effect)



Comparison Between Different Kinematics
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Conclusions

The breaking of the Lorentz symmetry due to 
hypercubic effects we observe in the vector, scalar and 
tensor form factor for the D → π(K) transitions is still 
there for transition with heavier father meson

However our precision rapidly degrades as we move to 
heavier masses

The next necessary step will be to improve the quality of 
the signals
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Simulation Details

Something on the action:

✦ Wilson Twisted Mass action at maximal twist with 
Nf=2+1+1 sea quarks  

✦ Osterwalder-Seiler valence quark action 

✦ Iwasaki gluon action 



Results in the continuum 
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Comparison With Heavy Meson At Rest - on the lattice
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Comparison With Heavy Meson At Rest - on the lattice
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