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Needed to relate pure QCD form factor 
to experiment. Mode dependent. 

Introduction

Needed to include charged kaon decay 
in the experimental average.

Both are currently estimated phenomenologically. [Cirigliano et al, arXiv:1107.6001, RMP 

2012]. 

Vus
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experimental averages: 
(M. Moulson @ CKM 2016, arXiv:1704.04104) 

All modes: 

K0 only: 

K± only:

|Vus|fK0⇡�

+ (0) = 0.21654 (41)
<latexit sha1_base64="WBNBaKloj01+ykg2cuBqugw8yM4="></latexit><latexit sha1_base64="WBNBaKloj01+ykg2cuBqugw8yM4="></latexit><latexit sha1_base64="WBNBaKloj01+ykg2cuBqugw8yM4="></latexit><latexit sha1_base64="WBNBaKloj01+ykg2cuBqugw8yM4="></latexit>

|Vus|fK0⇡�

+ (0) = 0.21710 (51)exp(24)�K±`
EM

(42)
�K

±⇡0
SU(2)

<latexit sha1_base64="T81B3Au0f8A744W9/xKBWAtpCvY="></latexit><latexit sha1_base64="T81B3Au0f8A744W9/xKBWAtpCvY="></latexit><latexit sha1_base64="T81B3Au0f8A744W9/xKBWAtpCvY="></latexit><latexit sha1_base64="T81B3Au0f8A744W9/xKBWAtpCvY="></latexit>

|Vus|fK0⇡�

+ (0) = 0.21633 (44)exp(24)�K0`
EM
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0.19% uncertainty
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Set-up
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•MILC HISQ ensembles with Nf = 2+1+1 sea

✦ Size of disk: # of configurations 
✦ Black circles: new ensembles or increased # confs since 2014  

(see table in appendix for more details)
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Set-up
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•Use HISQ action also for valence strange and light quarks 

✦ Kaon at rest, pion recoil momentum with twisted boundary 
conditions so that q2 = 0. 

✦ use Ward-Takashi identity to calculate scalar form factor 

together with kinematic constraint  

K

tsource+Ttsource

tsource+t
q (𝜃)

q

s

𝜋

S

f0(q
2) =

ms �mu

m2
K �m2

⇡

h⇡|S|Ki
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f+(0) = f0(0)
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Analysis
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•Combined two- and three-point function fits

✦ 3+3 states, tmin ~ 0.6-0.7 fm with t ∈ [tmin, T - tmin ] 
✦ For more details see 2014 paper (A. Bazavov et al, arXiv:1312.1224, 

2014 PRL)

functions for a pseudoscalar meson P to the expression

C
P
2pt(~pP ; t) =

NexpX

m=0

(�1)m(t+1)(ZP
m)

2
�
e
�Em

P t + e
�Em

P (Lt�t)
�
, (2.6)

using Bayesian techniques. In Eq. (2.6), Lt is the temporal size of the lattice. The oscil-
lating terms with (�1)m(t+1) do not appear for a zero-momentum ⇡. We fit the three-point
correlation functions to

C
K!⇡
3pt (~p⇡, ~pK ; t, T ) =

N3pt
expX

m,n=0

(�1)m(t+1)(�1)n(T�t+1)
A

mn(q2)Z⇡
mZ

K
n

⇥
�
e
�Em

⇡ t + e
�Em

⇡ (Lt�t)
� �

e
�En

K(T�t) + e
�En

K(Lt�T+t)
�
, (2.7)

where the pion and kaon energies and amplitudes, En
⇡ , E

n
K , Z

⇡
n and Z

K
n , are the same as

those appearing in the two-point fit functions.
We first fit the two-point functions one by one on each ensemble and check the stability

of the ground state masses/energies and amplitudes under the choice of fitting range, t 2
[tmin, tmax], and the number of exponentials included in the fit function (Nexp in Eq. (2.6)).
We always include the same number of regular and oscillating states in those fits, i.e.,
Nexp = 2N with N = Nregular = Noscillating. We observe that for most of the choices of time
range and for all ensembles, fits stabilize when including 3+3 or fewer states. From that
parameter-scanning procedure, we select an optimal set of fit parameters for the two-point
functions, with a common tmin for all the functions on the same ensemble. Values of tmin

correspond to very similar physical distances, approximately 0.6–0.7 fm, on each ensemble.
We then use those tmin values to perform a combined Bayesian fit including the two- and

three-point functions needed to extract fK⇡
0 (0): ⇡ two-point correlation functions with and

without momentum, K two-point correlation functions without momentum, NT three-point
correlation functions with q

2 ⇡ 0, and NT values of the source-sink separation T . In most
of the cases, including more than three three-point correlators with di↵erent T values does
not reduce the error but makes it more di�cult to get a stable fit. This is always true for
fits including more than four di↵erent values of T .

In general, we use three-point data in the combined fits with t 2 [tmin, T�tmin], where tmin

is the value optimized for the two-point functions. However, on some ensembles, especially
the largest ones, we need either to shorten the three-point fit range or to thin the three-point
data in order to obtain a good fit.

From the combined fits, we extract the scalar form factor at zero momentum transfer via

f
K⇡
0 (0) = 2A00(0)

p
E⇡mK

ms �ml

m2
K �m2

⇡

, (2.8)

where A
00(0) is the ground state three-point parameter in Eq. (2.7), the meson masses and

energies are the values extracted from the combined fits and ms and ml are the valence
strange and light-quark masses simulated.

We check the stability of the combined fit results under the variation of fit ranges, number
of states, and number and values of source-sink separations included, and chose a preferred
fit for each ensemble so the shift on the central value with those variations is well under the
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A. El-Khadra Lattice 2018, 23-28 July 2018

Analysis
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•results for f+(0) at each lattice spacing and sea quark mass 

•Correct the above form factors before the chiral-continuum fit for  

a	≈	0.042	fm
a	≈	0.06	fm
a	≈	0.09	fm
a	≈	0.12	fm
a	≈	0.15	fm

f +	K
0
π
+
	 (
q
2
=
0
)

0,96

0,965

0,97

0,975

0,98

0,985

0,99

0,995

aml		/(ams	)
physical

0,05 0,1 0,15 0,2 0,25

Preliminary

✦ finite volume effects 
✦ effects due to poorly sampled topology 

(see appendix) 
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Finite volume corrections
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• use ChPT to calculate the leading-order FV corrections  for 
each twisting angle and light-quark mass [Bernard et al, arXiv:

1702.03416, 2017 JHEP] 

• the resulting corrections are ≤ 0.1% on all ensembles

We then have the choice of using either the sea or the valence ms at NNLO and beyond. In
practice, this ambiguity only a↵ects f cont.

4 in Eq. (3.2) since the factor (m2
⇡ �m

2
K)

2 in that
equation comes from the valence sector.

The result in Eq. (3.6) is obtained using the valence strange quark masses at NNLO. If
we use the sea strange quark masses at NNLO instead, fK0⇡�

+ (0) shifts by 0.013%, which we
include on the line labeled “mval

s 6= m
sea
s ” in the error budget. This systematic e↵ect is small

because the sea strange quark masses are generally well tuned on the HISQ Nf = 2 + 1 + 1
MILC ensembles, and m

val
s = m

sea
s on the most relevant ensembles in the chiral-continuum

interpolation/extrapolation, the ensembles with physical quark masses and a ⇡ 0.09, 0.06 fm.

E. Finite-Volume E↵ects

In our previous calculation [30, 31], the uncertainty due to finite-volume e↵ects was one
of the two dominant sources of error. (The other was the fit error.) The finite-volume error
was estimated to be of the same order as the statistical error from a comparison of the
lattice data from two di↵erent volumes, with other parameters held fixed. Then, although
very small, 0.2%, this error turned out to be a limiting factor for precision. In this work
we have increased the statistics on the ensembles analyzed in Ref. [30, 31] to check finite
size e↵ects. We have also sharpened this direct comparison by generating data on a third,
smaller, volume. The three ensembles are those with a ⇡ 0.12 fm and ml/m

sea
s = 0.1 in

Table I and Fig. 1. Table II gives the values for fK⇡
+ (0) on these three volumes. The results

on the two largest volumes are essentially the same, while that on the smallest volume
di↵ers from the others by less than the statistical error. From this comparison alone we
could conclude that finite-volume e↵ects are smaller than 0.17%, the smallest statistical
error on the three ensembles.

To reduce the error further, we may correct for finite volume e↵ects using ChPT. The form
factors in the presence of partially twisted boundary conditions at finite volume have been
studied at NLO in ChPT in Ref. [47]. Using the computed corrections, we may extrapolate
our results to infinite volume, with residual finite volume errors that are roughly an order
or magnitude smaller than our statistical errors.

The partially twisted boundary conditions introduce several complications in the analysis.
In particular, an extra form factor hµ is required to parametrize the weak-current matrix
element at finite volume

h⇡�(p0)|Vµ|K0(p)i = f+(pµ + p
0
µ) + f�qµ + hµ . (4.1)

The three form factors here actually depend on the choice of twisting angles, as well as the
value of q2.

We apply the one-loop formulae in Ref. [47] in the staggered partially-twisted partially-
quenched case to all ensembles included in our calculation for our choice of twist angles
in Table II. Since we are calculating the vector form factor at zero momentum transfer
via the relation in Eq. (2.2), and the quantity we obtain at finite volume on the lattice is
(ms �md)/(m2

K �m
2
⇡)h⇡|S|Ki, the FV correction to our results is given by

�V
f+(0) ⌘ f

V
+ (0)� f

1
+ (0)

=
(ms �md)�V h⇡|S|Ki

(mV
K)

2 � (mV
⇡ )

2
� (ms �md)h⇡|S|KiV (�V

m
2
K ��V

m
2
⇡)

[(mV
K)

2 � (mV
⇡ )

2]
2 , (4.2)

23

https://doi.org/10.1007/JHEP03(2017)120
https://doi.org/10.1007/JHEP03(2017)120
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Chiral-continuum fit function
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• for chiral interpolation and continuum extrapolation 
•use ChPT for light-quark mass dependence, discretization 

effects, finite volume, and isospin breaking effects. 
• in isospin limit 
 
                                          fi: chiral corrections of O(pi) 

•    f2: NLO PQSChPT  
    f4: NNLO continuum ChPT +  

      + N3LO and N4LO analytic terms 

fK⇡
+ (0) = 1 + f2 + f4 + f6 + . . .
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<latexit sha1_base64="r0B5VxMi07odUCMsPgpamo4MRTc=">AAACDXicdVDLSgMxFM34rPVVdekmWIUKUpKh2LorunGngn1AX9xJ0zY08yDJCKX4A278FTcuFHHr3p1/Y8a2oKIHAueecy8393iRFNoQ8uHMzS8sLi2nVtKra+sbm5mt7aoOY8V4hYUyVHUPNJci4BUjjOT1SHHwPclr3vAs8Ws3XGkRBtdmFPGWD/1A9AQDY6VOZv8i1wQZDaCjMbTdIzyr2u6khnbhsJPJkjwhhFKKE0KLx8SSk5OSS0uYJpZFFk1x2cm8N7shi30eGCZB6wYlkWmNQRnBJL9NN2PNI2BD6POGpQH4XLfGX9fc4gOrdHEvVPYFBn+p3yfG4Gs98j3b6YMZ6N9eIv7lNWLTK7XGIohiwwM2WdSLJTYhTqLBXaE4M3JkCTAl7F8xG4ACZmyAaRvC7FL8P6m6eUry9KqQLZ9O40ihXbSHcoiiIiqjc3SJKoihO/SAntCzc+88Oi/O66R1zpnO7KAfcN4+Ae2GmY4=</latexit><latexit sha1_base64="r0B5VxMi07odUCMsPgpamo4MRTc=">AAACDXicdVDLSgMxFM34rPVVdekmWIUKUpKh2LorunGngn1AX9xJ0zY08yDJCKX4A278FTcuFHHr3p1/Y8a2oKIHAueecy8393iRFNoQ8uHMzS8sLi2nVtKra+sbm5mt7aoOY8V4hYUyVHUPNJci4BUjjOT1SHHwPclr3vAs8Ws3XGkRBtdmFPGWD/1A9AQDY6VOZv8i1wQZDaCjMbTdIzyr2u6khnbhsJPJkjwhhFKKE0KLx8SSk5OSS0uYJpZFFk1x2cm8N7shi30eGCZB6wYlkWmNQRnBJL9NN2PNI2BD6POGpQH4XLfGX9fc4gOrdHEvVPYFBn+p3yfG4Gs98j3b6YMZ6N9eIv7lNWLTK7XGIohiwwM2WdSLJTYhTqLBXaE4M3JkCTAl7F8xG4ACZmyAaRvC7FL8P6m6eUry9KqQLZ9O40ihXbSHcoiiIiqjc3SJKoihO/SAntCzc+88Oi/O66R1zpnO7KAfcN4+Ae2GmY4=</latexit><latexit sha1_base64="r0B5VxMi07odUCMsPgpamo4MRTc=">AAACDXicdVDLSgMxFM34rPVVdekmWIUKUpKh2LorunGngn1AX9xJ0zY08yDJCKX4A278FTcuFHHr3p1/Y8a2oKIHAueecy8393iRFNoQ8uHMzS8sLi2nVtKra+sbm5mt7aoOY8V4hYUyVHUPNJci4BUjjOT1SHHwPclr3vAs8Ws3XGkRBtdmFPGWD/1A9AQDY6VOZv8i1wQZDaCjMbTdIzyr2u6khnbhsJPJkjwhhFKKE0KLx8SSk5OSS0uYJpZFFk1x2cm8N7shi30eGCZB6wYlkWmNQRnBJL9NN2PNI2BD6POGpQH4XLfGX9fc4gOrdHEvVPYFBn+p3yfG4Gs98j3b6YMZ6N9eIv7lNWLTK7XGIohiwwM2WdSLJTYhTqLBXaE4M3JkCTAl7F8xG4ACZmyAaRvC7FL8P6m6eUry9KqQLZ9O40ihXbSHcoiiIiqjc3SJKoihO/SAntCzc+88Oi/O66R1zpnO7KAfcN4+Ae2GmY4=</latexit><latexit sha1_base64="r0B5VxMi07odUCMsPgpamo4MRTc=">AAACDXicdVDLSgMxFM34rPVVdekmWIUKUpKh2LorunGngn1AX9xJ0zY08yDJCKX4A278FTcuFHHr3p1/Y8a2oKIHAueecy8393iRFNoQ8uHMzS8sLi2nVtKra+sbm5mt7aoOY8V4hYUyVHUPNJci4BUjjOT1SHHwPclr3vAs8Ws3XGkRBtdmFPGWD/1A9AQDY6VOZv8i1wQZDaCjMbTdIzyr2u6khnbhsJPJkjwhhFKKE0KLx8SSk5OSS0uYJpZFFk1x2cm8N7shi30eGCZB6wYlkWmNQRnBJL9NN2PNI2BD6POGpQH4XLfGX9fc4gOrdHEvVPYFBn+p3yfG4Gs98j3b6YMZ6N9eIv7lNWLTK7XGIohiwwM2WdSLJTYhTqLBXaE4M3JkCTAl7F8xG4ACZmyAaRvC7FL8P6m6eUry9KqQLZ9O40ihXbSHcoiiIiqjc3SJKoihO/SAntCzc+88Oi/O66R1zpnO7KAfcN4+Ae2GmY4=</latexit>

TABLE III: Inputs for the parameters taken as fixed in the fit function. The r1/a values are
obtained from a mass-independent scale setting [44, 60]. The absolute scale r1 is from Ref. [61].
The value of the decay constant f⇡ is taken from Ref. [3]; its error, though shown, is negligible
in our calculation. Taste splittings r21a

2�⌅ are taken from Ref. [44] and more recent updates;
slopes aµ come from the analysis presented in Ref. [62], alhough they were not published there.
We do not consider errors either on the taste splittings or on the slopes because they also have a
negligible e↵ect on the final results. Notice that taste splittings for the a ⇡ 0.042 fm ensemble are
not measured but obtained from the 0.06 fm results, by applying the expected scaling factor ↵2

sa
2.

The LECs L7 and L8, both central values and errors, are taken from fit BE14 in Ref. [63].

⇡ a (fm) 0.15 0.12 0.09 0.06 0.042
r1 0.3117± 0.0022 fm
f⇡ 130.50± 0.13 MeV

⇤�r1 = M⇢r1 1.2163
aµ 2.0565 1.6994 1.2820 0.8873 0.6986
r1/a 2.0895(57) 2.6080(43) 3.5876(70) 5.4424(103) 7.1428(239)

r
2
1a

2�P 0 0 0 0 0
r
2
1a

2�V 0.301197 0.167563 0.052723 0.009542 0.004794
r
2
1a

2�T 0.204127 0.103326 0.034894 0.006974 0.003504
r
2
1a

2�A 0.106046 0.053983 0.018187 0.003588 0.001803
r
2
1a

2�I 0.399862 0.209269 0.066393 0.012493 0.006276
L
r
7(⇤�)⇥ 103 �0.34± 0.09

L
r
8(⇤�)⇥ 103 0.47± 0.10

(one-loop) contribution, f2, is completely fixed in terms of experimental quantities: the de-
cay constant f⇡ and meson masses.

The specific fit function we are using for the extrapolation to the continuum and inter-
polation to the physical quark masses is the same as in Ref. [30], a NLO partially quenched
staggered ChPT (PQSChPT) expression [56] fPQSChPT

2 (a), plus NNLO continuum ChPT
terms [57] f cont.

4 , plus extra analytic terms which parametrize higher order discretization
and chiral e↵ects. Schematically, it can be written as

f
K⇡
+ (0) = 1 + f

PQSChPT
2 (a) + f

cont.
4 + g1,a + r

4
1(m

2
⇡ �m

2
K)

2
h
C̃4 + g2,a + hm⇡

i
(3.2)

where the functions g1,a and g2,a account for higher order discretization e↵ects, and the
function hm⇡ includes analytical terms that parametrize higher order chiral e↵ects. We
have taken the pure counterterm contribution at two loops out of f

cont.
4 and written it

separately. This contribution corresponds to the term proportional to C̃4, which is given by
the combination of low energy constants (LECs) C12 + C34 � L

2
5. The O(p4) LEC L5 can

be extracted from global fits or from lattice calculations of light-light quantities, but the
O(p6) LECs C12 and C34 [58, 59] are not known (only model-based estimates and imprecise
global fit values exist). We thus take C̃4 as a constrained fit parameter. All dimensionful
quantities entering in the fit function in Eq. (3.2) are converted into r1 units by using the
values of r1/a in Table III.

15
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Chiral-continuum fit function
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3. Chiral-continuum interpolation/extrapolation

We extrapolate to the continuum and interpolate to the physical quark
(meson) masses by

1. Fitting the lattice data to the isospin limit fit function

fK⇡

+ (0) = 1 + fPQS�PT
2 (a) + fcont

4 + g1,a + r4
1(m

2
⇡
� m2

K
)2

h
C̃4 + g2,a + hm⇡

i

* fPQS�PT
2 (a): one-loop (NLO) partially quenched SChPT Bernard, Bijnens, E.G., 1311.7511

* fcont
4 : Two-loop (NNLO) continuum ChPT Bijnens & Talavera, 0303103

* C̃4 /

⇣
C12 + C34 � L2

5

⌘
(µ)

* g1,a and g2,a account for higher order discretization e↵ects:

g1,a = K1

s

r2
1
a2�̄

✓
a

r1

◆2

+ K3

✓
a

r1

◆4

, g2,a = K2

s

r2
1
a2�̄

✓
a

r1

◆2

+ K
0
2
r

2
1
a

2�̄

with r
2
1
a

2�̄ used as a proxy of ↵
2
s
a

2

* hm⇡
includes analytical terms that parametrize higher order chiral e↵ects

hm⇡
= C̃6 m

2
⇡

+ C̃8 m
4
⇡
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Chiral-continuum fit
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a	≈	0.042	fm
a	≈	0.06	fm
a	≈	0.09	fm
a	≈	0.12	fm
a	≈	0.15	fm
Fit	value
Chiral	interpolation	in	the	continuum
Chiral	int.	in	the	cont.	(stat.	error)

f +	
K
0
π
+
	 (
q
2
=
0
)

0,96

0,97

0,98

0,99

aml		/(ams	)
physical

0,05 0,1 0,15 0,2 0,25

Preliminary

fK0⇡�

+ (0) = 0.9696 (15)
<latexit sha1_base64="WWXqriKbMCwDq5E58Eae0uic83Y=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0qCUjWu1CKLoR3FSwD+hMSybNtKGZB0lGKEM/wI2/4saFIm79AHf+jWk7C209EDiccy439zghZ1Ih9G2kFhaXllfSq5m19Y3Nrez2Tl0GkSC0RgIeiKaDJeXMpzXFFKfNUFDsOZw2nMH12G88UCFZ4N+rYUhtD/d85jKClZY62ZzbOWzHt21khax9PIJ5VICXEBXLpXIJWkcwb54VdAoV0QRwnpgJyYEE1U72y+oGJPKorwjHUrZMFCo7xkIxwukoY0WShpgMcI+2NPWxR6UdT44ZwQOtdKEbCP18BSfq74kYe1IOPUcnPaz6ctYbi/95rUi5F3bM/DBS1CfTRW7EoQrguBnYZYISxYeaYCKY/iskfSwwUbq/jC7BnD15ntRPiiYqmnenucpVUkca7IF9kAcmOAcVcAOqoAYIeATP4BW8GU/Gi/FufEyjKSOZ2QV/YHz+AHfPlsE=</latexit><latexit sha1_base64="WWXqriKbMCwDq5E58Eae0uic83Y=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0qCUjWu1CKLoR3FSwD+hMSybNtKGZB0lGKEM/wI2/4saFIm79AHf+jWk7C209EDiccy439zghZ1Ih9G2kFhaXllfSq5m19Y3Nrez2Tl0GkSC0RgIeiKaDJeXMpzXFFKfNUFDsOZw2nMH12G88UCFZ4N+rYUhtD/d85jKClZY62ZzbOWzHt21khax9PIJ5VICXEBXLpXIJWkcwb54VdAoV0QRwnpgJyYEE1U72y+oGJPKorwjHUrZMFCo7xkIxwukoY0WShpgMcI+2NPWxR6UdT44ZwQOtdKEbCP18BSfq74kYe1IOPUcnPaz6ctYbi/95rUi5F3bM/DBS1CfTRW7EoQrguBnYZYISxYeaYCKY/iskfSwwUbq/jC7BnD15ntRPiiYqmnenucpVUkca7IF9kAcmOAcVcAOqoAYIeATP4BW8GU/Gi/FufEyjKSOZ2QV/YHz+AHfPlsE=</latexit><latexit sha1_base64="WWXqriKbMCwDq5E58Eae0uic83Y=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0qCUjWu1CKLoR3FSwD+hMSybNtKGZB0lGKEM/wI2/4saFIm79AHf+jWk7C209EDiccy439zghZ1Ih9G2kFhaXllfSq5m19Y3Nrez2Tl0GkSC0RgIeiKaDJeXMpzXFFKfNUFDsOZw2nMH12G88UCFZ4N+rYUhtD/d85jKClZY62ZzbOWzHt21khax9PIJ5VICXEBXLpXIJWkcwb54VdAoV0QRwnpgJyYEE1U72y+oGJPKorwjHUrZMFCo7xkIxwukoY0WShpgMcI+2NPWxR6UdT44ZwQOtdKEbCP18BSfq74kYe1IOPUcnPaz6ctYbi/95rUi5F3bM/DBS1CfTRW7EoQrguBnYZYISxYeaYCKY/iskfSwwUbq/jC7BnD15ntRPiiYqmnenucpVUkca7IF9kAcmOAcVcAOqoAYIeATP4BW8GU/Gi/FufEyjKSOZ2QV/YHz+AHfPlsE=</latexit><latexit sha1_base64="WWXqriKbMCwDq5E58Eae0uic83Y=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0qCUjWu1CKLoR3FSwD+hMSybNtKGZB0lGKEM/wI2/4saFIm79AHf+jWk7C209EDiccy439zghZ1Ih9G2kFhaXllfSq5m19Y3Nrez2Tl0GkSC0RgIeiKaDJeXMpzXFFKfNUFDsOZw2nMH12G88UCFZ4N+rYUhtD/d85jKClZY62ZzbOWzHt21khax9PIJ5VICXEBXLpXIJWkcwb54VdAoV0QRwnpgJyYEE1U72y+oGJPKorwjHUrZMFCo7xkIxwukoY0WShpgMcI+2NPWxR6UdT44ZwQOtdKEbCP18BSfq74kYe1IOPUcnPaz6ctYbi/95rUi5F3bM/DBS1CfTRW7EoQrguBnYZYISxYeaYCKY/iskfSwwUbq/jC7BnD15ntRPiiYqmnenucpVUkca7IF9kAcmOAcVcAOqoAYIeATP4BW8GU/Gi/FufEyjKSOZ2QV/YHz+AHfPlsE=</latexit>

• Fit error: statistical + chiral interpolation + discretization 
               + fit parameters [O(p4) LECs, …] 
• Interpolation line and band: full QCD, phys. ms, with NNLO isospin 

                                              breaking effects included 
• data points: corrected for FV effects
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Systematic error analysis
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chiral  
truncation

f+
	K0π-

(0)

0,965 0,97 0,975

	base

	NNLO
	N3LO

	fK	vs	fπ	at	two	loops

	NNLO	analyt.
	N3LO	analyt.
	N4LO	analyt.

	no	analyt.	a2

	αs
2a2(mπ

2-mK
2)

	αs
2a2(mπ

2-mK
2)	+	αs	a

2

	no	a≈	0.15fm
	continuum,	no	a≈	0.15fm
	continuum	+	analyt.	a2

	no	a≈	0.042fm

	no	phys.	mass	data
	only	phys.	mass	data

	no	FV

	ms
sea	vs		ms

val

Preliminary



A. El-Khadra Lattice 2018, 23-28 July 2018

f+
	K0π-

(0)

0,965 0,97 0,975

	base

	NNLO
	N3LO

	fK	vs	fπ	at	two	loops

	NNLO	analyt.
	N3LO	analyt.
	N4LO	analyt.

	no	analyt.	a2

	αs
2a2(mπ

2-mK
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	αs
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2-mK
2)	+	αs	a
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	ms
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Systematic error analysis
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discretization

Preliminary
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f+
	K0π-

(0)

0,965 0,97 0,975

	base

	NNLO
	N3LO

	fK	vs	fπ	at	two	loops

	NNLO	analyt.
	N3LO	analyt.
	N4LO	analyt.

	no	analyt.	a2

	αs
2a2(mπ

2-mK
2)

	αs
2a2(mπ

2-mK
2)	+	αs	a

2

	no	a≈	0.15fm
	continuum,	no	a≈	0.15fm
	continuum	+	analyt.	a2

	no	a≈	0.042fm

	no	phys.	mass	data
	only	phys.	mass	data

	no	FV

	ms
sea	vs		ms

val

Systematic error analysis
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use power 
counting 
to estimate finite 
volume error:

Preliminary

NNLO/NLO contributions ~ 0.26 
FVE:  𝛥(no FV - NLO FV) × NNLO/NLO factor
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Systematic error analysis
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Preliminary
3.2. Fit stability and systematic errors

Source of uncertainty Error fK
0
⇡

�

+ (0) (%) 2014 error

Stat. + disc. + chiral inter. 0.154 0.24

Lr

7,8 0.079 -

Scale r1 0.080 0.08

mval
s

6= msea
s

0.013 0.03

Finite volume 0.014 0.2

Higher-order isospin corrections 0.015 0.016

Isospin-breaking parameter R 0.002 -

Total Error 0.193 0.33

fK0⇡�
+ (0) = 0.9696(15)stat(11)syst = 0.9696(19)

Our result in PRL2014: f
K

0
⇡

�

+
(0) = 0.9704(24)stat(22)syst = 0.9704(32).

fK⇡
+ (0) = 0.9696 (15)stat(11)sys = 0.9696 (19)

<latexit sha1_base64="6U/HWxu4WofAw2rLg7pUvnaOJX8="></latexit><latexit sha1_base64="6U/HWxu4WofAw2rLg7pUvnaOJX8="></latexit><latexit sha1_base64="6U/HWxu4WofAw2rLg7pUvnaOJX8="></latexit><latexit sha1_base64="6U/HWxu4WofAw2rLg7pUvnaOJX8="></latexit>

cf 2014 PRL:  fK⇡
+ (0) = 0.9704 (24)stat(22)sys = 0.9704 (32)

<latexit sha1_base64="URZNbZi7BkBZoihflWv0dZTmYbU="></latexit><latexit sha1_base64="URZNbZi7BkBZoihflWv0dZTmYbU="></latexit><latexit sha1_base64="URZNbZi7BkBZoihflWv0dZTmYbU="></latexit><latexit sha1_base64="URZNbZi7BkBZoihflWv0dZTmYbU="></latexit>
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Kaon form factor in comparison
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N
o
n
-l
a
tt

ic
e

N
	f
	=

2
+

1
N

	f
	=

2
+

1
+

1 	This	work

	FLAG	Nf=2+1+1

	FLAG	Nf=2+1

	ETM	2016

	FNAL/MILC	2014

	RBC/UKQCD	2015

	FNAL/MILC	2012

	Bijnens	&	Ecker	2014

	Kastner	&	Neufeld	2008

	Cirigliano	et	al	2005

	Jamin	et	al	2004

	Bijnens	&	Talavera	2003

	Leutwyler	&	Roos	1984

f+
	K0π-

(0)

0,94 0,96 0,98 1 1,02 1,04

Preliminary
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Implications for |Vus|
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experimental averages: 
(M. Moulson @ CKM 2016, arXiv:1704.04104) 

All modes: 

K0 only:

|Vus|fK0⇡�

+ (0) = 0.21654 (41)
<latexit sha1_base64="WBNBaKloj01+ykg2cuBqugw8yM4="></latexit><latexit sha1_base64="WBNBaKloj01+ykg2cuBqugw8yM4="></latexit><latexit sha1_base64="WBNBaKloj01+ykg2cuBqugw8yM4="></latexit><latexit sha1_base64="WBNBaKloj01+ykg2cuBqugw8yM4="></latexit>

|Vus|fK0⇡�

+ (0) = 0.21633 (44)exp(24)�K0`
EM

<latexit sha1_base64="maY/LZzDXdVCnSpC6k79nD89L6o="></latexit><latexit sha1_base64="maY/LZzDXdVCnSpC6k79nD89L6o="></latexit><latexit sha1_base64="maY/LZzDXdVCnSpC6k79nD89L6o="></latexit><latexit sha1_base64="maY/LZzDXdVCnSpC6k79nD89L6o="></latexit>

|Vus| = 0.22333 (42)exp(43)f+(0)
<latexit sha1_base64="CCVJHo5L/iFHCQi0zFnh8MlYvJg="></latexit><latexit sha1_base64="CCVJHo5L/iFHCQi0zFnh8MlYvJg="></latexit><latexit sha1_base64="CCVJHo5L/iFHCQi0zFnh8MlYvJg="></latexit><latexit sha1_base64="CCVJHo5L/iFHCQi0zFnh8MlYvJg="></latexit>

|Vus|K0⇡ = 0.22309 (44)exp(25)�K`
EM

(43)f+(0)
<latexit sha1_base64="KOt6wk17nQWuD8HIbNGdghI+ORc="></latexit><latexit sha1_base64="KOt6wk17nQWuD8HIbNGdghI+ORc="></latexit><latexit sha1_base64="KOt6wk17nQWuD8HIbNGdghI+ORc="></latexit><latexit sha1_base64="KOt6wk17nQWuD8HIbNGdghI+ORc="></latexit>

Preliminary

Theory error commensurate with experiment

http://arxiv.org/abs/arXiv:1704.04104
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Implications for |Vus|
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u,d,s

u,d,s,c

|Vus	|−1 −0,75 −0,25

−12,5

−10

−7,5

−5

−2,5

0

0,22 0,222 0,224 0,226

	This	work

	This	work	(only	neutral	kaon	exp.	data)

	Kl3	ETMC	2016

	Kl3	FNAL/MILC	2014

	Kl3	RBC/UKQCD	2014

	Kl2	FLAG	2016	+	fK	FLAG	Nf=2+1

	Kl2	+	fK/fπ	FNAL/MILC	2017

	τ→	s	inclusive,	Boyle	et	al.	2018

	τ→	s	inclusive	+	Kl2	input,	Boyle	et	al.	2018

	τ→	s	inclusive,	Hudspith	et	al.	2017

	τ→	s	inclusive,	Hudspith	et	al.	2017	+	HFLAV	2016	exp.	input

	τ	→	Kℓν/τ	→	πℓν	HFLAV2017+	fK/fπ	FNAL/MILC	2017

	Unitarity

	
0 0,5 1 1,5 2 2,5 3

Preliminary

(1� |Vud|2)1/2
<latexit sha1_base64="nzZrPy2OtwDGw3bjVCTtLuxeQwU=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6sKaFEGXRTcuK9gHtGmYTCbt0MkkzEyEkmbhr7hxoYhbf8Odf+O0zUJbD1w4nHMv997jxYxKZVnfRmFldW19o7hZ2tre2d0z9w9aMkoEJk0csUh0PCQJo5w0FVWMdGJBUOgx0vZGt1O//UiEpBF/UOOYOCEacBpQjJSWXPOoYsNzOGm5aeJnk37trJ/aF7XMNctW1ZoBLhM7J2WQo+GaXz0/wklIuMIMSdm1rVg5KRKKYkayUi+RJEZ4hAakqylHIZFOOrs/g6da8WEQCV1cwZn6eyJFoZTj0NOdIVJDuehNxf+8bqKCayelPE4U4Xi+KEgYVBGchgF9KghWbKwJwoLqWyEeIoGw0pGVdAj24svLpFWr2lbVvr8s12/yOIrgGJyACrDBFaiDO9AATYDBBDyDV/BmPBkvxrvxMW8tGPnMIfgD4/MHaVWUbA==</latexit><latexit sha1_base64="nzZrPy2OtwDGw3bjVCTtLuxeQwU=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6sKaFEGXRTcuK9gHtGmYTCbt0MkkzEyEkmbhr7hxoYhbf8Odf+O0zUJbD1w4nHMv997jxYxKZVnfRmFldW19o7hZ2tre2d0z9w9aMkoEJk0csUh0PCQJo5w0FVWMdGJBUOgx0vZGt1O//UiEpBF/UOOYOCEacBpQjJSWXPOoYsNzOGm5aeJnk37trJ/aF7XMNctW1ZoBLhM7J2WQo+GaXz0/wklIuMIMSdm1rVg5KRKKYkayUi+RJEZ4hAakqylHIZFOOrs/g6da8WEQCV1cwZn6eyJFoZTj0NOdIVJDuehNxf+8bqKCayelPE4U4Xi+KEgYVBGchgF9KghWbKwJwoLqWyEeIoGw0pGVdAj24svLpFWr2lbVvr8s12/yOIrgGJyACrDBFaiDO9AATYDBBDyDV/BmPBkvxrvxMW8tGPnMIfgD4/MHaVWUbA==</latexit><latexit sha1_base64="nzZrPy2OtwDGw3bjVCTtLuxeQwU=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6sKaFEGXRTcuK9gHtGmYTCbt0MkkzEyEkmbhr7hxoYhbf8Odf+O0zUJbD1w4nHMv997jxYxKZVnfRmFldW19o7hZ2tre2d0z9w9aMkoEJk0csUh0PCQJo5w0FVWMdGJBUOgx0vZGt1O//UiEpBF/UOOYOCEacBpQjJSWXPOoYsNzOGm5aeJnk37trJ/aF7XMNctW1ZoBLhM7J2WQo+GaXz0/wklIuMIMSdm1rVg5KRKKYkayUi+RJEZ4hAakqylHIZFOOrs/g6da8WEQCV1cwZn6eyJFoZTj0NOdIVJDuehNxf+8bqKCayelPE4U4Xi+KEgYVBGchgF9KghWbKwJwoLqWyEeIoGw0pGVdAj24svLpFWr2lbVvr8s12/yOIrgGJyACrDBFaiDO9AATYDBBDyDV/BmPBkvxrvxMW8tGPnMIfgD4/MHaVWUbA==</latexit><latexit sha1_base64="nzZrPy2OtwDGw3bjVCTtLuxeQwU=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6sKaFEGXRTcuK9gHtGmYTCbt0MkkzEyEkmbhr7hxoYhbf8Odf+O0zUJbD1w4nHMv997jxYxKZVnfRmFldW19o7hZ2tre2d0z9w9aMkoEJk0csUh0PCQJo5w0FVWMdGJBUOgx0vZGt1O//UiEpBF/UOOYOCEacBpQjJSWXPOoYsNzOGm5aeJnk37trJ/aF7XMNctW1ZoBLhM7J2WQo+GaXz0/wklIuMIMSdm1rVg5KRKKYkayUi+RJEZ4hAakqylHIZFOOrs/g6da8WEQCV1cwZn6eyJFoZTj0NOdIVJDuehNxf+8bqKCayelPE4U4Xi+KEgYVBGchgF9KghWbKwJwoLqWyEeIoGw0pGVdAj24svLpFWr2lbVvr8s12/yOIrgGJyACrDBFaiDO9AATYDBBDyDV/BmPBkvxrvxMW8tGPnMIfgD4/MHaVWUbA==</latexit>
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<latexit sha1_base64="nzZrPy2OtwDGw3bjVCTtLuxeQwU=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6sKaFEGXRTcuK9gHtGmYTCbt0MkkzEyEkmbhr7hxoYhbf8Odf+O0zUJbD1w4nHMv997jxYxKZVnfRmFldW19o7hZ2tre2d0z9w9aMkoEJk0csUh0PCQJo5w0FVWMdGJBUOgx0vZGt1O//UiEpBF/UOOYOCEacBpQjJSWXPOoYsNzOGm5aeJnk37trJ/aF7XMNctW1ZoBLhM7J2WQo+GaXz0/wklIuMIMSdm1rVg5KRKKYkayUi+RJEZ4hAakqylHIZFOOrs/g6da8WEQCV1cwZn6eyJFoZTj0NOdIVJDuehNxf+8bqKCayelPE4U4Xi+KEgYVBGchgF9KghWbKwJwoLqWyEeIoGw0pGVdAj24svLpFWr2lbVvr8s12/yOIrgGJyACrDBFaiDO9AATYDBBDyDV/BmPBkvxrvxMW8tGPnMIfgD4/MHaVWUbA==</latexit><latexit sha1_base64="nzZrPy2OtwDGw3bjVCTtLuxeQwU=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6sKaFEGXRTcuK9gHtGmYTCbt0MkkzEyEkmbhr7hxoYhbf8Odf+O0zUJbD1w4nHMv997jxYxKZVnfRmFldW19o7hZ2tre2d0z9w9aMkoEJk0csUh0PCQJo5w0FVWMdGJBUOgx0vZGt1O//UiEpBF/UOOYOCEacBpQjJSWXPOoYsNzOGm5aeJnk37trJ/aF7XMNctW1ZoBLhM7J2WQo+GaXz0/wklIuMIMSdm1rVg5KRKKYkayUi+RJEZ4hAakqylHIZFOOrs/g6da8WEQCV1cwZn6eyJFoZTj0NOdIVJDuehNxf+8bqKCayelPE4U4Xi+KEgYVBGchgF9KghWbKwJwoLqWyEeIoGw0pGVdAj24svLpFWr2lbVvr8s12/yOIrgGJyACrDBFaiDO9AATYDBBDyDV/BmPBkvxrvxMW8tGPnMIfgD4/MHaVWUbA==</latexit><latexit sha1_base64="nzZrPy2OtwDGw3bjVCTtLuxeQwU=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6sKaFEGXRTcuK9gHtGmYTCbt0MkkzEyEkmbhr7hxoYhbf8Odf+O0zUJbD1w4nHMv997jxYxKZVnfRmFldW19o7hZ2tre2d0z9w9aMkoEJk0csUh0PCQJo5w0FVWMdGJBUOgx0vZGt1O//UiEpBF/UOOYOCEacBpQjJSWXPOoYsNzOGm5aeJnk37trJ/aF7XMNctW1ZoBLhM7J2WQo+GaXz0/wklIuMIMSdm1rVg5KRKKYkayUi+RJEZ4hAakqylHIZFOOrs/g6da8WEQCV1cwZn6eyJFoZTj0NOdIVJDuehNxf+8bqKCayelPE4U4Xi+KEgYVBGchgF9KghWbKwJwoLqWyEeIoGw0pGVdAj24svLpFWr2lbVvr8s12/yOIrgGJyACrDBFaiDO9AATYDBBDyDV/BmPBkvxrvxMW8tGPnMIfgD4/MHaVWUbA==</latexit><latexit sha1_base64="nzZrPy2OtwDGw3bjVCTtLuxeQwU=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6sKaFEGXRTcuK9gHtGmYTCbt0MkkzEyEkmbhr7hxoYhbf8Odf+O0zUJbD1w4nHMv997jxYxKZVnfRmFldW19o7hZ2tre2d0z9w9aMkoEJk0csUh0PCQJo5w0FVWMdGJBUOgx0vZGt1O//UiEpBF/UOOYOCEacBpQjJSWXPOoYsNzOGm5aeJnk37trJ/aF7XMNctW1ZoBLhM7J2WQo+GaXz0/wklIuMIMSdm1rVg5KRKKYkayUi+RJEZ4hAakqylHIZFOOrs/g6da8WEQCV1cwZn6eyJFoZTj0NOdIVJDuehNxf+8bqKCayelPE4U4Xi+KEgYVBGchgF9KghWbKwJwoLqWyEeIoGw0pGVdAj24svLpFWr2lbVvr8s12/yOIrgGJyACrDBFaiDO9AATYDBBDyDV/BmPBkvxrvxMW8tGPnMIfgD4/MHaVWUbA==</latexit>

Tensions with leptonic determinations:  

•                 : 1.7𝜎 

•                                  : 2.3𝜎

�exp
K`2

+ fK±
<latexit sha1_base64="XaFxZtYRLQvyD2OgRjG0MpN08aU="></latexit><latexit sha1_base64="XaFxZtYRLQvyD2OgRjG0MpN08aU="></latexit><latexit sha1_base64="XaFxZtYRLQvyD2OgRjG0MpN08aU="></latexit><latexit sha1_base64="XaFxZtYRLQvyD2OgRjG0MpN08aU="></latexit>

�exp
K`2

+ fK±/f⇡± + |Vud|
<latexit sha1_base64="1iMo/53TRg8cRtJ4Yk9Vmu6i5gM="></latexit><latexit sha1_base64="1iMo/53TRg8cRtJ4Yk9Vmu6i5gM="></latexit><latexit sha1_base64="1iMo/53TRg8cRtJ4Yk9Vmu6i5gM="></latexit><latexit sha1_base64="1iMo/53TRg8cRtJ4Yk9Vmu6i5gM="></latexit>

Tension with CKM  
unitarity: 2.2𝜎
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First row CKM unitarity

!20

|Vcd|	+	unitarity

Unitarity 0+	→	0+

Kl2

Kl3

|V
u
s
|

0,215

0,2175

0,22

0,2225

0,225

0,2275

0,23

0,2325

|Vud|

0,96 0,965 0,97 0,975 0,98

Vub ⇠ 0
<latexit sha1_base64="WAqxJVeUy5+bTSpjfeccqtRnvwI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBEvBVZkRQZdFNy4r2Ae0Q8mkmTY0yYx5FMrQ73DjQhG3fow7/8a0nYW2HrhwOOdecnKilDNtfP/bK2xsbm3vFHdLe/sHh0fl45OWTqwitEkSnqhOhDXlTNKmYYbTTqooFhGn7Wh8N/fbE6o0S+SjmaY0FHgoWcwINk4KW/3MRjPU00wgv1+u+DV/AbROgpxUIEejX/7qDRJiBZWGcKx1N/BTE2ZYGUY4nZV6VtMUkzEe0q6jEguqw2wReoaqThmgOFFupEEL9fdFhoXWU+HSVQU2I73qzcX/vK418U2YMZlaQyVZPhRbjkyC5g2gAVOUGD51BBPFXFZERlhhYlxPJVdCsPrlddK6rAV+LXi4qtRv8zqKcAbncAEBXEMd7qEBTSDwBM/wCm/exHvx3r2P5WrBy29O4Q+8zx8CCJGV</latexit><latexit sha1_base64="WAqxJVeUy5+bTSpjfeccqtRnvwI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBEvBVZkRQZdFNy4r2Ae0Q8mkmTY0yYx5FMrQ73DjQhG3fow7/8a0nYW2HrhwOOdecnKilDNtfP/bK2xsbm3vFHdLe/sHh0fl45OWTqwitEkSnqhOhDXlTNKmYYbTTqooFhGn7Wh8N/fbE6o0S+SjmaY0FHgoWcwINk4KW/3MRjPU00wgv1+u+DV/AbROgpxUIEejX/7qDRJiBZWGcKx1N/BTE2ZYGUY4nZV6VtMUkzEe0q6jEguqw2wReoaqThmgOFFupEEL9fdFhoXWU+HSVQU2I73qzcX/vK418U2YMZlaQyVZPhRbjkyC5g2gAVOUGD51BBPFXFZERlhhYlxPJVdCsPrlddK6rAV+LXi4qtRv8zqKcAbncAEBXEMd7qEBTSDwBM/wCm/exHvx3r2P5WrBy29O4Q+8zx8CCJGV</latexit><latexit sha1_base64="WAqxJVeUy5+bTSpjfeccqtRnvwI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBEvBVZkRQZdFNy4r2Ae0Q8mkmTY0yYx5FMrQ73DjQhG3fow7/8a0nYW2HrhwOOdecnKilDNtfP/bK2xsbm3vFHdLe/sHh0fl45OWTqwitEkSnqhOhDXlTNKmYYbTTqooFhGn7Wh8N/fbE6o0S+SjmaY0FHgoWcwINk4KW/3MRjPU00wgv1+u+DV/AbROgpxUIEejX/7qDRJiBZWGcKx1N/BTE2ZYGUY4nZV6VtMUkzEe0q6jEguqw2wReoaqThmgOFFupEEL9fdFhoXWU+HSVQU2I73qzcX/vK418U2YMZlaQyVZPhRbjkyC5g2gAVOUGD51BBPFXFZERlhhYlxPJVdCsPrlddK6rAV+LXi4qtRv8zqKcAbncAEBXEMd7qEBTSDwBM/wCm/exHvx3r2P5WrBy29O4Q+8zx8CCJGV</latexit><latexit sha1_base64="WAqxJVeUy5+bTSpjfeccqtRnvwI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBEvBVZkRQZdFNy4r2Ae0Q8mkmTY0yYx5FMrQ73DjQhG3fow7/8a0nYW2HrhwOOdecnKilDNtfP/bK2xsbm3vFHdLe/sHh0fl45OWTqwitEkSnqhOhDXlTNKmYYbTTqooFhGn7Wh8N/fbE6o0S+SjmaY0FHgoWcwINk4KW/3MRjPU00wgv1+u+DV/AbROgpxUIEejX/7qDRJiBZWGcKx1N/BTE2ZYGUY4nZV6VtMUkzEe0q6jEguqw2wReoaqThmgOFFupEEL9fdFhoXWU+HSVQU2I73qzcX/vK418U2YMZlaQyVZPhRbjkyC5g2gAVOUGD51BBPFXFZERlhhYlxPJVdCsPrlddK6rAV+LXi4qtRv8zqKcAbncAEBXEMd7qEBTSDwBM/wCm/exHvx3r2P5WrBy29O4Q+8zx8CCJGV</latexit>

�u ⌘ |Vud|2 + |Vus|2 + |Vub|2 � 1
<latexit sha1_base64="dsL5vOXdAzomim5C+qJNailQbg0=">AAACIXicbZDJSgNBEIZ7XGPcRj16aQyCIIaZIJhjUA8eI5gFkjj0dCpJk57FXgJhklfx4qt48aBIbuLL2JnkoIkFDV/9VUV1/X7MmVSO82WtrK6tb2xmtrLbO7t7+/bBYVVGWlCo0IhHou4TCZyFUFFMcajHAkjgc6j5/ZtpvTYAIVkUPqhhDK2AdEPWYZQoI3l2sXkLXBFP4yY8aTbAeFT1Et0ejx4L+DybJnKWpOynfIFdz845eScNvAzuHHJoHmXPnjTbEdUBhIpyImXDdWLVSohQjHIYZ5taQkxon3ShYTAkAchWkl44xqdGaeNOJMwLFU7V3xMJCaQcBr7pDIjqycXaVPyv1tCqU2wlLIy1gpDOFnU0xyrCU7twmwmgig8NECqY+SumPSIIVcbUrDHBXTx5GaqFvOvk3fvLXOl6bkcGHaMTdIZcdIVK6A6VUQVR9Ixe0Tv6sF6sN+vTmsxaV6z5zBH6E9b3D1EXolA=</latexit><latexit sha1_base64="dsL5vOXdAzomim5C+qJNailQbg0=">AAACIXicbZDJSgNBEIZ7XGPcRj16aQyCIIaZIJhjUA8eI5gFkjj0dCpJk57FXgJhklfx4qt48aBIbuLL2JnkoIkFDV/9VUV1/X7MmVSO82WtrK6tb2xmtrLbO7t7+/bBYVVGWlCo0IhHou4TCZyFUFFMcajHAkjgc6j5/ZtpvTYAIVkUPqhhDK2AdEPWYZQoI3l2sXkLXBFP4yY8aTbAeFT1Et0ejx4L+DybJnKWpOynfIFdz845eScNvAzuHHJoHmXPnjTbEdUBhIpyImXDdWLVSohQjHIYZ5taQkxon3ShYTAkAchWkl44xqdGaeNOJMwLFU7V3xMJCaQcBr7pDIjqycXaVPyv1tCqU2wlLIy1gpDOFnU0xyrCU7twmwmgig8NECqY+SumPSIIVcbUrDHBXTx5GaqFvOvk3fvLXOl6bkcGHaMTdIZcdIVK6A6VUQVR9Ixe0Tv6sF6sN+vTmsxaV6z5zBH6E9b3D1EXolA=</latexit><latexit sha1_base64="dsL5vOXdAzomim5C+qJNailQbg0=">AAACIXicbZDJSgNBEIZ7XGPcRj16aQyCIIaZIJhjUA8eI5gFkjj0dCpJk57FXgJhklfx4qt48aBIbuLL2JnkoIkFDV/9VUV1/X7MmVSO82WtrK6tb2xmtrLbO7t7+/bBYVVGWlCo0IhHou4TCZyFUFFMcajHAkjgc6j5/ZtpvTYAIVkUPqhhDK2AdEPWYZQoI3l2sXkLXBFP4yY8aTbAeFT1Et0ejx4L+DybJnKWpOynfIFdz845eScNvAzuHHJoHmXPnjTbEdUBhIpyImXDdWLVSohQjHIYZ5taQkxon3ShYTAkAchWkl44xqdGaeNOJMwLFU7V3xMJCaQcBr7pDIjqycXaVPyv1tCqU2wlLIy1gpDOFnU0xyrCU7twmwmgig8NECqY+SumPSIIVcbUrDHBXTx5GaqFvOvk3fvLXOl6bkcGHaMTdIZcdIVK6A6VUQVR9Ixe0Tv6sF6sN+vTmsxaV6z5zBH6E9b3D1EXolA=</latexit><latexit sha1_base64="dsL5vOXdAzomim5C+qJNailQbg0=">AAACIXicbZDJSgNBEIZ7XGPcRj16aQyCIIaZIJhjUA8eI5gFkjj0dCpJk57FXgJhklfx4qt48aBIbuLL2JnkoIkFDV/9VUV1/X7MmVSO82WtrK6tb2xmtrLbO7t7+/bBYVVGWlCo0IhHou4TCZyFUFFMcajHAkjgc6j5/ZtpvTYAIVkUPqhhDK2AdEPWYZQoI3l2sXkLXBFP4yY8aTbAeFT1Et0ejx4L+DybJnKWpOynfIFdz845eScNvAzuHHJoHmXPnjTbEdUBhIpyImXDdWLVSohQjHIYZ5taQkxon3ShYTAkAchWkl44xqdGaeNOJMwLFU7V3xMJCaQcBr7pDIjqycXaVPyv1tCqU2wlLIy1gpDOFnU0xyrCU7twmwmgig8NECqY+SumPSIIVcbUrDHBXTx5GaqFvOvk3fvLXOl6bkcGHaMTdIZcdIVK6A6VUQVR9Ixe0Tv6sF6sN+vTmsxaV6z5zBH6E9b3D1EXolA=</latexit>
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�u ⌘ |Vud|2 + |Vus|2 + |Vub|2 � 1
<latexit sha1_base64="dsL5vOXdAzomim5C+qJNailQbg0=">AAACIXicbZDJSgNBEIZ7XGPcRj16aQyCIIaZIJhjUA8eI5gFkjj0dCpJk57FXgJhklfx4qt48aBIbuLL2JnkoIkFDV/9VUV1/X7MmVSO82WtrK6tb2xmtrLbO7t7+/bBYVVGWlCo0IhHou4TCZyFUFFMcajHAkjgc6j5/ZtpvTYAIVkUPqhhDK2AdEPWYZQoI3l2sXkLXBFP4yY8aTbAeFT1Et0ejx4L+DybJnKWpOynfIFdz845eScNvAzuHHJoHmXPnjTbEdUBhIpyImXDdWLVSohQjHIYZ5taQkxon3ShYTAkAchWkl44xqdGaeNOJMwLFU7V3xMJCaQcBr7pDIjqycXaVPyv1tCqU2wlLIy1gpDOFnU0xyrCU7twmwmgig8NECqY+SumPSIIVcbUrDHBXTx5GaqFvOvk3fvLXOl6bkcGHaMTdIZcdIVK6A6VUQVR9Ixe0Tv6sF6sN+vTmsxaV6z5zBH6E9b3D1EXolA=</latexit><latexit sha1_base64="dsL5vOXdAzomim5C+qJNailQbg0=">AAACIXicbZDJSgNBEIZ7XGPcRj16aQyCIIaZIJhjUA8eI5gFkjj0dCpJk57FXgJhklfx4qt48aBIbuLL2JnkoIkFDV/9VUV1/X7MmVSO82WtrK6tb2xmtrLbO7t7+/bBYVVGWlCo0IhHou4TCZyFUFFMcajHAkjgc6j5/ZtpvTYAIVkUPqhhDK2AdEPWYZQoI3l2sXkLXBFP4yY8aTbAeFT1Et0ejx4L+DybJnKWpOynfIFdz845eScNvAzuHHJoHmXPnjTbEdUBhIpyImXDdWLVSohQjHIYZ5taQkxon3ShYTAkAchWkl44xqdGaeNOJMwLFU7V3xMJCaQcBr7pDIjqycXaVPyv1tCqU2wlLIy1gpDOFnU0xyrCU7twmwmgig8NECqY+SumPSIIVcbUrDHBXTx5GaqFvOvk3fvLXOl6bkcGHaMTdIZcdIVK6A6VUQVR9Ixe0Tv6sF6sN+vTmsxaV6z5zBH6E9b3D1EXolA=</latexit><latexit sha1_base64="dsL5vOXdAzomim5C+qJNailQbg0=">AAACIXicbZDJSgNBEIZ7XGPcRj16aQyCIIaZIJhjUA8eI5gFkjj0dCpJk57FXgJhklfx4qt48aBIbuLL2JnkoIkFDV/9VUV1/X7MmVSO82WtrK6tb2xmtrLbO7t7+/bBYVVGWlCo0IhHou4TCZyFUFFMcajHAkjgc6j5/ZtpvTYAIVkUPqhhDK2AdEPWYZQoI3l2sXkLXBFP4yY8aTbAeFT1Et0ejx4L+DybJnKWpOynfIFdz845eScNvAzuHHJoHmXPnjTbEdUBhIpyImXDdWLVSohQjHIYZ5taQkxon3ShYTAkAchWkl44xqdGaeNOJMwLFU7V3xMJCaQcBr7pDIjqycXaVPyv1tCqU2wlLIy1gpDOFnU0xyrCU7twmwmgig8NECqY+SumPSIIVcbUrDHBXTx5GaqFvOvk3fvLXOl6bkcGHaMTdIZcdIVK6A6VUQVR9Ixe0Tv6sF6sN+vTmsxaV6z5zBH6E9b3D1EXolA=</latexit><latexit sha1_base64="dsL5vOXdAzomim5C+qJNailQbg0=">AAACIXicbZDJSgNBEIZ7XGPcRj16aQyCIIaZIJhjUA8eI5gFkjj0dCpJk57FXgJhklfx4qt48aBIbuLL2JnkoIkFDV/9VUV1/X7MmVSO82WtrK6tb2xmtrLbO7t7+/bBYVVGWlCo0IhHou4TCZyFUFFMcajHAkjgc6j5/ZtpvTYAIVkUPqhhDK2AdEPWYZQoI3l2sXkLXBFP4yY8aTbAeFT1Et0ejx4L+DybJnKWpOynfIFdz845eScNvAzuHHJoHmXPnjTbEdUBhIpyImXDdWLVSohQjHIYZ5taQkxon3ShYTAkAchWkl44xqdGaeNOJMwLFU7V3xMJCaQcBr7pDIjqycXaVPyv1tCqU2wlLIy1gpDOFnU0xyrCU7twmwmgig8NECqY+SumPSIIVcbUrDHBXTx5GaqFvOvk3fvLXOl6bkcGHaMTdIZcdIVK6A6VUQVR9Ixe0Tv6sF6sN+vTmsxaV6z5zBH6E9b3D1EXolA=</latexit>

Preliminary

|Vud| = 0.97420 (21) from nuclear 𝛽-decay 
(Hardy & Towner @ CIPANP 2018, arXiv:1808.01146)

Kℓ3 : 

Kℓ3,Kℓ2 , f+(0), fK/f𝜋: 

�u = �0.00110 (27)Vus(41)Vud
<latexit sha1_base64="k53qQ3LMOpc7N7v720/F/6UgjAE=">AAACG3icbVBLSwMxGMzWV62vVY9egkWooGVTCvUiFPXgsYJ9QHdZsmnahmYfJFmhLPs/vPhXvHhQxJPgwX9jtt2Dtg4EJjPzkXzjRZxJZVnfRmFldW19o7hZ2tre2d0z9w86MowFoW0S8lD0PCwpZwFtK6Y47UWCYt/jtOtNrjO/+0CFZGFwr6YRdXw8CtiQEay05Jo1+4Zyhd0YXsJzq2pZCFnQPoOVWuPUTTpuEss0hZU6ym+DNHXNchbMAJcJykkZ5Gi55qc9CEns00ARjqXsIytSToKFYoTTtGTHkkaYTPCI9jUNsE+lk8x2S+GJVgZwGAp9AgVn6u+JBPtSTn1PJ32sxnLRy8T/vH6shhdOwoIoVjQg84eGMYcqhFlRcMAEJYpPNcFEMP1XSMZYYKJ0nSVdAlpceZl0alVkVdFdvdy8yusogiNwDCoAgQZoglvQAm1AwCN4Bq/gzXgyXox342MeLRj5zCH4A+PrByxyndQ=</latexit><latexit sha1_base64="k53qQ3LMOpc7N7v720/F/6UgjAE=">AAACG3icbVBLSwMxGMzWV62vVY9egkWooGVTCvUiFPXgsYJ9QHdZsmnahmYfJFmhLPs/vPhXvHhQxJPgwX9jtt2Dtg4EJjPzkXzjRZxJZVnfRmFldW19o7hZ2tre2d0z9w86MowFoW0S8lD0PCwpZwFtK6Y47UWCYt/jtOtNrjO/+0CFZGFwr6YRdXw8CtiQEay05Jo1+4Zyhd0YXsJzq2pZCFnQPoOVWuPUTTpuEss0hZU6ym+DNHXNchbMAJcJykkZ5Gi55qc9CEns00ARjqXsIytSToKFYoTTtGTHkkaYTPCI9jUNsE+lk8x2S+GJVgZwGAp9AgVn6u+JBPtSTn1PJ32sxnLRy8T/vH6shhdOwoIoVjQg84eGMYcqhFlRcMAEJYpPNcFEMP1XSMZYYKJ0nSVdAlpceZl0alVkVdFdvdy8yusogiNwDCoAgQZoglvQAm1AwCN4Bq/gzXgyXox342MeLRj5zCH4A+PrByxyndQ=</latexit><latexit sha1_base64="k53qQ3LMOpc7N7v720/F/6UgjAE=">AAACG3icbVBLSwMxGMzWV62vVY9egkWooGVTCvUiFPXgsYJ9QHdZsmnahmYfJFmhLPs/vPhXvHhQxJPgwX9jtt2Dtg4EJjPzkXzjRZxJZVnfRmFldW19o7hZ2tre2d0z9w86MowFoW0S8lD0PCwpZwFtK6Y47UWCYt/jtOtNrjO/+0CFZGFwr6YRdXw8CtiQEay05Jo1+4Zyhd0YXsJzq2pZCFnQPoOVWuPUTTpuEss0hZU6ym+DNHXNchbMAJcJykkZ5Gi55qc9CEns00ARjqXsIytSToKFYoTTtGTHkkaYTPCI9jUNsE+lk8x2S+GJVgZwGAp9AgVn6u+JBPtSTn1PJ32sxnLRy8T/vH6shhdOwoIoVjQg84eGMYcqhFlRcMAEJYpPNcFEMP1XSMZYYKJ0nSVdAlpceZl0alVkVdFdvdy8yusogiNwDCoAgQZoglvQAm1AwCN4Bq/gzXgyXox342MeLRj5zCH4A+PrByxyndQ=</latexit><latexit sha1_base64="k53qQ3LMOpc7N7v720/F/6UgjAE=">AAACG3icbVBLSwMxGMzWV62vVY9egkWooGVTCvUiFPXgsYJ9QHdZsmnahmYfJFmhLPs/vPhXvHhQxJPgwX9jtt2Dtg4EJjPzkXzjRZxJZVnfRmFldW19o7hZ2tre2d0z9w86MowFoW0S8lD0PCwpZwFtK6Y47UWCYt/jtOtNrjO/+0CFZGFwr6YRdXw8CtiQEay05Jo1+4Zyhd0YXsJzq2pZCFnQPoOVWuPUTTpuEss0hZU6ym+DNHXNchbMAJcJykkZ5Gi55qc9CEns00ARjqXsIytSToKFYoTTtGTHkkaYTPCI9jUNsE+lk8x2S+GJVgZwGAp9AgVn6u+JBPtSTn1PJ32sxnLRy8T/vH6shhdOwoIoVjQg84eGMYcqhFlRcMAEJYpPNcFEMP1XSMZYYKJ0nSVdAlpceZl0alVkVdFdvdy8yusogiNwDCoAgQZoglvQAm1AwCN4Bq/gzXgyXox342MeLRj5zCH4A+PrByxyndQ=</latexit>

�u = �0.00151 (38)f+(0)(35)fK/f⇡ (36)exp(27)EM
<latexit sha1_base64="umQaI/xXccth19/2LJ3vWmfWR+w="></latexit><latexit sha1_base64="umQaI/xXccth19/2LJ3vWmfWR+w="></latexit><latexit sha1_base64="umQaI/xXccth19/2LJ3vWmfWR+w="></latexit><latexit sha1_base64="umQaI/xXccth19/2LJ3vWmfWR+w="></latexit>

http://arxiv.org/abs/arXiv:1807.01146
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Conclusions and Outlook

We present a LQCD calculation of            with 0.20% total error — most 
precise result to date.  
Our results are still preliminary, but paper is nearly final.  

The resulting determination of          is in tension with determinations from 
leptonic decays and with first row CKM unitarity (and          determined from 
𝛽-decay) at the 2-2.6𝜎 level.  

 We also obtain the LEC combination  

We plan to calculate the ratio of               and                with correlations. This 
will sharpen our calculation of             and yield more precise unitarity tests 
from only kaon decay.  
 

fK⇡
+ (0)

<latexit sha1_base64="7NphdxZ2Y4XmA/lwbZKLNIYK1wQ=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahIpRdEfRY9CJ4qWA/oF1LNs22oUl2TbKFsvR3ePGgiFd/jDf/jWm7B219MPB4b4aZeUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHgz9ZsjqjSL5IMZx9QXuC9ZyAg2VvLD7tljeteJ2aTsnnaLJbfizoCWiZeREmSodYtfnV5EEkGlIRxr3fbc2PgpVoYRTieFTqJpjMkQ92nbUokF1X46O3qCTqzSQ2GkbEmDZurviRQLrccisJ0Cm4Fe9Kbif147MeGVnzIZJ4ZKMl8UJhyZCE0TQD2mKDF8bAkmitlbERlghYmxORVsCN7iy8ukcV7x3Ip3f1GqXmdx5OEIjqEMHlxCFW6hBnUg8ATP8Apvzsh5cd6dj3lrzslmDuEPnM8fg1KRQw==</latexit><latexit sha1_base64="7NphdxZ2Y4XmA/lwbZKLNIYK1wQ=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahIpRdEfRY9CJ4qWA/oF1LNs22oUl2TbKFsvR3ePGgiFd/jDf/jWm7B219MPB4b4aZeUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHgz9ZsjqjSL5IMZx9QXuC9ZyAg2VvLD7tljeteJ2aTsnnaLJbfizoCWiZeREmSodYtfnV5EEkGlIRxr3fbc2PgpVoYRTieFTqJpjMkQ92nbUokF1X46O3qCTqzSQ2GkbEmDZurviRQLrccisJ0Cm4Fe9Kbif147MeGVnzIZJ4ZKMl8UJhyZCE0TQD2mKDF8bAkmitlbERlghYmxORVsCN7iy8ukcV7x3Ip3f1GqXmdx5OEIjqEMHlxCFW6hBnUg8ATP8Apvzsh5cd6dj3lrzslmDuEPnM8fg1KRQw==</latexit><latexit sha1_base64="7NphdxZ2Y4XmA/lwbZKLNIYK1wQ=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahIpRdEfRY9CJ4qWA/oF1LNs22oUl2TbKFsvR3ePGgiFd/jDf/jWm7B219MPB4b4aZeUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHgz9ZsjqjSL5IMZx9QXuC9ZyAg2VvLD7tljeteJ2aTsnnaLJbfizoCWiZeREmSodYtfnV5EEkGlIRxr3fbc2PgpVoYRTieFTqJpjMkQ92nbUokF1X46O3qCTqzSQ2GkbEmDZurviRQLrccisJ0Cm4Fe9Kbif147MeGVnzIZJ4ZKMl8UJhyZCE0TQD2mKDF8bAkmitlbERlghYmxORVsCN7iy8ukcV7x3Ip3f1GqXmdx5OEIjqEMHlxCFW6hBnUg8ATP8Apvzsh5cd6dj3lrzslmDuEPnM8fg1KRQw==</latexit><latexit sha1_base64="7NphdxZ2Y4XmA/lwbZKLNIYK1wQ=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahIpRdEfRY9CJ4qWA/oF1LNs22oUl2TbKFsvR3ePGgiFd/jDf/jWm7B219MPB4b4aZeUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHgz9ZsjqjSL5IMZx9QXuC9ZyAg2VvLD7tljeteJ2aTsnnaLJbfizoCWiZeREmSodYtfnV5EEkGlIRxr3fbc2PgpVoYRTieFTqJpjMkQ92nbUokF1X46O3qCTqzSQ2GkbEmDZurviRQLrccisJ0Cm4Fe9Kbif147MeGVnzIZJ4ZKMl8UJhyZCE0TQD2mKDF8bAkmitlbERlghYmxORVsCN7iy8ukcV7x3Ip3f1GqXmdx5OEIjqEMHlxCFW6hBnUg8ATP8Apvzsh5cd6dj3lrzslmDuEPnM8fg1KRQw==</latexit>

|Vus|
<latexit sha1_base64="QfW58VhkJ+etqz+tpcnh3f1MJpU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0s4m7E6Gk/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGtzO/9cS1EbF6wHHC/YgOlAgFo2il9qTZy1IznfTKFbfqzkFWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8mmpmxqeUDaiA96xVNGIGz+b3zslZ1bpkzDWthSSufp7IqORMeMosJ0RxaFZ9mbif14nxfDaz4RKUuSKLRaFqSQYk9nzpC80ZyjHllCmhb2VsCHVlKGNqGRD8JZfXiXNi6rnVr37y0rtJo+jCCdwCufgwRXU4A7q0AAGEp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8AoL6QVw==</latexit><latexit sha1_base64="QfW58VhkJ+etqz+tpcnh3f1MJpU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0s4m7E6Gk/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGtzO/9cS1EbF6wHHC/YgOlAgFo2il9qTZy1IznfTKFbfqzkFWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8mmpmxqeUDaiA96xVNGIGz+b3zslZ1bpkzDWthSSufp7IqORMeMosJ0RxaFZ9mbif14nxfDaz4RKUuSKLRaFqSQYk9nzpC80ZyjHllCmhb2VsCHVlKGNqGRD8JZfXiXNi6rnVr37y0rtJo+jCCdwCufgwRXU4A7q0AAGEp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8AoL6QVw==</latexit><latexit sha1_base64="QfW58VhkJ+etqz+tpcnh3f1MJpU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0s4m7E6Gk/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGtzO/9cS1EbF6wHHC/YgOlAgFo2il9qTZy1IznfTKFbfqzkFWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8mmpmxqeUDaiA96xVNGIGz+b3zslZ1bpkzDWthSSufp7IqORMeMosJ0RxaFZ9mbif14nxfDaz4RKUuSKLRaFqSQYk9nzpC80ZyjHllCmhb2VsCHVlKGNqGRD8JZfXiXNi6rnVr37y0rtJo+jCCdwCufgwRXU4A7q0AAGEp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8AoL6QVw==</latexit><latexit sha1_base64="QfW58VhkJ+etqz+tpcnh3f1MJpU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0s4m7E6Gk/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGtzO/9cS1EbF6wHHC/YgOlAgFo2il9qTZy1IznfTKFbfqzkFWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8mmpmxqeUDaiA96xVNGIGz+b3zslZ1bpkzDWthSSufp7IqORMeMosJ0RxaFZ9mbif14nxfDaz4RKUuSKLRaFqSQYk9nzpC80ZyjHllCmhb2VsCHVlKGNqGRD8JZfXiXNi6rnVr37y0rtJo+jCCdwCufgwRXU4A7q0AAGEp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8AoL6QVw==</latexit>

|Vud|
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Abstract
Using HISQ Nf = 2 + 1 + 1 MILC ensembles with five di↵erent values of the lattice spac-

ing, including four ensembles with physical quark masses, we have performed the most pre-
cise computation to date of the K ! ⇡`⌫ vector form factor at zero momentum transfer,
fK0⇡�
+ (0) = 0.9696(15)stat(11)syst. This is the first calculation that includes the dominant finite-
volume e↵ects, as calculated in chiral perturbation theory at next-to-leading order. Our result for
the form factor provides a direct determination of the Cabibbo-Kobayashi-Maskawa matrix element
|Vus| = 0.22333(43)f+(0)(42)exp, with a theory error that is, for the first time, at the same level as
the experimental error. The uncertainty of the semileptonic determination is now similar to that
from leptonic decays and the ratio fK+/f⇡+ , which uses |Vud| as input. Our value of |Vus| is in ten-
sion at the 2�2.6� level both with the leptonic determinations and with the unitarity of the CKM
matrix. In the test of CKM unitarity in the first row, the limiting factor is the error in |Vud|. Alter-
native unitarity tests using only kaon decays, where improvements in the theory and experimental
inputs are more likely in the next few years, reveal similar tensions and could be further improved
by taking correlations between the theory inputs. As part of our analysis, we calculated the cor-
rection to fK⇡

+ (0) due to nonequilibrated topological charge at leading order in chiral perturbation
theory, for both the full-QCD and the partially-quenched cases. As a byproduct of our calculation,
we obtain the combination of low-energy constants [Cr

12 +Cr
34 � (Lr

5)
2](M⇢) = (2.92± 0.30) · 10�6.

PACS numbers: 12.15.Hh,12.38.Ge,13.20.Eb

⇤Electronic address: megamiz@ugr.es
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Fermilab Lattice and MILC collaboration
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Fermilab Lattice Collaboration:  
AXK, E. Freeland, E. Gámiz, S. Gottlieb, A. Kronfeld, J. Laiho, P. 
Mackenzie, E. Neil, J. Simone, R. Van de Water  
Z. Gelzer, Y. Liu, A. Veernala, C. Bouchard, C.-C. Chang, D. Du, R. 
Zhou 
  

MILC: 
A. Bazavov, C. Bernard, C. DeTar, S. Gottlieb, U. Heller, J. Osborn, R. 
Sugar, D. Toussaint,  
S. Basak, N. Brown, J. Komijani, R. Li, Y. Liu, L. Levkova, T. Primer  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2.2. Simulation data: Nf = 2 + 1 + 1 HISQ on HISQ

⇡ a(fm) ml/m
sea

s
m

P

⇡
L Nconf ⇥ Nsrc am

sea

s
am

val

s

0.15 0.035 3.2 1000 ⇥ 4 0.0647 0.06905

0.12 0.2 4.5 1053 ⇥ 8 0.0509 0.0535

0.1 3.2 1020 ⇥ 8 0.0507 0.053 †

0.1 4.3 993 ⇥ 4 0.0507 0.053

0.1 5.4 1029 ⇥ 8 0.0507 0.053 *

0.035 3.9 945 ⇥ 8 0.0507 0.0531

0.09 0.2 4.5 773 ⇥ 4 0.037 0.038

0.1 4.7 853 ⇥ 4 0.0363 0.038

0.035 3.7 950 ⇥ 8 0.0363 0.0363 *

0.06 0.2 4.5 1000 ⇥ 8 0.024 0.024 *

0.035 3.7 692 ⇥ 6 0.022 0.022 †

0.042 0.2 4.3 432 ⇥ 12 0.0158 0.0158 †

†: New ensembles since our 2014 paper.

*: Ensembles with increased statistics since 2014.

Simulation details
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Poorly sampled topology effects
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• affects only the 0.042 fm ensemble at mℓ = 0.2ms 

• following Bernard and Toussaint (arXiv:1707.05430, 2017 PRD) the 

correction    

    can be obtained by calculating                              in ChPT:  

• The correction is < 1/2 stat error

a	≈	0.042	fm
a	≈	0.06	fm
a	≈	0.09	fm
a	≈	0.12	fm
a	≈	0.15	fm

f +	K
0
π
+
	 (
q
2
=
0
)

0,96

0,965

0,97

0,975

0,98

0,985

0,99

0,995

aml		/(ams	)
physical

0,05 0,1 0,15 0,2 0,25

FIG. 2: Form factor fK0⇡�
(0) vs. light-quark mass. The data points are the raw results in

Table II without including any finite-volume correction. Errors shown are statistical only, obtained
from 500 bootstraps. Di↵erent symbols and colors denote di↵erent lattice spacings. Data at the
same light-quark mass but di↵erent lattice spacing are o↵set horizontally. The open orange circle
correspond to the smallest volume ensemble with a ⇡ 0.12 fm and ml/ms = 0.1.

the topological charge is reasonably well equilibrated on the other ensembles, which have
a>⇠ 0.06 fm.

In order to correct for this systematic e↵ect, one can use ChPT to study theQ-dependence
of a given observable [40, 51, 52]. The recent ChPT study in Ref. [40] has already been
applied to the calculation of meson decay constants and masses in Refs. [53, 54]. Here, we
extend the analysis of Ref. [40] to f

K⇡
+ (0).

The three-point correlation functions relevant for this study, as well as any meson mass
calculated in a finite volume V and at fixed Q, satisfy [51, 52]

B|Q,V = B +
1

2�TV
B

00
✓
1� Q

2

�TV

◆
+O

✓
1

(�TV )2

◆
, (2.9)

where B on the right-hand side is the infinite-volume value of the quantity of interest aver-
aged over Q, B00 is its second derivative with respect to the vacuum angle ✓, evaluated at
✓ = 0, and �T = hQ2i/V is the topological susceptibility. Knowing the dependence on Q

or, equivalently, on ✓, one can calculate the appropriate correction to B to account for the
di↵erence between the correct hQ2i and the simulation hQ2isample.

With Eq. (2.9), the corrected value of the vector form factor can be extracted from the
simulation value on a particular ensemble via [40]

f
K⇡
+ (0)corrected = f

K⇡
+ (0)sampled �

1

2�TV
(fK⇡

+ (0))00
✓
1� hQ2isample

�TV

◆
, (2.10)

with f
K⇡
+ (0)sampled the simulation value.

11

(fK⇡
+ (0))00 ⌘ d2f

d✓2

���
✓=0
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the form factor f�. From the left-hand diagram, one finds

f
K⇡
+ (0) = cos

✓
3

2
↵

◆
. (2.18)

FInally, from Eq. (2.16), the result needed to adjust the form factor via Eq. (2.10) is

f
K⇡
+ (0)00 = �1

4

(ml �ms)2

(ml + 2ms)2
. (2.19)

K
0

⇡
�

⇢

K
0

⇡
�

K
�

⇢

FIG. 3: Diagrams contributing to h⇡|⇢|Ki at tree level, where ⇢ is either the vector current V µ or
the scalar density S̃. The squares are weak vertices with the insertion of the current or density
and the black dot is a strong vertex.

Because we actually use Eq. (2.11) to find f
K⇡
+ (0), it is important to check that we can

reproduce Eq. (2.19) by calculating the matrix element of the scalar density that appears in
the ✓ 6= 0 Ward identity at q2 = 0,

f
K⇡
+ (0) =

1

m2
K �m2

⇡

h⇡|S̃|Kiq2=0 , (2.20)

with S̃ =  ̄[�
f

2 ,M ] , and �f 2 SU(Nf ) the appropriate flavor matrix to select the s̄u

current. Note that it is no longer convenient to take out a factor of ms � ml from S̃, as
we did from S in Eq. (2.11), because the quark masses now carry factors of exp(±i✓/3). In
ChPT,

S̃ = �f
2

4
µ
�
⌃M⇤

A + ⌃†MA �M⇤
A⌃�MA⌃

†�
13

. (2.21)

Evaluating the diagrams in Fig. 3, we find

h⇡|S̃|Kiq2=0 = µ(ms �ml) cos

✓
↵

2
+
✓

3

◆
+

+
2

3
(ms �ml)

�1

m2
K

µ
2 sin

✓
↵

2
+
✓

3

◆
2ml sin

✓
↵� ✓

3

◆
�ms sin

✓
2↵ +

✓

3

◆�
, (2.22)
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Chiral-continuum fit function

!28

3. Chiral-continuum interpolation/extrapolation

2. Extract the fit parameters.

Fit parameters: �0
A,V

, K1,2,3, K0
2, C̃4,6,8, L1,2,3,5,6, 2L6 � L4

Fixed parameters: f⇡, taste splittings, r1/a, L7,8.

3. Take the continuum limit and interpolate to the QCD meson masses including

NNLO isospin corrections Gasser & Leutwyler, NPB250, 517 (1985), Bijnens & Ghorbani, 0711.0148

fK
0
⇡

�

+ (0) = 1 + fcont. isospin-break.
2 + fcont. isospin-break.

4 + (m2
⇡+ � m2

K0 )
h
C̃4 + hm⇡

i

with hm⇡
= C̃6 m

2
⇡

+ C̃8 m
4
⇡

* Isospin breaking contributions: depend on R ⌘
ms�m̂

mu�md

= 34.7(5)stat(
+1.0
�0.6)syst

with ms/m̂ and mu/md from FNAL/MILC 1712.09262 without correlations


