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Parton Distribution Function
•Defined on the lightcone coordinate 𝜉± =

𝑡±𝑧

2

where −1 ≤ 𝑥 ≤ 1 and

•𝑞 𝑥, 𝜇 = −ത𝑞 −𝑥, 𝜇 for 𝑥 < 0

•𝑞 𝑥, 𝜇 has intrinsic real-time dependence, inaccessible on the lattice.

•Only moments can be calculated on the lattice [1-4].
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Quasi-PDF
•Defined by an equal-time correlator [1]

where −∞ < 𝑥 < ∞, Γ = 𝛾𝑧 or 𝛾𝑡 [2], and

• 𝑞Γ has the same IR but different UV physics comparing with PDF 𝑞.

•The UV difference is controllable and calculable 
→ factorization theorem
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Large Momentum ET (LaMET)
•Relating parton physics observables to equal-time correlators in a large 
momentum nucleon state (quasi-observables).

•PDF: 𝑃𝑧 → ∞, then Λ → ∞

•Quasi-PDF: Λ → ∞, then 𝑃𝑧 → ∞

•The two limits do not commute.

•The factorization theorem in RI/MOM scheme [1-7]
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Lattice Calculation [1]
•Lattice space a = 0.06 fm

•Box size 483 × 96 𝐿 = 2.9 fm

•𝑚𝜋 = 310 MeV (𝑚𝜋𝐿 ≈ 4.5)

•The nucleon momentum 𝑃𝑧 = 1.7,2.15,2.6 GeV

•clover valence fermions, gauge configurations with 𝑁𝑓 = 2 + 1 + 1
flavors of highly improved staggered quarks (HISQ) [2] generated by 
MILC Collaboration [3]

•the gauge links are hypercubic (HYP)-smeared [4]

•Unpolarized isovector PDF: 𝑞𝑢−𝑑(𝑥) = ቊ
𝑢 𝑥 − 𝑑 𝑥 𝑥 > 0

−ത𝑢 −𝑥 + ҧ𝑑 −𝑥 𝑥 < 0
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Operator Mixing
•The quasi-PDF operator might mix with the scalar operator (Γ = 1) for 
some choice of Γ [1-4].

•To avoid operator mixing, we choose Γ = 𝛾𝑡 which is free from such 
mixing at 𝒪(𝑎0).

•The nonlocal operator mixing pattern is classified in [5].
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Bare M.E.
•The bare matrix element

•Blue, red, green data correspond
to 𝑃𝑧 =1.7, 2.15, 2.6 GeV.

•Five source-sink separations:
0.60, 0.72, 0.84,0.96, 1.08 fm

•Ground state extraction [1] from
left to right: all, largest 4, 3 𝑡𝑠𝑒𝑝.
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Renormalization
•Linear divergence of quark quasi-PDF [1] can be renormalized by Wilson 
line self-energy [2-7]

•Multiplicative renormalizability to all order in coordinate space [8,9]

•Nonperturbative renormalization [10-12] in RI/MOM scheme [13]

•Matching between RI/MOM quasi-PDF and MS PDF [14,15].
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RI/MOM Scheme
•The quantum corrections of quasi-PDF matrix element in an off-shell 
quark state vanish at a given momentum

•The subtraction point is specified by two scales 𝜇𝑅 and 𝑝𝑧
𝑅.

•The RI/MOM quasi-PDF is obtained by

where                                                             is the bare matrix element.
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Renormalization Constant

arXiv:1807.06566
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Renormalized M.E.
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Fourier Transformation
•Regular FT:

•Derivative method [1]:

•Equivalent to set ෨ℎ𝑅 𝑧 = ෨ℎ𝑅 𝑧𝑚𝑎𝑥 if 𝑧 ≥ 𝑧𝑚𝑎𝑥.

•𝜕𝑧 ෨ℎ𝑅 𝑧 is consistent with zero for 𝑧 ≥ 15𝑎 and we take 𝑧𝑚𝑎𝑥 = 20𝑎.
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13/20

FT with Derivative Method
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Matching
•Factorization

•Matching coefficient

•The generalized plus function
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Matching in Landau Gauge [1]
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Matched PDF
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Error Analysis
•Statistical Error

•Excited State Contamination

•Mass correction

•Inverting the factorization formula 

•Dependence of unphysical energy scale 𝜇𝑅 and 𝑝𝑧
𝑅

• Changing 𝜇𝑅 from 2.3 to 3.7 GeV

• Varying 𝑝𝑧
𝑅from 1.3 to 3 GeV

•Study different projections

•And more
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Different Nucleon Momentum
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Comparing with Global-Fit

arXiv:1807.06566
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Summary and Outlook
•A breakthrough has been made to directly access x-dependence of PDFs 
using lattice calculation.

•Studying parton physics using LaMET is a fast growing new field:
lattice simulation, renormalization, matching coefficient calculation, 
more application of LaMET on partonic observable, etc.

•Future work:
Finer Lattice Spacing (Higher Nucleon Momentum)
Higher Order Loop Matching Kernel
Other Physical Observables: DA, GPD, TMD, etc.
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Unpol. PDF at physical 𝑚𝜋 [1] 
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Helicity at physical 𝑚𝜋 [1]
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Transversity at physical 𝑚𝜋
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Pion valence quark PDF
•𝑚𝜋 = 310 MeV
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Derivative Method
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Projection
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Matching Coefficient
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Projections
• projection

•Minimal projection
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PDF One-Loop
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Quasi-PDF One-Loop
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Inversion of Factorization
•Simplest way to invert the factorization formula
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Errors
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Rossi and Testa I [1]
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Rossi and Testa II [1]
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