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Procedure of Systematic Calculation

1. Simulation of the quasi PDF
in lattice QCD

quasi PDF, and then taking the
continuum limit
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Renormalization

O The gauge-invariant quark Wilson line operator can be
renormalized multiplicatively in the coordinate space:

0,(2)=Y(TW(2,0)y(0)=Z, "™ (F ()T W(z,0)y (0))

X. Ji, J.-H. Zhang, and Y.Z., 2017; J. Green, K. Jansen, and F. Steffens, 2017;
Alshikawa YO Ma, . Qiu, S. Yoshida, 2017.

O Different renormalization schemes can be converted to each
other in coordinate space;

xer 2. 2+ L&)
Q*(£,z°u;)= 7 (e,245)

0% @ )=2, (i T 74
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Regulator independence

If we apply the same renormalization scheme in both lattice and
continuum theories,

0% (2,1)=2; (2,€,1)0,(,€)

=limZ !(z,a”",u)0,(z,a™")

This should apply to all renormalization schemes;

After renormalization, we just need to calculate the
matching coefficient in dimensional regularization;

However, not all schemes can be implemented
nonperturbatively on the lattice.
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A momentum subtraction scheme

Martinelli et al., 1994

Regulator-independent momentum subtraction scheme

(RI/MOM):
Zo (2,07 0}, 1)(p|O, (2,0 p)

7=z = (P10 (2] p)

p”=pj

(PlO: (2P}l (P[O:(2)|p)

tree

p=u
1 .z _ p°=pj, _ p’=py
ZoM (Z,Cl ;pR ,‘UR) - <p‘ 6F (Z)‘ p>tree (4p£§)€_ipg*z

Can be implemented nonperturbatively on the lattice.

Scales introduced in renormalization: up, pg-.
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Matching coefficient

Strategy:

Extracting matching coefficient by comparing the
quasi-PDF and light-cone PDF in an off-shell quark

state;

Quark off-shellness p?<0 regulates the infrared (IR)

and collinear divergences;
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One-loop Feynman diagrams

Z Z z z
k Yk %vk k W
Pa YO Pa Yp
p Yp Yyp p
~ ~(1 ~(1)
q\(/'le)rtex (Z) qéagl (Z) qtadpole (Z)

Dimensional regularization d=4-2¢;

["'=y* for discussion in this talk, /=y’ case calculated in Y.S. Liu
et al. (LP?), arXiv:1807.06566. External momentum
pt=(p?,0,0,p%) and p?<0;
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O

O

One-loop results
I. Stewart and YZ, PRD 2018

One-loop bare matrix element:

~ z asC z OO —ixzp®z —ip®z _(—pz—zg)
10", 0, %) = 22 (@ Q) [ da (e (o) o=
™ — 00 bz
( 1 1 2 1, 22—-1++1-
LA P Al P +1 z>1
I—-pl|ll—2 2(1—-2)] 2¢2—1—y1—p dax(xz—1)+p
1 1422 1. 1+vI=p 2
h(zx,p) = < rr P In il g 0<z<1 ,
I—p|ll—2 20—2)] 1—-y1—-p 1-=x
1 [1+a2 1. 20—1—yT—p
LI o In 2% p—i— o -1 x <0
(VI-p|l—2 2(1—-2)] 20—-14+/I—-p dz(z—1)+p

Formally satisfies vector current conservation (v.c.c.), but:

lim h(x,p)~ —i, J dx h(x,p) is logarithmically divergent needs € to be regularized!

o 2| x|

This logarithmic divergence is what needs to be treated carefully
for the MSbar scheme; Izubuchi, Ji, Jin, Stewart and Y.Z., 2018
Not a problem for the RI/MOM scheme!
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RI/MOM renormalization

~ 1 > ~ z
Gl (2,07, Das iR) = — 250 (2, 0%, 0, ur) 49 (2,p7) .

O Renormalization in coordinate space:
Gou (2,07 s =P s14) = G (2, p7,0,=p*) + Gy (2, D7, Py thy)

a,C ‘ —-p* p-p’
O (z,p%,0,—p%) = == (4p c>/ v (e7"F — e ) h(r,p) p="5-="" <1 in Minkowski space
x pz pZ

q Z pZ Cl/sC i(l—x)phz—ip®z —ip®z 2 "2 4 (p*)?
Q((jl%(zap PRy R) = d (4p C)/ dx < (I=m)pRz=ipz _ o=ip ) h(z,rr) r = He _ CARACA >1 for Euclidean momentum,
£ = Ty ()

analytical continuuation from p <1!

O Identify the collinear divergence: onshell limit!
Gom (207 Ppo=P” << PLiy) =G (2,p7,0,-p” << p2) + 1 (2,07, Prs hy)

Gom

1 2
T T g el
l1—2 x-—1

~ z OZSC z > —ixzp®z —ip®z 1 2 4 2

q(l)(zapvoa_p2 <<p§)_ F(4 C)/ dx <6 PR = >h0($7P)7 hO(l‘ap)E nil In — — -T 0<a<l1 5

oo l—2z p 1-2
1 = —1
T 1nx —1 x <0
( 1—=x a

Lattice 2018, East Lansing 7/23/18



Fourier transform to obtain the x-dependent quasi-PDF:

RI/MOM renormalization

(1) dz

g z (1 z
om (@, 0%, PR, LR) =/§ e =P qé&(z,pz,p%,w) n=2_

Py

g CF

= o <4<>{ / dy [8(y — z) = 5(1 — )] [ho(y, p) = hly, 7R)]

A plus function +h(z,rr) — [nl h(1 4+ n(z - 1), TR)} ;

One can explicitly check that the RI/MOM quasi-PDF satisfies

VOCQCQ:

[e2] 5 . . a C oo oo
[ dx g3, (x, p ,pR,—pz,MR)=ﬁ(4é)[fdx h(x,r) = [ dx Inh(l+ln(x—1),rR)]=0
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RI/MOM renormalization

Full result of RI/MOM quasi-PDF:

Plus functions with o-function at x=1

5(01134 (33, pzapf%a ,MR) (37)
( [14—3)21 75 2 [1—|—a}2 TR ] " VTR —1 "R -| 1
1 —z el Vm-Ill-z 20-2)] "™ -1 G-+, )"~
= asCF(zlg) 2 [1+$2 0 ] arctan\/rR—l] O<z<l1
27 vrR—1[1-2 2(1 —z) J+
2 14 x2 TR ¢ Vrr — 1T TR 0
1—z Vie—1|1-z 2(1-x2) e o —1 _4:1/:(30—1)—1—7“3]@ rs
sC
+ 2502 1) (e ) = I (NG = D)}
Unregulated divergené\in the 0(/-x) part! No!
L. . I\.. e :
|}C‘lg.lo ‘18134 (x,p",pp>— P, u,)~ ?,\Qtegrable at infinity, no need to regularize!
MSbar PDF: ‘ 0 r>1
¢ (x, p) = aSCF(LlC) ‘ s In[z(1—-2)] —(2—x) 0<z<l1
’ 2 1—=z + .
0 z <0
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Matching coefficient

O Matching coefficient for isovector quasi-PDF in quark:

om (¢ bR L D\ s o |E=

oM(e 2 L) 5o [ (40)
(4@ & 04 VT
_1_§1n£_1—(1_§) _rR_larctan 2% — 1 +4§(€_1)+TRL§ E>1

_ a,Cp [14+€2 . 4(p*)?  1+¢£2 2arctan /7 — 1 [ 1+ &2 TR

== _1—£ln 2 +1_£1n[§(1—§)}+(2—§)— — {1—5_2(1—5)}]+0<§<1
—1+€2ln€_1+ 2 [1+£2— TR }arctan rR=1_ [ } £<0
([ 1-¢ 3 VirR—1[1-& 2(1-¢) 26—1  4(E-1)+rrlg

g C’F
2

T {h(é,m)—Inlh(1+n(§—1),m~z)},

O Matching coefficient for isovector nucleon quasi-PDF

p —=yP, n=yP /p.

RI/MOM matching also preserves particle number conservation of the nucleon PDF!
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Comparison to the matching

procedure by ETMC

M. Constantinou and H. Panagopoulos, 2017
C. Alexandrou et al. (ETMC), 2017, 2018

RI/MOM quasi-PDF ConversionZ _ | MSbar quasi-PDF in

in coordinate space coordinate space

Fouri ansform

MSbar quasi-PDF in

momentum space Matching C

> MSbar PDF

MSbar quasi-PDF in coordinate space is logarithmically divergent as z?=0;
The matching coefficient C does not preserve v.c.c., but it cancels out the
above logarithmic divergence to obtain a finite MSbar PDF with v.c.c.;
Numerically such cancellation of divergences can be tricky!
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The “ratio scheme”

A. Radyushkin, 2017; Zhang, Chen and Monahan, 2018;
Conversion Z [zubuchi, Ji, Jin, Stewart and Y.Z., 2018

E(iuiza)

RI/MOM quasi-PDF s | MSbar quasi-PDF in
in coordinate space coordinate space o
C,(u°z")

Fouri ansform

“Ratio scheme” quasi-PDF
in momentum space Matching Cratio

> MSbar PDF

C,(1?z?) is the lowest order Wilson coefficient in the operator product
expansion of the quasi-PDF in coordinate space;

C,(1z?) cancels the logarithmic divergence in the MSbar quasi-PDF as
z°=0, and the matching coefficient C™f° preserves v.c.c.;

Each step is finite, which is friendly to numerical implementation.
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The “ratio scheme”

A. Radyushkin, 2017; Zhang, Chen and Monahan, 2018;
[zubuchi, Ji, Jin, Stewart and Y.Z., 2018

OE s Eonli= case

2 4 2

3 2 2 27’5 5
mtZe . -
Different from the one by ETMC

2,2 C
C,(u°z")= 1+ [
27

(1803.02685) by a finite term

1 [1,00]
thratm(g u )~_| <1_|_€21 5 B 3 > 1
B & ¢ "1 219 ) 4 -
. sC 1+&2 2 3 ol
cratw(g,—wr;z) —sa-9+ %52 (5 -m 5P2+1n(4§(1—§))—1}+1+2(1_£)>+(1) 0<e<1
1+ =¢ 3 >[_°°’O]
_ 1 — 0
( —e"Toe  'Ta—g) ., ¢

To appear in the updated version of Izubuchi, Ji, Jin, Stewart and Y.Z., 2018
O  Moreover, it can be shown that

limC,, é,uf, ,LLZ,yI: =Cr“ti°[§, 'uzj
pi—0 p, YP° b, yP
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Summary
The matching coefficient for the RI/MOM scheme quasi-
PDF and MSbar PDF is derived at one-loop order;

The matching for RI/MOM quasi-PDF preserves vector

current conservation;

The “ratio scheme” can also preserve the vector current
conservation, and is equivalent to a special limit of the

RI/MOM scheme.
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Nonperturbative renormalization on
the lattice

O For I'=y?, we have to choose py? # 0; for I' =)/,
we can choose p,7 = 0 while | p2|>>AQCD;

I~ —ipg*z
g/ (4D5Ce )

p,=p,

Z,,,(z,0™,p},1,)=(p|0,(2)| )

O For nonzero py?, Z,,, is a complex number, real part
symmetric and imaginary part anti-symmetric;

O Operator mixing on the lattice between O, and O, at
O(a") (for %) and O(a') (for y’) due to broken chiral

symmetry. M. Constantinou and H. Panagopoulos, 2017;
T. Ishikawa et al. (LP3), 2017.
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MSbar treatment

O Bare quasi-PDF:

1\ evE ,,2¢
(gt 2eCr [3( 1 LYoo Tlet e 2 1
77 (@,p%€) 2w {2 (GUV €IR (1-2)+ VT P2 €r(1 — 2¢)
1
X [\x\_l_% <1 +z+ g(:c -1+ 26)) — |1 — |t (a: + 5(1 — x)2> + Ig([lﬁ):| }
p—1-2e\ [1o0] p—1-2e\ [01] || 12
Is(x) =0(x — 1) ( ) —0(z)0(1 — x ( ) — (1 — x)mese(2me) + 0(—x)
3l rz—1 +(1) ( ) 1—xz +(1) ( r—1

xl—l—e

1
__(5+<
(z) + p——
1)[071] <1>[1300]
— _|_ —
T/ 1(0) L J(+(c0)
1

)

ons with o-function at
istent with DimReg.

Plus functi

X=+00, CONS
[1,00]
+ O(€?

+(o0)
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MSbar treatment

O Renormalized quasi-PDF:

- Cr 3
q (xalu/|p |7€UV) 2T 2eyy ( 33),
g [1,00] [1,00]
( T, T +1+3> —<i) r>1
-2 z-1 22/ ) \2/ (o0 0,1
) » 0,1
~/(1) 2 :asCF L+a2) 1 1P 1 1-— AR 0 .
70,/ ) = 2F ( Tz | o P tREQ-D) -5 -t
1+ 22 — 3 ) [Foo.0] < 3 ) el
_ In — 14+ — "\ o _ w<l
i < l-z 1l-z 2(1=2) ) 4 2(1 = 2) ) 4 (~o0)

+ a;iF lé(l — ) (gln 45923 + g) + gVE <(:,;_11)25+(x i )+ (1 —1x)25+(1i5’7))]

O Plus functions with J-function at x=+ needed for

NAEIEN
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Other schemes

Transverse momentum cut-off scheme (Xiong, Ji, Zhang, and Y.Z., 2014):

uwo A

CAT (57 E’ ﬁ

)=s0-9)
( 1+6* ¢
{1_511&5_1—!-
asCp | [1+& 4@p*)? | 1+¢&°
o ll—ém P et
{1+§21n§—1_
\ 1-¢ §

Linear divergence

1

§)

1

MSbar scheme: gives convergent matching integrals (Izubuchi, Ji, Jin, Stewart and Y.Z., 2018)

( [1,00]
o (g, |y|/j°z) =0=6+ a;iF <11t€€2 [_ . y51233 +1In (46(1 - 5))} - g(lljég))[j:]) 0<é<1
[~o0.0)
| <_11t§; lnl__ég -1+ 2(13_@)+(1) - 2(13_5) £<0
’ QQiF e @ " 4;;;3 i 2) ' Plus functions with o-function at x=1
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Other schemes

Transverse momentum cut-off scheme (Xiong, Ji, Zhang, and Y.Z., 2014):

Unregulated UV

divergence in the

CAT (g,}%,%) =6(1—¢) ~‘%¢5|'5%°° plus function
. {11t§1n§fl+1+ﬁ%]@ £>1
- 0‘2? llltf 1n4(zz)2 + 11415; Ing(l—€)+1— 12_55 + (1_15)2%L 0<é<1
| {11t5€21n€g1_1+(1_1€)2%}6 £<0

MSbar scheme: gives convergent matching integrals (Izubuchi, Ji, Jin, Stewart and Y.Z., 2018)

[1,00]

1 ¢
~_?,€—>oo \\(11t§;]néfl+ +23§>+(1) —235 £>1
o (g, |y|/j°z) =0=6+ a;iF <11t€€2 [_ . ngg +1n (4¢(1 —5))] - 6(11:25))[:]) 0<é<1
[~ 00,0]
| <_11t§; 1n1__££—1+ 2(13_@)+(1) — 2(13_5) £<0
+a;7cr'F5(1_g) (21“4;;3*2) ,
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Numerical results

Take the iso-vector parton distribution f,_, as
example:

fu—a(z, 1) = fulz,p) = falz, 1) — fa(—2z, ) + fa(—2z, 1) ,

fﬂ(_xhu) — _fﬁ(ajau) ) fCZ(_'rhu) — —fg(a:,,u) .

Input:
O “MSTW 2008” PDE
O NLO a(u)
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Variation of factorization scale u

0'4_ T T T T | T T T T T T T T | T T T T ]
E P*=3Gev == Xfua E
03  Pr=04F == (Mo, ) ]
C MR = 2p% F ]
eynman gauge
- u=15,3,6Gv \ 1
0.2F \ ]
C \ ]
- \ ]
C \ :
C N ]
0 — ~
C \ §
| A
_01 C 1 1 1 1 | 1 1 1 1 1 1 1 | 1 1 1 1 | 1 1 1 1 ]
~1. 0.5 0 0.5 1.

X

1.5

e rp e
== A fuma)
0.05

= x(COM®fu_d_fu—d)

Feynman gauge

. P*=3GeV _

- ¢ =04 P .

—00s- PR ]

L MR = 2py i

- p=15,3,6GevV .

0.1 | | ]
-1.5 -1. -0.5 0 0.5 1 1.5

X
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Variation

of RI/MOM scales up, pp?

0.4

0.3

0.2

0.1

0=_/_”.‘\

P*=3GeV
pr =0.4P*
U =3GeV

Feynman gauge

: ---------- *. ‘\ / - —.:-.- TTTT ]

L N - ._.-" _
_01__ v‘s:. “«ane T
C R BRI | [T T T A N SR N R

—-1. -0.5 0 0.5 1 1.

0.4

0.3

0.2

0.1

B T T T | T T T T T T T | T T T T | T T T ]
- B P*=3Gev
T x (€M fig): \ MR = 2Py -
- at pi, = 0.2 FF N p=3Gev }
[ == atpy=04F B B Fommengauge
B at pi, = 1.0 P* A \ ]
. "\ ]
n ‘\\ -
C WS .
L “‘ N\ ]
‘.“ -

- «n -.:\ < y v.W
L 1 1 1 | 1 1 1 1 1 1 1 | 1 1 1 1 | 1 1 1 1

-0.5 0.5 1. 1.

X
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Variation of nucleon momentum P?

0.4

0.3

0.2

0.1

== Xfuu

x(CM® fia):

at P*=1GeV

== at P*=3GeV
- at P*=6GeV

pr =04F
MR = 2Py
u=3GeV

Feynman gauge

[

[
—- | 1
()]
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Other schemes

Transverse momentum cut-off scheme

0.2

0.6 == /., PP =3Gev
N x(CM & fia): . U =3GevV
: for yeu: = 10' . . Ar = 6Gev
0.4_— = = 0T your = 10° 4 \.\ “‘ Feynman gauge
- = for yeu = 10* ! ~ L

= = w o
' -:--_-‘.._-

MSbar scheme
1 1 1 | 1 1 1 1 1 1 1 1 | 1 1 1 1 | 1
quasi-PDF in MS
Pt = 2\/5 GeV

0.4

— — - xfu—d

0.3

0.2

u=4Gev

= C0P)@ fi

—— - xCM(P)® fia

------

Xiong, Ji, Zhang, Zhao, 2014;

Recall unregulated UV divergence when
x/y->0, and y/x->0, use a hard cut-off
y cut:] Oin.

0.1

0_
~0.1F
_02: L1 1 1 | 1 L1 1 1 L1 1 | 1 1 L1 | 1 1 [
-1. -0.5 0 0.5 1. 1.5
X
I[zubuchi, Ji, Jin, Stewart and Y.Z., 2018
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