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!2Hidden-Charm Pentaquarks

- Two Pentaquark candidates have been observed by the LHCb 
collaboration via the decay ⇤b ! J/ Kp
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State Mass	[MeV] Width	[MeV] JP

Pc+(4380) 4380±8±29 205±18±86 3/2-,	3/2+,	5/2+

Pc+(4450) 4449.8±1.7±2.5 39±5±19 5/2+,	5/2-,	3/2-

- Model-independent analysis on the Λ* contributions 

- Existence of Pc(4380), Pc(4450), Zc(4200) is supported by a 
full amplitude analysis of  

R.Aaij et al., PRL117,082002 (2016)

R.Aaij et al., PRL117,082003 (2016)

R.Aaij et al., PRL115 (2015)

⇤0
b ! J/ p⇡�
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!3Model Calculations

Pc(4450) =                        (JP=3/2-)D̄⇤⌃c + D̄⇤⌃⇤
c
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Roca et al., PRD92, 094003 (2015)

Chen et al., PRL115, 132002 (2015)
Pc(4380) =  

Pc(4450) = 
D̄⇤⌃c
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D̄⇤⌃⇤
c
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Pc(4450) = kinematical effects of 
Guo et al., PRD92, 071502 (2015)

p�c1 ! pJ/ 
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Hadronic Molecule?

threshold cusp?
color-octet state ?

Mironov et al., JETP Lett.102, 271 '15 
Takeuchi et al., PLB764, 254 (2017)

Eides et al., PRD93, 054039 (2016)
Pc(4450) =                (JP=3/2-)p (2S)
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nature under debate...
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!4Motivation

- Experimental data supports resonance state(s) in the         scattering  
- Coupled-channel analysis of this system will reveal the nature of Pc's                   
... resonance? cusp? 

- Lattice QCD is useful 
  ... first-principle, limited experimental information is not a big problem

pJ/ 
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pJ/ 
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to compute a potential which is faithful to the QCD S-matrix

HAL QCD method Ishii et al., PRL99,022001 (2007) 
Aoki et al., PTP123,89 (2010) 
Ishii et al., PLB712, 437 (2012) 
Aoki et al., PTEP 01A105 (2012)

N + J/ 

⇤c + D̄⇤
⌃⇤

c + D̄
⌃c + D̄⇤
⌃⇤

c + D̄⇤

Pc(4380)

Pc(4450)

4035MeV

4293MeV

4382MeV

4460MeV

4525MeV ← 5 channels for JP=3/2-, L=0

We concentrate on the NJ/ψ channel this time: 
  ... coupled-channel analysis will appear soon
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!6Previous Lattice Results

Beane et al., PRD91, 114503 '15

slices, as was used in Ref. [24], so that the start of the
plateau regions of the nuclear and quarkonia correlation
functions approximately coincide. The ground-state ener-
gies of the quarkonia are more than an order of magnitude
more precise than those of the nuclei, so this time trans-
lation has only a small impact upon the analysis of binding
energies. The fitting intervals used to extract the quarko-
nium-nucleus binding energies from the ratios of correla-
tion functions corresponded approximately to those used to
extract the binding energies of the nucleus, as detailed in
Ref. [21]. For the two-state fits, the intervals extend to
shorter times by a number of time slices, dependent upon
the goodness of fit. Variations of these fitting intervals are
used to estimate the systematic uncertainties associated
with extracted fit parameters.
The results of our calculations in the three volumes,

combining the output from the three analysis methods
outlined previously, are summarized in Fig. 4 and in
Table IV for the strangeonium-nucleus systems and in
Table V for charmonium-nucleus systems. The results
obtained from one- and two-state fits to the correlation
functions are consistent with those extracted from fitting to
the effective mass at intermediate times but are found to be
more precise. A systematic fitting uncertainty is assessed
based on the differences between the three methods.
Most of the systems we have explored in this work have

negligible finite-volume (FV) effects. For the isolated
nuclear systems, the FV effects, which depend upon the
nuclear binding energies, were quantified for these ensem-
bles by previous calculations [21], from which it was
determined that such effects are negligible in the L ¼ 32
and L ¼ 48 ensembles. The volume effects are also negli-
gible for the isolated mesons, as is clear by explicit
comparison of the dispersion relations extracted from
each ensemble; see Fig. 2. Finally, the calculated binding
energies are sufficiently deep that the energy gap to the
nearest state above the quarkonium-nucleus ground state is
large enough so that the FV modifications to the binding

energy of the combined system are negligible in the L ¼ 32
and L ¼ 48 volumes, as can be seen from Fig. 4 (the
L ¼ 24 ensemble shows some small volume dependence
in a few systems). As a result, the infinite-volume binding
energy is taken to be the weighted average of the binding
energy in the L ¼ 32 and the L ¼ 48 ensembles (the largest
volume is not available for the charmonium-nucleus sys-
tems, butwe assumevolume effects in this case are not larger
than those in the corresponding strangeonium-nucleus
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FIG. 3 (color online). Representative effective energy-shift
plots associated with the Nηc, dηc, and 4Heηc systems obtained
from one set of correlation functions in the L ¼ 32 ensemble.
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FIG. 4 (color online). Binding energies of strangeonium-
nucleus (upper panel) and charmonium-nucleus (lower panel)
systems from Tables IVand V. The inner bands correspond to the
statistical uncertainty, while the outer bands correspond to the
statistical and systematic uncertainties combined in quadrature.
The rightmost (gray) band for each system corresponds to the
infinite-volume estimate, resulting from a weighted average of
the L ¼ 32 and L ¼ 48 (where available) energies.

TABLE IV. The binding energies (in MeV) of strangeonium-
nucleus systems calculated on the L ¼ 24, 32, and 48 ensembles.
The rightmost column shows the infinite-volume estimate given
by the weighted average of the L ¼ 32 and L ¼ 48 binding
energies. The first and second sets of parentheses show the
statistical and quadrature-combined statistical plus systematic
uncertainties, respectively.

System 243 × 64 323 × 64 483 × 64 L ¼ ∞

Nηs 26.1(2.5)(2.5) 24.3(0.7)(3.2) " " " 24.3(3.2)
dηs 46.5(1.9)(9.7) 45.5(1.3)(3.6) 43.0(2.0)(8.2) 45.0(3.5)
ppηs 66.9(0.7)(6.5) 45.8(1.4)(4.8) 48.3(1.1)(7.7) 46.5(4.2)
3Heηs 67.6(1.1)(9.4) 66(04)(11) 60(05)(12) 63.2(8.6)
4Heηs 75(02)(14) 74(06)(14) 85 (02)(39) 75(14)
4Heϕ 130(03)(15) 132.0(2.1)(8.1) 140(04)(55) 132.1 (8.2)

QUARKONIUM-NUCLEUS BOUND STATES FROM LATTICE QCD PHYSICAL REVIEW D 91, 114503 (2015)

114503-5

m⇡ = 805MeV
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B.E.(⌘cN) = 19.8(2.6)MeV
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Nucleus-charmonium bound states 
have observed

multigluon exchange, the resulting potential is expected to
be less sensitive to the reduced mass of the considered
system ignoring the internal structures of the !c and
nucleon states.

If one takes a closer look at the inset of Fig. 2, it is found
that the nature of the attractive interaction in the !c-N
system tends to get slightly weaker as the light quark mass
decreases. Does this mean that the strength of the !c-N
potential at the physical point becomes much weaker than
what we measured at the quark mass simulated in this
study? The answer to this question is not simple. It is worth
remembering that the ordinary van der Waals interaction is
sensitive to the size of the charge distribution, which is
associated to the dipole size. Larger dipole size yields
stronger interaction. We may expect that the size of the
nucleon becomes large as the light quark mass decreases.
However, the very mild but opposite quark-mass depen-
dence observed here does not accommodate this expecta-
tion properly.

Recent detailed studies of nucleon form factors tell us
that the root mean-square (rms) radius of the nucleon,
which is a typical size of the nucleon, shows rather mild
quark-mass dependence and its value is much smaller than
the experimental value up toM" ! 0:3 GeV (for example,
see [22]). At the chiral limit in baryon chiral perturbation
theory the rms radius is expected to diverge logarithmically
[23]. This implies that the size of the nucleon increases
drastically in the vicinity of the physical point. It may be
phenomenologically regarded as the ‘‘pion-cloud’’ effect.
We notice here that our simulations are performed in the
quenched approximation and at rather heavy quark masses.
We speculate that the c !c-N potential from dynamical
simulations would become more strongly attractive in the
vicinity of the physical point, where the size of the nucleon
is much larger than at the quark mass simulated in this
study.

We also have calculated the J=c -N potential. It should
be noted here that different total spin states are allowed as
spin-1=2 and spin-3=2 states in the J=c -N system. This
fact introduces a little complexity regarding the spin-
dependence on the J=c -N potential. The interpolating
operator of the J=c state is defined as h2;iðyÞ ¼
!caðyÞ#icaðyÞ, which carries the specific spin polarization
direction. Therefore, the four-point correlation function for
the J=c -N state becomes a matrix form with spatial

Lorentz indices, Gh1-h2
ij ¼ hh1h2;iðh1h2;jÞyi. It can be ex-

pressed by an orthogonal sum of spin-1=2 and spin-3=2

components [7]: Gh1-h2
ij ¼ G1=2P 1=2

ij þG3=2P 3=2
ij where

proper spin projection operators for the spin-1=2 and

spin-3=2 contributions are given by P 1=2
ij ¼ 1

3#i#j and

P 3=2
ij ¼ $ij & 1

3#i#j in the center-of-mass frame [24].

Then, each spin part can be projected out as G1=2 ¼
P

i;jP
1=2
ij Gh1-h2

ji and G3=2 ¼ 1
2

P
i;jP

3=2
ij Gh1-h2

ji where the in-

dices i and j are also summed over all spatial directions.

As a result, we can obtain the BS wave function and the
resulting J=c -N potential for each spin channel. Although
the lower-spin state (spin-1=2) is not free from the con-
tamination of the !c-N state through channel mixings [7],
we simply consider the spin averaged four-point correla-
tion function for the J=c -N system as

GJ=c -N
ave ¼ 1

3
G1=2 þ 2

3
G3=2 ¼ 1

3

X

i

GJ=c -N
ii : (5)

This procedure may provide only a spin-independent part
of the J=c -N potential through the same analysis applied
to the !c-N system.
We show our result of the J=c -N potential in Fig. 3

where the !c-N potential is included for comparison. The
J=c -N potential shows short-range attraction. Similar to
what we discussed in the !c-N case it does not have a
normal ‘‘van der Waals type’’&1=rn behavior. There is no
qualitative difference between the !c-N and J=c -N po-
tentials. Quantitatively, the attractive interaction observed
in the J=c -N potential is rather stronger than that of the
!c-N system as shown in Fig. 3, though it is still not strong
enough to form a bound state in the J=c -N system.
What is a possible origin of the stronger attraction

appearing in the J=c -N system? As was discussed previ-
ously, the attractive interaction in the c !c-N system tends to
be slightly stronger as the light quark mass increases. It
should be recalled that the reduced mass of the c !c-N
system is also changed through a variation of the light
quark mass. Supposed that the strength of the c !c-N poten-
tial depends simply on the reduced mass of the c !c-N
system, a mass difference of the !c and J=c state may
account for the difference between the !c-N and J=c -N
potentials. However, this is not the case. As shown in the
inset of Fig. 2, the !c-N potential gets deeper, when the
reduced mass of the !c-N system is increased by about
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FIG. 3 (color online). The central and spin-independent part of
the J=c -N potential at M" ¼ 640 MeV. The !c-N potential is
also included for comparison.

TAICHI KAWANAI AND SHOICHI SASAKI PHYSICAL REVIEW D 82, 091501(R) (2010)

RAPID COMMUNICATIONS

091501-4

Kawanai and Sasaki, PRD82,091501 '10
m⇡ = 640MeV
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quenched quarks
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Potentials by the time-independent 
method: 
   attractive, but not strong enough 
   to form a  bound state

- We update KS results by using the time-dependent HAL QCD 
method and dynamical quarks
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!7HAL QCD method (1/2)

- E-indep. / non-local potential Ishii et al., PRL99,022001 (2007) 
Aoki et al., PTP123,89 (2010)

Key quantity:  
        NBS wave function

Wn = 2
q

k2n +m2
N
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G(~r, t) = h0|N(~r, t)N(~0, t)J̄ (t0 = 0)|0i

=
X

n

cn (~r;Wn)e
�Wnt
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✓
k2n
2µ

+
r2

2µ

◆
 (~r;Wn) =

Z
d3r0 U(~r,~r0) (~r0;Wn)
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U is common for n; Wn < Wth
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faithful to QCD S-matrix:  (~r) �! sin (kr � l⇡/2 + �(k))

kr
ei�(k)

G(~r, t) ⇠ c0 (~r;W0)e
�W0t
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Ground-state saturation is required to extract NBS w.f.

: hard to achieve because of bad S/N ratio for large t
t ! 1
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Ishii et al., PLB712, 437 (2012)- Time-dependent method
✓
� @

@t
+

r2

2µ

◆
R(~r, t) =

Z
d3r0 U(~r,~r0)R(~r0, t)
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upto O(k4)
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R(~r, t) = G(~r, t)e(m1+m2)t
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Requirements:     
Elastic-state saturation 

G(~r, t) ⇠
X

Wn<Wth

cn (~r;Wn)e
�Wnt
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U(~r,~r0) ⇠ V (~r)�3(~r � ~r0)
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: much easier to achieve 
  than the GS saturation

V (r) =
1

R(~r, t)

✓
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Convergence of the derivative expansion

Necessary condition: is independent of t
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!9Effective Central Potential

J/ψNϙςϯγϟϧͷྻߦཁૉ

Takuya Sugiura
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֓ ཁ

J/ψ −N ϙςϯγϟϧͷҰൠܗ

V (r) = V0(r) + Vσ(r)σ ·Σ+ VT (r) [3(r̂ · σ)(r̂ ·Σ)− (σ ·Σ)] + VT ′(r)
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General form of the J/ψ-N interaction at the lowest order of the 
derivative expansion:

� : nucleon spin

⌃ : J/ spin
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- For now we calculate the effective central potentials
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2+1f full QCD confs by PACS-CS

- Iwasaki gauge 
- O(a) improved Clover Wilson quarks 
- a=0.0907 fm     (β=1.90) 
- Volume: 323x64 
- La~3 fm

S.Aoki et al., PRD79,034503 (2009)

Tsukuba-type Relativistic Heavy Quark (RHQ) action 
Y.Namekawa et al., PRD84,074505 (2011)

Statistics
- 399 confs x 4 sources

- Remove cutoff errors of                  and O ((mQa)
n)
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- The necessary condition is satisfied at t/a=20 (see next slide) 
- All components are attractive, but not very strong 
- They look similar : Heavy Quark Symmetry 
- Breaking of HQS: ⌘cN < J/ N (J =

3

2
) < J/ N (J =

1

2
)
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The necessary condition V (r) =
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R(~r, t)
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is t-indep.

- For t/a>=20, all V(r) are consistent 
within statistical error 
 elastic-state saturation achieved 
 derivative expansion converged 

- Similarly for the other two
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multigluon exchange, the resulting potential is expected to
be less sensitive to the reduced mass of the considered
system ignoring the internal structures of the !c and
nucleon states.

If one takes a closer look at the inset of Fig. 2, it is found
that the nature of the attractive interaction in the !c-N
system tends to get slightly weaker as the light quark mass
decreases. Does this mean that the strength of the !c-N
potential at the physical point becomes much weaker than
what we measured at the quark mass simulated in this
study? The answer to this question is not simple. It is worth
remembering that the ordinary van der Waals interaction is
sensitive to the size of the charge distribution, which is
associated to the dipole size. Larger dipole size yields
stronger interaction. We may expect that the size of the
nucleon becomes large as the light quark mass decreases.
However, the very mild but opposite quark-mass depen-
dence observed here does not accommodate this expecta-
tion properly.

Recent detailed studies of nucleon form factors tell us
that the root mean-square (rms) radius of the nucleon,
which is a typical size of the nucleon, shows rather mild
quark-mass dependence and its value is much smaller than
the experimental value up toM" ! 0:3 GeV (for example,
see [22]). At the chiral limit in baryon chiral perturbation
theory the rms radius is expected to diverge logarithmically
[23]. This implies that the size of the nucleon increases
drastically in the vicinity of the physical point. It may be
phenomenologically regarded as the ‘‘pion-cloud’’ effect.
We notice here that our simulations are performed in the
quenched approximation and at rather heavy quark masses.
We speculate that the c !c-N potential from dynamical
simulations would become more strongly attractive in the
vicinity of the physical point, where the size of the nucleon
is much larger than at the quark mass simulated in this
study.

We also have calculated the J=c -N potential. It should
be noted here that different total spin states are allowed as
spin-1=2 and spin-3=2 states in the J=c -N system. This
fact introduces a little complexity regarding the spin-
dependence on the J=c -N potential. The interpolating
operator of the J=c state is defined as h2;iðyÞ ¼
!caðyÞ#icaðyÞ, which carries the specific spin polarization
direction. Therefore, the four-point correlation function for
the J=c -N state becomes a matrix form with spatial

Lorentz indices, Gh1-h2
ij ¼ hh1h2;iðh1h2;jÞyi. It can be ex-

pressed by an orthogonal sum of spin-1=2 and spin-3=2

components [7]: Gh1-h2
ij ¼ G1=2P 1=2

ij þG3=2P 3=2
ij where

proper spin projection operators for the spin-1=2 and

spin-3=2 contributions are given by P 1=2
ij ¼ 1

3#i#j and

P 3=2
ij ¼ $ij & 1

3#i#j in the center-of-mass frame [24].

Then, each spin part can be projected out as G1=2 ¼
P

i;jP
1=2
ij Gh1-h2

ji and G3=2 ¼ 1
2

P
i;jP

3=2
ij Gh1-h2

ji where the in-

dices i and j are also summed over all spatial directions.

As a result, we can obtain the BS wave function and the
resulting J=c -N potential for each spin channel. Although
the lower-spin state (spin-1=2) is not free from the con-
tamination of the !c-N state through channel mixings [7],
we simply consider the spin averaged four-point correla-
tion function for the J=c -N system as

GJ=c -N
ave ¼ 1

3
G1=2 þ 2

3
G3=2 ¼ 1

3

X

i

GJ=c -N
ii : (5)

This procedure may provide only a spin-independent part
of the J=c -N potential through the same analysis applied
to the !c-N system.
We show our result of the J=c -N potential in Fig. 3

where the !c-N potential is included for comparison. The
J=c -N potential shows short-range attraction. Similar to
what we discussed in the !c-N case it does not have a
normal ‘‘van der Waals type’’&1=rn behavior. There is no
qualitative difference between the !c-N and J=c -N po-
tentials. Quantitatively, the attractive interaction observed
in the J=c -N potential is rather stronger than that of the
!c-N system as shown in Fig. 3, though it is still not strong
enough to form a bound state in the J=c -N system.
What is a possible origin of the stronger attraction

appearing in the J=c -N system? As was discussed previ-
ously, the attractive interaction in the c !c-N system tends to
be slightly stronger as the light quark mass increases. It
should be recalled that the reduced mass of the c !c-N
system is also changed through a variation of the light
quark mass. Supposed that the strength of the c !c-N poten-
tial depends simply on the reduced mass of the c !c-N
system, a mass difference of the !c and J=c state may
account for the difference between the !c-N and J=c -N
potentials. However, this is not the case. As shown in the
inset of Fig. 2, the !c-N potential gets deeper, when the
reduced mass of the !c-N system is increased by about

-60

-50

-40

-30

-20

-10

 0

 10

 0  0.2  0.4  0.6  0.8  1  1.2  1.4

V
(r

) [
M

eV
]

r [fm]

c-N
J/ -N

FIG. 3 (color online). The central and spin-independent part of
the J=c -N potential at M" ¼ 640 MeV. The !c-N potential is
also included for comparison.
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- Quenched	fermions	
- Old	version	of	HAL	QCD	method	
				(assume	GS	saturation)

Our	potentials	look	deeper	/	shorter-ranged?
Probably	because	KS	underestimated	the	short-range	part	

↔	Dynamical	fermions	
↔	Time-dependent	method
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Updated results of the charmonium-nucleon potentials by the 
time-dependent HAL QCD method 
Consistent with the previous studies within statistical errors 
at the moment

What to do

Increase statistics 
Include other channels 
mπ dependence 
J/ψ nuclei 
Tensor forces of the J/Ψ-N
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backup slides
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Consistency check of J/psi-N J=1/2
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Consistency check of eta_c-N J=1/2
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