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Motivation

Definition of distribution amplitudes

™) = lag) + laga) + - -

hard exclusive processes are sensitive to

> Fock states with smallest number of partons
> the distribution of the momentum within a Fock state at small transverse distances

this information is contained in light-cone DAs; leading twist DA ¢

1

(0fi(2)[2, —=]r5u(=2) 7 (p)) = iFrp-2 / due® O g (u ) 22 =0
0

quark and antiquark carry the momentum fraction v and @ = 1 — u, respectively

physical information: complementary to PDFs

lattice technique: very similar to PDFs
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Motivation

Lattice methods

Problem: on a Euclidean space-time one cannot realize nontrivial lightlike distances

e traditional solution: calculate Mellin moments of the DAs (= local derivative ops.)
Hadron structure, Tue 15:20 (P. Korcyl)

> higher moments — problems with renormalization (operator mixing)

e new approach: relate DAs to correlation functions at spacelike distance

— requires large hadron momenta
— relies heavily on pQCD

> Option 1: use a nonlocal operator (0|g(z)I'[z,0]q(0)|m) 22 <0

Ji arXiv:1305.1539

> Option 2: use two local operators  (0|g(2)T"14(2)g(0)T'2¢(0)|m) 22 <0
Braun, Miiller arXiv:0709.1348
Ma, Qiu arXiv:1709.03018
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Motivation

DA <—— correlation function (schematically & oversimplified)

DA ﬁ quasi-DA L lattice data

Hadron structure, Mon 14:00 (K. Cichy), 14:20 (A. Scapellato), 14:40 (Y. Zhao), 15:00 (Y. Yang), 15:20 (Y. Liu)
Hadron structure, Tue 14:40 (R. Zhang), 16:10 (J. Zhang), 16:30 (N. Karthik), 16:50 (C. Shugert)
or

FT PQCD
<__—

DA +——FF——— loffetime-DA lattice data

Hadron structure, Mon 16:10 (S. Zafeiropoulos), 16:30 (J. Karpie) (pseudO—DA)
or

pQCD (directly in position space)

DA lattice data

our ansatz: (also works when using the Wilson-line operator)

e parametrize DA (& higher twist effects) and fit directly to the lattice data

e basic idea very similar to “lattice cross section” talks on PDFs
Hadron structure, Tue 14:00 (R. Sufian), 14:20 (B. Chakraborty)

(feel free to replace DA by PDF on this slide)
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Calculation

Matrix elements <+ DAs

Txy(p-2,2%) = (017% (3)Jv (=5)I7°(p))

Js=qu, Jp=qyu, Jo=gtu=Jdve, J4=q7v"vsu=Jan

Tsp =
1e"Pop,zs
THY p
vV Dz
v PR M p =g p -2 P2t =2t o) | 221N —g""2 s
TVA = Pz + Dz Tya 22 Tya

2pp” —g"'p* a -
+ P2 T\(/A) +g" T\(/A)

e similar for PS, AA, AV

e ¢ is an auxiliary quark q # u, d, but mq = m, = mq
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Calculation

Matrix elements <+ DAs

S
-z (u— 3 . .
Txy(p-z,2°) = Fe 22 | gyei1/2p “or(u) ~+higher twist
2m2z4 |,

=% (p-z,2?%)
ll;ixed distance: |z| =0.23fm = 2/|z| = 1.75 GeV Reference scale: 1 = 2 GeV
161 + cesdedeo | — Leading 1 Lor
14} ; ; ; +0(a) g Lar

1.2+

12 - i — higher twist

: : : : : : Lo

C 081
&

0.6 |
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u

o twist 4 effects estimated using asymptotic shape for chiral-odd twist three DAs
— one parameter 67 = 0.17 GeV? (at p = 2 GeV, QCD sum rule estimate)
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Calculation

Matrix elements <+ DAs

rl
Txy(p-2,2°) = Fﬂ%/ du e TP g () ~+higher twist
2m2z% |,
= 0¥ (p-2,2%)
1§ixed dis'tance:'|z| = q.?? fm' = 2' |z| = '1.48 GeV ‘Referenc‘e scale: n= 2 GeV‘
L6} + cesdedeo | — Leading 1 Lo
14} i i : +0(as) | 14}
12 e b — higher twist L2y
1.0 : : : Lo
0.8 Tosf
0.6 0.6 |
0.4 04t
0.2 09
00 : : 5 5 7 0.0 L i i i
0 ! 2 3 Pz 4 ° 6 ! 0.0 0.2 0.4 0.6 0.8 1.0

u
o twist 4 effects estimated using asymptotic shape for chiral-odd twist three DAs
— one parameter 67 = 0.17 GeV? (at p = 2 GeV, QCD sum rule estimate)
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Calculation

Matrix elements <+ DAs

rl
Txy(p-2,2°) = Fw% / du e TP g () ~+higher twist
2m2z% |,
= 0¥ (p-2,2%)
1§ixed dis'tance:'|z| = q.30 fm' = 2' |z| = '1.30 GeV ‘Referenc‘e scale: n= 2 GeV‘
L6} + cesdedeo | — Leading 1 Lo
14f i : : +O(ay) | 14}
12 s i — thigher twist L2r
1.0 ; ; L0H
0.8 T 08F
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Calculation

Matrix elements <+ DAs

rl
Txy(p-2,2°) = Fﬂ%/ du e TP g () ~+higher twist
2m2z% |,
= 0¥ (p-2,2%)
1§ixed dis'tance:'|z| = q.34 fm' = 2' |z| = '1.18 GeV ‘Referenc‘e scale: n= 2 GeV‘
L6} + et — Leading 1 Lo
14t i RO SO +0(a) | 14r
12 Lot — higher twist L2F
1.0 : ; —~ 10}
0.8 — ‘:\.’ 08}
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0.4 04t
0.2 09
00 : : 5 5 7 0.0 L i i i
0 ! 2 3 Pz 4 ° 6 ! 0.0 0.2 0.4 0.6 0.8 1.0

u
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Calculation

Matrix elements <+ DAs

"1
: Z 3 o - . .
Txy(p-2,2°) = Fr _2p2 n / du e’ PP (1) +higher twist
m=z% Jo
— XY 2

1§ixed dis'tance:'|z| = q.36 fm' = 2' |z| = '1.08 GeV Reference scale: 1 = 2 GeV
161 + cesdedeo | — Leading Lor
14t i : : +O(ay) 14t
L2r e — higher twist 1.2
10 ; ; : ; : : —10f
0.8 < ? :\./ 0.8}
0.6 0.6+

0.4
0.2
0.0

0.4+

0.2

> - - - - 0.0
0 1 2 3 Pz 4 5 6 7 %0

o twist 4 effects estimated using asymptotic shape

I
0.2 0.4 0.6 0.8
u

for chiral-odd twist three DAs

— one parameter 67 = 0.17 GeV? (at p = 2 GeV, QCD sum rule estimate)
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Calculation

Matrix elements <+ DAs

rl
Txy(p-2,2°) = Fﬂ%/ du e TP g () ~+higher twist
2m2z% |,
= 0¥ (p-2,2%)
1§ixed dis'tance:'|z| = Q.SQ fm' = 2' |z| = '1.01 GeV ‘Referenc‘e scale: n= 2 GeV‘
L6} + et — Leading 1 Lo
14t i RO SO +0(a) | 14r
121 e T — higher twist 1.2
1.0 ; ; —~ 10}
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u
o twist 4 effects estimated using asymptotic shape for chiral-odd twist three DAs
— one parameter 67 = 0.17 GeV? (at p = 2 GeV, QCD sum rule estimate)
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Calculation

Obtaining the matrix elements from Lattice

3 (p,2) Ok C*" (p)
o @ S @ ) o

@ o

| |
T T
0 t 0 t

Txv(p-2,2%) _ Zx()Zy (1) G (R, 2)e P .
i = 7 O (p) E(p) + excited states

e the Zx is the renormalization factor for the respective current
(nonperturbatively calculated in RI'-MOM — conversion to MS in 3-loop PT)

e we set both, the renormalization and the factorization scale to p = 2/|z|

e phase factor shifts the currents to the symmetric position
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Calculation

Obtaining the matrix elements from Lattice

© - ™ (p)
o @ S @ o

@ o

|
T T
0 t 0 t

Txv(p-2,2%) _ Zx()Zy (1) G (R, 2)e P .
i = 7 O (p) E(p) + excited states

® smearing:
— improved overlap with hadrons at large momentum
® new: we use stochastic estimation

— get a volume average at the cost of some stochastic noise
— much smaller statistical error
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Calculation

Discretization effects of the free Wilson propagator

propagator comparison:

) I E— < (2 Glii(a)
free Wilson vs. free contlnuumJ x - » < (|Gl (@) 3
151 : : g -
e large effects in chiral even (blue, o #) R L P I
. L e e s ey
and chiral odd (red, o 1) part .
e in continuum: chiral odd part strongly ~ %%F )
suppressed PO T AT AL AT
e problem on lattice: large artefacts 0 20 0 o0 %0 100
2% /a®

from terms removing the doublers

solution:

use observables, where the chiral odd part does not contribute at tree-level
3 (Tsp + Tbs) 3 (Tva + Tav) 3 (Tvv + Tan)

introduce correction factor for chiral even part

most important: ignore distances where the correction > 10% or |z| < 3a
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Calculation

Discretization effects of the free Wilson propagator

propagator comparison:

20F © (2 Gl (2)
free Wilson vs. free contlnuumJ x : : < te(|2] Gl (2)

e large effects in chiral even (blue, o #) tetat el L i i
L0 I AT e

and chiral odd (red, o< 1) part

e in continuum: chiral odd part strongly %~ [

suppressed 010 i St St S S

e problem on lattice: large artefacts 0 20 10 50 %0 100
H 2 /.2
from terms removing the doublers z'/a

note:

upper limit of range determined by p = 2/|z| > 1 GeV
= a — a/2 shifts the upper limit by a factor 4 to the right

discretization effects are strongest along the axes (crosses)
— similar for Wilson-line operators?
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Results

Numerical study

Simulation details:

e mass-degenerate nonperturbatively improved and
Wilson gluon action

o [P x T =32°x64

e coupling parameter 3 = 5.29 £ lattice spacing a ~ 0.071fm = (2.76 GeV) ™!
e mass parameter k = 0.13632 = pion mass m, = 0.10675(59)/a~ 295 MeV
12 momenta in different directions with 0.54 GeV < |p| < 2.03 GeV

DA parametrizations: at the scale u = 2 GeV

e Expansion in orthogonal (Gegenbauer) polynomials (truncated at n = 2 or n = 4)
Or(u, p) = 6u(l —u) Z al (u)C?(2u — 1), ag = 1 (normalization)

e alternatively we try

Ox(u, 1) [u(l — u)]a , normalized to one
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Results

Combined fit to all channels (Legacy Plot)

20 e lfeadz o]

|

1(08F + oF
A N
Lo}
(1)7\_/\ +
-
B
K]
How

3 4 5 2 B 3 2 3
piz p°z Pz
e two parameters: «, 03
e two parameters: a3, 05

e three parameters: a3, aj, 05 < yields unreasonable values for aj
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Results

Combined fit to all channels

1I;ixed distance: |z] =0.39fm = 2/|z| =1.03 GeV

1.6

o splitting between SP+-PS and VV+AA data is consistent with the pQCD expectation
e “jumping” of the points shows large discretization effects

e probably 2 loop perturbative effects are crucial
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Results

Combined fit to all channels

1I;ixed distance: |z| = 0.37fm = 2/|z| =1.06 GeV

1A e B

3 4
Pz

o splitting between SP+-PS and VV+AA data is consistent with the pQCD expectation

e “jumping” of the points shows large discretization effects

e probably 2 loop perturbative effects are crucial
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Results

Combined fit to all channels

1I;ixed distance: |z] = 0.36 fm = 2/|z] = 1.08 GeV

S SO ;

12 : ; ; : : ;

LOfe
] -
0.6
oAl
02l

0.0,

3 4
Pz

o splitting between SP+-PS and VV+AA data is consistent with the pQCD expectation

e “jumping” of the points shows large discretization effects

e probably 2 loop perturbative effects are crucial
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Results

Combined fit to all channels

1I;ixed distance: |z] = 0.35fm = 2/|z| =1.13 GeV

1) S SO 1
L2 ,
F 0] S _ : .

06 Tt
04}
0.2}
00f

ot
-

3 4
Pz

o splitting between SP+-PS and VV+AA data is consistent with the pQCD expectation
e “jumping” of the points shows large discretization effects

e probably 2 loop perturbative effects are crucial
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Results

Combined fit to all channels

1I;ixed distance: |z| = 0.34 fm = 2/|z| =1.18 GeV

3 4
Pz

o splitting between SP+-PS and VV+AA data is consistent with the pQCD expectation

e “jumping” of the points shows large discretization effects

e probably 2 loop perturbative effects are crucial
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Results

Combined fit to all channels

1I;ixed distance: |z] = 0.33fm = 2/|z| =1.20 GeV

L4f-m 1
120 1
Lof Lo b e TN ]

0.6f--x. %
oAl
0.2

00,

o splitting between SP+-PS and VV+AA data is consistent with the pQCD expectation
e “jumping” of the points shows large discretization effects

e probably 2 loop perturbative effects are crucial

Philipp Wein 10/13



Results

Combined fit to all channels

1I;ixed distance: |z| = 0.31 fm = 2/|z| =1.27 GeV

LAp-EE

12f g .
06 T Ex 1

04}

0.2}

0.0
0

5 6 7

3 4
Pz

o splitting between SP+-PS and VV+AA data is consistent with the pQCD expectation
e “jumping” of the points shows large discretization effects

e probably 2 loop perturbative effects are crucial
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Results

Combined fit to all channels

1I;ixed distance: |z] =0.29fm = 2/|z| =1.34 GeV

3 4
Pz

o splitting between SP+-PS and VV+AA data is consistent with the pQCD expectation
e “jumping” of the points shows large discretization effects
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Results

Combined fit to all channels

1I;ixed distance: |z| = 0.27fm = 2/|z| = 1.48 GeV

14} _ 1
ST R S
08 ; :

0.2}
0.0
0

o splitting between SP+-PS and VV+AA data is consistent with the pQCD expectation
e “jumping” of the points shows large discretization effects

e probably 2 loop perturbative effects are crucial
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Results

Combined fit to all channels

1I;ixed distance: |z| = 0.25fm = 2/|z| = 1.59 GeV

R e S
LOF i g
0.8 = ; ; g

04}

0.2}

0.0
0

3 4
Pz

o splitting between SP+-PS and VV+AA data is consistent with the pQCD expectation

e “jumping” of the points shows large discretization effects

e probably 2 loop perturbative effects are crucial
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Results

Result for DAs

Reference scale: = 2 GeV

1.0

—

S 0.8}

~

O

0.6

0.4

0.2

0.0 L ‘ L L
0.0 0.2 0.4 0.6 0.8 1.0

errorbands show only the statistical error
e parameters: o — 0.13(5), 05 = 0.223(4) GeV? a3 = 0.30(3), 65 = 0.223(4) GeV?
both agree perfectly well with our data: Why?

only relevant information from DA for our data points is a3 and a5 = 0.31(3)

e Disclaimer: current systematic uncertainty for a3, §3 is at least ~ 50%
(fit range variation, estimate for two-loop correction)
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Results

Whats the problem with a7 ?

G, 1) = 6u(l —u) »_ an(w)Cy/*(2u—1)

= Z an () Fn(p-2/2) ~+higher twist

1.0 n=0

Expansion in conformal partial waves F,
0.5

00 e one needs |p- z| = 5 to constrain aj

to reasonable values

Fulp2/2)

—0.5

e to discriminate between DAs on last
slide: [p-z| 2 87

-1.0

0 5 10 15 20
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Summary

Summary

e we have analysed Euclidean correlation functions with two local currents
e global fit to multiple channels yields qualitatively reasonable results (universality)

o first determination of HT normalization 65 from lattice QCD
(in the ballpark of QCD sum rule estimates)

e statistical accuracy very good for a3 and 63

BUT:

e systematic uncertainty for a3 and §3 is very large
(discretization effects, two-loop perturbative correction not taken into account)

e with current data no determination of a] possible

Next steps:
e goto smaller lattice spacings (a =~ 0.04 fm would be nice)
e perturbative two-loop calculation for coefficient functions

e to be sensitive to aj: goto larger momenta (|p| > 3 GeV would be nice)
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Plateau Fits
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