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(Quark line) connected matrix elements O ∼ ψψ

N

t 0

O

τ

N

R(t, τ ;~p) =
〈N(t;~p)O(τ ;~0)N(0;~p)〉

〈N(t;~p)N(0;~p)〉
3-point correlation function

∝ 〈N(~p)|Ô|N(~p)〉 1
2
T ≫ t ≫ τ ≫ 0
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(Quark line) disconnected matrix elements O ∼ FF or O ∼ ψψ

t 0

O

τ
N N N

t 0

O

τ

N

All t and τ allowed but:

• Gluon O

• short distance quantity
• large fluctuations

– huge number of configurations required ∼ O(106)

• Fermion O

• All-to-all propagators unfeasible – O(V ) inversions needed
• Stochastic estimators – still many inversions

Alternative approach (to both con and dis): Feynman–Hellmann
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Feynman–Hellmann

If S(λ) = S + λO

then

∂EN(λ)

∂λ
=

1

2EN(λ)

〈
N
∣∣∣: Ô :

∣∣∣N
〉
λ

• EN from 2-point correlation functions

• Thus by suitably choosing O and by identifying numerically the
gradient of EN(λ) at λ = 0 we can determine the desired matrix
element

• [: . . . : means that the vacuum term has been subtracted]
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FH application:

Modification location determines the contributions we access

Modify Dirac matrix before quark
propagator inversion

D ′ −1 = [D + λO]
−1

Inserts connected contributions on
every line:

∂

∂λ
D ′ −1

∣∣∣∣
λ=0

= D−1OD−1

N

t 0

O

τ

N

Easy to implement

Modify field weighting during HMC

detD ′e−Sg = det[D + λO] e−Sg

Access disconnected contributions:

∂

∂λ
detD ′

∣∣∣∣
λ=0

= tr(D−1O) detD

N

t 0

O

τ

N

Need to generate new gauge
ensembles

Or do both modifications: connected and disconnected terms
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Nucleon spin Ji gauge invariant decomposition

1

2
=

1

2
∆Σ + Lq + Jg

• quark spin ∆Σ = ∆Σcon +∆Σdis with

∆Σcon = ∆ucon +∆dcon

∆Σdis = ∆udis +∆ddis +∆s

• Lq – quark orbital angular momentum
• Jg – gluon angular momentum [do not split or discuss further here]
• [Axial charge: gA = ∆u −∆d ]

‘Spin crisis’: ∆Σ small ∼ 35% of total spin

July 2015
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Nucleon polarised in the z-direction

〈N, σ|i qγ3γ5q|N, σ〉 = 2MNσ∆q σ = ±1

Achieved by projection operators

Γσ =
1

2
(1 + γ4) (1 + iσγ3γ5)

and

Cσ(λ, t) ≡ tr (ΓσC (λ, t)) ≡ (Γσ)βα〈Nα(t)Nβ(0)〉λ
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∆q connected contributions

Nucleon polarised in the z-direction (σ = ±1)

〈N, σ|i qγ3γ5q|N, σ〉 = 2MNσ∆q

with [consider each quark separately]

D ′ = D ± iλ
∑

x

q(x)γ3γ5q(x)

and FH

∂EN(λ)

∂λ

∣∣∣∣
λ=0

= ±
1

2MN

〈N, σ|i qγ3γ5q|N, σ〉

gives

∆qconn = ±σ
∂EN(λ)

∂λ

∣∣∣∣
λ=0

ie change of sign of λ ≡ changing spin polarisation
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∆Σdis = ∆udis +∆ddis +∆s disconnected contributions

Recall

• need to modify action

• generate configurations – here 2 + 1 flavours with m = const.

Problem:
fermion matrix in action must be γ5 - hermitian for HMC, ie need

S = Sg + λ
∑

q x

q(x)γ3γ5q(x)

(Here
∑

q so determine ∆Σ = ∆u +∆d +∆s)
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Imaginary energy shifts

Correlation function develops imaginary parts:

Cσ(λ, t) = AN(σλ)e
iδ(σλ)e−[EN (σλ)+iφ(σλ)]t

Form ratio

R(λ, t) =
ImC+(λ, t)− ImC−(−λ, t)

ReC+(λ, t)− ReC−(−λ, t)
= − tan(φ(λ)t − δ(λ))

Effective phase shift

φeff(λ) =
1

t
tan−1 (−R(λ, t)) → φ(λ) = φ0λ+ φ1λ

3 + . . .

So have

∆ΣLAT =
∂φ(λ)

∂λ

∣∣∣∣
λ=0
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Configurations

2 + 1 flavours with m = const.

κl κs λl λs
0.120900 -0.00625
0.120900 -0.0125
0.120900 0.0300

0.121040 0.120620 -0.0750
0.121095 0.120512 0.0000 0.0500
0.121095 0.120512 -0.0250
0.121095 0.120512 0.0500
0.121095 0.120512 -0.0750

Flavour symmetric point, Mπ ∼ 460MeV down to ∼ 300MeV,
a ∼ 0.074 fm, 323 × 64

Following: Very preliminary analysis
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Test: calculate connected parts using imaginary signal

• LH plot: plateau seen

• RH plot: comparison between ‘real/imaginary’ λ

Conclusion: Using ‘imaginary’ λ works

[But better to consider real λ, ie D′ = D ± iλ
∑

x q(x)γ3γ5q(x) when no imaginary

parts develop]
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Imaginary signal

• Both Re/Im plots for λ∆Σ = 0.03, (κl , κs) = (0.120900, 0.120900)
(SU(3) flavour symmetric point) Mπ ∼ 460MeV

• Signal seen
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SU(3) flavour symmetry breaking quark mass expansion

+

0−

0

Y

+1−1

Ξ

Σ Σ

p(uud)

Ξ

(uds) (uus)

I3
Λ0(uds)

Σ −
(dds)

n(ddu)

(ssd) (ssu)

For the singlet operators, need to consider 8× 1× 8 tensors (similarly to
masses) so to LO have expansion

∆ΣLAT

N dis = ∆Σ0 dis + 3A1 disδml + O(δm2
l )

∆ΣLAT

Σ dis = ∆Σ0 dis − 3A2 disδml + O(δm2
l )

∆ΣLAT

Ξ dis = ∆Σ0 dis − 3(A1 dis − A2 dis)δml + O(δm2
l )

∆ΣLAT

Ns dis
= ∆Σ0 dis − 6A1 disδml + O(δm2

l )

• Here: 2 + 1 quark flavours, mu = md ≡ ml , ms

• δml = ml −m

Distance from (point on) SU(3) flavour symmetric line (ml = ms).
Also m average quark mass, held constant in simulations

• Similarly for con and renormalised quantities
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Singlet of singlets

Define a Singlet operator

X LAT

∆Σ dis =
1

3
(∆ΣLAT

N dis +∆ΣLAT

Σ dis +∆ΣLAT

Ξ dis)

With SU(3) flavour breaking quark mass expansion

X LAT

∆Σ dis = ∆Σ0 dis + O(δm2
l )

Can form quantities ∆ΣLAT

dis
/X LAT

∆Σ dis
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X LAT

∆Σ dis

−0.08 −0.06 −0.04 −0.02 0.00 0.02 0.04 0.06
λ∆Σ

−0.006

−0.004

−0.002

0.000

0.002

0.004

0.006

0.008

0.010

0.012

λ ∆Σ
X

∆Σ
LA

T

(0.120900,0.120900)
(0.121040,0.120620)
(0.121095,0.120512)
X∆Σ

LAT
=−0.075(6)(18) 

•

φ∆Σ = λ∆ΣX∆Σ or X LAT

∆Σ dis =
∂φ∆Σ

∂λ∆Σ

• Can use all quark masses

• Flavour symmetric point, Mπ ∼ 460MeV down to ∼ 300MeV
a ∼ 0.074 fm, 323 × 64
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∆ΣLAT

dis
/X LAT

∆Σ dis

−0.010 −0.005 0.000
δml

0.0

0.5

1.0

1.5

2.0

∆Σ
/X

∆Σ

N
Σ+Ξ
Ns

−0.010 −0.005 0.000
δml

0.6

0.8

1.0

1.2

1.4

1.6

1.8

M
N

O

2 /X
N

2  [O
ct

et
]

 pure QCD
N(lll)
Σ(lls)
Ξ(ssl)
Ns(sss)
sym. pt.

• LH plot: ‘fan’ plot for ∆ΣLAT

dis
/X LAT

∆Σ dis

Only evaluate where more than lambda available (pre-average)

• RH plot: comparison for baryon masses (what you would like to
have/see)

Tentative conclusion: little sign of SU(3) flavour symmetry breaking
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A single quark mass

−0.08 −0.06 −0.04 −0.02 0.00 0.02 0.04 0.06
λ∆Σ

−0.004

−0.002

0.000

0.002

0.004

0.006

0.008

0.010

0.012

φ
N
Σ
Ξ
Ns

(5.50,0.121095,0.120512)

• Confirmation: little evidence of different baryon effects
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Renormalisation I

We have:

∆qcon = Z NS

A ∆qLAT

con

∆qdis = Z NS

A ∆qLAT

dis +
1

3
(Z S MS

A − Z NS

A )(∆ΣLAT

con +∆ΣLAT

dis)

giving

∆Σcon = Z NS

A ∆ΣLAT

con

∆Σdis = Z S MS

A ∆ΣLAT

dis + (Z S MS

A − Z NS

A )∆ΣLAT

con

or

∆Σcon +∆Σdis = Z S MS

A (∆ΣLAT

con +∆ΣLAT

dis)

Additionally at SU(3) symmetric point

∆s =
1

3
∆Σdis
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Renormalisation II

We have:

∆qcon = Z NS

A ∆qLAT

con

∆qdis = Z NS

A ∆qLAT

dis +
1

3
(Z S MS

A − Z NS

A )(∆ΣLAT

con +∆ΣLAT

dis)

Have computed Z NS

A , Z S MS

A at 2GeV in arXiv:1410.3078 [RI-MOM and FH]

Z NS

A = 0.8458(8) Z S MS

A = 0.8662(34)

Note, this gives

(Z S MS

A − Z NS

A )/Z S MS

A ∼ 2%

Also (partially) computed ∆ΣLAT

con in arXiv:1508.06856
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∆s

−0.010 −0.005 0.000
δml

−0.10

−0.05

0.00

0.05

∆s

value with zero SU(3) FSB
No CON piece in renorm
PNDME 18
ETMC  17

• previously: little evidence of quark mass effects (little SU(3) flavour symmetry
breaking)

• SU(3) flavour symmetric point + one other (dedicated run with λs)

∆sMS(2GeV) = −0.017(2)(5)
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Conclusions

• ‘Disconnected’ quantities are notoriously difficult quantities to
compute

• short distance quantity
• large fluctuations

• As alternative to more standard ‘stochastic’ approaches have
introduced a method using the Feynman–Hellmann theorem

• ∆Σ – nucleon spin – 2 + 1 flavours

• Connected and disconnected 3-point functions
• real and imaginary components to the energy
• Application to axial current
• Renormalisation
• ∆s
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