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...but analytically, we know ways to deal1

∫
Dφe−S =

∫ +∞
−∞ dxe−(x−iα)

2
=
√
π

Cauchy’s Integral Theorem

x→ x+ iα

CIT guarantees holomorphic f(x) (physics) unchanged

Nonholomorphic f(x), like the average sign, 〈σ〉, can change!

1M. Cristoforetti et al. “New approach to the sign problem in quantum field theories: High density
QCD on a Lefschetz thimble”. In: Phys. Rev. D86 (2012), p. 074506. arXiv: 1205.3996 [hep-lat].
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Lefschetz thimbles have seemingly optimal properties

Lefschetz thimbles: steepest descent from isolated critical points

SI = constant over one thimble =⇒ 〈σ〉T ≈ 1

Thimbles usually unknown; hard to determine correct set.

φ̃ εCN

I knew you
were trouble.
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Evolve RN with holomorphic gradient flow2: dφi
dt = ∂S

∂φi

φ̃ εCN

2A. Alexandru et al. “Sign problem and Monte Carlo calculations beyond Lefschetz thimbles”. In:
JHEP 05 (2016), p. 053. arXiv: 1512.08764 [hep-lat].
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The Jacobian must be flowed as well:
dJij
dt = ∂2S

∂ζi∂ζk
J̄kj

Wrongians: J ≈ 1 or Im(J) = 0 =⇒ Speed up but reweighting3

φ̃ εCN Prohibitive reweighting from W − J
from exceptional configurations
when T is large

Gets worse in: d > 1, g →∞, gauge theories, and at transition4

These are technical complications...
...but gauge theories have conceptual issues

3A. Alexandru et al. “Fast estimator of Jacobians in the Monte Carlo integration on Lefschetz
thimbles”. In: Phys. Rev. D93.9 (2016), p. 094514. arXiv: 1604.00956 [hep-lat].

4A. Alexandru et al. “Deep Learning Beyond Lefschetz Thimbles”. In: Phys. Rev. D96.9 (2017),
p. 094505. arXiv: 1709.01971 [hep-lat].
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QED1+1 with Nf = 3 staggered fermions

In the continuum:

S =

∫
d2x

[
FµνF

µν + ψ̄a(/∂ + µQγ0 +m− gQa /A)ψa
]

which we discretize and integrate out the fermions to obtain:

S =
1

g2

∑
r

(1− cosPr)−
∑
a

ln detD(a)
xy

Pr ≡ A1(r) +A0(r + x̂)−A1(r + t̂)−A0(r) .

D(a)
xy = maδxy +

1

2

∑
ν∈{0,1}

ην
[
eiQaAν(x)+µδν0δx+ν̂,y − e−iQaAν(x)−µδν0δx,y+ν̂

]
.

g = 0.50 and ma = 0.05, Q1 = Q+ = +2 and Q2,3 = Q− = −1

Baryon with amB ≈ 0.6
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In gauge theories, formal complications arise

?
φ̃ εCN
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What is the manifold of a gauge theory?

A
‖
µ

A⊥µ

Ãµ εC

[
∂S
∂A⊥ ,G

]
= 0

Manifold under flow is justMg ⊕ G!
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Ãµ εC

[
∂S
∂A⊥ ,G

]
= 0

Manifold under flow is justMg ⊕ G!

LATTICE 2018 Finite-Density QED1+1 July 23, 2018 9 / 14



Stokes’ phenomenon prevent thimble decomposition

φ̃ εCN

Effect of Stokes’ phenomenon on flow is 〈σ〉 < 1 due to “bumps”

LATTICE 2018 Finite-Density QED1+1 July 23, 2018 10 / 14



Stokes’ phenomenon prevent thimble decomposition

φ̃ εCN

Effect of Stokes’ phenomenon on flow is 〈σ〉 < 1 due to “bumps”

LATTICE 2018 Finite-Density QED1+1 July 23, 2018 10 / 14



Ain’t no thang but a flow thang.
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Forward Unto Dawn?

Complexification is a systematic way to reduce the sign problem

QED1+1 (and other abelian gauge theories) don’t have any
theoretical issues

The computational expense requires novel developments that can
be model-dependent

Ongoing work toward non-abelian theories!

Questions?
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