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  Motivation

states appear. We follow the same color coding as above,
while the darkness of the pixel is linearly related to the
magnitude of the normalized overlap. From this figure, one
can clearly associate the states labeled as 0, 1, and 2 with
spin 3=2, the state 9 with spin 5=2, and the state 12 with spin
7=2. In order to further demonstrate the robustness of the
procedure, in Fig. 3 we present a representative histogram
plot of ~Z values from two different irreps. In the top plot, on
the x axis we show various operators in the Hu irrep with
their continuum spins, and the y axis shows their ~Z values
to a particular energy excitation. This also shows that this
energy excitation represents a spin-3=2− state as it is
saturated predominantly from operators that have spin
3=2− in the continuum. In the bottom plot, we show a
similar observation in the G1u irrep for an energy excitation
that we found to be a spin-1=2− state. For spin-5=2 and
−7=2 states, their ~Z values need to be compared among
different irreps [27,28,35,36]. Spin identifications for all
other energy excitations are performed with the same rigor.
With confidence in our procedure for the extraction of

energy levels and their spin identification, we finally
present our main result. In Fig. 4, we show a comparison
plot between the extracted lattice energy levels with those
from the recently observed Ω0

c baryons [2] along with the
previously known two other Ω0

c baryons [1]. The relevant
continuum scattering thresholds are presented on the left-
hand side and the noninteracting scattering energies as
obtained on these lattices are shown on the right-hand side.
It can be seen that our lattice estimate for the hyperfine
splitting between spin-3=2 and spin-1=2 baryons is well in

agreement with experiment. The most interesting observa-
tion from this comparison is the fact that we observe exactly
five energy excitations in the same energy region above the
3=2þ state. Two other states are above the scattering levels
and thus need to be studied with more rigor. It is also very
satisfying to see that among the five new excitations, four
are matching with our lattice results. The only remaining
excitation, which we assign to be a spin-5=2− baryon, can
possibly be identified to the remaining higher lying exper-
imental candidate. We would like to point out that these
results are prediction and not postdiction, as preliminary
results of these were already presented at the Charm-2013,
2015, and Lattice-2014 conferences [29–31]. It is to be noted
that most other nonlattice calculations [3–15] onΩ0

c baryons
predicted seven levels in this region. In Table I, we
summarize the comparison between experiments and this
lattice calculation (called L1), where we denote the ith
energy level ofΩ0

c byΩ0;i
c , whileΔE is the energy difference

from the ground state (Ω0;0
c ). From the results shown in

Fig. 4 and Table I, we conclude that the spin-parity quantum
numbers of these newly discovered particles are as follows:
Ωcð3000Þ0 and Ωcð3050Þ0 have spin-parity JP ¼ 1=2−, the
states Ωcð3066Þ0 and Ωcð3090Þ0 have JP ¼ 3=2−, while
Ωcð3119Þ0 is possibly a 5=2− state. A similar assignment of
spin and parity has also recently been made in a potential
model calculation [44].
To strengthen our findings, we perform another lattice

calculation (called L2) with a totally different set of lattice
parameters. We use three dynamical 2þ 1þ 1 flavors HISQ
lattice ensembles generated by theMILC Collaboration [45]:
243 × 64, 323 × 96, and 483 × 96 lattices with lattice spac-
ings ∼0.12, 0.09, and 0.06 fm, respectively. For the valence
quark propagators, we use overlap action [46]. The details of
this lattice setup, charm, and strange mass tuning are given in

FIG. 2. “Matrix” plot of ~Z for a few selected operators onto a
few spin identified lower energy levels in Hg irrep.

FIG. 3. Histogram plot of ~Z for the lowest levels in Hu and G1u
irreps for a few selected operators.

FIG. 4. Comparison plot between experimental and lattice
results of Ωc baryons.
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• Padmanath et.al PRL 119, 042001 2017 
• 163 x 128, 2+1 Flavor 
• Gauge: Symanzik (RG-improved) 
• Fermion: Clover (O(a)-improved) 
• at   ~ 0.035 fm 
• m  ~ 391 MeV𝛑
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Lattice  
tresholds
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R. Aaij et al. (LHCb Collaboration)  
[Phys. Rev. Lett. 119, 112001]
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  Motivation
SELEX results

[Phys. Rev. Lett. 89, 112001 (2002)] 
[Phys. Lett. B 628, 18 (2005)]

m⌅++
cc

= 3621.40± 0.72± 0.27± 0.14 MeV
<latexit sha1_base64="qipyRwI5Q2RlQ0JAzDd+GL0uq4E="></latexit><latexit sha1_base64="qipyRwI5Q2RlQ0JAzDd+GL0uq4E="></latexit><latexit sha1_base64="qipyRwI5Q2RlQ0JAzDd+GL0uq4E="></latexit><latexit sha1_base64="qipyRwI5Q2RlQ0JAzDd+GL0uq4E="></latexit> (syst.) (𝛬c)(stat.)

mLHCb

⌅cc
�mSELEX

⌅cc
⇠ 100 MeV

<latexit sha1_base64="hzlCl2MR2A//w+5KMtt0iYNfARo="></latexit><latexit sha1_base64="hzlCl2MR2A//w+5KMtt0iYNfARo="></latexit><latexit sha1_base64="hzlCl2MR2A//w+5KMtt0iYNfARo="></latexit><latexit sha1_base64="hzlCl2MR2A//w+5KMtt0iYNfARo="></latexit>

m⌅+
cc

= 3519± 2 MeV
<latexit sha1_base64="Tdwk6lsJUVarBafIr5VOI23/HOU=">AAACD3icbVDLSgNBEJz1bXxFPXoZDKIghN2oqAdB9OJFiGA0kI3L7KRjBmd2l5leMSz7CV78FS8eVLx69ebfOHkcfBU0FFXddHeFiRQGXffTGRkdG5+YnJouzMzOzS8UF5cuTJxqDjUey1jXQ2ZAighqKFBCPdHAVCjhMrw57vmXt6CNiKNz7CbQVOw6Em3BGVopKK6rIPPrIsg4z682c3pAt3a8feonilaoj3CHGT2Fizwoltyy2wf9S7whKZEhqkHxw2/FPFUQIZfMmIbnJtjMmEbBJeQFPzWQMH7DrqFhacQUmGbWfyina1Zp0XasbUVI++r3iYwpY7oqtJ2KYcf89nrif14jxfZeMxNRkiJEfLConUqKMe2lQ1tCA0fZtYRxLeytlHeYZhxthgUbgvf75b+kVinvl72z7dLh0TCNKbJCVskG8cguOSQnpEpqhJN78kieyYvz4Dw5r87boHXEGc4skx9w3r8ADYWa5w==</latexit><latexit sha1_base64="Tdwk6lsJUVarBafIr5VOI23/HOU=">AAACD3icbVDLSgNBEJz1bXxFPXoZDKIghN2oqAdB9OJFiGA0kI3L7KRjBmd2l5leMSz7CV78FS8eVLx69ebfOHkcfBU0FFXddHeFiRQGXffTGRkdG5+YnJouzMzOzS8UF5cuTJxqDjUey1jXQ2ZAighqKFBCPdHAVCjhMrw57vmXt6CNiKNz7CbQVOw6Em3BGVopKK6rIPPrIsg4z682c3pAt3a8feonilaoj3CHGT2Fizwoltyy2wf9S7whKZEhqkHxw2/FPFUQIZfMmIbnJtjMmEbBJeQFPzWQMH7DrqFhacQUmGbWfyina1Zp0XasbUVI++r3iYwpY7oqtJ2KYcf89nrif14jxfZeMxNRkiJEfLConUqKMe2lQ1tCA0fZtYRxLeytlHeYZhxthgUbgvf75b+kVinvl72z7dLh0TCNKbJCVskG8cguOSQnpEpqhJN78kieyYvz4Dw5r87boHXEGc4skx9w3r8ADYWa5w==</latexit><latexit sha1_base64="Tdwk6lsJUVarBafIr5VOI23/HOU=">AAACD3icbVDLSgNBEJz1bXxFPXoZDKIghN2oqAdB9OJFiGA0kI3L7KRjBmd2l5leMSz7CV78FS8eVLx69ebfOHkcfBU0FFXddHeFiRQGXffTGRkdG5+YnJouzMzOzS8UF5cuTJxqDjUey1jXQ2ZAighqKFBCPdHAVCjhMrw57vmXt6CNiKNz7CbQVOw6Em3BGVopKK6rIPPrIsg4z682c3pAt3a8feonilaoj3CHGT2Fizwoltyy2wf9S7whKZEhqkHxw2/FPFUQIZfMmIbnJtjMmEbBJeQFPzWQMH7DrqFhacQUmGbWfyina1Zp0XasbUVI++r3iYwpY7oqtJ2KYcf89nrif14jxfZeMxNRkiJEfLConUqKMe2lQ1tCA0fZtYRxLeytlHeYZhxthgUbgvf75b+kVinvl72z7dLh0TCNKbJCVskG8cguOSQnpEpqhJN78kieyYvz4Dw5r87boHXEGc4skx9w3r8ADYWa5w==</latexit><latexit sha1_base64="Tdwk6lsJUVarBafIr5VOI23/HOU=">AAACD3icbVDLSgNBEJz1bXxFPXoZDKIghN2oqAdB9OJFiGA0kI3L7KRjBmd2l5leMSz7CV78FS8eVLx69ebfOHkcfBU0FFXddHeFiRQGXffTGRkdG5+YnJouzMzOzS8UF5cuTJxqDjUey1jXQ2ZAighqKFBCPdHAVCjhMrw57vmXt6CNiKNz7CbQVOw6Em3BGVopKK6rIPPrIsg4z682c3pAt3a8feonilaoj3CHGT2Fizwoltyy2wf9S7whKZEhqkHxw2/FPFUQIZfMmIbnJtjMmEbBJeQFPzWQMH7DrqFhacQUmGbWfyina1Zp0XasbUVI++r3iYwpY7oqtJ2KYcf89nrif14jxfZeMxNRkiJEfLConUqKMe2lQ1tCA0fZtYRxLeytlHeYZhxthgUbgvf75b+kVinvl72z7dLh0TCNKbJCVskG8cguOSQnpEpqhJN78kieyYvz4Dw5r87boHXEGc4skx9w3r8ADYWa5w==</latexit>

• LHCb and SELEX 
setups are different 

• LHCb doesn’t exclude 
SELEX results 

• LQCD can provide an 
answer
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Heavy baryons
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Mathur et al. arXiv:1807.00174

[TWQCD’17]: Nf=2+1+1, Domain wall, a = 0.063 fm, m_pi ~ 280 MeV          Y.-C. Chen et al., PLB767 193 (2017)
[ETMC’17]: Nf=2, TwM+Clover, a = 0.094 fm, m_pi ~ 130 MeV                   Alexandrou et al. PRD96 034511 (2017)
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[PACS-CS’13]: Nf=2+1, RHQA, a ~ 0.09 fm, m_pi ~ 135 MeV                       Namekawa et al., PRD87 094512 (2013)
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[Durr’12]: Nf=2, Brillouin, a = 0.07 fm, m_pi ~ 280 MeV                                         Durr et al. PRD86 114514 (2012)

Figures from: Padmanath’s plenary [Wed 11:00am]
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This would explain why the two systems resemble
each other closely, up to constant shifts, due to
differences of the respective (constituent) quark
masses. Note that replacing the remaining charm
quark by a light quark flavorwill not result in constant
energy shifts. For example, the fine structure of the
light and heavy baryons are very different.

E. Comparison with previous results

Our final results for the individual masses are summarized
in Fig. 18, where for the negative parity channels only the
results for interpolators which gave a reliable signal are
shown. Overall, for the singly charmed baryons there is
reasonable agreement with experiment, as also seen for the
mesonswith open and hidden charm,which is encouraging in
terms of the size of the remaining systematics. In particular,
in some previous calculations Mcqq − 1

2Mηc or Mccq −Mηc
splittings were computed, instead of the individual baryon
masses, in order to remove the dependence on the charm
quark mass and to reduce the size of discretization effects

and uncertainties arising from tuning the charm quark mass
using the meson sector. This has not been done here.
However, states involving strange quarks are systematically
lower than experiment, in particular, theΩc. This may be due
to residual effects related to simulating along an incorrect
m̄ ¼ constant line. Furthermore, our finite volume study
suggests that the positive parity ground state singly charmed
baryons and excited state doubly charmed baryons will
decrease by a few tens of MeV in the infinite volume limit.
There have been a number of recent lattice studies of

the charmed baryon spectra, also displayed in Fig. 18, most
of which are restricted to positive parity ground states.
Different systematics apply in each case depending on,

(i) the number of sea quarks included: Nf ¼ 2 (Dürr
et al. [40]), Nf ¼ 2þ 1 (Na et al. [35], Liu et al.
[36], PACS-CS [41], Brown et al. [43], HSC [44])
and Nf ¼ 2þ 1þ 1 (Briceño et al. [37], ILGTI
[39], ETMC [42]).

(ii) The charm quark action: the Fermilab action [73]
(Na et al., Liu et al.), a relativistic heavy quark

FIG. 18 (color online). Singly charmed (top) and doubly charmed (bottom) low lying baryon spectra. (Left) our results (RQCD) from
the V ¼ 323 × 64 ensembles. (Right) a comparison with previous determinations from Na et al. [35], Liu et al. [36], Briceño et al. [37],
Dürr et al. [40], ILGTI [39], PACS-CS collaboration [41], ETMC [42], Brown et al. [43] and HSC [44]. Note that our results for the
negative parity, spin-1=2 Ωc and Ξ0

c are likely scattering states, see Sec. IV. The first excitations may also contain such states.

PAULA PÉREZ-RUBIO, SARA COLLINS, AND GUNNAR S. BALI PHYSICAL REVIEW D 92, 034504 (2015)
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Singly Charmed

Doubly Charmed

Figures from: Pérez-Rubio et al. (RQCD), PRD92 034504 (2015)
Ref.s in previous slide 
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Ultimate goal is to go for a pentaquark system 
Make sure we can produce a charm system properly 
Best consistency check is a spectrum calculation 

Many results to compare with 

(+) m   ~ 156 MeV configurations 
Eliminate systematic error from chiral extrapolation 

(+) Use relativistic heavy quark action (Tsukuba action) 

Eliminate systematic error from quark action 
Our previous works done with Clover action for charm also 

(+) Extract at least first excited states of positive and negative 
parity, spin-1/2 and spin-3/2 charmed baryons 

(-) No finite size effects or continuum extrapolation
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  Simulation Details

t
64 a

L = 32 a

m𝜋 156 MeV~
a =

 0.
09

07
(1

3)
 fm

2.9 fm

5.8 fm

PACS-CS, 323x64, 2+1 flavor (u/d+s) Phys. Rev. D79 (034503)

Simulation Details

L = 32a ~ 2.9 fm, T = 64a ~ 5.8 fm
𝛽=1.9, a=0.0907(13) fm, a-1=2.176(31) GeV
Gauge action: Iwasaki action, 
Fermion action (u, d, s): O(a)-improved Wilson (Clover) 
𝜅ud = 0.13781 (sea & valance), 𝜅s = 0.13640 (sea)
m   ~ 156 MeV, m  L ~ 2.3 
𝜅s = 0.13665 (re-tuned by Adelaide group: PRL108 
112001) 
Tsukuba RHQA for charm quark (details follow) 

Shell source - Point/Shell sink (details later)

𝜅ud = 0.13781 𝜅s = 0.13640

𝜋 𝜋



  Tsukuba Action
Tsukuba RHQA for charm quark 

Parameters adopted from Namekawa et.al. PRD84 074505  

𝜅Q re-tuned w.r.t. dispersion relation of 1S spin-avg. 
charmonium mass (next slide)

• 𝜅Q = 0.10954007
• rs   = 1.1881607
• rt   = 1.0

• ν  = 1.1450511
• cB = 1.9849139
• cE = 1.7819512

PACS-CS, 323x64, 2+1 flavor (u/d+s) Phys. Rev. D79 (034503)

rs=1, ν=1, cB=cE ➞ O(a)-improved Wilson action 

Simulation Details

t
64 a

L = 32 a

m𝜋 156 MeV~
a =

 0.
09

07
(1

3)
 fm

2.9 fm

5.8 fm

𝜅ud = 0.13781 𝜅s = 0.13640



  Dispersion relation
1S spin-avg: (ηc + 3 J/ψ)/4: 
M1S = 3.06853 GeV (experimental)

Mlatt PDG

ηc 2.984(2) 2.983 GeV

J/ψ 3.099(4) 3.096 GeV

1S 3.071(3) 3.068 GeV

ΔEhyp 115(4) 113 MeV

Simulation Details

0 1 2 3 4 5 6

1.42

1.44

1.46

1.48

p2

a
M

|p|2 E1S(0) [a] E1S(0) [GeV] c2e↵
2 1.41111± 0.00150591 3.07058± 0.00327686 1.00818± 0.0159342
3 1.41113± 0.00150235 3.07063± 0.00326911 1.00538± 0.0169947
4 1.41117± 0.00149903 3.07071± 0.00326189 1.00186± 0.0175885
5 1.41122± 0.00149308 3.07082± 0.00324894 0.998545± 0.0185763
6 1.41127± 0.00148551 3.07092± 0.00323247 0.995832± 0.0197037

<latexit sha1_base64="NLTouqQwFZ7GPdahTVNMVY77DHA="></latexit><latexit sha1_base64="NLTouqQwFZ7GPdahTVNMVY77DHA="></latexit><latexit sha1_base64="NLTouqQwFZ7GPdahTVNMVY77DHA="></latexit><latexit sha1_base64="NLTouqQwFZ7GPdahTVNMVY77DHA="></latexit>

5

only O((a⇤QCD)2) discretization errors remain. The action is

S =
X

x,y

 ̄xDx,y y, (21)

where  s are the heavy quark spinors and the fermion matrix is given as

Dx,y = �xy � Q

3X

µ=1

⇥
(rs � ⌫�µ)Ux,µ�x+µ̂,y + (rs + ⌫�µ)U

†
x,µ�x,y+µ̂

⇤

� Q

h
(1� �4)Ux,4�x+4̂,y + (1 + �4)U

†
x,4�x,y+4̂

i

� Q

"
cB

X

µ,⌫

Fµ⌫(x)�µ⌫ + cE

X

µ

Fµ4(x)�µ4

#
�xy.

(22)

Here, the parameters rs, ⌫, cB and cE should be tuned in order to remove the discretization errors appropriately. We
adopt the perturbative estimates for rs, cB and cE [44] and non-perturbatively tuned ⌫ value [45]. We re-tune Q
non-perturbatively so as to reproduce the relativistic dispersion relation,

E
2
1S(p) = E

2
1S(0) + c

2
e↵|p|

2
, (23)

for 1S spin-averaged charmonium state. We extract the energies of the pseudoscalar and vector charmonium states
from the two-point correlation functions of the interpolating fields

�(x) = c̄�5c, �µ(x) = c̄�µc. (24)

The values of the parameters and extracted charmonium masses are given in Table II. Masses of the charmonium
states are in very good agreement with the experimental results. We give the extracted static masses, E2

1S(0), and
e↵ective speed of light, c2e↵, in Table III and Figure 2 shows the dispersion relation. Hyperfine splitting is a simple
prediction one can get from this exercise and is also a good indicator for the severeness of the discretization errors.
Experimental V � PS hyperfine splitting is �E(V�PS) = 113 MeV where our results yield �EV�PS = 116(4) MeV.
We do not include disconnected diagrams in this calculation hence the e↵ects of the possible annihilation of the ⌘c
and J/ into light hadrons are neglected. This mechanism would mainly a↵ect the ⌘c meson and lead to a mass shift
of �M⌘c = �3 MeV [46]. Considering this correction, our hyperfine splitting estimate increases by 3 MeV in good
agreement with the experimental result.

TABLE II. Parameter values of the relativistic heavy quark action and masses of pseudoscalar, vector and 1S charmonium
states as well as the V � PS hyperfine splitting.

Q rs ⌫ cB cE m⌘c [GeV] mJ/ [GeV] m1S [GeV] �E(V �PS) [MeV]

0.10954007 1.1881607 1.1450511 1.9849139 1.7819512 2.984(2) 3.099(4) 3.071(4) 116(4)

TABLE III. Extracted static masses, E1S(0), in lattice and physical units and e↵ective speed of light, c2e↵ from the dispersion
relation analysis with di↵erent momenta. |p|2 column indicates the number of momentum units used for the analysis.

|p|2 E1S(0) [a] E1S(0) [GeV] c2e↵

2 1.41111± 0.00150591 3.07058± 0.00327686 1.00818± 0.0159342

3 1.41113± 0.00150235 3.07063± 0.00326911 1.00538± 0.0169947

4 1.41117± 0.00149903 3.07071± 0.00326189 1.00186± 0.0175885

5 1.41122± 0.00149308 3.07082± 0.00324894 0.998545± 0.0185763

6 1.41127± 0.00148551 3.07092± 0.00323247 0.995832± 0.0197037



  Interpolating fields
Simulation Details

J = 1/2 𝛴c, 𝛯cc, 𝛺c and 𝛺cc

Three different interpolating operators with different [Γ1,Γ2] choices
[Γ1,Γ2] = {ɣ5,1}

[Γ1,Γ2] = [1,ɣ5]

[Γ1,Γ2] = [ɣ5ɣ4,1]

Form 2x2 or 3x3 correlation function matrices with these operators 
(fixed smearing)

�(x) = ✏abc
⇥
QTa(x)C�1q

b(x)
⇤
�2q

c(x)

�1(x) = ✏abc
⇥
QTa(x)C�5q

b(x)
⇤
qc(x)

�2(x) = ✏abc
⇥
QTa(x)Cqb(x)

⇤
�5q

c(x)

�4(x) = ✏abc
⇥
QTa(x)C�5�4q

b(x)
⇤
qc(x)

JP=3/2 inspired operator

lim
T��

�
Ô2(t)Ô1(0)

�
T

=
�

h

�
0|Ô2|h

��
h|Ô1|0

�
e�Eht



  Interpolating fields
Simulation Details

J = 1/2 𝛬c

 J = 1/2 𝛯c and 𝛯’c

�(x) =
1p
6
✏abc

⇥
2
�
uTa(x)C�1d

b(x)
�
�2Q

c(x)

+
�
uTa(x)C�1Q

b(x)
�
�2d

c(x)�
�
dTa(x)C�1Q

b(x)
�
�2u

c(x)
⇤

<latexit sha1_base64="0bMcMDGsGwROcnK4kbyjf5XtmP4="></latexit><latexit sha1_base64="0bMcMDGsGwROcnK4kbyjf5XtmP4="></latexit><latexit sha1_base64="0bMcMDGsGwROcnK4kbyjf5XtmP4="></latexit><latexit sha1_base64="0bMcMDGsGwROcnK4kbyjf5XtmP4="></latexit>

�⌅c(x) =
1p
6
"abc

⇥
2
�
sTa (x)(C�1)`b(x)

�
�2cc(x) +

�
sTa (x)(C�1)cb(x)

�
�2`c(x)

�
�
`Ta (x)(C�1)cb(x)

�
�2sc(x)

⇤
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�⌅0
c
(x) =

1p
2
"abc

⇥�
`Ta (x)(C�1)cb(x)

�
�2sc(x) +

�
sTa (x)(C�1)cb(x)

�
�2`c(x)

⇤
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 J = 3/2 interpolating fields, 𝛥+ baryon like

�µ(x) =
1p
3
"ijk{2[qTi

1 (x)C�µq
j
2(x)]q

k
3 (x) + [qTi

1 (x)C�µq
j
3(x)]q

k
2 (x)}

{q1,q2,q3} =   {u,u,c}-𝛴*c,{u,s,c}-𝛯*c , {u,c,c}-𝛯*cc

{s,s,c}-𝛺*c , {s,c,c}-𝛺*cc , {c,c,c}-𝛺ccc 



  Gaussian Smearing

Gaussian Smeared source and sink:  
N = [10, 50, 150], rrms ~ [0.2, 0.4, 0.7] fm,  ~ [ 2,  4,  8] a

APPENDIX B: SMEARED NUCLEON SOURCES
FOR DOMAIN WALL FERMIONS

Since careful optimization of the interpolating field for
the nucleon source is crucial for the high precision calcu-
lations described in this work, in this appendix we describe
in detail our optimization procedure and record the optimal
parameters in two commonly used conventions.

We have two objectives in constructing sources for
propagators that will be optimal for calculating hadronic
matrix elements. The first is to maximize the overlap
between the interpolating field acting on the QCD vacuum
and the hadronic ground state. The second is to minimize
fluctuations arising from the source itself. Let !N denote an
interpolating field with the quantum numbers of the had-
ron, j"i ¼ C"1=2 !Nj#i denote the normalized state ob-
tained by its action on the vacuum, and jni denote the
nth eigenstate of the hadron (projected to zero momentum
in the present discussion). Then, maximizing jh0j"ij2
minimizes the contributions of excited states to the mea-
surement of the hadronic matrix element of an operator O

hNðt3ÞOðt2ÞNðt1Þi ¼ C
X

n;m

h"jnihnjOjmi

% hmj"ie"Enðt3"t2Þ"Emðt2"t1Þ; (B1)

and hence enables one to reduce the source-sink separation
while controlling contamination from excited states as
discussed in Sec. VA.
The first objective is met by using smeared propagators

and treating the rms radius of the smearing as a variational
parameter. Although similar effects can be accomplished
with gauge fixed sources, we use gauge invariant sources of
the Wuppertal [38,39], or equivalently, Gaussian form by
smearing a delta function source over the three spatial
dimensions of the source time slice.
Wuppertal smearing of a point source at the origin of

time slice t is defined in the MIT USQCD software as

cðx; tÞ ¼
!
1þ !

X3

i¼1

½Uðx; iÞ"xþî;y þUyðx" î; iÞ"x"î;y(
"
N

% "y;0; (B2)

TABLE XVI. Comparison of fit Ansätze to the isovector Dirac form factors Fu"d
1 for all three

ensembles with different Q2 cutoffs.

aml ¼ 0:004
Dipole Tripole

Q2 cutoff [GeV2] #2=dof M"2
D [GeV"2] #2=dof M"2

T [GeV"2]
0.3 0.2(6) 0.670(22) 0.2(6) 0.436(14)
0.4 0.3(6) 0.659(19) 0.8(9) 0.424(12)
0.5 0.5(6) 0.653(17) 1.0(9) 0.418(11)
0.6 0.4(5) 0.652(17) 1.0(8) 0.417(11)
0.7 0.5(5) 0.649(17) 1.2(8) 0.414(11)
0.9 0.9(7) 0.638(16) 1.9(1.0) 0.404(10)
1.1 1.4(8) 0.632(16) 3.0(1.1) 0.398(10)

aml ¼ 0:006
Dipole Tripole

Q2 cutoff [GeV2] #2=dof M"2
D [GeV"2] #2=dof M"2

T [GeV"2]
0.3 0.5(1.0) 0.625(13) 0.5(1.0) 0.407(8)
0.4 1.8(1.3) 0.610(12) 3.3(1.8) 0.393(7)
0.5 2.8(1.5) 0.602(11) 4.8(1.9) 0.386(7)
0.6 2.3(1.2) 0.602(11) 4.2(1.7) 0.386(7)
0.7 2.1(1.1) 0.601(11) 3.8(1.5) 0.385(7)
0.9 2.0(1.0) 0.597(11) 4.1(1.4) 0.379(7)
1.1 2.0(9) 0.595(11) 4.8(1.5) 0.375(7)

aml ¼ 0:008
Dipole Tripole

Q2 cutoff [GeV2] #2=dof M"2
D [GeV"2] #2=dof M"2

T [GeV"2]
0.3 0.09(42) 0.592(13) 0.09(42) 0.386(8)
0.4 0.3(5) 0.588(12) 1.0(1.0) 0.380(7)
0.5 0.9(9) 0.582(11) 1.9(1.2) 0.374(7)
0.6 1.0(8) 0.579(11) 2.2(1.2) 0.371(7)
0.7 0.9(7) 0.579(11) 2.0(1.1) 0.370(7)
0.9 1.1(7) 0.575(10) 2.7(1.2) 0.366(6)
1.1 1.0(7) 0.575(10) 2.7(1.1) 0.365(6)
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and Gaussian smearing is defined in CHROMA software as

c ðx; tÞ ¼
!
1$ !2r2

4N

"
N
c ðx; tÞ

¼
!
1$ 3!2

2N

"
N
!
1þ !2=4N

1$ 3!2=2N

&
X3

i¼1

½Uðx; iÞ"xþî;y þUyðx$ î; iÞ"x$î;y(
"
N
"y;0:

(B3)

The CHROMA and MIT parameters are related by

# ¼ !2=4N

1$ 3!2=2N
; (B4)

!2 ¼ 2N#

3#þ 1=2
: (B5)

Note that there is an instability for #< 0, since the sign
of the source generated in Eq. (B2) is then ð$1Þxþyþz, and
the resulting spatially oscillating source has an extremely
poor overlap with the physical ground state. In terms of the
Gaussian parameters, the instability arises for N < 3!2=2.

Because the smeared sources contain link variables U,
the statistical fluctuations in correlation functions using
these sources are larger than those arising from point
sources. To attain our second objective of minimizing the

fluctuations arising from the source itself, it is highly
advantageous to perform APE smearing of the gauge links
[40] used in generating the source on the time slice of the
source. In each iteration of APE smearing, each link is
replaced by a linear combination of itself and the sum of
staples within that time slice, and projected back onto
SUð3Þ as follows,

UðNþ1Þ
x;i ¼ ProjSUð3Þ

#
UN

x;i þ $
X3

j!i

UN
x;jU

N
xþj;iU

Ny
xþi;j

$
; (B6)

and the APE smearing is repeated N times. An alternative
notation is

UðNþ1Þ
x;i ¼ ProjSUð3Þ

#
AUN

x;i þ
X3

j!i

UN
x;jU

N
xþj;iU

Ny
xþi;j

$
; (B7)

so that

A ¼ 1=$: (B8)

A convenient measure of the smearing of the source
c ðx; tÞ in Eq. (B2) is the rms radius

rrms ¼ hr2ið1=2Þ ¼
#R

d3xj ~xj2c )ð ~x; tÞc ð ~x; tÞR
d3xc )ð ~x; tÞc ð ~x; tÞ

$
1=2

; (B9)

and Fig. 2 of Ref. [71] shows how rrms depends on the
parameters N and #. As one expects from the fact that

TABLE XVII. Comparison of fit Ansätze to the isovector Pauli form factors Fu$d
2 for all three

ensembles with different Q2 cutoffs.

aml ¼ 0:004
Dipole Tripole

Q2 cutoff [GeV2] %2=dof F2ð0Þ M$2
D [GeV$2] %2=dof F2ð0Þ M$2

T [GeV$2]
0.5 1.2(1.3) 2.89(12) 0.820(70) 1.2(1.3) 2.85(11) 0.505(40)
0.6 1.1(1.1) 2.92(11) 0.846(63) 1.0(1.0) 2.87(10) 0.516(36)
0.7 0.9(8) 2.93(11) 0.847(60) 0.8(8) 2.87(10) 0.513(33)
0.9 0.9(8) 2.98(9) 0.888(46) 0.7(7) 2.89(8) 0.526(15)
1.1 0.8(7) 2.97(9) 0.881(41) 0.9(7) 2.85(8) 0.509(21)

aml ¼ 0:006
Dipole Tripole

Q2 cut [GeV2] %2=dof F2ð0Þ M$2
D [GeV$2] %2=dof F2ð0Þ M$2

T [GeV$2]
0.5 1.7(1.5) 3.14(7) 0.797(39) 1.6(1.5) 3.10(7) 0.492(22)
0.6 1.4(1.2) 3.16(7) 0.810(35) 1.2(1.1) 3.10(6) 0.495(20)
0.7 1.5(1.1) 3.18(7) 0.825(33) 1.1(1.0) 3.12(6) 0.501(19)
0.9 1.4(1.0) 3.22(6) 0.851(26) 1.0(8) 3.13(5) 0.505(14)
1.1 1.3(9) 3.24(5) 0.861(22) 1.0(7) 3.11(5) 0.499(12)

aml ¼ 0:008
Dipole Tripole

Q2 cut [GeV2] %2=dof F2ð0Þ M$2
D [GeV$2] %2=dof F2ð0Þ M$2

T [GeV$2]
0.5 2.2(1.7) 3.26(7) 0.813(34) 2.1(1.7) 3.21(6) 0.501(19)
0.6 1.6(1.3) 3.26(6) 0.813(33) 1.7(1.3) 3.20(6) 0.497(19)
0.7 2.5(1.4) 3.29(6) 0.841(31) 2.1(1.3) 3.22(6) 0.511(17)
0.9 2.1(1.2) 3.31(5) 0.851(22) 1.8(1.1) 3.22(5) 0.506(12)
1.1 2.0(1.1) 3.32(5) 0.862(20) 1.6(1.0) 3.21(5) 0.502(10)
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Simulation Details

�y,0

~    2 [a]
~ 0.2 [fm]

~    4 [a]
~ 0.4 [fm]

~    8 [a]
~ 0.7 [fm]

⍺=1, N = 10 ⍺=1, N = 50 ⍺=1, N = 150



  Signal vs. smearing
Simulation Details
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  Signal vs. smearing
Simulation Details

𝛺ccc - JP=3/2+ SH-SH Ground state #meas ~ 145



  Variational Method
Cij(t) = P±h�i(t)�̄j(0)i

Cij(t) =
NX

↵=1

⌫↵⇤i ⌫↵j e
�tE↵

Two-point correlation function matrix

Spectral decomposition can be written as

P± = (1± �0)/2

⌫↵i : Overlap factors

Parity projector

Simulation Details

±

± ±

C(t) =

0

B@
h�1(t)�̄1(0)i h�1(t)�̄2(0)i . . .
h�2(t)�̄1(0)i h�2(t)�̄2(0)i . . .

...
...

. . .

1
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  Variational Method
Translate into a Generalized Eigenvalue Problem and solve

t0 : Normalization time
�↵(t, t0): Eigenvalues
 ↵ : Eigenvectors

Simulation Details

Diagonalize C(t) using Right and Left 𝜓⍺(T)

C(t) ↵
R(t) = �↵(t, t0)C(t0) 

↵
R(t)

C(t0)
�1C(t) ↵

R(t) = �↵(t, t0) 
↵
R(t)
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Overlap of the superposed interpolating fields

mass/energy

C↵(t) ⌘  ↵
L(T )C(t) �

R(T )�↵� = �↵�Z
↵Z̄�e�m↵t
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Usual effective mass method follows to extract masses

M↵
e↵(t) = ln

✓
C↵(t)

C↵(t+ 1)

◆
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  Variational Method

Cij(t) = P±h�i(t)�̄j(0)i

Two-point correlation function matrix

P± = (1± �0)/2
Parity projector

�1(x) = ✏abc
⇥
QTa(x)C�5q

b(x)
⇤
qc(x)

�2(x) = ✏abc
⇥
QTa(x)Cqb(x)

⇤
�5q

c(x)

�4(x) = ✏abc
⇥
QTa(x)C�5�4q

b(x)
⇤
qc(x)

3 x Interpolating Operators 3 x Different Smearings

+

Simulation Details

±

Wisdom from Pérez-Rubio et al. (RQCD), PRD92 034504 (2015) 
Singly charmed baryons less sensitive to charm quark smearing 

Fix charm quark’s smearing, perform variation over light or strange 
Doubly charmed baryons less sensitive to light or strange quark smearing 

Fix light or strange’s smearing, perform variation over charm



  𝛺ccc

Results

GS 1st

srcS 50,150 50,150

snkS 10,50 10,50

[ ti,tf ] 8,18 4,11

Mass 
[GeV] 4.826(17) 5.492(130)

GS 1st

srcS 10,50 10,50

snkS 10,50 10,50

[ ti,tf ] 13,18 7,11

Mass 
[GeV] 5.131(215) 5.640(237)

JP = 3/2+

JP = 3/2-
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ΔM = 0.666 GeV our
ΔM = 0.554 GeV HSC’14

ΔM = 0.509 GeV our
ΔM = 0.538 GeV HSC’14

PRD90 074504 (2014) 
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  𝛺*cc

Results

GS 1st

srcS 10,150 10,150

snkS 10,50 10,50

[ ti,tf ] 8,19 6,9

Mass 
[GeV] 3.804(20) 4.498(135)

GS 1st

srcS 50 -

snkS 0 -

[ ti,tf ] 7,13 -

Mass 
[GeV] 4.287(35) -

JP = 3/2+

JP = 3/2-
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0 5 10 15 20 25 30
1.7
1.8
1.9
2.0
2.1
2.2

t [a]

M
ef
f
[a
]

ΔM = 0.694 GeV our
ΔM = 0.430 GeV RQCD’15

M = 4.132(42)(43) GeV
RQCD’15/a
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  𝛺*c

Results

GS 1st

srcS 150 50,150

snkS 0 10,150

[ ti,tf ] 12,19 5,10

Mass 
[GeV] 2.753(35) 3.390(242)

GS 1st

srcS 50 -

snkS 0 -

[ ti,tf ] 12,18 -

Mass 
[GeV] 3.092(157) -

JP = 3/2+

JP = 3/2-

#meas ~ 145

ΔM = 0.637 GeV our
ΔM = 0.646 GeV RQCD’15

M = 3.016(32)(37) GeV RQCD’15
M = 3.066 GeV LHCb’17 (?)
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  𝛯*cc

Results

GS 1st

srcS 150 10,50

snkS 0 10,150

[ ti,tf ] 9,12 7,11

Mass 
[GeV] 3.713(44) 4.174(209)

GS 1st

srcS 10 10.50

snkS 0 50,150

[ ti,tf ] 9,14 3,8

Mass 
[GeV] 4.120(118) 4.820(281)

JP = 3/2+

JP = 3/2-

#meas ~ 100

ΔM = 0.461 GeV our
ΔM = 0.384 GeV RQCD’15
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  𝛴*c  & 𝛯*c

Results

GS - 𝛴*c GS - 𝛯*c

srcS 150 10

snkS 0 0

[ ti,tf ] 9,12 13,19

Mass 
[GeV] 2.623(68) 2.705(63)

GS - 𝛴*c GS - 𝛯*c

srcS 150 50

snkS 0 0

[ ti,tf ] 9,12 13,16

Mass 
[GeV] 2.600(98) 2.629(50)

JP = 3/2+

JP = 3/2-

#meas ~ 100
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  𝛺cc

Results

GS 1st

srcG 1_g5, g5_1 1_g5, g5_1

snkG 1_g5, g5_1 1_g5, g5_1

srcS 150 150

[ ti,tf ] 9,21 8,20

Mass 
[GeV]

3.741(11) 3.825(33)

JP = 1/2+

JP = 1/2-

#meas ~ 145

ΔM = 0.084 GeV our
ΔM = 0.444 GeV RQCD’15

/a/a
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GS 1st

srcG 1_g5, g5_1 1_g5, g5_1

snkG 1_g5, g5_1 1_g5, g5_1

srcS 10 10

[ ti,tf ] 10,19 8,13

Mass 
[GeV]

4.180(57) 4.276(44)

ΔM = 0.096 GeV our
ΔM = 0.333 GeV RQCD’15
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  𝛯cc

Results

JP = 1/2+

JP = 1/2-

#meas ~ 100

/a

/a

/a

a a

a

GS 1st

srcG 1_g5, g4g5_1 1_g5, g4g5_1

snkG 1_g5, g4g5_1 1_g5, g4g5_1

srcS 150 150

[ ti,tf ] 6,10 9,13

Mass 
[GeV]

3.592(26) 3.934(83)

Mexp=3.621(1) GeV LHCb
ΔM = 0.342 GeV our
ΔM = 0.407 GeV RQCD’15

GS 1st 2nd

srcG 1_g5,g4g5_1 g5_1 1_g5,g4g5_1 g5_1 1_g5,g4g5_1 g5_1

snkG 1_g5,g4g5_1 g5_1 1_g5,g4g5_1 g5_1 1_g5,g4g5_1 g5_1

srcS 150 150 150

[ ti,tf ] 5,10 4,10 5,8

Mass 
[GeV]

3.939(63) 4.038(65) 4.117(59)
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  𝛺c

Results

JP = 1/2+

JP = 1/2-

#meas ~ 145

GS 1st

srcG 1_g5,g4g5_1 g5_1 1_g5,g4g5_1 g5_1

snkG 1_g5,g4g5_1 g5_1 1_g5,g4g5_1 g5_1

srcS 50 50

[ ti,tf ] 10,19 5,8

Mass 
[GeV]

2.735(17) 3.880(70)
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  𝛺c

Results

JP = 1/2-

#meas ~ 145

GS 1st

srcG 1_g5,g4g5_1 g5_1 1_g5,g4g5_1 g5_1

snkG 1_g5,g4g5_1 g5_1 1_g5,g4g5_1 g5_1

srcS 150 150

[ ti,tf ] 4,11 avg([5,8],[6,9]) 

Mass 
[GeV] 3.053(26) 3.074(35)(11)
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No speculations!
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  𝛬c, 𝛴c, 𝛯c & 𝛯’c
Results

JP = 1/2+
#meas ~ 100

GS - 𝛬c GS - 𝛴c

srcG g5_1 g5_1

snkG g5_1 g5_1

srcS 150 150

[ ti,tf ] 6,13 8,12

Mass 
[GeV]

2.333(54) 2.504(46)
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GS - 𝛯c GS - 𝛯’c

srcG g5_1 g5_1

snkG g5_1 g5_1

srcS 150 10

[ ti,tf ] 5,11 11,17

Mass 
[GeV]

2.506(28) 2.666(28)/a
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   Summary & Outlook
Summary

Acquiring statistics

too high?

needs closer
inspection 

wrong hierarchy

too small 
splitting

genuine
signal?

J = 1/2 1/2 1/2 1/2 1/2 3/2 3/2 3/2 3/2 3/2 3/21/2 1/2

Some neg. parity and excited signals does 
not make sense yet

Ground states seems fine
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This work Pos.
This work Neg.
TWQCD'17 Pos.
TWQCD'17 Neg.
ETMC'17
Brown et al.'14
Briceno et al.'12
PACS-CS'13 
RQCD'15 Pos.
RQCD'15 Neg.

!" # $ $ ! # $c c c c c c c c‘ **

Exp.

*

Summary

J = 1/2 1/2 1/2 1/2 1/2 3/2 3/2 3/2 3/2 3/2 3/21/2 1/2

   Summary & Outlook

Ground states are more or less consistent

Negative parity and excited states need more work

Room for improvement: Careful plateau id, two-expo. fits 
for stabilization, check for thresholds 

Work in progress! Expect changes additions to these results

Legend ref.s in slide #6 
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Thank you!
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  Variational Method
Consistency check

Simulation Details
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  The quenched lattice scene
Introduction

Quenched, Nf = 0

K. C. Bowler et al. (UKQCD), PRD54, 3619 (1996):  

Tree-level Clover, JP = 1/2+ & JP = 3/2+, singly charmed  

J. M. Flynn et al. (UKQCD), JHEP 07, 066 (2003):  

Non-pert. Clover, JP = 1/2+ & JP = 3/2+, doubly charmed 

T.-W. Chiu and T.-H. Hsieh, Nucl. Phys. A755, 471 (2005): 

Domain wall, JP = 1/2+,- & JP = 3/2+,-, singly, doubly and triply charmed 

Lewis et al. PRD64, 094509 (2001): 

D234 type Wilson, JP = 1/2+ & JP = 3/2+, singly and doubly charmed 

Mathur et al. PRD66, 014502 (2002): 

NRQCD, JP = 1/2+ & JP = 3/2+, singly and doubly charmed



  The full-QCD lattice scene
Introduction

Full QCD, Nf = 2

Durr et al. PRD86 114514 (2012): 

Brillouin, JP = 1/2+ strange-charmed & JP = 3/2+ triply charmed 

a = 0.0728(5)(19) fm, m_pi ~ 280 MeV

Alexandrou et al. (ETM), PRD80 114503 (2009): 

Osterwalder-Seiler, JP = 1/2+ & JP = 3/2+,  singly and doubly charmed 

a ∈ {0.0666(6), 0.0855(6), 0.0995(7)} fm, 

m_pi ∈ {{307,424,488,688},{270,308,313,390,447,484},{367,413,480,586}} MeV

Alexandrou et al. PRD96 (2017) no.3, 034511: 

Twisted mass with clover, JP = 1/2+ & JP = 3/2+, singly, doubly and triply (strange-) 
charmed 

a = 0.0938(3)(2) fm, m_pi ~ 130 MeV



  The full-QCD lattice scene
Introduction

Full QCD Nf = 2+1

H. Na and S. A. Gottlieb, PoS LAT2007, 124 (2007) & PoS LATTICE2008, 119 (2008): 

Fermilab, JP = 1/2+ & JP = 3/2+,  singly and doubly charmed 

a ∈ {0.09, 0.12, 0.15} fm

Liu et al., PRD81 094505 (2010): 

Fermilab, JP = 1/2+,  singly and doubly charmed  

a = 0.125 fm, m_pi ∈ (290, 355, 495, 595) MeV

Namekawa et al. (PACS-CS), PRD87 094512 (2013): 

RHQA, JP = 1/2+ & JP = 3/2+,  singly, doubly and triply charmed 

a ~ 0.09 fm, m_pi ~ 135 MeV

Brown et al., PRD90 094507 (2014): 

RHQA, JP = 1/2+ & JP = 3/2+,  singly, doubly and triply charmed 

a ∈ {0.085, 0.112, 0.114(13)} fm, 

m_pi ∈ {{227,295,352},{245,270,336,336},{419}} MeV

Pérez-Rubio et al. (RQCD), PRD92 034504 (2015): 

Clover, JP = 1/2+,- & JP = 3/2+,-,  singly and doubly charmed 

a ~ 0.075 fm, m_pi ~ 259-460 MeV



  The full-QCD lattice scene
Introduction

Full QCD, Nf = 2+1+1

Briceno et al., PRD86 094504 (2012): 

RHQA, JP = 1/2+ & JP = 3/2+ singly, doubly and triply charmed 

a ∈ {0.06, 0.09, 0.12} fm, m_pi ∈ {220, 310} MeV

Alexandrou et al. (ETM), PRD90(7) 074501 (2014): 

Twisted mass, JP = 1/2+ & JP = 3/2+ singly, doubly and triply charmed 

a ∈ {0.0646(7), 0.0823(10), 0.0936(13)} fm, 

m_pi ∈ {{213,246,298},{256,302,372,432},{261,298,332}} MeV

Y.-C. Chen et al. (TWQCD), PLB767 (2017) 193-198: 

Domain wall, JP = 1/2+,- & JP = 3/2+,-, singly, doubly and triply (strange-) charmed  

a = 0.063 fm, m_pi ~ 280 MeV 


