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The Fermion Sign Problem

How to calculate a thermodynamic expectation value?
oy ~5(9)
(0) = > Do Oe

Importance sampling: draw N samples ¢, from p(¢) x e—5(#),
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The Fermion Sign Problem

How to calculate a thermodynamic expectation value?
oy ~5(9)
(0) = > D¢ Oe

Importance sampling: draw N samples ¢, from p(¢) x e=5(#).

What if S isn't real?

D¢ eSe%k[[Dpen (e P,

IDeO e—"Sfe—SR/_/‘ D¢ e 5w <(9e_i5’>5R

The average phase (o) may be small.

QCD (finite density), Hubbard model (away from half-filling)
Thirring model, QED (both at finite density)
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The Sign Problem: A Gaussian Example

The simplest toy sign problem: Sg = (x — iu)?.

[0 dx x? e~ (x=in)?
oy = et i
[ dx e i
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2/12



The Sign Problem: A Gaussian Example

The simplest toy sign problem: Sg = (x — iu)?.

[0 dx x? e~ (x=in)?
oy = et i
[ dx e i

1.00 A
5000 A 0.75 -
& a
8 0 2‘3 0.50 ~
0.25 ~
—5000 -
T T T 0.00 A T T T T
-2 0 2 0 1 2 3
X M

2/12



The Sign Problem: A Gaussian Solution

<X2> _ ffooo dx x? ef(xf,'u)2

ffooo dx e—(x—ip)?
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The Sign Problem: A Gaussian Solution

20 dx x? e—(x=in)?
() - et
[0 dx e~ (x—in)

Invoke Cauchy's theorem!

co+ip 2
Z(u):/ dx e~ (i) / dx e~

—oo+ip

No sign problem!
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Integrating on Curved Manifolds
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Testbed: Thirring Model

Fermions (2 flavors) with a repulsive (¢),1)? interaction.
NFr
Set[A] = v > cos Au(x) — N log det D[A]

with Kogut-Susskind staggered fermions

Dyy[A] = moe, + = Z[ AN S (o (— Lyt

e*’Au( )71u61/05(x+ﬁ)7y(_1)XO+“'+XV—1:|
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Testbed: Thirring Model

Fermions (2 flavors) with a repulsive (¢),1)? interaction.
NFr
Set[A] = v > cos Au(x) — N log det D[A]
M

with Kogut-Susskind staggered fermions

[ iAy (x X0+ +X
Dy [A] = mé,, + EZ [e Au( )+H6”05x,(y+ﬂ)(_1) 0t Fx—1

_efiAV(X)fiu'(SVO(s

(X+ﬁ)7y(_1)xo+---+xu71}

Fields are periodic.
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Contour Integration Rules!

M

-3 -2 -1 0 1 2 3
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Contour Integration Rules!
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Contour Integration Rules!
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Contour Integration Rules!
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Contour Integration Rules!
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Theorem: Integrals of holomorphic functions are unchanged
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Contour Integration Rules!

/\/\

-3 -2 -1 0 1 2 3

O

—

Theorem: Integrals of holomorphic functions are unchanged

S e >
e~ Re S

(o) =

-
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An Ansatz for Thirring

Im Ag(x) = Ao+A1 cos [Re Ag(x)]+- - -

o a0 a
-3 -2 -1 0o 1 2 3
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An Ansatz for Thirring

Im Ag(x) = Ao+A1 cos [Re Ag(x)]+- - -

—I3 —I2 —Il 0 1 2 3
A very special property: J is diagonal!

dlm A, (x)

J(X7;J,)(y,z/) = 6’1 + m = 5!] (]. - I.(SOM sin [Re AO(X)])
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An Ansatz for Thirring

Im Ag(x) = Ao+A1 cos [Re Ag(x)]+ - -

—I3 —I2 —Il 0 1 2 3
A very special property: J is diagonal!

dlm A, (x)

Sy = 05 + ReA(y) 6ij (1 — idoy sin [Re Ag(x)])

What should A\g and \; be?
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Optimizing Manifolds
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Sign-Optimized Manifold Method

[ DA e—5(¢(A))+logdet J 7
<0> = frDA e—Sr(¢(A))+Relogdet J - ZPQ

Gradient descent: calculate V) (¢). This is hard!
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Sign-Optimized Manifold Method

f'DA e_5(¢(A))+|ogdetJ B 7
fDA e—Sr(¢(A))+Relogdet J - ZPQ

(o)

Gradient descent: calculate V) (o). This is not hard!

VaZ =0

That leaves V\Zpq, which is a phase-quenched observable. No
sign problem!

Valog (o) = (V)S — Trlog J*lvAJ>Re .
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Finite Density Thirring Model in 2 + 1 Dimensions

nfmy

63 lattice

am = 0.01

aMr ~ 0.56 + 0.02
g =1.08
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Outlook, Near And Far

(U

VT @s0
Get a phase diagram! o (P)#0 :
(Neill Warrington) .

Extend to gauge theories!
1B P (Henry Lamm)
/ /

Ohnishi et al., Saturday 11:15 (1805.08940, 1712.01088)
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Outlook, Near And Far

VT @s0
Get a phase diagram! o (P)#0 :
(Neill Warrington) .

Extend to gauge theories!
1B P (Henry Lamm)
/ /

Ohnishi et al., Saturday 11:15 (1805.08940, 1712.01088)

Identify more general families of manifolds
Apply to the Hubbard model
Real-time calculations: transport coefficients, etc.
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Holomorphic Integrands for Physical Observables

(Guvidyn) = 5 [ DA e 5= (D5 05"~ D;*D;) det D

Integrand doesn’t look holomorphic!
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Integrand doesn’t look holomorphic! Look at the
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Holomorphic Integrands for Physical Observables
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Integrand doesn’t look holomorphic! Look at the
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Subgraph Expansion of the Fermion Determinant
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Subgraph Expansion of the Fermion Determinant
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Origin of the Smile: Large-; Limit
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Origin of the Smile: Large-; Limit

det D = — VBu [e’ZX A(¥) 4 0 (e_gu)}

~ evm/ [H dAo(x)dAr(x ] HecosAo(x)+iAo(x)ecosA1(x)

X

Vv
7 ~ eVBu |:/dA1(X cos A1 (x :| |:/dA cosAo (x)+ix



Cauchy'’s Integral Theorem

Y

For any holomorphic function
f(z):
0= fdz

Q) o0




Cauchy'’s Integral Theorem

Y

For any holomorphic function
f(z):
0= fdz

Q) o0

Y

Y2

/fdz:/ fdz
M 72

If we can continuously deform
to 2, “tracing out” €.

Y

Y1
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