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1.	Beginning	of	new	era	
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First	collision	at	Belle	II	 April 26, 2018	
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50x	luminosity	by	
					“nano	beam”	

MITP 2018, Belle II Phillip URQUIJO

Track reconstruction
• Impact parameters: σd0 Belle II ~ 0.5 x σd0 Babar 

• Vertex: σz Belle II ~ 0.5 x σz Belle 

• Mass: σM Belle II ~ 0.7 x σM Belle 

• Novel silicon—dedicated tracking. Good for D* efficiencies <pπ-slow> ~ 100 MeV.
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FIG. 11: Left: Tracking e�ciency with (top) and without (bottom) background as a
function of p

t

. Right: Low p
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region.
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FIG. 12: Number of tracks with PXD hits for the two VXDTF algorithms in no
background (left) and background (right) cases.
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FIG. 12: Number of tracks with PXD hits for the two VXDTF algorithms in no
background (left) and background (right) cases.
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Fig. 3: Resolution of the transverse d0 (left) and longitudinal z0 (right) impact parameters.

The results for MC events with a single muon track using the Belle II tracking algorithm

are compared with the results for Belle cosmic events [? ]. The resolution in each bin is

estimated using the � value of a single Gaussian function fitted in a region containing 90%

of the data around the mean value of the distributions.
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Fig. 4: (left) SVD-only pattern recognition e�ciency versus the transverse momentum, for

generic ⌥ (4S) events with and without machine background; (right)

the left plot of Fig. ?? the track finding e�ciency using only SVD hits. The overall e�ciency 152

is higher, and, most important, the degradation of the performance with background is much 153

limited with respect to what shown earlier. 154

1.3.2. V 0-like particle reconstruction. Long-lived neutral particles that decay into two 155

charged particles at some distance away from the interaction point are reconstructed using a 156

dedicated algorithm. This V 0 reconstruction takes place after the reconstruction of charged 157

particles and is intended to avoid extrapolation through material on the analysis level, where 158

the actual V 0 selection takes place. This is in accordance with the design goal of removing 159

dependence of analysis level information on knowledge of the detector material. 160

The goal of V 0 reconstruction is to keep all reasonably accurate V 0 vertices outside the 161

beam pipe as well as those inside the beam pipe whose reconstructed mass is reasonably 162

6/??
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Backup

2018/6/8 Belle II Experiment: Status and Physics Prospects 31

Schedule

• Belle II/SuperKEKB is gradually being launched 
• Phase 1 w/o Belle II (2016…done) 
• Phase 2 partial Belle II (since 2018…ongoing!)
• Phase 3 full Belle II (plan for early 2019)

2018/6/8 Belle II Experiment: Status and Physics Prospects 10

We’re 
here!



2.	Hints	of	new	physics	in	B	decays	

Jul 24, 2018 S. Hashimoto (KEK/SOKENDAI) Page 6 



Jul 24, 2018 S. Hashimoto (KEK/SOKENDAI) Page 7 

R(D(⇤)) =
�(B̄ ! D(⇤)⌧ ⌫̄)

�(B̄ ! D(⇤)µ⌫̄)
<latexit sha1_base64="c4xQ9NLI2rNdauZurWCWOqdCoU0="></latexit><latexit sha1_base64="c4xQ9NLI2rNdauZurWCWOqdCoU0="></latexit><latexit sha1_base64="c4xQ9NLI2rNdauZurWCWOqdCoU0="></latexit><latexit sha1_base64="c4xQ9NLI2rNdauZurWCWOqdCoU0="></latexit>

Lattice	inputs	used	
for	form	factors	
(together	with	exp	
data)	

Moriond	QCD,March	25th	April	1st 2

Lepton Flavour Universality tests with B decays

In the SM : 

W+

ℓ-

νℓ

ℓ=e, μ or τ

Z0

ℓ+

ℓ-

… à R(D*) and R(K)

R(D*)= "→$∗	'	(
"→$∗	)	( R(K)= "→*))

"→*++
R=1 (at 10-3 ) in the SMR(D*)=0.252 +- 0.003

Phys.Rev.D85(2012) 094025

ℓ+

νℓ
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R(D)
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R
(D

*) BaBar, PRL109,101802(2012)
Belle, PRD92,072014(2015)
LHCb, PRL115,111803(2015)
Belle, PRD94,072007(2016)
Belle, PRL118,211801(2017)
LHCb, PRL120,171802(2018)
Average

Average of SM predictions

 = 1.0 contours2χ∆

 0.003±R(D) = 0.299 
 0.005±R(D*) = 0.258 

HFLAV

Summer 2018

) = 74%2χP(

σ4

σ2

HFLAV
Summer 2018

SM	

from	Fermilab/MILC	(2015),	HPQCD	(2015)	

tension,	3.8σ	
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R(K(⇤)) =
�(B̄ ! K̄(⇤)µ+µ�)

�(B̄ ! K̄(⇤)e+e�)
<latexit sha1_base64="7Rv7OJdZY2CFjNYPWoaeW8rdREI="></latexit><latexit sha1_base64="7Rv7OJdZY2CFjNYPWoaeW8rdREI="></latexit><latexit sha1_base64="7Rv7OJdZY2CFjNYPWoaeW8rdREI="></latexit><latexit sha1_base64="7Rv7OJdZY2CFjNYPWoaeW8rdREI="></latexit>

Lepton	flavor	universality:		
			not	so	much	room	to	help	from	lattice	(?)	

The framework: b æ s¸¸ effective Hamiltonian, Wilson Coefficients

`+

`�

c, t

W

b s

B M

`+

`�

c, t

W

b s

1

B M

`+

`�

O7,70

B M

`+

`�

O9,10,90,100...

2

B M

`+

`�

O7,70

B M

`+

`�

O9,10,90,100...

2

b æ s“(ú) : HSM
—F =1

Ã
ÿ

V ú
tsVtbCiOi + . . .

separate short and long distances (µb = mb)

O
7

= e
16fi2 mb (̄s‡µ‹PRb) Fµ‹ [real or soft photon]

O
9

= e2

16fi2 (̄s“µPLb) (¯̧“µ¸)
O

10

= e2

16fi2 (̄s“µPLb) (¯̧“µ“5¸)

At the µb = 4.8 GeV scale:

CSM

7

= ≠0.29, CSM

9

= 4.1, CSM

10

= ≠4.3

NP changes short-distance Ci = CSM

i + CNP

i for SM or involve additional operators Oi

Chirally flipped (W æ WR) O7Õ Ã (s̄‡µ‹PL b)Fµ‹ , O9Õ Ã (s̄“µPR b)(¯̧“µ¸) ....

(Pseudo)scalar (W æ H+) OS Ã (s̄PRb)(¯̧̧ ), OP Ã (s̄PRb)(¯̧“5¸)
Tensor operators (“ æ T ) OT Ã s̄‡µ‹(1 ≠ “

5

)b ¯̧‡µ‹¸

Joaquim Matias Universitat Autònoma de Barcelona Flavour anomalies in b æ s¸¸ processes, where we are and what’s next
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“	P5’	”	:		
		defined	for	angular	distribution	of BàK*µ+µ−	

Uncertainty	from	form	factors	is	supposed	to	be	small…	

Putting all together

B0

d ! K⇤µ+µ� results
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• Several observables appear
di↵erent than SM

• In particular P 0
5
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significant discrepancy

• Global fits show large
disagreement
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F. Dettori Rare heavy flavour decays Blois 2017 16/24LHCb/Belle and ATLAS show deviations from the SM in 4<q2μμ<8 GeV 
CMS shows better agreement 
 Good agreement with SM for  B →K*e+e- : hint of LFU?

24

a combined plot from Prisciandaro @ FPCP 2017	
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Also	for	branching	fractions:	
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FIG. 6. Standard-Model di↵erential branching fraction (gray band) for B ! Kµ+µ� decay (left)
and B ! K⌧+⌧� (right), where B denotes the isospin average, using the Fermilab/MILC form
factors [62]. Experimental results for B ! Kµ+µ� are from Refs. [45, 146–148]. The BaBar, Belle,
and CDF experiments report isospin-averaged measurements.

logarithmically enhanced QED corrections.
Figure 6 plots the isospin-averaged Standard-Model di↵erential branching fractions for

B ! Kµ+µ� and B ! K⌧+⌧�. For B ! Kµ+µ� decay, we compare our results with
the latest measurements by BaBar [148], Belle [146], CDF [147], and LHCb [45]. Tables V
and VI give the partially integrated branching fractions for the charged (B+) and neutral
(B0) meson decays, respectively, for the same q2 bins used by LHCb in Ref. [45]. In the
regions q2 . 1 GeV2 and 6 GeV2 . q2 . 14 GeV2, uū and cc̄ resonances dominate the
rate. To estimate the total branching ratio, we simply disregard them and interpolate
linearly in q2 between the QCD-factorization result at q2 ⇡ 8.5 GeV2 and the OPE result at
q2 ⇡ 13 GeV2. Although this treatment does not yield the full branching ratio, it enables a
comparison with the quoted experimental totals, which are obtained from a similar treatment
of these regions. Away from the charmonium resonances, the Standard-Model calculation
is under good theoretical control, and the partially integrated branching ratios in the wide
high-q2 and low-q2 bins are our main results:

�B(B+ ! K+µ+µ�)SM ⇥ 109 =

⇢
174.7(9.5)(29.1)(3.2)(2.2), 1.1 GeV2  q2  6 GeV2,
106.8(5.8)(5.2)(1.7)(3.1), 15 GeV2  q2  22 GeV2,

(4.3)

�B(B0 ! K0µ+µ�)SM ⇥ 109 =

⇢
160.8(8.8)(26.6)(3.0)(1.9), 1.1 GeV2  q2  6 GeV2,
98.5(5.4)(4.8)(1.6)(2.8), 15 GeV2  q2  22 GeV2,

(4.4)

where the errors are from the CKM elements, form factors, variations of the high and low
matching scales, and the quadrature sum of all other contributions, respectively. LHCb’s
measurements for the same wide bins are [45]

�B(B+ ! K+µ+µ�)exp ⇥ 109 GeV2 =

⇢
118.6(3.4)(5.9) 1.1 GeV2  q2  6 GeV2,
84.7(2.8)(4.2) 15 GeV2  q2  22 GeV2,

(4.5)

21

B à Kl+l− 

 
a plot from 
Fermilab-MILC (Du et al.), 
PRD93, 034005 (2016). 

Exp	data	are	consistently	lower	than	the	SM	
prediction	+	lattice	(and	other)	form	factors.	



Understanding effects from charm
� Z’, leptoquarks �Hadronic SM effects

14Flavour Physics at LHC Run 2, 21-27/05/2017 (Some) B anomalies and rare decays

� Measure the resonance effects in C9 in an inclusive analysis  

Prog. Part. Nucl. Phys. 92 (2017) 50

Large long-distance charm resonance effects far 
from the resonances on the q2 plane
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Understanding effects from charm
� Z’, leptoquarks �Hadronic SM effects

14Flavour Physics at LHC Run 2, 21-27/05/2017 (Some) B anomalies and rare decays

� Measure the resonance effects in C9 in an inclusive analysis  

Prog. Part. Nucl. Phys. 92 (2017) 50

Large long-distance charm resonance effects far 
from the resonances on the q2 plane

    ( )ccB K B K XP P P P� � � � � � � �o � o

NP
9 9C C� eff 2

9 9 ( )ji
j j

j
C C e A qGK �¦

Interpretation of global fits

C9 + CNP
9

Ce↵
9 = C9 +

X

j

⌘je
i�jAj(q

2)

Anomalies due to new physics 
e.g.: Vector-like contribution could come from new tree 
level contribution from a Z’ with a mass of a few TeV 

Vector-like contribution could point to a problem with 
our understanding of QCD. Are we correctly estimating 
charm loop contributions?

Inclusive analysis to measure the resonance effects in C9 
 
- LHCb measurement of the phase difference between short- and long- 
distance contributions 
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FIG. 6. Standard-Model di↵erential branching fraction (gray band) for B ! Kµ+µ� decay (left)
and B ! K⌧+⌧� (right), where B denotes the isospin average, using the Fermilab/MILC form
factors [62]. Experimental results for B ! Kµ+µ� are from Refs. [45, 146–148]. The BaBar, Belle,
and CDF experiments report isospin-averaged measurements.

logarithmically enhanced QED corrections.
Figure 6 plots the isospin-averaged Standard-Model di↵erential branching fractions for

B ! Kµ+µ� and B ! K⌧+⌧�. For B ! Kµ+µ� decay, we compare our results with
the latest measurements by BaBar [148], Belle [146], CDF [147], and LHCb [45]. Tables V
and VI give the partially integrated branching fractions for the charged (B+) and neutral
(B0) meson decays, respectively, for the same q2 bins used by LHCb in Ref. [45]. In the
regions q2 . 1 GeV2 and 6 GeV2 . q2 . 14 GeV2, uū and cc̄ resonances dominate the
rate. To estimate the total branching ratio, we simply disregard them and interpolate
linearly in q2 between the QCD-factorization result at q2 ⇡ 8.5 GeV2 and the OPE result at
q2 ⇡ 13 GeV2. Although this treatment does not yield the full branching ratio, it enables a
comparison with the quoted experimental totals, which are obtained from a similar treatment
of these regions. Away from the charmonium resonances, the Standard-Model calculation
is under good theoretical control, and the partially integrated branching ratios in the wide
high-q2 and low-q2 bins are our main results:
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where the errors are from the CKM elements, form factors, variations of the high and low
matching scales, and the quadrature sum of all other contributions, respectively. LHCb’s
measurements for the same wide bins are [45]

�B(B+ ! K+µ+µ�)exp ⇥ 109 GeV2 =
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Long-distance	effects,	such	as	this,		
well	understood?	

B à Kl+l− 

 
a plot from 
Fermilab-MILC (Du et al.), 
PRD93, 034005 (2016). 



Challenges	for	LQCD	
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Precision	frontier	

Going	to	and	beyond	1%!	

Understanding	unknowns		

Even	20%	helps…	



Plans	

1.  Beginning	of	new	era	
2.  Hints	of	new	physics	in	B	decays	
3.  Precision	frontier	
– Decay	constant	reached	the	1%	milestone.		How?	

4.  A	|Vcb|	story	
–  exclusive	vs	inclusive	puzzle?		Or,	problems	in	form	

factors,	fits,	expansions…?	
5.  More	challenges	
–  inclusive	from	lattice?	
–  long-distance	in	B → K l+l−	

Jul 24, 2018 S. Hashimoto (KEK/SOKENDAI) Page 13 



Disclaimer	
•  Not	comprehensive:	
–  Sorry	if	your	important	contribution	is	missed.	

•  No	averages:	
–  See	FLAG3,	arXiv:1607.00299	(or	EPJC),	and	its	

on-line	update	
•  B	and	D	decay-const,	mixing:	M.	Della	Morte,	Y.	Aoki,	
D.	Lin	

•  B	and	D	form	factors:	E.	Lunghi,	D.	Becirevic,	S.	
Gottlieb,	C.	Pena	

–  And,	FLAG4,	appearing	early	2019.	

•  Rather,	in	this	talk,	I	want	to	share	my	
(sketchy)	understanding	with	you.	

Jul 24, 2018 S. Hashimoto (KEK/SOKENDAI) Page 14 

maybe	a	bit	provocative…	



Many	thanks	to…	

•  Huey-Wen	Lin,	and	local	organizers!	

•  Chris	Bouchard,	Brian	Colquhoun,	
Christine	Davies,	Aida	El-Khadra,	Paolo	
Gambino,	Andreas	Juttner,	Takashi	
Kaneko,	Javed	Komijani,	Zoltan	Ligeti,	
Katsumasa	Nakayama,	Chris	Sachrajda,	
Amarjit	Soni,	Alejandro	Vaquero	
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3.	Precision	frontier	
				3.1		B	meson	decay	constant	
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Precision	deserves	the	cost	
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experimental	
result	

=	
CKM	

(or	NP)	
×	

form	factor	
(=	lattice	input)	

Lattice	calculations	are	equally	valuable	as	experimental	data!		



A	big	news	in	the	precision	front…	
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B meson decay constant 
 

•  FLAG average (2016):    fB = 186 ± 4  MeV   (2+1+1 flavors)	

•  Fermilab-MILC (Bazavov et al.), arXiv:1712.09262 

                 fB = 189.4 ± 1.4  MeV  (2+1+1 flavors)	

✔️ Precision has finally reached sub-percent (0.7%). 
What does make it possible? 

“Heavy	quark	is	much	harder	because	its	Compton	
wavelength	is	shorter	than	the	lattice	grid,	so	...”	

Common	wisdom:	



A	big	news	in	the	precision	front…	
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•  HISQ	for	both	heavy	and	light	
•  Down	to	a	=	0.042	fm	at	the	

physical	pion	mass.	
•  The	computational	effort:	
•  70	TFlops*yr	(generation)	
•  70	TFlops*yr	

(measurement),	
is	a	big	factor.	But,	it	cannot	
explain	everything.	

•  Fermilab-MILC (Bazavov et al.), arXiv:1712.09262 

                 fB = 189.4 ± 1.4  MeV  (2+1+1 flavors)	

FIG. 6. Distribution of four-flavor QCD gauge-field ensembles used in this work. Ensembles that
are new with respect our previous analysis [23] are indicated with black outlines. Ensembles with
unphysical strange-quark masses are shown as gold disks with orange outlines. The area of each
disk is proportional to the statistical sample size Nconf ⇥ Nsrc. The physical, continuum limit is
located at (a = 0, M⇡ ⇡ 135 MeV).

charm and bottom quarks with controlled discretization errors. Figure 7 shows the range
of valence heavy-quark masses used in our analysis. On the coarsest a ⇡ 0.15 and 0.12 fm
ensembles, we have only two values mh = 0.9m0

c and m0

c; on our finest a ⇡ 0.042 and 0.03 fm
ensembles, however, we have several heavy-quark masses between 0.9m0

c  mh  5m0

c,
reaching just above the physical b-quark mass. Second, as discussed in Sec. III, we have
large statistical sample sizes, with about 4,000 samples on most ensembles and large lattice
volumes; the resulting errors on the decay constants range from 0.04% to 1.4%.

Because of the breadth and precision of the data set, it is a challenge to find a theo-
retically well-motivated functional form that is sophisticated enough to describe the whole
data set. We therefore rely on several EFTs to parameterize the dependence of our data
on each of the independent variables just described: Symanzik e↵ective field theory for lat-
tice spacing dependence [37], chiral perturbation theory for light- and strange-quark mass
dependence, and heavy-quark e↵ective theory for the heavy-quark mass dependence. These
EFTs are linked together within heavy-meson rooted all-staggered chiral perturbation the-
ory (HMrAS�PT) [64]. Here we use the one-loop HMrAS�PT expression to describe the
nonanalytic behavior of the interaction between pion (and other pseudo-Goldstone bosons)
and the heavy-light meson, and supplement it with higher-order analytic functions in the
light- and heavy-quark masses and lattice spacing to enable a good correlated fit.

Even with these additional terms, however, the extrapolation a ! 0 and the interpolation
mh ! mb oblige us to restrict the range of amh. In practice, we are able to obtain a good
correlated fit of our data with heavy-quark masses amh  0.9. Note, however, that our final
fit function describes even the data with amh > 0.9 quite well.

20

1/a = 4.7 GeV	



Discretization	effects	
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assuming lattice ensembles of a ~ 0.04 fm  (a-1 ~ 5 GeV) and taking 
“mb” = 3 GeV, ΛQCD ~ 0.5 GeV, αs ~ 0.2. 

naïve	
guess:	
O(a)-
improved	

Fermilab	
interpret.	
(based	on	
clover)	

	
HISQ	(for	
heavy)	

rough	
estimate	
for	“mb”	

light	 	
O(a2Λ2)	
O(a2m2)	

O(a2Λ2)		 O(αsa2Λ2)	 ~	0.2%	

O(1/m0)	 O(a2m2)	 O(αsa2m2)	 ~	7%	

O(1/m)	 O(αsaΛ)		 O(αsa2mΛ)	 ~	1%	

O(1/m2)	 O(αsaΛ2/m)		 O(αsa2Λ2)	 ~	0.2%	

Relative errors (for am < 1)	

Need	to	be	extrapolated	away	

Follana et al. PRD75 (2007) 054502.	

El-Khadra, Kronfeld, Mackenzie, PRD55 (1997) 3933. 	
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FIG. 7. Valence heavy-quark masses vs. lattice-spacings of ensembles used in this calculation,
in units of the simulation charm sea-quark mass. Symbol shapes indicate the value of the light
sea-quark masses, with diamonds, squares, and circles corresponding to m0

l = m0

s/5, m0

s/10, and
physical, respectively. The symbol area is proportional to the statistical sample size. The black
(gray) hyperbola shows amh = 0.9 (amh = ⇡/2). The horizontal dashed lines indicate the physical
bottom and charm masses.

The rest of this section is organized as follows. In Sec. V A, we construct an EFT-based
fit function with enough parameters (60) to describe the data as a function of the light- and
heavy-quark masses and lattice spacing. For convenience, the complete final expression is
written out in Sec. V B. Next, Sec. V C explains how we convert our decay-constant data
from lattice units to “p4s units” and, eventually, to MeV. Finally, we describe how the fit
works in practice and present our final fit used to obtain the decay-constant central values
and errors in Sec. V D.

A. E↵ective-field-theory fit function for heavy-light decay constants

Recall that Hx denotes a generic heavy-light pseudoscalar meson composed of a light
valence quark x and a heavy valence antiquark h̄, with masses mx and mh, respectively.
The decay constant and mass of Hx are fH

x

and MH
x

, respectively. In heavy-quark physics,
the conventional decay constant is defined and normalized as �H

x

⌘ fH
x

p
MH

x

.
We start with massless light quarks, with �0 and M0 denoting the decay constant and

the meson mass in this limit. We parametrize �0 as

�0 = C�̃0

"
1 + k1

✓
⇤HQET

M0

◆
+ k2

✓
⇤HQET

M0

◆2

+ · · ·
#

, (5.1)

where �̃0 is the matrix element of the HQET current in the infinite-mass limit, ⇤HQET is
a physical scale for HQET e↵ects that we set to 800 MeV in this analysis, and the Wilson
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“Global fit”	 (allowing terms of 1/mk × αs(ma)n)	

“mb” = 3 GeV	

a−1  = 4.7 GeV	

continuum	

disc	effect	much	smaller	than	expected	
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8.8
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p4s (for multiple values of MHs/MDs)
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tiny	(amh)	dependence,	~	3%,	
up	to	(amh)~0.8	
à	stable	continuum	limit	

Bulk	of	the	leading	error	of	
O(αsa2m2)	is	eliminated	by	
automatically	renormalized	
current	of		
(HISQ	heavy)	x	(HISQ	light).	

charm	

he
av

ie
r 

he
av

y	

3%	

=	along	the	strategy	of	HPQCD	
McNeil	et	al,	PRD85,	031503	(2012)	

(amh)2	

courtesy of Komijani	



Strategies	for	heavy	quarks	
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Effective	theories	[HPQCD,	Fermilab/MILC,	RBC/UKQCD,		Seoul,	…]	
•  NRQCD,	Fermilab	(and	related)	
•  Need	operator	matching	à	O(αs

2)	

Effective	theory	[ALPHA]	
•  HQET	+	1/m	corrections	
•  Non-perturbative	matching	through	

step	scaling	

Relativistic	[HPQCD,	RBC/UKQCD,	JLQCD,	ETM,	…]	

•  HISQ,	DW,	…	any	
•  Need	small	lattice	spacing,	with	

improved	action,	renormalization	done	

Brute	force	
	=	simple	solution…	

+	Fermilab/MILC	



Statistical	error	
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Growing	noise	of	correlators	(Lepage	(1989))	
 
 
 
 
 
•  “Doubling	(x2.7)	time”	much	worse	than	for	Bs	(0.6	fm)	or	D	(0.65	fm).	

�CHL(t)

CHL(t)
/ exp

✓
mB � m⌘b +m⇡

2

◆
t

�

<latexit sha1_base64="kQLez45wgrFNlbzwIM0IDr5NJ0o="></latexit><latexit sha1_base64="kQLez45wgrFNlbzwIM0IDr5NJ0o="></latexit><latexit sha1_base64="kQLez45wgrFNlbzwIM0IDr5NJ0o="></latexit><latexit sha1_base64="kQLez45wgrFNlbzwIM0IDr5NJ0o="></latexit>

~ 0.5 GeV = (0.4 fm)-1	

FIG. 2. Pseudoscalar correlators for the D (top left), Ds (top right), B (bottom left), and Bs

(bottom right) mesons on the a ⇡ 0.042 fm physical-quark-mass ensemble. Here the valence

charm-quark mass is equal to the sea charm-quark mass, and the bottom-quark mass is equal to

4.5 times the charm-quark mass. The red octagons are the random-wall source correlator and the

blue squares the Coulomb-wall correlator. Both correlators have been rescaled by eM0T where M0

is the ground-state mass; the random-wall correlators have also been multiplied by an arbitrary

factor to make the vertical scale convenient. The vertical lines show the fit ranges used in the 3+2

state fits in our analysis. The D- and Ds-meson fits have p-values 0.66 and 0.71 respectively, while

the B- and Bs-meson fits have p-values 0.29 and 0.40 respectively. (The oscillatory behavior in t

comes from the positive parity states in the correlator.)

12

1.6 fm	

plateau 
not reached	

D meson	 B meson	



MUST	fit	including	excited	states	
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FIG. 3. (top) Masses for all 3+2 states in light-charm fits on the a ⇡ 0.042 fm (left) and 0.06 fm
(right) physical quark-mass ensembles versus the minimum distance used for the random-wall
correlator. (bottom) Same as top panels but for light-heavy fits where the heavy-quark mass is
three times the charm quark mass. The vertical and horizontal ranges in all plots are matched in
physical units. The vertical lines show the minimum distance in the random wall source correlators
used in our analysis. The inserts show the ground-state mass with an expanded vertical scale. The
size of the symbol is proportional to the p-value of the fit, with a p-value of 0.5 corresponding to
the size of the label text.

point correlator fits to an EFT function of the quark masses and lattice spacing, we need
an estimate of the covariance matrix between these data. (Here the heavy-light decay
constant is to be understood as �.) To distinguish this covariance matrix from the matrix of
covariances of the correlators at di↵erent distances used in the two-point fits, in this section
we refer to matrices of covariances of masses M and decay constants � as “M� covariance

14

ex) D meson + D*π continuum (discrete on the lattice)	

D	

…
.	

0−	

0−	

0−	

Multiple	states	are	
represented	by	a	single	
exponential,	or	two	exp’s.		

D*π (expected) 	

Ground	state	seems	stable.	Any	bias	
due	to	misidentified	excited	states…?	

physical pion mass, 6 fm box	



Physical	point	lattice	is	a	nightmare	

•  Bad	signal-to-noise;	fit	before	plateau.	
•  Excited	state	energy	is	lower	(~	mπ).	
•  Excited	states	are	denser	(~	1/L).	
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big challenge	

Two-	(or	three-)	exponential	model	is	not	really	correct.	
The	ground	state	might	be	affected.		Small,	maybe?	

noise reduction techniques: all-mode averaging (RBC), … 
+ Multi-level (Giusti @ Lattice 2017; Nada, Mon, 15:00)	



Lessons	from	nucleon?	
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FIG. 27. Plot of the e↵ective-energy for the a06m310 ensemble data. The rest is the same as in Fig. 22.
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FIG. 28. Plot of the e↵ective-energy plots for the a06m220 ensemble data. The rest is the same as in Fig. 22.
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FIG. 29. Plot of the e↵ective-energy for the a06m135 ensemble data. The rest is the same as in Fig. 22.

PNDME, PRD96, 114503 (2017) 
Nucleon at the physical point 	

1.5 fm	

Baryons are harder: 
•  Noise “doubling time” ~ 

0.27 fm 
•  4-state fit yields the first 

excited state energy 
 

      ΔE = 0.82(11) GeV, 
 

•  while the expected Nπ 
state should give 

 

       ΔE = 0.29 GeV.	

Source	of	the	excited-state	
contamination	is	not	well	
understood.	

two-point func with 
various momenta	



Lessons	from	nucleon?	
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gA,plat(t)/gA,exp
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Figure 6. Lattice plateau estimates for the axial charge normalized by the experimental value. Lattice data from
ETMC (blue), NME (magenta) and RQCD (red). The ChPT result of fig. 5 is also shown for t � 2 fm by the blue
solid line together with a 50% error band as a naive estimate for higher order corrections.

Figure 6 shows the renormalized plateau estimates obtained by ETMC [49, 55], NME [56, 57] and
RQCD [48], divided by the experimental value gA,exp [6].8 The ETMC results (blue symbols) were
obtained with Nf = 2 twisted mass fermions with M⇡ ⇡ 130 MeV, M⇡L ⇡ 3 and a ⇡ 0.093. The NME
results (magenta symbols) were generated with Nf = 2 + 1 Wilson-clover fermions with M⇡ ⇡ 165
MeV, M⇡L ⇡ 3.7 and a ⇡ 0.09. The remaining data point (red symbol) from RQCD was obtained
with Nf = 2 improved Wilson fermions with M⇡ ⇡ 150 MeV, M⇡L ⇡ 3.5 and a ⇡ 0.071 fm. More
details about the simulation setup are given in the original papers.

The plateau estimates shown in fig. 6 were obtained for source-sink separations between 0.9 and
1.5 fm. They are all below the experimental value although the NME result at t ⇡ 1.5 fm agrees with
gA,exp within the statistical error.

The ChPT prediction for the overestimation due to the N⇡ states is also shown for t � 2 fm. A
naive guess for the higher order corrections is also included in form of a 50% error band. Apparently,
the lattice data is not in conflict with the ChPT result. It seems very plausible that the lattice data will
connect smoothly to the ChPT prediction when t is increased. Whether this indeed happens needs to
be checked. This requires lattice calculations of gA at t larger than 1.5 fm with a statistical error of a
few percent.9

If indeed realized, such a scenario can be quite misleading in practice. Since the plateau estimate
approaches the experimental value at some t well before the asymptotic region is reached, one might
be tempted to stop simulating at larger source-sink separations. In that case one reproduces the correct
experimental value gA,exp, but for the wrong reason. The excited-state contributions are not small be-

8The ETMC results shown in fig. 6 are based on larger statistics compared to the ones given in Ref. [49]. They have smaller
error bars but are still preliminary [55]. I thank C. Alexandrou and C. Kallidonis for sharing these results. I also thank R.
Gupta, Y.-C. Jang and B. Yoon for sending me numerical results published in Ref. [56].

9In addition one should also check that the underestimation of the axial charge at small source-sink separations persists in
the continuum limit.
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Baer @ Lattice 2017	
ChPT estimate of the 
Nπ contamination, 
dying very slowly. 

source-sink separation [fm]	

lattice results from 
ETMC, NME, RQCD	

Expected bias to gA from the excited states:	

The	Nπ	state	should	exist,	
but	we	are	not	yet	there.		
Is	the	ground	state	robust,	
then?	
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Even	tougher…	
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Λb à plν form factor: 
 
Detmold, Lehner, Meinel, PRD92 (2015) 
034503.	

1 fm	 2 fm	

•  Noise “doubling time” ~ 0.25 fm 
•  Signal dies much earlier than a 

plateau. 
•  fit-before-plateau with multi-exp Λb à plν 	

Λb à plν 	

Λb à plν 	

source-sink separation	

Looking	at		χ2	and	fit	stability	
within	a	narrow	fit	range	
enough?		Is	the	ground	state	
extraction	robust??	



3.	Precision	frontier	
			3.2		Heavy	to	light	decays	
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Bàπ,	BsàK,	…	
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�C⇡(t,p)

C⇡(t,p)
/ exp [(E⇡(p)�m⇡)t]
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b	 q	

q	
_	

Doubly	tougher:	

Disc	effect	
for	heavy	

Bad	S/N	
for	heavy-light	

B	 π	 finite	mom:	
		~	2.6	GeV/c	

associated	Disc	effect	

Bad	S/N	due	to	mom	

“Noise doubling time” ~ 1/p	
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1.9 fm	2.1 fm	

noisier	for	larger	
momenta	

 0.85

 0.9

 0.95

 1

 1.05

 1.1

 1.15

 1.2

 1.25

 5  10  15  20  25

R
X µ

=0
,i=

3(
t,t

)

t/a

R
I

R
II

 RIII

Fit

Bahr et al (ALPHA), 1701.03299 
HQET b	

source-sink sep 
= 1.9 fm	

S/N	sets	the	limit	on	the	value	
of	q2	one	can	reach.	
Ground-state	extraction	is	
delicate	in	any	case.	
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Gelzer [Fermilab/MILC] @ Lattice 2017	

0.9 GeV	

è Fermilab/MILC (Gelzer, Fri, 17:10) 	



More	to	appear	at	this	conference	
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RBC/UKQCD (Witzel, Fri, 17:30) 
Bs à K	

JLQCD (Colquhoun, Thu, 10:10) 
B à π	

ETM (Riggio, Fri, 16:30) 	
HPQCD (Bouchard, Fri, 16:50) 	
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JLQCD Preliminary

f0(q2) f+(q2)

 0

 0.5

 1

 1.5

 2

 2.5

 3

 0  10  20  30  40  50  60  70
q2 r1

2

C1
C2
C3
F1
F2

f0(0)phy.

 0

 0.5

 1

 1.5

 2

 2.5

 3

 0  10  20  30  40  50  60  70
q2 r1

2

C1
C3
F1
F2

•  hard pion SU(2) ChPT
L | ⃗p π | / (2π) ≤ (1,1,1)•  data for 

•  standard BCL z expansion

•  data up to 

corresponding to q2 = 0.4 GeV2, overlayed on

band obtained from left panel.

L | ⃗p π | / (2π) = (5,0,0) ,

•  developing hard pion ChPT, modified 
z expansion to permit these large momenta
data to be included in analysis.

f0

f+

f0

f+

B → π form factors

•  NRQCD/HISQ valence

•  MILC's Nf = 2 + 1 asqtad sea

•  a = 0.09, 0.12 fm; 270 ≲ Mπ /MeV ≲ 490



Summary	of	this	section	

•  Precise	calculation	is	getting	more	realistic,	
even	for	b	quark.	
–  Improved	action,	especially	HISQ.	Much	better	than	
(my)	naïve	estimate.		

–  Cross-check	with	other	formulations	highly	desired.	

•  A	serious,	and	general,	problem	
–  The	enemy	is	the	noise.		
– More	difficult	for	3-point	functions.	
–  “Fit	before	plateau”	necessary.		Then,	we	need	to	
understand	the	excited	states	better.	
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4.		A	|Vcb|	story	
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|Vcb|	from	BàD(*)lν	
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Well-known story… : 
 
Due to heavy quark symmetry: 
 
•  Various form factors reduce to the 

universal Isgur-Wise function 
ξ(w=v.v’), or zero. 

•  Known in the zero-recoil limit: 
ξ(1)=1 

•  Correction to the mà∞ limit starts 
from 1/m2 in the zero-recoil limit. 

|Vub| and |Vcb|

2

|VudV ⇤
ub

VcdV ⇤
cb

|

Experimental measurements

|Vcb| Semileptonic
Inclusive:  B→Xclν
Exclusive: B→D(*)lν

|Vub| Seimileponic
Inclusive:  B→Xulν
Exclusive: B→πlν

MITP 2018, Belle II Phillip URQUIJO

B → D l ν

• Consistent results between the existing measurements. 

• Challenge is that a lot of information comes from w=1 but d Γ/dw → 0 at this point 

• Belle Unfolded spectrum fitted with the Lattice from FNAL & HPQCD points to extract |Vcb| and the 
form factor shape 

20

14

TABLE VI. Lattice QCD results obtained by the HPQCD collaboration [32], expressed in terms of f
+

and f
0

form-factor values
at w = 1, 1.08 and 1.16.

Correlation coe�cients

Central value f
+

(1) f
+

(1.08) f
+

(1.16) f
0

(1) f
0

(1.08) f
0

(1.16)

f
+

(1) 1.178± 0.046 1.000 0.989 0.954 0.507 0.518 0.525

f
+

(1.08) 1.082± 0.041 1.000 0.988 0.582 0.600 0.615

f
+

(1.16) 0.996± 0.037 1.000 0.650 0.676 0.698

f
0

(1) 0.902± 0.041 1.000 0.995 0.980

f
0

(1.08) 0.860± 0.038 1.000 0.995

f
0

(1.16) 0.821± 0.036 1.000

to the additional input from LQCD. The additional lattice points are also the dominant cause of di↵erences in the
resulting values. We have verified the stability of this ⌘EW|Vcb| value by repeating the fit with di↵erent sets of lattice
QCD data (Table VIII) and the di↵erences between the results are well below one standard deviation.

TABLE VII. Result of the combined fit to experimental and lattice QCD (FNAL/MILC and HPQCD) data for di↵erent
truncation orders of the BGL series (Eq. (8)). Note that the value of a

0,0 is not determined from the fit but rather inferred
using the kinematic constraint (Eq. (7)).

N = 2 N = 3 N = 4

a
+,0 0.0127 ± 0.0001 0.0126 ± 0.0001 0.0126 ± 0.0001

a
+,1 -0.091 ± 0.002 -0.094 ± 0.003 -0.094 ± 0.003

a
+,2 0.34 ± 0.03 0.34 ± 0.04 0.34 ± 0.04

a
+,3 – -0.1 ± 0.6 -0.1 ± 0.6

a
+,4 – – 0.0 ± 1.0

a
0,0 0.0115 ± 0.0001 0.0115 ± 0.0001 0.0115 ± 0.0001

a
0,1 -0.058 ± 0.002 -0.057 ± 0.002 -0.057 ± 0.002

a
0,2 0.22 ± 0.02 0.12 ± 0.04 0.12 ± 0.04

a
0,3 – 0.4 ± 0.7 0.4 ± 0.7

a
0,4 – – 0.0 ± 1.0

⌘
EW

|Vcb| 40.01 ± 1.08 41.10 ± 1.14 41.10 ± 1.14

�2/n
df

24.7/16 11.4/16 11.3/16

Prob. 0.075 0.787 0.787

TABLE VIII. Result of the combined fit to experimental data and di↵erent sets of lattice QCD data. The BGL series (Eq. (8))
is truncated after the cubic term.

Lattice data ⌘
EW

|Vcb|[10�3] �2/n
df

Prob.

FNAL/MILC [15] 40.96± 1.23 6.01/10 0.81

HPQCD [32] 41.14± 1.88 4.83/10 0.90

FNAL/MILC & HPQCD [15, 32] 41.10± 1.14 11.35/16 0.79

V. SUMMARY

We study the decay B ! D`⌫` in 711 fb�1 of Belle ⌥(4S) data and reconstruct about 5200 B

0 ! D

�
`

+
⌫` and

11,800 B

+ ! D̄

0
`

+
⌫` decays. We determine the di↵erential width ��/�w of the decay as a function of the recoil

variable w = VB · VD.
The branching fractions of the decays B

+ ! D̄

0
e

+
⌫e, B

+ ! D̄

0
µ

+
⌫µ, B

0 ! D

�
e

+
⌫e, and B

0 ! D

�
µ

+
⌫µ

are obtained. The isospin-averaged branching fraction B(B0 ! D

�
`

+
⌫`) is determined to be (2.31 ± 0.03(stat) ±

0.11(syst))%.

]-3|  [10
cb

 G(1) |V
EW
η

10 20 30 40 50
]-3|  [10

cb
 G(1) |V

EW
η

10 20 30 40 50

ALEPH 
 7.33± 10.05 ±36.67 

CLEO 
 3.47± 5.70 ±44.18 

BELLE 
 1.21± 0.60 ±41.94 

BABAR global fit
 2.14± 0.74 ±42.23 

BABAR tagged 
 1.26± 1.71 ±42.60 

Average 
 0.89± 0.45 ±41.57 

HFLAV
Summer 2016
/dof = 4.7/ 8 (CL = 79.30 %)2χ

Belle PRD 93, 032006 (2016)Babar PRL 104:011802(2010)

BaBar BàD (2010)	

First	extrapolate	to	the	zero-recoil	
limit,	then	use	the	lattice	input.	

pµB = mBv
µ

<latexit sha1_base64="J3Nfb67hlvSWiOHPszHZHis3U70="></latexit><latexit sha1_base64="J3Nfb67hlvSWiOHPszHZHis3U70="></latexit><latexit sha1_base64="J3Nfb67hlvSWiOHPszHZHis3U70="></latexit><latexit sha1_base64="J3Nfb67hlvSWiOHPszHZHis3U70="></latexit>

pµ
D(⇤) = mD(⇤)vµ
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Zero-recoil	form	factor	
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Lattice	calculation	is	precise,	because	
	
•  Stat	and	syst	errors	cancel	in	the	double	

ratio	

•  Effectively,	one	measures	the	deviation	
from	the	heavy	quark	limit	

				=	“10%	deviation	from	1	is	calculated	at	a	
10%	accuracy.”	

|hA1(1)|2 =
hD⇤|c̄�j�5b|B̄ihB̄|b̄�j�5c|D⇤i
hD⇤|c̄�4c|D⇤ihB̄|b̄�4b|B̄i

<latexit sha1_base64="21yfOkN/ohXT/N33TV0CDnMEqw8="></latexit><latexit sha1_base64="21yfOkN/ohXT/N33TV0CDnMEqw8="></latexit><latexit sha1_base64="21yfOkN/ohXT/N33TV0CDnMEqw8="></latexit><latexit sha1_base64="21yfOkN/ohXT/N33TV0CDnMEqw8="></latexit>

detail in another publication. The perturbative expansion for ⇢Aj is

⇢Aj = 1 +
X

`

⇢
[`]
Aj

↵`
V (q

⇤), (4.1)

where we make explicit a choice of scheme and scale for the perturbative series. The cal-
culation of ⇢[1]

Aj

is a straightforward extension of the work in Ref. [54], modified to use the
improved gluon propagator.

For the expansion parameter ↵V (q⇤), we would like to make a choice that prevents large
logarithms associated with the � function from making the neglected terms unnecessarily
large. Brodsky, Lepage, and Mackenzie [56] discussed how to do so by exploiting the nf

dependence of the second order in ↵V , and Lepage and Mackenzie [57] explained how to
define an equivalent scale choice when the second order is not yet available. The Lepage-
Mackenzie version requires a coe�cient ⇤⇢

[1]
Aj

defined by weighting the Feynman integral for

0 5 10 15
ts

0.86

0.88

0.9

0.92

0.94

0.96

0.98

1

R A
11/
2

0 5 10 15 20
ts

0.86

0.88

0.9

0.92

0.94

0.96

0.98

1

R A
11/
2

0 5 10 15 20 25
ts

0.86

0.88

0.9

0.92

0.94

0.96

0.98

1

R A
11/
2

FIG. 4. R
1/2
A1

at mx = 0.2m0
s on 0.12 fm (left), 0.09 fm (right), and 0.06 fm (bottom). The plateau

fits are shown with 1� error bands.

13

Fermilab-MILC, 
PRD89 (2014) 114504.	

± 0.7%	

|h(1)| = 1 +O(1/m2
c,b)
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The	absence	of	O(1/m),	
Luke’s	theorem,	is	the	key	
for	the	precision.	
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HPQCD	 Fermilab/MILC	 |Vcb|	
B	à	D	 Na	et	al,	PRD92,	054510	

(2015)	
	
•  NRQCD	b	+	HISQ	c	
	
	
G(1)	=	1.035(40)	

	

Bailey	et	al,	PRD92,	034506	
(2015)	
	
•  improved	Wilson	for	

heavy	(c	and	b)	

G(1)	=	1.054(4)(8)	
		

HFLAV	average	(2016)	
+	lattice	ave	

	
	
	
	

0.0398(10)(14)	

B	à	D*	 Harrison	et	al,	PRD97,	
054502	(2018)	
	
•  NRQCD	b	+	HISQ	c	

	
F(1)	=	0.895(10)(24)	

	

Bailey	et	al,	PRD89,	114504	
(2014)	
	
•  improved	Wilson	for	

heavy	(c	and	b)	
	
F(1)	=	0.906(4)(12)	

	

HFLAV	average	(2016)	
+	lattice	ave	
	

	
	
	
	

0.0391(5)(5)	

inclusive	 	
N/A	

HFLAV	(2016)	
	

0.0422(8)	

2.9 σ	



New	(confusing)	story	
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New Belle data (arXiv:1702.01521) for BàD* triggered independent 
analyses by theorists.	

Bigi, Gambino, Schacht, PLB769 (2017) 441.	

“BGL” fit	

“CLN” fit	

See also, 
Grinstein, Kobach, PLB771 (2017) 359; 
Bernlochner, Ligeti, Papucci, Robinson, 
PRD96, 091503(R) (2017).	

“BGL”	fit	yields	higher	|Vcb|	
consistent	with	“inclusive”.	
Most	previous	results	relied	
on	“CLN”.	

1.0 1.1 1.2 1.3 1.4 1.5

0.4

0.6

0.8

1.0

1.2

1.4

1.6

w

1
0

3
E

W
2

V
c

b
2

2

CLN + LCSR

BGL + LCSR

(for the form factor shape)	



“CLN”	and	“BGL”	??	
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Dispersive bound:  
 
Okubo (1971), Bourrely, Machet, de Rafael (1981); 
“BGL”: Boyd, Grinstein, Lebed, PLB353 (1995) 306. 	

_	

b	

c	

B(*)D(*) + …	

q	

hJ c̄bJ b̄ci =
X

states

Z
|h0|J |B(⇤)D(⇤)i|2 + · · ·

<latexit sha1_base64="dqd8qf09I2meEU8pDGEfxqFDnFA="></latexit><latexit sha1_base64="dqd8qf09I2meEU8pDGEfxqFDnFA="></latexit><latexit sha1_base64="dqd8qf09I2meEU8pDGEfxqFDnFA="></latexit><latexit sha1_base64="dqd8qf09I2meEU8pDGEfxqFDnFA="></latexit>

two-point 
func.	 form factors	

Relatively	simple	in	the	heavy	quark	limit	
(form	factors	are	reduced	to	ξ(w)	or	0).	
At	O(1/m),	some	estimates	are	involved.	

“CLN”: Caprini, Lellouch, Neubert, NPB530 (1998) 153.	
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hA1(w) = hA1(1)
�
1� 8⇢2z + (53⇢2 � 15)z2 � (231⇢2 � 91)z3

�
,

R1(w) = R1(1)� 0.12(w � 1) + 0.05(w � 1)2,

R2(w) = R2(1) + 0.11(w � 1)� 0.06(w � 1)2
<latexit sha1_base64="HkTK1URT+W3tQXgCneOP+947MZU="></latexit><latexit sha1_base64="HkTK1URT+W3tQXgCneOP+947MZU="></latexit><latexit sha1_base64="HkTK1URT+W3tQXgCneOP+947MZU="></latexit><latexit sha1_base64="HkTK1URT+W3tQXgCneOP+947MZU="></latexit>

z =

p
1 + w �

p
2

p
1 + w +

p
2
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R1(w) =
hV (w)

hA1(w)

R2(w) =
hA3(w) + rD⇤hA2(w)

hA1(w)
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“CLN” parametrization includes some estimates of O(1/m):	

•  Strong	constraint	on	
the	curvature.		

•  Has	been	the	standard	
in	the	exp	analyses.	

“BGL” fit	

“CLN” fit	
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)

Is	the	1/m	estimate	okay?	
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S1(w) = h+(w)�
1 + r

1� r

w � 1

w + 1
h�(w)

V1(w) = h+(w)�
1� r

1 + r
h�(w)

A1(w) = hA1(w)
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Comparison between lattice and 
HQET estimate at O(1/m) 
 
Bigi, Gambino, Schacht, JHEP11 (2017) 061. 

S1(w)

V1(w)
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A1(w)

V1(w)
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S1(w)

A1(w)
<latexit sha1_base64="H/U0b8VYlQnbReL1O2vCaxqvOoY="></latexit><latexit sha1_base64="H/U0b8VYlQnbReL1O2vCaxqvOoY="></latexit><latexit sha1_base64="H/U0b8VYlQnbReL1O2vCaxqvOoY="></latexit><latexit sha1_base64="H/U0b8VYlQnbReL1O2vCaxqvOoY="></latexit>

Deviation	of	O(10%)	from	
HQET	estimate	is	found.	
But,	not	100%.	Ratios to become 1 in 

the heavy quark limit	

Fermilab/MILC 
HPQCD	

Kaneko @ Poster	

HQET	estimate	(at	1/m)	
(Bernlohner	et	al,	PRD95,	115008	(2017))	
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Consistency	at	O(1/m)	?	
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R1(w) =
hV (w)

hA1(w)
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R1(w) from the “BGL” fit of exp data	

“CLN” assumption	

Lattice 
Kaneko @ Poster	

Lattice	data	favor	the	“CLN”	assumption.	
So,	“BGL”	is	not	the	end	of	the	story.		

See also, 
Vaquero, Fri, 14:20	



More	to	appear	at	this	conference	
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RBC/UKQCD (Witzel, Fri, 17:30) 
Bs à Ds, DW	
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HPQCD (Maclean, Fri, 14:00) 
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(*), HISQ	
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(Park, Fri, 14:40) 
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(Vaquero, Fri, 14:20)	



Summary	of	this	section	

•  The	situation	of	exclusive	|Vcb|	is	unclear	(to	
me).	
– Need	to	reanalyze	the	exp	data	(esp,	BaBar’s)	
–  Lattice	calculations	of	F(1)	and	G(1)	are	precise	and	
consistent	among	different	groups.	

–  Slopes	needed	for	direct	comparison	with	exp.	
–  Systematic	comparison	with	HQET	(and	sum	rules)	is	
very	interesting.	
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The	“inclusive	vs	exclusive”	puzzle	is	still	there.			



5.	More	challenges	
				5.1		Short-distance	physics	
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Exp	data	at	short-distances?	

Jul 24, 2018 S. Hashimoto (KEK/SOKENDAI) Page 49 

Ex) charmonium moments	

(qµqν − q
2gµν )ΠV

(1)(q2 ) = i d∫
4
xeipx 0 T[ jµ (x) jν (0)] 0

1

n!

✓
@

@q2

◆n �
⇧(q2)

�
q2=0

=
1

12⇡Q2

f

Z
ds

1

sn+1

R(s)e+e�! hadron

Short	distance:	~	1/mc	
•  Perturbative	
•  Lattice	

R2n ⇠
X

t

(t/a)2nGV (t)
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(temporal moment)	

(weighted) integral over final states	
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Experiment	

R2n ⇠
X

t

(t/a)2nGV (t)
<latexit sha1_base64="jcK3wy6p/DfW03uOAAuCzru2HN4="></latexit><latexit sha1_base64="jcK3wy6p/DfW03uOAAuCzru2HN4="></latexit><latexit sha1_base64="jcK3wy6p/DfW03uOAAuCzru2HN4="></latexit><latexit sha1_base64="jcK3wy6p/DfW03uOAAuCzru2HN4="></latexit>

Lattice	
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Nakayama et al, PRD94, 
054507 (2016).	

Perturbation	theory	

•  Applicable at short 
distances 

•  Often combined with OPE 
(or Heavy Quark Expansion)	

Determination	of	
charm	quark	mass	
	
HPQCD	(2008,2010,2015)	
Nakayama	et	al	(2016)	
Maezawa,	Petreczky	(2016)	

Quarkonium	
sum	rules	
(1970s	~)	

•  Applicable at any 
distance scales (in 
principle) 

•  Space-like region	
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Summing all possible final 
states 
•  D, D*, Dπ, Dππ, …	

d� ⇠ |Vcb|2lµ⌫Wµ⌫
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Partial decay rate:	

Structure function:	

qµ	

sum over all final states	
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T

µ⌫

= i

Z
d

4
xe

�iqx

1

2M
B

hB|T{J†
µ

(x)J
⌫

(0)}|Bi

Structure function:	

Forward scattering matrix element:	

Optical theorem:	

Can	we	calculate	this	on	the	lattice?	
How?	
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T

µ⌫

= i

Z
d

4
xe

�iqx

1

2M
B

hB|T{J†
µ

(x)J
⌫

(0)}|Bi

Analytic	structure:	

calculable	on	the	lattice	
in	the	unphysical	kinematical	region	

unphysical cut	

(with fixed q2)	

b ! c
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b ! bbc̄
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physical cut	

Z (v·q)
max

�1

d(v · q0)
⇡

ImT (v · q0)
v · q0 � v · q = T (v · q)
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= mB−ω	
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Inverse problem: Backus-Gilbert method, etc 
Hansen, Meyer, Robaina, PRD96, 094513 (2017) 	

Lattice calculation:	

“Fourier” (or Laplace) transform:	

T (!) =

Z
d!0

1
⇡ ImT (!0)

!0 � !
<latexit sha1_base64="1gcMlAnkxImnJjuJuB4OVf82DOY="></latexit><latexit sha1_base64="1gcMlAnkxImnJjuJuB4OVf82DOY="></latexit><latexit sha1_base64="1gcMlAnkxImnJjuJuB4OVf82DOY="></latexit><latexit sha1_base64="1gcMlAnkxImnJjuJuB4OVf82DOY="></latexit>

C(t) =

Z
d!0e�!0t

✓
� 1

⇡
ImT (!0)

◆
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input from exp	
Compare	at	
unphysical	point	

lattice calc	 Compare	
with	exp	

OR	
SH, PTEP 2017, 053B03	

Cauchy’s	integral:	
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Comparison with Heavy Quark Expansion: 
•  Exp data not available in the form I can use in this analysis.  
•  HQE to order 1/m2	

zero recoil, q=0 
      mb ~ 2.4 mc	

hB|AkAk|Bi
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hB|VkVk|Bi
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Marginal	agreement.	
Need	to	include	pert	corrections.	

SH @ poster session	
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FIG. 6. Standard-Model di↵erential branching fraction (gray band) for B ! Kµ+µ� decay (left)
and B ! K⌧+⌧� (right), where B denotes the isospin average, using the Fermilab/MILC form
factors [62]. Experimental results for B ! Kµ+µ� are from Refs. [45, 146–148]. The BaBar, Belle,
and CDF experiments report isospin-averaged measurements.

logarithmically enhanced QED corrections.
Figure 6 plots the isospin-averaged Standard-Model di↵erential branching fractions for

B ! Kµ+µ� and B ! K⌧+⌧�. For B ! Kµ+µ� decay, we compare our results with
the latest measurements by BaBar [148], Belle [146], CDF [147], and LHCb [45]. Tables V
and VI give the partially integrated branching fractions for the charged (B+) and neutral
(B0) meson decays, respectively, for the same q2 bins used by LHCb in Ref. [45]. In the
regions q2 . 1 GeV2 and 6 GeV2 . q2 . 14 GeV2, uū and cc̄ resonances dominate the
rate. To estimate the total branching ratio, we simply disregard them and interpolate
linearly in q2 between the QCD-factorization result at q2 ⇡ 8.5 GeV2 and the OPE result at
q2 ⇡ 13 GeV2. Although this treatment does not yield the full branching ratio, it enables a
comparison with the quoted experimental totals, which are obtained from a similar treatment
of these regions. Away from the charmonium resonances, the Standard-Model calculation
is under good theoretical control, and the partially integrated branching ratios in the wide
high-q2 and low-q2 bins are our main results:

�B(B+ ! K+µ+µ�)SM ⇥ 109 =

⇢
174.7(9.5)(29.1)(3.2)(2.2), 1.1 GeV2  q2  6 GeV2,
106.8(5.8)(5.2)(1.7)(3.1), 15 GeV2  q2  22 GeV2,

(4.3)

�B(B0 ! K0µ+µ�)SM ⇥ 109 =

⇢
160.8(8.8)(26.6)(3.0)(1.9), 1.1 GeV2  q2  6 GeV2,
98.5(5.4)(4.8)(1.6)(2.8), 15 GeV2  q2  22 GeV2,

(4.4)

where the errors are from the CKM elements, form factors, variations of the high and low
matching scales, and the quadrature sum of all other contributions, respectively. LHCb’s
measurements for the same wide bins are [45]

�B(B+ ! K+µ+µ�)exp ⇥ 109 GeV2 =

⇢
118.6(3.4)(5.9) 1.1 GeV2  q2  6 GeV2,
84.7(2.8)(4.2) 15 GeV2  q2  22 GeV2,

(4.5)

21

Fermilab-MILC (Du et al.), PRD93, 034005 (2016). 

B	à	K l+l−	
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The framework: b æ s¸¸ effective Hamiltonian, Wilson Coefficients

`+

`�

c, t

W

b s

B M

`+

`�

c, t

W

b s

1

B M

`+

`�

O7,70

B M

`+

`�

O9,10,90,100...

2

B M

`+

`�

O7,70

B M

`+

`�

O9,10,90,100...

2

b æ s“(ú) : HSM
—F =1

Ã
ÿ

V ú
tsVtbCiOi + . . .

separate short and long distances (µb = mb)

O
7

= e
16fi2 mb (̄s‡µ‹PRb) Fµ‹ [real or soft photon]

O
9

= e2

16fi2 (̄s“µPLb) (¯̧“µ¸)
O

10

= e2

16fi2 (̄s“µPLb) (¯̧“µ“5¸)

At the µb = 4.8 GeV scale:

CSM

7

= ≠0.29, CSM

9

= 4.1, CSM

10

= ≠4.3

NP changes short-distance Ci = CSM

i + CNP

i for SM or involve additional operators Oi

Chirally flipped (W æ WR) O7Õ Ã (s̄‡µ‹PL b)Fµ‹ , O9Õ Ã (s̄“µPR b)(¯̧“µ¸) ....

(Pseudo)scalar (W æ H+) OS Ã (s̄PRb)(¯̧̧ ), OP Ã (s̄PRb)(¯̧“5¸)
Tensor operators (“ æ T ) OT Ã s̄‡µ‹(1 ≠ “

5

)b ¯̧‡µ‹¸

Joaquim Matias Universitat Autònoma de Barcelona Flavour anomalies in b æ s¸¸ processes, where we are and what’s next

O7 =
e

16⇡2
mbs̄L�µ⌫F

µ⌫bR,

O9 =
e2

16⇡2
(s̄L�µbL)(¯̀�

µ`),

O10 =
e2

16⇡2
(s̄L�µbL)(¯̀�

µ�5`)
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Rare	process,	penguin	induced:	

The	effect	of	charmonium	
resonances?	
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T. Blake et al. / Progress in Particle and Nuclear Physics 92 (2017) 50–91 69

Fig. 6. Schematic representation of local-operators and non-factorisable corrections in b ! s`+`� decays. The semileptonic operators Q9,10 correspond
to diagram (a) and the virtual photon contribution from Q7 to diagram (b). The short-distance contribution involving particles at mass scales above mb is
integrated out and represented by the shaded box. Quark-loop contributions (c), including QCD corrections (d) are calculable perturbatively, except in the
charmonium resonance regionwhere the cc̄ loop goes on shell and except for soft gluon corrections (e).Weak annihilation (f) and hard spectator scattering
(g) can be calculated in QCD factorisation at low dilepton invariant mass.

5.2.1. Standard model predictions
In a similar fashion to the exclusive radiative decays, the prediction of exclusive semi-leptonic decay rates requires

the knowledge of Wilson coefficients as well as hadronic form factors and non-factorisable hadronic effects that are not
contained in the form factors.

Concerning the form factors, at low q2 the most precise predictions come from LCSR, as already discussed in Section 4.3
for the B to vector form factors and the situation is analogous for the B to pseudoscalar form factors [186–188]. At high q2,
where the hadronic recoil is small, the form factors can be simulated in lattice QCD and significant progress in this direction
has been made recently. The uncertainties are smallest for the B to pseudoscalar transitions B ! K [189] and B ! ⇡
[190,65,191]. In these transitions, there are only three independent form factors, one of which does not contribute to the SM
prediction in the limit ofmassless leptons (which is a good approximation for electrons andmuons). Further precision can be
gained by performing combined fits of the lattice results valid at high q2 and LCSR results valid at low q2 [192,188,193]. For
the B to vector form factors, only a single lattice computation exists so far, comprising the B ! K ⇤ and Bs ! � form factors
[194,195]. With vector mesons in the final state, a challenge is their short lifetime—in contrast to the pseudoscalar mesons
⇡ and K , K ⇤ and � are not stable under the strong interactions. The finite lifetime is neglected in the lattice simulation and
represents a source of systematic uncertainty. Overcoming this limitation is in the focus of current efforts [196]. As for the B
to pseudoscalar transitions, combined fits of lattice and LCSR results valid in different kinematical regimes lead to increased
precision and less dependence on extrapolation models [131].

Beyond the form-factors, the nextmost significant uncertainties are hadronic uncertainties associated to non-factorisable
corrections. These are illustrated in Fig. 6. Diagrams (a) and (b) represent the leading order short-distance contributions from
the operators Q7...10 that factorise ‘‘naively’’ into a hadronic and leptonic current. The size of the non-factorisable effects and
the theoretical methods required to compute them vary strongly with q2 (see Fig. 7 for a cartoon of the q2 dependence of
the differential branching ratio and the relevant hadronic effects).

At intermediate q2, around the masses of the J/ and  (2S), the charm loop in diagram (c) goes on shell, the decays
turn into non-leptonic decays, e.g. B ! KJ/ (! `+`�), and quark–hadron duality breaks down [197]. These regions are
typically vetoed in the experimental analyses.

At low q2, the relevant non-factorisable effects include weak annihilation as in diagram (f) and hard spectator scattering
as in diagram (g). They have been calculated for b ! s and b ! d transitions involving vector mesons in QCD factorisation
to NLO in QCD [135,136] as well as in soft-collinear effective theory [198] and shown to be negligible in B ! K`+`� decays
[199,200]. Weak annihilation and spectator scattering involving Q8 have been computed also in LCSR [139,140]. Diagram (c)
corresponds to the contribution of four-quark operators that is usually written as a contribution to the ‘‘effective’’ Wilson
coefficient Ceff

9 . PerturbativeQCD corrections to thematrix elements ofQ1,2 as in diagram (d) are numerically sizeable and are
known from the inclusive decay as discussed above. The main challenge in exclusive b ! s decays at low q2 is represented

O2 = (s̄L�µcL)(c̄L�
µbL)
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70 T. Blake et al. / Progress in Particle and Nuclear Physics 92 (2017) 50–91

0

dΓ
/d

q2

5 10 15 20
q2 [GeV2]

Fig. 7. Cartoon illustrating the dimuon mass squared, q2, dependence of the differential decay rate of B ! K ⇤`+`� decays. The different contributions to
the decay rate are also illustrated. For B ! K`+`� decays there is no photon pole enhancement due to angular momentum conservation.

by soft gluon corrections to the charm loop shown in diagram (e). These have been estimated in LCSR [138,201] but remain
a significant source of uncertainty.

At very low q2 . 1GeV2, narrow resonances due to the light unflavoured mesons ⇢, !, � etc. appear in the spectrum.
While these resonances are not described locally by the QCDF calculation, their effect in binned observables (where the bin
size is large compared to the width of the states) is negligible for exclusive decays based on the b ! s`+`� transition like
B ! K (⇤)`+`� [138,202].

At high q2, above the open charm threshold q2oc ⇡ 15GeV2 broad cc̄ resonances appear in the differential decay
distribution and local quark–hadron duality should not be expected to hold. A local operator expansion in powers of E/

p
q2

has been used however to argue that for the rate integrated in the entire high q2 region q2 > 15GeV2, it is well approximated
by the perturbative calculation consisting of the naively factorising part and thematrix elements of the four-quark operators
including perturbative corrections to the matrix elements [203,204].

In the exclusive decays based on the b ! d`+`� transition, an additional complication is given by the fact, discussed in
Section 2, that the CKM combination �

(d)
u is not Cabibbo-suppressed with respect to �

(d)
t . As a consequence, several effects

that are small in exclusive b ! s`+`� transitions become important, including weak annihilation and narrow light meson
resonances. A discussion of these effects for the case of B ! ⇡`+`�, using QCD factorisation, LCSR, and the hadronic
dispersion relation, has recently been presented in [205].

Apart from Bmeson decays, the b ! q`+`� transition is also probed by baryonic decays such as⇤b ! ⇤`+`�. Progress
towards robust SM predictions in this mode has beenmade recently by deriving the full angular distribution and estimating
hadronic effects [206] as well as by computing the relevant form factors in LQCD [207].

5.2.2. Branching fraction measurements
A summary of experimental measurements of the differential branching fraction for the b ! s`+`� processes B !

K`+`�, B ! K ⇤`+`�, Bs ! �`+`� and ⇤b ! ⇤`+`�, as a function of q2, is provided in Fig. 8. The measurements from
BaBar [208] and Belle [209] combine final-states with dielectron and dimuon pairs and combine final-states that are related
by isospin, i.e. they combine B0 ! K ⇤0`+`� and B+ ! K ⇤+`+`� decays which differ only by the flavour of the spectator
quark in the decay. The CDF [210], CMS [211] and LHCb [212–215] measurements represented in the figure only concern
dimuon final-states and do not include decays to final-states with neutral K 0 mesons or ⇡0. The dimuon pair provides a
clean experimental signature that can be used to select the decays in the experiments triggers. The LHCb experiment can
also select events with electron or fully hadronic final-states but, even in LHCb, the trigger threshold for these final-states
is much higher. For example, in Run1 the LHCb trigger required a single electron with ET > 3.6 GeV as opposed to a single
muonwith pT > 1.76 GeV. It is also difficult for the LHC experiments to reconstruct decays involving long-lived particles (KS
or⇤) or final-states with⇡0. The KS and⇤ typically have lifetimes of tens of centimetres in the LHC detectors and the longer
lived KL have a lifetime of hundreds of metres and decay outside the detectors acceptance. At the B-factory experiments, the
KL can be detected in the experiments calorimeter.

With the large datasets available at the LHC, the experimental uncertainty on the branching fraction of many exclusive
b ! s`+`� decays is now much more precise than the corresponding SM predictions. The theoretical prediction in Fig. 8
mostly use LCSR predictions for the form-factors at large recoil (low q2) and predictions from Lattice QCD at low recoil (large
q2). For ⇤b ! ⇤µ+µ�, predictions from Lattice QCD are used across the full q2 range. No predictions are provided close
to the narrow cc̄ resonances. In this region the assumptions used to compute the SM predictions break down. At low recoil
(large q2) predictions are only given averaged from 15 GeV2 to the kinematic limit over which the contribution from the
broad charmonium resonances is thought to be well described by a local OPE. For Bs ! �µ+µ�, the theory prediction takes

Insensitive	to	the	resonance	effects?		If	so,	how	much?	

Lyon, Zwicky, arXiv:1406.0566	
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FIG. 2: Numerically leading contributions to the decay rate of B ! K`` in the high q2-region. (a) and (b) O
7

and O
9,10 short distance

contributions. These contributions are proportional to the local (short distance) form factors. (c) long distance charm-loop contribution which
in (naive) factorisation is proportional to the same form factor times the charm vacuum polarisation hc(q

2

). The charm bubble itself is the full
non-perturbative vacuum polarisation since it is extracted directly from the data.

Oc
1,2 which have sizeable Wilson coefficients.) In this section we employ the (naive)6 factorisation approximation (FA) for

which,

hK|C
1

Oc
1

+ C
2

Oc
2

|Bi|
FA

/ (C
1

+ C
2

/3)fB!K
+

(q2)hc(q
2

) , (13)

the matrix element factorises into the charm vacuum polarisation hc times the short distance form factor as defined in Eq. (A.7).
This contribution has got the same form factor dependence as C

9

and can therefore be absorbed into an effective Wilson coeffi-
cient Ce↵

9

(A.9) and (A.10). The combination C
1

+C
2

/3 is known as the “colour suppressed" combination of Wilson coefficients
because of a substantial cancellation of the two Wilson coefficients (c.f. appendix A 3). This point will be addressed when we
discuss the estimate of the O(↵s)-corrections.

B. SM-B ! K`` in factorisation

Our SM prediction with lattice form factors [12] (c.f. appendix A 2 for more details), for the B ! K``-rate are shown in
Fig. 3 against the LHCb data [1, 13]. It is apparent to the eye that the resonance effects, in (naive) factorisation, turn out to have
the wrong sign! Not only that but they also seem more pronounced in the data which will be reflected in the fits to be described
below.

IV. COMBINED FITS TO BESII AND LHCB DATA IN AND BEYOND FACTORISATION

Before addressing the relevant issue of corrections to the SM-FA in section V, we present a series combined fits to the BESII
and LHCb-data. We first describe the fit models before commenting on the results towards the end of the section. The number of
fit parameters and the number of d.o.f., denoted by ⌫, are given in brackets below. We take 78 BESII data points and 39 LHCb
bins, excluding the last bin which has a negative entry, amounting to a total of 117 data points.

a) Normalisation of the rate, (17 = 1⌘B + 16

res

fit-parameter ⌘B, ⌫ = 117 � 17 � 1 = 99)
In the FA the normalisation of the rate is given by the form factors f

+,T (q2). Since the latter are closely related in the
high q2-region by Isgur-Wise relation this amounts effectively to an overall normalisation. To be precise we parameterise
the pre-factor, inserted into (A.1) with ml = 0 for the sake of illustration, as follows

d�

dq2

B!K`+`�

/ ⌘B(|HV |2 + |HA|2) , (14)

where V and A refer to the lepton polarisation.

6 The term naive refers to the fact that in this approximation the scale dependence of the Wilson coefficients Ci is not compensated by the corresponding scale
dependence of the matrix elements, a point to be discussed in the forthcoming section.

5

number of (4 ⇥ 4 � 1)

res

+ 1

con

= 16 fit parameters. We perform a �2 minimisation and obtain a chi squared per degree of
freedom (d.o.f.) ⌫ = 78 � 16 � 1 = 61 of

�2/d.o.f.|
BESII�data

= 1.015 (9)

which corresponds to a p-value of 44% and is close to �2/d.o.f. = 1.08 [6] as should be the case since we employ the same
data and a quasi identical model. The fit is shown in Fig. 1 (top) and the fit parameters are given in table V in appendix B 1. In
agreement with [6] we observe that �2/d.o.f. ' 1.35 when the interference phases �r are omitted from the ansatz (5).

To this end let us comment on the relevance of exotic charmonium resonances discovered throughout the last decade. The
ones of interest for our purposes (1�� states that located in the fit-interval) are are listed in table II with numbers taken from the
review paper [7].3
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FIG. 1: (top) Imaginary part of of vacuum polarisation fitted to BESII data. In the plot we show the BESII error bars with systematic and
statistical uncertainty added in quadrature. The 1�-error band is shown in cyan. (bottom) Real part of the vacuum polarisation obtained from
(3) with error band as for the imaginary part.

From the viewpoint of the dispersion relation (3), it is immaterial, whether the hadronic model is accurate as long as the fit is

3 One could also include the X(4630) and Y (4660) [7] which are just ⇠ 150 MeV below the kinematic endpoint s
max

⌘ mB � mK ' 4.8 GeV.
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FIG. 3: B ! K`` rate for high E ⌘ p
q2 just above the  (3770)-resonance up to the kinematic endpoint. The 40 LHCb bins [1, 13] are

shown with grey crosses. The solid blue line corresponds to our SM prediction using FA (the non-factorisable corrections are discussed in
chapter V). The cyan band is the theory error band. The mismatch between FA and the data is apparent to the eye.

b) Prefactor of hc(q2), (18 = 2⌘B,⌘c + 16

res

fit parameters, ⌫ = 117 � 18 � 1 = 98)
In addition to the normalisation, we fit for a scale factor ⌘c in front of the factorisable charm-loop hc(q2). More precisely:

HV
= Ce↵

9

(mB + mK)

2mb
f
+

(q2) + Ce↵

7

fT (q2) ,

Ce↵

9

= (C
9

+ ⌘cafac

hc(q
2

) + ...) (15)

where C
9

(µ) ' 4, Ce↵

7

(µ) ' �0.3, a
fac

(µ) ' 0.6 at µ ' mb and hc(q2) is shown in Fig. 1. The dots stand for quark
loops of other flavours.

In a next step we probe for non-factorisable corrections by letting the fit residues of the LHCb data take on arbitrary real
(fit-c) and complex (fit-d) numbers. We would like to emphasise that in addition to non-factorisable effects new operators with
JPC

[c̄�c] = 1

��, other than the vector current, can also lead to such effects. More discussion can be found later on.
For the charm vacuum polarisation the discontinuity Disc[hc] is necessarily positive Eq. (8,2) and its relation to physical

quantities is given (5). Hence we can test for physics beyond SM FA by the following replacement

|
X

r

T r!f
(s)|2 ! (

X

r

⇢rT
r!f

(s))(
X

r

T r!f
(s))⇤ . (16)

The scale factor ⇢r roughly corresponds to A(B ! K )/fB!K
+

(q2) and replaces A( ! ``) in (5).
For the fits c) and d) we are not going to put any background model to the LHCb-fit since with the current precision of the

LHCb data it seems difficult to crosscheck for the correctness of any model. The background is essentially zero at the ¯DD-
threshold and is expected to raise smoothly with kinks at the thresholds of various D ¯D-thresholds (with the two D’s being any
of D, D⇤, Ds, D⇤, D

1

, . . . ) into the region where perturbation theory becomes accurate. In fact this is the essence behind the
model ansatz (4). The branching fraction has just got the opposite behaviour to the background and this is the reason why it
seems difficult to extract the background from the data. More data could, of course, improve the situation.

c) Variable residues ⇢r 2 R, (22 = 1⌘B + 5⇢r + 16

res

fit parameters, ⌫ = 117 � 32 � 1 = 94)
We choose to keep ⌘B ⌘ 1 and parameterise ⇢

 (2S)

instead which is an equivalent procedure. The five parameters ⇢r are
constrained to be real.

d) Variable residues ⇢r 2 C, (27 = 1⌘B + 10⇢r + 16

res

fit parameters, ⌫ = 117 � 27 � 1 = 89)
Idem but with ⇢r 2 C allowing for dynamical phases, therefore introducing 5 new fit parameters.

Lyon, Zwicky, arXiv:1406.0566	
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Formulation	similar	to	“long-distance	
effects	to	Kàπll” 
Christ et al (RBC/UKQCD), PRD92, 094512 (2015); 
PRD94, 114516 (2016).	

Z
d

4
x e

iqxhK(q)|T[Jµ

(em)(x)HW

(0)]|B(0)i
<latexit sha1_base64="ULbaSPNBlYXu2pXGzV0lzI0k80A="></latexit><latexit sha1_base64="ULbaSPNBlYXu2pXGzV0lzI0k80A="></latexit><latexit sha1_base64="ULbaSPNBlYXu2pXGzV0lzI0k80A="></latexit><latexit sha1_base64="ULbaSPNBlYXu2pXGzV0lzI0k80A="></latexit>

Z 1

0
dt e

!t

Z
d

3
x e

�iq·xhK(q)|Jµ
(em)(x)HW (0)|B(0)i

<latexit sha1_base64="FkfRtM4H+iy4JYSB33djHTEFAJ0="></latexit><latexit sha1_base64="FkfRtM4H+iy4JYSB33djHTEFAJ0="></latexit><latexit sha1_base64="FkfRtM4H+iy4JYSB33djHTEFAJ0="></latexit><latexit sha1_base64="FkfRtM4H+iy4JYSB33djHTEFAJ0="></latexit>

Euclidean	

momentum inserted  
for charmonium	

energy specified	

(c̄�µPLb)(s̄�µPLc)
<latexit sha1_base64="mKgIrxT5iNiTcx34Y+OD3jOKoPU="></latexit><latexit sha1_base64="mKgIrxT5iNiTcx34Y+OD3jOKoPU="></latexit><latexit sha1_base64="mKgIrxT5iNiTcx34Y+OD3jOKoPU="></latexit><latexit sha1_base64="mKgIrxT5iNiTcx34Y+OD3jOKoPU="></latexit>

4

/ �'')"��!ong range gluon exchanging could be ignored

◉ Factrization 

h iihh i /

hPK |Jcc
⌫ (ci�µP�ci)(sj�µP�bj)|PBi =

(Const.)

(Vol.)
h0|Jcc

⌫ Jcc
µ |0ihPK |Vµ|PBi

→ We test this relation and assumption.

Jem
µ 	

HW	B	 K	

First	attempt:		
  Nakayama, Fri, 14:40	
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hPK(tK){(c̄i�µPLbj)(s̄j�µPLci)}(tH)J (em)
↵ (tJ)PB(tB)i

hPK(tK){s̄�µPLb}(tH)PB(tB)ih{c̄�µc}(tH)Jem
↵ (tJ)i
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Well satisfied for	

hPK(tK){(c̄i�µPLbi)(s̄j�µPLcj)}(tH)J (em)
↵ (tJ)PB(tB)i

hPK(tK){(c̄i�µPLbj)(s̄j�µPLci)}(tH)J (em)
↵ (tJ)PB(tB)i
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(c̄i�µPLb
j)(s̄j�µPLc

i) =

(c̄i�µPLc
i)(s̄j�µPLb

j)
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1	

1/3	= 1/3 ?	

0	

Significantly	
violated?	

See also, Kàππ, 
RBC/UKQCD (2012)	
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/ �'')"��!ong range gluon exchanging could be ignored

◉ Factrization 

h iihh i /

hPK |Jcc
⌫ (ci�µP�ci)(sj�µP�bj)|PBi =

(Const.)

(Vol.)
h0|Jcc

⌫ Jcc
µ |0ihPK |Vµ|PBi

→ We test this relation and assumption.

•  Only	the	region	below	J/ψ	is	
accessible.	
•  Otherwise	one	need	to	subtract	

the	J/ψ	contribution	(as	in	
Kàπll)	

•  Recoil	momentum	too	low	~	0.5	GeV	
compared	to	>	2.5	GeV	(physical)	
•  How	does	the	amplitude	

depend	on	the	momentum?	

70 T. Blake et al. / Progress in Particle and Nuclear Physics 92 (2017) 50–91
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Fig. 7. Cartoon illustrating the dimuon mass squared, q2, dependence of the differential decay rate of B ! K ⇤`+`� decays. The different contributions to
the decay rate are also illustrated. For B ! K`+`� decays there is no photon pole enhancement due to angular momentum conservation.

by soft gluon corrections to the charm loop shown in diagram (e). These have been estimated in LCSR [138,201] but remain
a significant source of uncertainty.

At very low q2 . 1GeV2, narrow resonances due to the light unflavoured mesons ⇢, !, � etc. appear in the spectrum.
While these resonances are not described locally by the QCDF calculation, their effect in binned observables (where the bin
size is large compared to the width of the states) is negligible for exclusive decays based on the b ! s`+`� transition like
B ! K (⇤)`+`� [138,202].

At high q2, above the open charm threshold q2oc ⇡ 15GeV2 broad cc̄ resonances appear in the differential decay
distribution and local quark–hadron duality should not be expected to hold. A local operator expansion in powers of E/

p
q2

has been used however to argue that for the rate integrated in the entire high q2 region q2 > 15GeV2, it is well approximated
by the perturbative calculation consisting of the naively factorising part and thematrix elements of the four-quark operators
including perturbative corrections to the matrix elements [203,204].

In the exclusive decays based on the b ! d`+`� transition, an additional complication is given by the fact, discussed in
Section 2, that the CKM combination �

(d)
u is not Cabibbo-suppressed with respect to �

(d)
t . As a consequence, several effects

that are small in exclusive b ! s`+`� transitions become important, including weak annihilation and narrow light meson
resonances. A discussion of these effects for the case of B ! ⇡`+`�, using QCD factorisation, LCSR, and the hadronic
dispersion relation, has recently been presented in [205].

Apart from Bmeson decays, the b ! q`+`� transition is also probed by baryonic decays such as⇤b ! ⇤`+`�. Progress
towards robust SM predictions in this mode has beenmade recently by deriving the full angular distribution and estimating
hadronic effects [206] as well as by computing the relevant form factors in LQCD [207].

5.2.2. Branching fraction measurements
A summary of experimental measurements of the differential branching fraction for the b ! s`+`� processes B !

K`+`�, B ! K ⇤`+`�, Bs ! �`+`� and ⇤b ! ⇤`+`�, as a function of q2, is provided in Fig. 8. The measurements from
BaBar [208] and Belle [209] combine final-states with dielectron and dimuon pairs and combine final-states that are related
by isospin, i.e. they combine B0 ! K ⇤0`+`� and B+ ! K ⇤+`+`� decays which differ only by the flavour of the spectator
quark in the decay. The CDF [210], CMS [211] and LHCb [212–215] measurements represented in the figure only concern
dimuon final-states and do not include decays to final-states with neutral K 0 mesons or ⇡0. The dimuon pair provides a
clean experimental signature that can be used to select the decays in the experiments triggers. The LHCb experiment can
also select events with electron or fully hadronic final-states but, even in LHCb, the trigger threshold for these final-states
is much higher. For example, in Run1 the LHCb trigger required a single electron with ET > 3.6 GeV as opposed to a single
muonwith pT > 1.76 GeV. It is also difficult for the LHC experiments to reconstruct decays involving long-lived particles (KS
or⇤) or final-states with⇡0. The KS and⇤ typically have lifetimes of tens of centimetres in the LHC detectors and the longer
lived KL have a lifetime of hundreds of metres and decay outside the detectors acceptance. At the B-factory experiments, the
KL can be detected in the experiments calorimeter.

With the large datasets available at the LHC, the experimental uncertainty on the branching fraction of many exclusive
b ! s`+`� decays is now much more precise than the corresponding SM predictions. The theoretical prediction in Fig. 8
mostly use LCSR predictions for the form-factors at large recoil (low q2) and predictions from Lattice QCD at low recoil (large
q2). For ⇤b ! ⇤µ+µ�, predictions from Lattice QCD are used across the full q2 range. No predictions are provided close
to the narrow cc̄ resonances. In this region the assumptions used to compute the SM predictions break down. At low recoil
(large q2) predictions are only given averaged from 15 GeV2 to the kinematic limit over which the contribution from the
broad charmonium resonances is thought to be well described by a local OPE. For Bs ! �µ+µ�, the theory prediction takes

A	lot	of	challenges	remain…	
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Soni,	Fri,	18:10	

B à lνγ	 •  One	can	avoid	the	helicity	suppression	
for	B	à	µν	by	adding	γ.	Another	way	
to	test	the	lepton	flavor	universality.	

•  Lattice	calculation	involves	two	
current	insertions.	

Sachrajda,	Wed,	14:40	
                                              ・  Formulation	for	the	QED	corrections	
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Precision	experiments	
now	online.	

Lattice	techniques	have	matured	
•  for	precision	calculations	
•  for	unveiling	unknowns	

More	adventures	ahead	of	us!	


