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Chiral crossover transition of QCD in the real world

/4217

QCD Thermodynamics at µB=0
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 pressure, energy and entropy densities rise rapidly in the cross over 
temperature region approaching to the non-interaction limit

 In the critical T region, εc ∈(180,500)MeV/fm3, note that εnuclear =150 
MeV/fm3 and εproton =450 MeV/fm3

HotQCD: PRD 90(2014)094503

The T0 continuum extrapolation
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156.5 ± 1.5 MeV

May 16, 2018 Patrick Steinbrecher Slide 9

PRD 90, 094503 (2014) P. Steinbrecher, 1807.05607

• The transition from Hadronic phase to Quark Gluon Plasma
phase at µB = 0 is a crossover but NOT a PHASE transition
(Y. Aoki .et al, Nature 443 (2006) 675-678 and A. Bazavov et al., Phys.Rev.D85(2012) 054503 and
the ref therein)

• Latest results Tpc(µB = 0) = 156.5± 1.5 MeV (“QCD
crossover at zero and non-zero baryon densities” by P.
Steinbrecher, Wed. 16:10-16:30)
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QCD chiral phase transition

cross   over

1st
order

order

1st

mphy
s physical point Nf = 3

2nd order Z2

2nd order Z2

ms

mu,d = ml

PURE G
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G
E

Nf = 2

1

1

Nf = 1

2nd order O(4)

mc

H =
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s

• The real PHASE transition in the chiral limit ?

• The order and universality class of the phase transition ?

• Influence of the criticality in the chiral limit to the
thermodynamics at the physical point ?
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Magnetic Equation of State (MEOS)

Behaviour of QCD continuous phase transition can be described by
the MEOS

M(t, h) = h1/δfG(z) + freg =
ms

f4K

[⟨
ψ̄ψ

⟩
l
− 2ml

ms

⟨
ψ̄ψ

⟩
s

]
χM (t, h) =

∂M

∂H
= H−1h1/δfχ(z) +

∂freg
∂H

=
m2
s

f4K
χsubtot

where, freg = a1(T )H + a3(T )H
3 + ...

(1)

Scaling variables

z = t/h1/βδ, t =
1

t0

T − T 0
c

T 0
c

, h =
H

h0
=

1

h0

ml

ms
(2)

I. scaling variables, h: external field, t: reduced temperature,
II. β and δ are universal critical exponents.
III. t0, h0, T 0

c are unique parameters from QCD, T 0
c is the chiral phase transition

tempearture and it is a fundamental quantity of QCD
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Scaling functions & universal critical exponents
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• mtri
s > mphy

s → Z(2) at ml = mc

• mtri
s < mphy

s → O(4) at ml = 0

• Staggered→ O(2)

Model β δ
Z(2) 0.3258 4.805
O(4) 0.380 4.824
O(2) 0.349 4.780

Difficulities:

I. Critical exponents of O(2), Z(2), O(4) are similar
II. Regular contribution from free energy maybe complicated.
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' 0 ) reduces
influence of regular terms, simplifies

scaling analysis.

Dependence on quark mass (H)
reduced by two orders of magnitude

)
zp z�

60%

O(2) 1.56 -0.009
O(4) 1.37 -0.01

Anirban Lahiri (Bielefeld University) for HotQCD Chiral phase transition of (2+1)-flavor QCD 9

• The crossing point gives T 0
c at H → 0

• At z−60%, small regular effects, T−
60% ≈ T 0

c

• z−60%(O(2)) = −0.009, z−60%(O(4)) = −0.01
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M = 2
�
msh ̄ il � mlh ̄ is� / f 4

K , where we have used fK =
⇣
156.1/

p
2
⌘

MeV to set the scale. The corre-
sponding susceptibility is defined as �M = ms@M/@ml, where ml and ms are light and strange quark masses,
respectively.

Near the critical point the order parameter M and its susceptibility �M are expected to behave like
M = h1/� fG(z) + fsub(T,H) and �M = h�1

0 h1/��1 f�(z) + @ fsub(T,H)/@H, where fG(z) and f�(z) are universal
scaling functions, which have been determined previously from spin model calculations, and fsub(T,H)
takes into account corrections-to-scaling terms and regular terms. The scaling variable z is defined as z =
th�1/�� = z0

⇣⇣
T � T 0

c

⌘
/T 0

c

⌘
H�1/�� with t = t�1

0

⇣
T � T 0

c

⌘
/T 0

c and h = (ml/ms)/h0 = H/h0. The scale z0 is
defined as z0 = h1/��

0 /t0 with T 0
c being the chiral critical temperature and H being the symmetry breaking

field.
The scaling variable z may be solved for T , which then gives the dependence of T on H when approach-

ing the chiral limit at fixed z,

T (z,H) = T 0
c

 
1 +

z
z0

H1/��
!
. (1)

This is commonly used when analyzing the approach of the pseudo-critical temperature Tpc, defined through
the peak of �m located at z = zp, to the chiral limit. Here we consider a di↵erent choice of z. We propose
to choose z = z�60%; the value of z�60% or equivalently T�60% is defined as �M

⇣
T�60%

⌘
= 0.6�max

M . From the
left panel of Fig.1, one can clearly see that for the scaling functions, which are relevant for our discussion,
60% of the peak corresponds to z ' 0, i.e. to a temperature close to the critical point. The influence of
H-dependent corrections thus will be suppressed by at least an order of magnitude compared to zp. This in
turn says that the estimator of T 0

c using T�60% will be far more stable than that using Tpc.

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

0.40

-2 -1  0  1  2  3

z=t/h1/βδ

fχ(z)

O(4)

O(2)

Z(2)

60% of peak

z=0

1/δ

zp

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

-0.5 -0.4 -0.3 -0.2 -0.1  0  0.1  0.2  0.3  0.4  0.5

fχ/fG

(T-T0
c)/T
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Fig. 1. Left panel : Scaling function f�(z) for O(4), O(2) and Z(2) universality class. zp is the peak position which is universal. z�60% ⇡ 0
for these universality classes. Right panel : Ratio of scaling functions using O(4) exponents for three di↵erent values of H.

Another estimate of the critical temperature can be obtained from the ratio H�M/M which behaves like
a Binder cumulant at the critical point [6] :

lim
H!0

lim
V!1

H�M (T�,V,H)
M (T�,V,H)

=
1
�
) T 0

c = lim
H!0

lim
V!1T�(V,H). (2)

In the right panel of Fig.1 we have shown this ratio using O(4) scaling functions for three di↵erent values
of symmetry breaking parameter H. For simplicity we have set the scale z0 = 1. From the figure one
can clearly see that in absence of corrections-to-scaling and regular terms the crossing point is unique for
di↵erent curves corresponding to di↵erent H and has the value 1/�.

To get some idea about the nature of the chiral transition we looked at the following ratio

M
�M
= (H � Hc)

fG(z)
f�(z)
, (3)

where Hc is zero for O(4) or O(2) transitions and non-zero for Z(2) transition. It is clear from Eq.3 that
near the critical point the ratio will be linear in H and the slope is uniquely defined through the universal

O(2)

z0 = 1

• The crossing point gives T 0
c at H → 0

• At z−
60%

, T−
60%

≈ T 0
c

Model zp z−
60%

Z(2) 2.0 0.1
O(4) 1.37 -0.01
O(2) 1.56 -0.009
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s

• The strange quark mass is
fixed at its physical value

• 4-5 values of quark masses
are chosen for Nτ = 6, 8 ,12
to approach the chiral limit

• 55 MeV⩽ mπ ⩽ 160MeV

• mphy
l = mphy

s /27

(HISQ/tree) action

Nτ mphy
s /ml window mπ window Nσ/Nτ window

6 [20, 80] [80, 160] MeV [4, 6.7]
8 [20, 160] [55, 160] MeV [4, 7]
12 [20, 80] [80, 160] MeV [4, 5]
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The volume dependence of the chiral susceptibility
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• χM does not grow linearly in the volume

• NO evidence for first order phase transition was found in
the current pion mass window mπ ⩾ 80 MeV
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Bψ̄ψ ≈ 3 suggests that the transition is crossover in the pion
mass window 55 MeV ⩽ mπ ⩽ 160 MeV
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⇧Current estimate of T 0

c for N⌧ = 8 is 144(2) MeV.
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• Current estimation from 60% peak of χM : T 0
c is around

147(2) MeV for Nτ=6, and 142(2) MeV for Nτ = 8 MeV.
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yields T 0
c ⇠ 144 MeV for N⌧ = 8. Performing a joint fit to M and �M with magnetic equation of state [7], a

comparable value T 0
c ⇠ 145 MeV is obtained. Putting together all the above-mentioned estimates we arrive

at T 0
c = 144(2) MeV which is the current estimate for N⌧ = 8. Similar analyses have also been carried out

for N⌧ = 6 and N⌧ = 12 which gives the estimates T 0
c = 147(2) MeV and 139(3) MeV, respectively. A

continuum extrapolation linear in N�2
⌧ , using results for di↵erent N⌧, yields

T 0
c = 138(5) MeV (continuum HotQCD preliminary).
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Fig. 4. M/�M is plotted for di↵erent N⌧ along with the scaling expectations from di↵erent universality classes.

Before concluding we would like to say a few (preliminary) words on the order of the chiral phase
transition and the corresponding universality class. In Fig.4 we have plotted M/�M as a function of H for
di↵erent N⌧ at two di↵erent positions. In the left panel, we have plotted the ratio at the peak position of �M
and in the right panel we have shown the same at the point where �M attains 60% of its maximum. For both
the plots one can see for low enough masses the ratio seems to behave linearly. The colored bands in the
plots are not fits rather expectations coming from O(N) universality classes. The width in the band comes
from the small di↵erence between O(4) and O(2). For a crude comparison we have also plotted expectations
from Z(2) universality class by black lines for two di↵erent values of Hc : solid line is for Hc = 1/120 and
dashed line is for Hc = 1/240. The data seems to favor O(N) expectations over Z(2). Although one has to
keep in mind that for a non-vanishing Hc, M is not any more an exact order parameter and the Z(2) lines in
Fig.4 will not be actually straight lines.
4. Conclusions

We have estimated the chiral critical temperature T 0
c using (2+1)-flavor HISQ/tree action. For N⌧ = 6,

8 and 12 the preliminary estimates of T 0
c are 147(2) MeV, 144(2) MeV and 139(3) MeV, respectively. A

continuum extrapolation using these numbers gives the preliminary estimate that in continuum T 0
c = 138(5)

MeV. Our preliminary analyses seem to favor a 2nd order chiral phase transition over a 1st order transition.
5. Acknowledgments

This work was supported in part through contract No. de-sc0012704 with the U.S. Department of En-
ergy, Scientific Discovery through Advance Computing (SciDAC) award “Computing the Properties of Mat-
ter with Leadership Computing Resources”, the Deutsche Forschungsgemeinschaft (DFG) through the grant
CRC-TR 211 “Strong-interaction matter under extreme conditions”, the grant 05P15PBCAA of the German
Bundesministerium für Bildung und Forschung, Early Career Research Award of the Science and Engineer-
ing Research Board of the Government of India and the National Natural Science Foundation of China under
grant numbers 11535012 and 11775096.
References

[1] A. Bazavov et. al. ; Phys. Rev. D 85, 054503 (2012).
[2] Recent updated determination : Contribution of P. Steinbrecher in this proceeding.
[3] J. B. Kogut, M. Stone, H. W. Wyld, J. Shigemitsu, S. H. Shenker and D. K. Sinclair; Phys. Rev. Lett. 48, 1140 (1982).
[4] R. D. Pisarski and F. Wilczek; Phys. Rev. D 29, 338, (1984).
[5] A. Pelissetto and E. Vicari; Phys. Rev. D 88, 105018 (2013).
[6] F. Karsch and E. Laermann; Phys. Rev. D 50, 6954 (1994).
[7] S. Ejiri et. al. ; Phys. Rev. D 80, 094505 (2009).

15 / 18



Chiral phase
transition of
(2 + 1)-flavor

QCD

QCD phase
diagram

MEOS

Lattice Setup

NO evidence
for the 1st
order phase
transition

Extract T0
c

Summary and
outlook

Backup

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Summary and outlook

✓ We have performed simulations on Nτ = 6, 8, 12 lattice
using the HISQ action with five different values of light
quark masses towards the chiral limit

✓ No first order phase transition is observed in our current
pion mass window (55MeV < mπ < 160MeV)

✓ Our scaling analyses suggest that mphy
s > mtri

s

✓ The chiral phase transition temperature T 0
c = 138(5) MeV

at a→ 0, V → ∞,m→ 0.
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Figure: Joint-fit to M and χM with regular term to the two lowest
masses gives T 0

c = 144.5(2) MeV for Nτ = 8
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