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PART I. Introduction
M. Blaskiewicz AirBag Square well (ABS) model:

Strong Space Charge (SSC) theory:
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1.1 SSC Theory (no-wake)

1

Qeff(τ)

d

dτ

(
u2(τ)

dY (τ)

dτ

)
+ ν Y (τ) = 0, Y ′(±∞) = 0,

where ρ(τ) is the normalized longitudinal line density and u2(τ) is
the local average of the longitudinal velocity squared

ρ(τ) =

∫
f (τ, v)dv, u2(τ) =

∫
f (τ, v) v2 dv

/
ρ(τ).

Qeff(τ) = Qeff(0)ρ(τ)/ρ(0) is the space charge tune shift averaged
over the slice at the position τ . For the Gaussian transverse distri-
bution Qeff(τ) = 0.52Qmax(τ).

Solutions of this S-L problem constitute an orthogonal basis, which
when normalized will be referred to as the SSC harmonics

[νk ,Yk(τ)] :

∫
SB
ρ(τ)Yl(τ)Ym(τ) dτ = δlm, k = 0, 1, 2, 3, . . . .
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1.2 SSC Theory (zero chromaticity, ζ = 0)

Wake function W (τ) modifies the collective dynamics as follows:

1

Qeff(τ)

d

dτ

(
u2(τ)

dY(τ)

dτ

)
+ ∆q Y(τ) = κ ŴY(τ) ,

with

ŴY (τ) =

∫ ∞
τ

W (τ−σ) ρ(σ)Y (σ)dσ, and κ = Nb
r0R0

4π γ β2 Qβ
.

Expansion over the basis of SSC harmonics, Yk(τ) =
∑∞

i=0 C
(k)
i Yi (τ),

leads to the eigenvalue problem

M · C(k) = ∆qkC
(k), Mlm = νl δlm + κ Ŵlm

with matrix elements of the wake operator being

Ŵlm =

∫ ∞
−∞

∫ ∞
τ

W (τ − σ) ρ(τ) ρ(σ)Yl(τ)Ym(σ) dσ d τ.
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1.3 TMCI Theorem: only two types of TMCI are possible

1

Qeff(τ)

d

dτ

(
u2(τ)

dY(τ)

dτ

)
+ ∆q Y(τ) = κ ŴY(τ)

Scaling with respect to the SC: if {Y,∆q} are an eigenfunction
and eigenvalue for certain SC tune shift Qeff and wake W , then
for α times larger SC, αQeff, and α times smaller wake, W /α, the
eigenvalues scale as ∆q/α, while eigenfunctions Y remain the same.

1. SSC TMCI
The instability threshold, if there is any, scales inversely proportional
to the SC tune shift, κWth ∝ 1/Qeff(0).

2. Vanishing TMCI

If modes never couple, it means that TMCI can only be outside the
SSC applicability area, when some of wake tune shifts are compara-
ble with Qeff(0). When the SC-asymptotic of the TMCI threshold
is considered, if it does exist at all, it asymptotically has to be pro-
portional to the SC tune shift, κWth ∝ Qeff(0).
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1.4 SSC models

SSCSW: fSW(τ, v) = Θ
[
1− 4 τ2/τ2

b

]
V(v)/τb
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SSCHP: f
(n)

HP (τ, v) ∝ (1− 4 τ2/τ2
b − 4 v2/v2

b)n−1/2
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SSCG: fG(τ, v) = exp
[
−(τ2/σb − v2/vb)/2

]
/(2π σb vb)
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1.5 SSC harmonics for SW, HP0,1/2,1 and Gaussian bunch
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1.6 M. Blaskiewicz AirBag Square well model (ABS)

fABS(τ, v) ∝ [δ(v − v0) + δ(v + v0)] Θ

[
1− 4

τ2

τ2
b

]
Equations for the amplitudes along the bunch x±(τ) are given by

d x±
dτ

= ± i

v0

[(
∆Qsc

2
+ ∆Qk

)
x± −

∆Qsc

2
x∓ − F

]
with the boundary conditions x+(±τb/2) = x−(±τb/2).
The force is defined by a wake function

F (τ) = κ

∫ τb/2

τ
W (τ − σ) x(σ)dσ, x = (x+ + x−)/2,

and satisfies an integro-differential equation:

dF (τ)

dτ
= −κW (0) x(τ) + κ

∫ τb/2

τ

∂

∂τ
W (τ − σ)x(σ) dσ.
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1.7 ABS model: no-wake solution

Figure: Eigenvalues (a.) and normalized eigenvalues (b.) as func-
tions of SC parameter for no-wake case, k = −9, . . . , 10. (ABS).

∆Qk

Qs
= −∆Qsc

2Qs
±

√(
∆Qsc

2Qs

)2

+ k2, ∆qk =
∆Qk

∆Q1
.
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PART II. Negative wakes
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2.1 Spectra for const-wake (ABS)

In order to describe the instability, we introduce a dimensionless
wake parameter χ and its normalized value χ∗:

χ =
κW0

Qs
and χ∗ =

κ∗W0

Qs
,

where W0 is the wake amplitude and κ∗ = κ

−∆Qsc
2 Qs

+

√(
∆Qsc
2 Qs

)2
+1

.

Figure: Spectra for ABS model and const-wake (∆Qsc/Qs = 0, 2, 20).
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2.2 TMCI threshold as a function of SC (ABS)

Figure: TMCI threshold as a function of space charge for ABS
model with constant and exponential wakes (after M. Blaskiewicz).
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2.3 Convergence for SSC models.
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Figure: Real (shown in color) and imaginary (gray colors) parts of
the spectra for SSCSW and SSCHP0 with a constant wake. Solid
and dashed lines are obtained using 5 or 50 modes respectively. For
sufficiently large number of modes and sufficiently good accuracy of
the matrix element computations, TMCI vanishes.
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2.4 Convergence for SSC models (continued).
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Figure: TMCI threshold as a
function of number of modes
for constant and resistive wall
wakes (solid and dashed lines re-
spectively) at SSC. The unlim-
ited growth with the truncation
parameter means that there is
no TMCI. The saturation of the
threshold for numerical models
(SSCHP1/2,1 and SSCG) does not
reflect the instability and is due to
limited precision of calculated ma-
trix elements, Ŵlm.
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2.5 Vanishing TMCI

The vanishing TMCI is confirmed for SSCSW, SSCHP0, 1
2
,1 and SSCG

models with

Delta wake

Constant wake

Step wake

Exponential wake

Thick resistive wall wake

See also:
V. Balbekov, arXiv preprint arXiv:1608.06243 (2016).
V. Balbekov, arXiv preprint arXiv:1607.06076 (2016).
V. Balbekov, Physical Review Accelerators and Beams 20, 034401 (2017).
V. Balbekov, arXiv preprint arXiv:1706.01982 (2017).
V. Balbekov, arXiv preprint arXiv:1801.04311 (2018).
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PART III. Oscillating wakes

Tim Zolkin1, Alexey Burov1, Bipul Pandey2 TMCI and Space Charge



3.1 Spectra for cos-wake (ABS & SSCSW)

0 25 50 75 ϰ*
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Figure: Spectra for the ABS (∆Qsc/Qs = 0, 2) and SSCSW models.

SSC makes the beam less stable: the threshold is found to be in-
versely proportional to the SC parameter when the wake phase ad-
vance is large enough, ω τb > π. When the wake oscillations are not
pronounced (either the phase advance is insufficient, ω τb < π, or
the wake oscillations are overshadowed by their exponential decay)
the TMCI vanishes at the SSC limit, as it can be expected.
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3.2 TMCI threshold as a function of SC (ABS)

Figure: TMCI threshold as a function of space charge for the ABS
model and a cosine wake. The dashed and solid lines correspond
to the vanishing and non-vanishing TMCIs. The left figure shows
thresholds in regular units. The right figure shows the same in terms
of the normalized wake parameter.
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3.3 cos-wake and convergence at SSC
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Figure: Instability threshold as a function of the number of modes
taken into account at the SSC for the cosine wake. Solid and dashed
lines correspond to different values of wake phase advance, ω τb: 2π
and 3π respectively.
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3.4 SSC TMCI threshold as a function of ω τb
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Figure: TMCI threshold for all SSC models with cosine wake as a
function of wake phase advance ω τb. The vertical lines reflect an
absolute threshold with respect to ω τb.
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4.1 Spectra for sin-wake (ABS)

Figure: Spectra for ABS model and sin-wake ( ∆Qsc/Qs = 0, 2, 20).

1. When SC is zero, there is no instability for the positive
modes.

2. When SC is increased, a cascade of mode couplings and
decouplings appears.
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4.2 TMCI threshold as a function of SC (ABS)

Figure: TMCI threshold in terms of the usual (left) and normalized
(right) wake parameters versus the SC parameter for the ABS model
and sine wake. The dashed lines correspond to the vanishing TMCI
in a negative part of the spectra. The solid and dotted lines represent
first couplings and first decouplings for positive modes.
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4.3 sin-wake at SSC (SSCSW vs SSCHP0)
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4.4 TMCI threshold as a function of ω τb (SSCSW)

Figure: TMCI threshold for SSCSW model with resonator wake
as a function of wake phase advance ω τb. The different curves
correspond to the different values of the wake decay rate, α τb. The
blue curve with α τb = 0 is for the sine wake. The vertical lines
reflect an absolute threshold with respect to ω τb.
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4.5 Convergence for SSCG model
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Figure: Instability threshold as a function of the number of modes
taken into account for SSCG model with cosine (solid lines) and sine
(dashed lines) wakes.
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4.6 Bunch spectra for SSCG

Figure: Bunch spectra for SSCG with the cos- (top) and sin-wakes
(bottom) . The columns correspond to the different values of 3ω σb.
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5.1 Comparison with simulations
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5.2 CERN SPS

Broadband resonator wake model:

W (τ) = Zt
ω2
r

ω̂Qr
sin(ω̂ τ) eωr τ/(2Qr ), ω̂ =

√
ω2
r − ω2

r /(2Qr )2,

with ωr = 1.3× 2π GHz, Qr = 1 and Zt = 5 MΩ/m.
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Figure: The lowest TMCI threshold as a function of space charge
for CERN SPS ring (ABS model). Dashed line shows the value of
threshold at zero ∆Qsc.
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5.3 Comparison with M. Blaskiewicz
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Figure: TMCI threshold as a function of the number of modes taken
into account for SSCHP0 (solid lines) and SSCHP7/2 (dashed lines)
models with wake functions from M.B.. The saturation with number
of modes for SSCHP7/2 case is determined by precision in calculation
of matrix elements. For SSCHP0 with resonator wakes there is the
numerical instability of threshold when the number of modes ≈ 20.
Right plot is for SSCHP0 with the same wakes but using expansion
in SSCSW basis: no saturation nor numerical instability is observed.
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Summary

TMCI Theorem: there are only 2 types of TMCI with respect to SC

Vanishing TMCI
The threshold value of the wake tune shift κW0 grows linearly with the SC
tune shift when the latter is high enough; this sort of instability cannot be
seen in the SSC approximation, and that is why we call it vanishing. For
the vanishing TMCI, there is an absolute threshold of the wake amplitude,
such that the beam is stable for any number of particles, provided that the
wake amplitude is below its absolute threshold value. Note that the latter
is inversely proportional to the transverse emittance and beta-function.

SSC TMCI
The threshold of the wake tune shift is asymptotically inversely proportional
to the SC tune shift; in fact, it is proportional to Q2

s /Qeff(0).
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Summary

Studies of particular examples

Vanishing TMCI
Vanishing type of TMCI was always observed for negative and effectively
negative wakes, which agrees with similar results of M. Blaskiewicz and
V. Balbekov. The same sort of TMCI has been found for resonator
wakes with arbitrary decay rates, for all HP and Gaussian bunches inside
a parabolic potential well.

SSC TMCI
The alternative type of TMCI, the SSC one, takes place for the cosine
wakes without respect to the potential well and bunch distribution; it is
also the case for the sine wakes at square potential wells, provided that
phase advances of the oscillatory wakes are sufficiently large.
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LAST SLIDE

Thank you for your attention!

Questions?
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