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Direct reactions: examples 
Textbook definition:  

short timescale, only a few relevant 
degrees of freedom, retains 
information from initial state 

Charge exchange to IAS,  
Danielewicz, NPA 958 (2017) 147. 

Examples: 
•  Elastic scattering 
•  Inelastic nuclear excitation 
•  Coulomb excitation 
•  Transfer reactions 
•  Knockout reactions 
•  Breakup 
•  Charge exchange reactions 

initial 
state

final 
state

reaction 
mechanism



Direct reactions: general theory 

•  Observables are cross sections (angular distributions, energy distributions, 
polarization observables, etc) 

•  Cross sections are proportional to |T|2 
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With the increasing interest in using (d,p) transfer reactions to extract structure and astrophysical

information, it is important to evaluate the accuracy of common approximations in reaction theory.

Starting from the zero-range adiabatic wave model, which takes into account deuteron breakup

in the transfer process, we evaluate the importance of the finite range of the n � p interaction in

calculating the adiabatic deuteron wave (as in Johnson and Tandy) as well as in evaluating the

transfer amplitude. Our study covers a wide variety of targets as well as a large range of beam

energies. Whereas at low beam energies finite range e↵ects are small (below 10%), we find these

e↵ects to become important at intermediate energies (20 MeV/u) calling for an exact treatment of

finite range in the analysis of (d,p) reactions measured at fragmentation facilities.

PACS numbers: 24.10.Ht; 24.10.Eq; 25.55.Hp
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Coordinate space (solve for wfn) 

Momentum space (typically solve for tmatrix) 
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Two traditional approaches: 

Finite range e↵ects in (d,p) reactions

N. B. Nguyen,1, 2 F. M. Nunes,1, 2 and R. C. Johnson3, 1, 2

1
National Superconducting Cyclotron Laboratory, Michigan State University, East Lansing, Michigan 48824

2
Department of Physics and Astronomy, Michigan State University, East Lansing, MI 48824-1321

3
Department of Physics, University of Surrey, Guildford GU2 7XH, U.K.

(Dated: June 11, 2018)

With the increasing interest in using (d,p) transfer reactions to extract structure and astrophysical

information, it is important to evaluate the accuracy of common approximations in reaction theory.

Starting from the zero-range adiabatic wave model, which takes into account deuteron breakup

in the transfer process, we evaluate the importance of the finite range of the n � p interaction in

calculating the adiabatic deuteron wave (as in Johnson and Tandy) as well as in evaluating the

transfer amplitude. Our study covers a wide variety of targets as well as a large range of beam

energies. Whereas at low beam energies finite range e↵ects are small (below 10%), we find these

e↵ects to become important at intermediate energies (20 MeV/u) calling for an exact treatment of

finite range in the analysis of (d,p) reactions measured at fragmentation facilities.

PACS numbers: 24.10.Ht; 24.10.Eq; 25.55.Hp

I. THEORY

T
exact =< �

(�)
f

| V |  (+)
i

>

(1)

 = � +G1V2 , G1 = (E � (T + V1))
�1

 = � +G0V � +G0V G0V � +G0V G0V G0V � + ....

T = � 2µ

~2k (< �|V |� > + < �|V G0V |� > + < �|V G0V G0V |� > +....)

T = V + V G0T, G0 = (E �H0)
�1

H = E ,  (R ! 1) = (F + TH
+)

T
exact
dp ⇡< �nA �

(�)
pB |Vnp|  (+)

d (~rnp, ~Rd) >



Direct reactions: Born series 

•  Iterate Lippman Schwinger Equation 
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Perturbative approaches based on Born series 

•  Make a choice on what part of the interaction is left out of the propagator 

•  Iterate to retain only first (and second) term of the Born series 

(V2 should be weaker than V1) 
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Direct reactions: a few d.o.f. 

•  Identify relevant channels and reduce many-body problem 

Deltuva, PRC91, 024607   
Typical reductions:  

•  two-body, three-body, four-body, etc 
•  single-particle or cluster degrees of 

freedom 
•  collective degrees of freedom 

(deformations, etc) 



Direct reactions: general remarks 

1. Few nucleon reactions to direct reactions with nuclei:  

        Coulomb force much stronger and exact treatment needed! 

2. Reactions not equal to resonances:  

       Non-resonant continuum critical for describing dynamics! 

4. Reactions are extremely sensitive to thresholds:  

       Q-value sets the overall magnitude for the process! 

3. Direct reactions are sensitive to peripheral behaviour:  

      Asymptotics needs to be correct. Bound state bases don’t work! 



Direct reactions: typical inputs 

2. Optical potentials  

3. Overlap functions (one nucleon, two nucleon, alpha, etc) 

1. Q-values and separation energies: thresholds 

4. Transition densities 



Outline 
1.  Faddeev approach 
2.  Continuum discretized coupled channel method 
3.  Adiabatic methods 
4.  Eikonal methods 
5.  Time dependent methods 
6.  4-body extensions 
7.  Including core excitation  
8.  Uncertainties 



Faddeev Approach 
3-body Hamiltonian:

Often written in T-matrix form and in the momentum 
space (AGS equations)

Faddeev Equations:

vt vt 

tc tc 

Transfer components are asymptotically separated:



Continuum Discretized Coupled Channel Method 

•  Pick one Jacobi coordinate set for basis expansion 

(½)+

10Be+n



Continuum Discretized Coupled Channel Method 

•  Pick one Jacobi coordinate set for basis expansion 

Expand wfn in eigenstates of projectile’s internal Hamiltonian:

Energy conservation



Continuum States as basis 

o  Energy/momentum: a continuous variable  
o  infinite number of energy states!! 

o  Continuum states oscillate and never die off for large R 
o  non-normalizable!! 

     Bad problems L 

Scattering state

Bound state



Continuum Bins as basis 

average method 

o  Discrete number of bins 
o  Normalizable – square integrable 
o  For non-overlaping continuum intervals,  continuum bins are orthogonal 

  Can form a good basis!

analytic form if potential is zero and l=0:

10Be+n

k1

k2

k3

k4

k5



Continuum Discretized Coupled Channel Method 
CDCC 3-body wavefunction:

Coupled channel equations:

Coupling potentials:

Energies:

r
R

c

v

t



CDCC: there are many applications 

CDCC + set of single particle parameters 
Ø  extract ANC from χ2 minimum 
Ø  error from ε=χmin

2+1

Nakamura et al, NPA722(2003)301c Reifarth, PRC77,015804 (2008) 

208Pb(15C,14C+n)208Pb@68 MeV/u 

•  Reifarth 

14C(n,γ)15C 

Yao, JPG33 (2006) 1 

Summers et al., PRC78(2009)069908 

07.032.1 ±=ANC fm-1/2 



Faddeev versus CDCC for breakup 

angular  

distributions 

Ogata and Yoshida, PRC94, 051603(2016) 

10Be(d,pn) 10Be @ 21 MeV 12C(d,pn) 12C @ 56 MeV 

Importance of closed channels! 

energy 
distribution 



Adiabatic methods: general 

•  Based on the separation of fast variable R and slow variable r 

•  Reductions of the CDCC equations assuming excitation energy of projectile 
can be neglected 



Adiabatic method for A(d,p)B reactions 

•  The exact T-matrix simplifies for intermediate and heavy targets  
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[Johnson and Soper, Phys. Rev. C 1, 976(1970)] [Johnson and Tandy, NPA 235, 56(1974)] 

Weinberg basisAdiabatic plus zero range
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Adiabatic methods: applications 

34Ar(p,d) 33Ar 

36Ar(p,d) 35Ar 

46Ar(p,d) 45Ar 

[FN, Deltuva, Hong, Phys. Rev. C 83, 034610 (2011)  ] 



Adiabatic versus CDCC 

[Chazono et al., PRC95, 064608 (2017)] 



Eikonal methods (semi-classical) 

•  Straight-line trajectories 

Eikonal phases – phase accumulated 
through the trajectory



Eikonal theory for composite projectiles 

•  Glauber formula for composite projectiles (elastic) 



Eikonal methods applied to knockout 

[Stroberg et al., PRC91, 041302 (2015)] 

9Be(36Si, 35Si γ) X 



Time dependent methods 
Our starting point time-dep Schrodinger Eq 

The interaction is defined by 

Initial conditions 

Probability of breakup is 
obtained for each trajectory 

Dynamical Eikonal Approx (DEA) Capel, Baye et al. 

Coulomb Corrections!



Benchmark semi-classical methods 

Data: Nakamura et al, PRC 79, 035805 

DEA method (with Coulomb correction) does well even below 50 MeV/u 

Capel, Esbensen, Nunes, PRC (2011) 



DEA application 

•  Showing the sensitivity to different interactions 

12C(11Be, 10Be+n) 12C E=67 MeV/u 

[Capel et al., PRC70, 064605(2004)] 



Outline 
1.  Faddeev approach 
2.  Continuum discretized coupled channel method 
3.  Adiabatic methods 
4.  Eikonal methods 
5.  Time dependent methods 
6.  4-body extensions 
7.  Including core excitation  
8.  Uncertainties 



4-body developments 
[Casal et al., PRC92, 054611(2015)] 

•  Issues with convergence 

•  Stability of the CC eqs 

[Baye et al., PRC79, 024607(2009)] 



Faddeev with target excitation 

•  Deuteron induced excitation of 10Be 

•  Faddeev results incorporating collective 
model for 10Be 

Deltuva, et al. PRC94, 044613(2016) 



CDCC with core excitation 

Lay et al. PRC94, 021602(2016) 
Important of closed channels! 



Uncertainties in reactions: (d,p) example 

neutron and proton elastic data 
(entrance channel)

proton elastic data 
(exit channel)

ADWA 

) 

90Zr(d,p)90Zr at 24 MeV 



Bayesian: transfer predictions 
90Zr(d,p)91Zr at 24 MeV 
Lovell and Nunes, PRC (2018) accepted 

Even with best elastic data, uncertainties 
on cross sections from the optical 
potential are too large! 



Concluding remarks 

• Good understanding of range of validity of the various formulations 

•  Challenges to incorporate more degrees of freedom: 

     4-body, core excitation, etc 

• Uncertainty in the inputs 
•  We are starting to quantify uncertainties more rigorously and discovering 

these need to be reduced 

•  Structure theory can help in providing predictions for some part of the 
inputs, constraints to others and guidance on how to shape the fitting 
protocols 
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Various reaction efforts we are involved with: 
Faddeev in Coulomb basis with separable interactions  (Hlophe, Lin, CE, AN, FN) 
Properties of separable interactions (Quinonez, Hlophe, FN) 
Inclusive (d,p) to continuum (Li, Potel, FN) 
Uncertainty quantification in reactions (King, Wright, Catacororios, Lovell, FN) 
Microscopic optical potential (Rotureau, FN, PD, GH, TP) 
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Reaction efforts at MSU Microscopic optical potential  
(Rotureau, FN, et al) 

Non-local global nA and pA potential 
(Bacq, Capel, Jaghoub, Lovell, FN) 

Charge-exchange 
(Poxon-Pearson, Potel, FN) 

Faddeev in Coulomb basis with 
separable interactions  
(Hlophe, Lin, CE, AN, FN) 

Nonlocal effects in 
(d,p) inclusive  
(Potel, Li, FN) 


