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Number of excitations 24Mg � p � 25Al* � 25Al�

SA-NCSM


NCSM


Total HO quanta 
Nmax


Total HO quanta 
Nmax
+


Distribution: 

z, x, y


Launey et al., Prog. Part. Nucl. Phys. 89 (2016) 101
Dytrych et al., Phys. Rev. Lett. 111 (2013) 252501

LSU code (LSU3shell): sourceforge.net/projects/lsu3shell 
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Number of excitations 24Mg � p � 25Al* � 25Al�

SA-NCSM


NCSM


Total HO quanta 
Nmax


Total HO quanta 
Nmax
+


Distribution: 

z, x, y


Launey et al., Prog. Part. Nucl. Phys. 89 (2016) 101
Dytrych et al., Phys. Rev. Lett. 111 (2013) 252501

LSU code (LSU3shell): sourceforge.net/projects/lsu3shell 

Unitary transformation to collective basis, 

SU(3) [shown] or Sp(3,R)
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Symmetry-adapted Bases: SU(3)-coupled
0ħΩ#
(N=0)%

2ħΩ#
(N=2)%

4ħΩ#
(N=4)%

6ħΩ#
(N=6)%

8ħΩ#
(N=8)%

(8%2),%(7%1),%(6%3),%
(6%0),%(5%2),%(4%4)%

…%

...%

(14%0),%(12%1),(10%2)%

...%

(2%4),%(1%3),%(0%2)%

(4%4),%(3%3),%(2%2),%(1%4),%
(1%1),%(0%6),%(0%0)%

...%

...%

Set%II.#

Set%I.#

ħΩ#

0ħΩ%0p60h##
(λσ#%μσ)%=%(0%4)%

2ħΩ%2p62h##
(λσ#%μσ)%=%(6%2)%

4ħΩ%4p64h##
(λσ#%μσ)%=%(12%0)%(3%2),%(2%1),%%

(1%3),%(1%0)%

(5%2),%(4%1),%(3%3),%%
(3%0),%(1%4),%(1%1),%(0%3)%

...%

...%

0ħΩ%0p60h##
(λσ#%μσ)%=%(1%2)%

•  Spherical	harmonic	oscillator	basis	
•  DistribuPons	of	nucleons	over	shells	

0ħΩ#
(N=0)%

2ħΩ#
(N=2)%

4ħΩ#
(N=4)%

6ħΩ#
(N=6)%

8ħΩ#
(N=8)%

(8%2),%(7%1),%(6%3),%
(6%0),%(5%2),%(4%4)%

…%

...%

(14%0),%(12%1),(10%2)%

...%

(2%4),%(1%3),%(0%2)%

(4%4),%(3%3),%(2%2),%(1%4),%
(1%1),%(0%6),%(0%0)%

...%

...%

Set%II.#

Set%I.#

ħΩ#

0ħΩ%0p60h##
(λσ#%μσ)%=%(0%4)%

2ħΩ%2p62h##
(λσ#%μσ)%=%(6%2)%

4ħΩ%4p64h##
(λσ#%μσ)%=%(12%0)%(3%2),%(2%1),%%

(1%3),%(1%0)%

(5%2),%(4%1),%(3%3),%%
(3%0),%(1%4),%(1%1),%(0%3)%

...%

...%

0ħΩ%0p60h##
(λσ#%μσ)%=%(1%2)%

e.g.: p shell, single particle


spatial dof (nlm) ×	spin dof (ssz)


n = 1, l = 1

3 states


m = 0,+1,-1 

nz nx ny

3 states


1 0 0

spatial dof (nlm) ×	spin dof (ssz)


0 1 0
0 0 1

Degenerate 3 states … U(3)=U(1)×SU(3) symmetry 


All we need to know:      is (n 0) SU(3) tensor 


n = nz +nx +ny
  λ= nz–nx
 μ= nx–ny
  (λ μ)
 nz -> nx

SU(3) 

generators
nx -> ny


1 0 0 <-> (1 0)

an
+
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Symmetry-adapted Bases: SU(3)-coupled
0ħΩ#
(N=0)%

2ħΩ#
(N=2)%

4ħΩ#
(N=4)%

6ħΩ#
(N=6)%

8ħΩ#
(N=8)%

(8%2),%(7%1),%(6%3),%
(6%0),%(5%2),%(4%4)%

…%

...%

(14%0),%(12%1),(10%2)%

...%

(2%4),%(1%3),%(0%2)%

(4%4),%(3%3),%(2%2),%(1%4),%
(1%1),%(0%6),%(0%0)%

...%

...%

Set%II.#

Set%I.#

ħΩ#

0ħΩ%0p60h##
(λσ#%μσ)%=%(0%4)%

2ħΩ%2p62h##
(λσ#%μσ)%=%(6%2)%

4ħΩ%4p64h##
(λσ#%μσ)%=%(12%0)%(3%2),%(2%1),%%

(1%3),%(1%0)%

(5%2),%(4%1),%(3%3),%%
(3%0),%(1%4),%(1%1),%(0%3)%

...%

...%

0ħΩ%0p60h##
(λσ#%μσ)%=%(1%2)%

•  Spherical	harmonic	oscillator	basis	
•  DistribuPons	of	nucleons	over	shells	

0ħΩ#
(N=0)%

2ħΩ#
(N=2)%

4ħΩ#
(N=4)%

6ħΩ#
(N=6)%

8ħΩ#
(N=8)%

(8%2),%(7%1),%(6%3),%
(6%0),%(5%2),%(4%4)%

…%

...%

(14%0),%(12%1),(10%2)%

...%

(2%4),%(1%3),%(0%2)%

(4%4),%(3%3),%(2%2),%(1%4),%
(1%1),%(0%6),%(0%0)%

...%

...%

Set%II.#

Set%I.#

ħΩ#

0ħΩ%0p60h##
(λσ#%μσ)%=%(0%4)%

2ħΩ%2p62h##
(λσ#%μσ)%=%(6%2)%

4ħΩ%4p64h##
(λσ#%μσ)%=%(12%0)%(3%2),%(2%1),%%

(1%3),%(1%0)%

(5%2),%(4%1),%(3%3),%%
(3%0),%(1%4),%(1%1),%(0%3)%

...%

...%

0ħΩ%0p60h##
(λσ#%μσ)%=%(1%2)%

e.g.: C-12 (4 protons and 4 neutrons above s shell)


nz nx ny

3 states


1 0 0
0 1 0
0 0 1

4 0 0
0 4 0
0 0 0
Total excitations


4 4 0
or


 (λ μ) = (0 4)


1 possible configuration


Oblate shape


0ħΩ#
(N=0)%

2ħΩ#
(N=2)%

4ħΩ#
(N=4)%

6ħΩ#
(N=6)%

8ħΩ#
(N=8)%

(8%2),%(7%1),%(6%3),%
(6%0),%(5%2),%(4%4)%

…%

...%

(14%0),%(12%1),(10%2)%

...%

(2%4),%(1%3),%(0%2)%

(4%4),%(3%3),%(2%2),%(1%4),%
(1%1),%(0%6),%(0%0)%

...%

...%

Set%II.#

Set%I.#

ħΩ#

0ħΩ%0p60h##
(λσ#%μσ)%=%(0%4)%

2ħΩ%2p62h##
(λσ#%μσ)%=%(6%2)%

4ħΩ%4p64h##
(λσ#%μσ)%=%(12%0)%(3%2),%(2%1),%%

(1%3),%(1%0)%

(5%2),%(4%1),%(3%3),%%
(3%0),%(1%4),%(1%1),%(0%3)%

...%

...%

0ħΩ%0p60h##
(λσ#%μσ)%=%(1%2)%

nz nx ny

3 states


1 0 0
2 0 0

4 0 0
8 0 0
0 0 0
Total excitations


12 0 0
or


 (λ μ) = (12 0)


1 possible configuration


Prolate shape


.
.
.

.
.
. 1  1 0

…Hoyle state: 

built on it


…Ground state: 

built on it
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Symmetry-adapted Bases: Sp(3,R)-coupled
0ħΩ#
(N=0)%

2ħΩ#
(N=2)%

4ħΩ#
(N=4)%

6ħΩ#
(N=6)%

8ħΩ#
(N=8)%

(8%2),%(7%1),%(6%3),%
(6%0),%(5%2),%(4%4)%

…%

...%

(14%0),%(12%1),(10%2)%

...%

(2%4),%(1%3),%(0%2)%

(4%4),%(3%3),%(2%2),%(1%4),%
(1%1),%(0%6),%(0%0)%

...%

...%

Set%II.#

Set%I.#

ħΩ#

0ħΩ%0p60h##
(λσ#%μσ)%=%(0%4)%

2ħΩ%2p62h##
(λσ#%μσ)%=%(6%2)%

4ħΩ%4p64h##
(λσ#%μσ)%=%(12%0)%(3%2),%(2%1),%%

(1%3),%(1%0)%

(5%2),%(4%1),%(3%3),%%
(3%0),%(1%4),%(1%1),%(0%3)%

...%

...%

0ħΩ%0p60h##
(λσ#%μσ)%=%(1%2)%

0ħΩ#
(N=0)%

2ħΩ#
(N=2)%

4ħΩ#
(N=4)%

6ħΩ#
(N=6)%

8ħΩ#
(N=8)%

(8%2),%(7%1),%(6%3),%
(6%0),%(5%2),%(4%4)%

…%

...%

(14%0),%(12%1),(10%2)%

...%

(2%4),%(1%3),%(0%2)%

(4%4),%(3%3),%(2%2),%(1%4),%
(1%1),%(0%6),%(0%0)%

...%

...%

Set%II.#

Set%I.#

ħΩ#

0ħΩ%0p60h##
(λσ#%μσ)%=%(0%4)%

2ħΩ%2p62h##
(λσ#%μσ)%=%(6%2)%

4ħΩ%4p64h##
(λσ#%μσ)%=%(12%0)%(3%2),%(2%1),%%

(1%3),%(1%0)%

(5%2),%(4%1),%(3%3),%%
(3%0),%(1%4),%(1%1),%(0%3)%

...%

...%

0ħΩ%0p60h##
(λσ#%μσ)%=%(1%2)%

•  Spherical	harmonic	oscillator	basis	
•  DistribuPons	of	nucleons	over	shells	

Excitations driven by: 

r2 (L=0) [or kinetic energy, T]

Q (L=2)
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Preference of Nature


6Li, Nmax=12

# J=1,2,3 states………………………....2x107

# Sp configurations…………….……….528

# Sp configurations with P>0.2%......25


2.524

5.135

6.913
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7.276

11+ 0
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21+ 0 4.312

12+ 0 5.650

Nmax=12 12@6DExp
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Sp(3,R) (collective) basis configurations
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SA-NCSM with Sp(3,R) basis


6Li, Nmax=12

# J=1,2,3 states……………..2x107

# Sp(3,R) irreps……………….528

# Sp(3,R) with P>0.2%............25
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~ ~ 

~ ~ 

Leff & Λeff based on: Wendt, Forssén, Papenbrock, & Sääf, Phys. Rev. C 91, 061301(R)


Leff


1/Λeff


“box size”


“resolution”


EM (N3LO)
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SA-NCSM with Sp(3,R) basis


6Li, Nmax=12

# J=1,2,3 states……………..2x107

# Sp(3,R) irreps……………….528

# Sp(3,R) with P>0.2%............25
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Reproducing B(E2)?


Symplectic generators – 

do not mix Sp basis configurations


=> Significance of dominant Sp configuration


|


EM (N3LO)
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Symplectic Sp(3,R) Symmetry!

Formal definition


xiα → aαβxiβ
β=x,y,z
∑ + bαβ piβ

piα → cαβxiβ
β=x,y,z
∑ + dαβ piβ

All linear canonical transformations of the single-particle phase-
space observables


that preserve the canonical commutation relation 


xiα, pjβ!" #$= iδijδαβ xi

pi

Nucleus with A nucleons

Generators:


SU(3)

in a HO shell

(Elliott, 1958)


Rowe, Rosensteel, Draayer, Hecht, Suzuki, Escher, Bahri, ….
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What physics can we learn from Sp basis?


rotations


space orientation


z

x
y

one equilibrium 
deformation 
(``shape”)


Sp (collective) basis configuration:


Vibrations

(of the giant resonance 

monopole (r2)/ 
quadrupole (Q) type)


All states preserve the 
equilibrium shape…



Symmetry?
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SA-NCSM


NCSM


Total HO quanta 
Nmax


Total HO quanta 
Nmax
+


Distribution: 

z, x, y


Connecting Bound States to the Continuum 
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SA-NCSM


NCSM


Total HO quanta 
Nmax


Total HO quanta 
Nmax
+


Distribution: 

z, x, y


Equilibrium shape

SU(3)


Connecting Bound States to the Continuum 
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SA-NCSM


NCSM


Total HO quanta 
Nmax


Total HO quanta 
Nmax
+


Distribution: 

z, x, y


“Inside”: wave functions coupled to the continuum (no widths)

Widths + reactions: 

“Outside”: exact solution (Coulomb functions)

(SA-NCSM/RGM + R-matrix)


Connecting Bound States to the Continuum 


Equilibrium shape

SU(3)


Vibrations

Sp(3,R)


…coupling to 
the continuum


See Alexis Mercenne’s talk
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Collectivity & clustering up to medium mass


0 

5 

10 

15 

20 

25 

30 

0+ 
2+ 
0+ 
2+ 

2+ 
2+ 

0+ 
2+ 

0+ 
2+ 

prolate S=0

oblate S=0


prolate S=1


Giant 
resonances


N2LOopt; 9 shells 


18Ne, B(E2: 2+->0+)

------------------------

Experiment……… 17.7(18) W.u.



9 shells …………… 1.13 W.u.

  

33 shells …………. 13.0(7) W.u.


(no effective charges)


Ne & Mg isotopes


Grigor Sargsyan, PhD student, LSU
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Energy (MeV) 

Equilibrium 
deformation 
+ vibrations 

Rotation Giant 
resonance 

Expt. (MeV)  0  1.63   4.25        8.78   11.95  

0+ 2+ 4+ 6+ 8+ 0+ Jπ 

Predominant shape contribution to states of 20Ne % 

% 

% 

% 

Collectivity & clustering up to medium mass


01
+ 0 0.000

21
+ 0 1.634

41
+ 0 4.248

61
+ 0 8.778

0.000

1.582

4.175

8.621

Exp X2\10 SA-NCSM

20Ne

0

2

4

6

8

10
E x
@Me

V
D

1 2 3 4 5
r, fm

0.05

0.10

0.15

0.20
ρ, fm-3

SA-NCSM, 13 shells, N2LOopt 

 

SA model space: 

50 million states 



Complete model space: 

1000 billion states

(currently not feasible)




Preliminary (11 shells)
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Structure of Ca-48 and Ti-48


8 shells, N2LOopt 

0+


SA-NCSM (selected): ……………..966,152 

Complete model space: ……3,162,511,819 



2+


SA-NCSM (selected): ……………3,055,554  

Complete model space: …14,522,234,982  


8 shells, N2LOopt 

0+


SA-NCSM (selected): ………………..602,493 

Complete model space: …..24,694,678,414 




2+


SA-NCSM (selected): ……………..1,178,834 

Complete model space: …113,920,316,658 


48Ti, Q(2+) [e fm2]

------------------------

Experiment……… -17.7



8 shells …………… -19.3



(no effective charges)


Grigor Sargsyan, PhD student, LSU


48Ca 

48Sc 

48Ti  Neutrinoless ββ decay
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r12C	 α	16O	

SA-NCSM with Sp(3,R) basis


6Li, Nmax=12

# J=1,2,3 states………..2x107

# Sp(3,R) irreps………….528

# Sp(3,R) with P>0.2%....25
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Single Sp(3,R) irrep

JISP16 (LS), Nmax = 6


Suzuki/Hecht (‘80s)


Relation to alpha clustering?
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XRB nucleosynthesis abundances�
from ab initio wave functions


Dreyfuss, et al., in preparation (2018)



Wave functions 
from ab initio 

SA-NCSM with 
N2LOopt


0	+gs	1-	

0	+GMR	

Spectroscopic	Amplitudes	
1-,	GMR	

α	

Sα(0+GMR)	=	0.49		
Sα(1-)	=	0.74			

16O(α,γ )20Ne
Alpha capture reactions


SA-NCSM	Nmax=3	
SA-NCSM	Nmax=11	
NCSpM	Nmax=13	

1-	

ru
l(r
)	(
fm

-1
/2
)	

r	(fm)	
2 4 6 8

-0.5

0.5

X-ray Bursts (XRB)


SA-NCSM:

• N2LOopt

• Sp(3,R)-preserving microscopic 
interaction (single adjustable parameter)


N2LOopt, Nmax=3 
N2LOopt, Nmax=11 
Sp(3,R), Nmax=13 

r16O	 α	20Ne	

ul(r) =
X

Q

✓
A

A� a

◆1/2

RQ,l(r) cQhQ[�(�µ)] |
�
{(�cµc)⇥ (0 0)}(�cµc) ⇥ (Q 0)

 (�µ)

l
i
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XRB nucleosynthesis abundances�
from ab initio wave functions


Dreyfuss, et al., in preparation (2018)

Wave functions 
from ab initio 

SA-NCSM with 
N2LOopt


0	+gs	1-	

0	+GMR	

Spectroscopic	Amplitudes	
1-,	GMR	

α	

Sα(0+GMR)	=	0.49		
Sα(1-)	=	0.74			

16O(α,γ )20Ne
Alpha capture reactions


SA-NCSM	Nmax=3	
SA-NCSM	Nmax=11	
NCSpM	Nmax=13	
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X-ray Bursts (XRB)


SA-NCSM:

• N2LOopt

• Sp(3,R)-preserving microscopic 
interaction (single adjustable parameter)


N2LOopt, Nmax=3 
N2LOopt, Nmax=11 
Sp(3,R), Nmax=13 

r16O	 α	20Ne	
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Nucleosynthesis 
simulations (Xnet):


XRB abundance 
pattern 


Γα width
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Lorentz Integral Transform (LIT): 4He benchmark
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Baker et al., in preparation (2018)
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Sum rules for 4He: HH and SA-NCSM benchmark
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Baker et al., in preparation (2018)

Response function


Sum rules




Lessons	from	the	ab	ini4o	SA-NCSM:	
collecPvity,	clustering,	sum	rules	&	scaQering	

“ConnecPng	Bound	States	to	the	ConPnuum”	
FRIB-TA	Workshop,	June	2018	

Sum rules for 4He: HH and SA-NCSM benchmark
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LIT: 4He benchmark
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LIT: Heavier nuclei/giant resonances
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Scattering observables from first principles
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Scattering observables from first principles
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Scattering observables from first principles
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Conclusions


Collective/clustering features from first principles   

up to medium-mass nuclei


Simple physics: 
“shape” + 

vibrations + 
rotations


Sum rules



Response 
functions



Giant 
resonances


Scattering observables from from first principles  



