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Transforming the Hamiltonian

• reference state: single Slater 
determinant
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Decoupling in A-Body Space

aim: decouple reference state  
from excitations
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Flow Equation
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Operators

truncated at two-body level -

matrix is never constructed  

explicitly!
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Decoupling

off-diagonal couplings 
are rapidly driven to zero
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non-perturbative 
resummation of MBPT series 

(correlations)
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• absorb correlations into RG-improved Hamiltonian


• reference state is ansatz for transformed, less correlated 
eigenstate:
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Decoupling
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“standard” IMSRG: build correlations on top of 

Slater determinant (=independent-particle state)
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Correlated Reference States

! IMSRG(2) IMSRG(3) IMSRG(4) IMSRG(5)

. . . 

Collective (aka static) correlations, e.g.

due to intrinsic deformation:
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Correlated Reference States

! MR-IMSRG(2)

. . . 

MR-IMSRG: build correlations on top of 

already correlated state (e.g., from a method that


describes static correlation well)

use generalized 
normal ordering with 

2B,… densities



H. Hergert - FRIB Theory Alliance Workshop: “From Bound States to the Continuum”, Jun 12, 2018

MR-IMSRG References States

• Slater determinants (uncorrelated)


• number-projected Hartree-Fock Bogoliubov vacua


• Generator Coordinate Method (with projections)


• small-scale No-Core Shell Model


• clustered states, Density Matrix Renormalization Group, 
tensor networks etc.

av
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MR-IMSRG References States

• Slater determinants (uncorrelated) 

• number-projected Hartree-Fock Bogoliubov vacua 

• Generator Coordinate Method (with projections) 


• small-scale No-Core Shell Model


• clustered states, Density Matrix Renormalization Group, 
tensor networks etc.
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Titanium Isotopes
E. Leistenschneider et al., PRL 120, 062503 (2018)
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to overpredict the N ¼ 28 gap compared to 1.8=2.0ðEMÞ
and NN þ 3NðlnlÞ.
Finally, since the VS-IMSRG can access all nuclei in this

region, we have employed the 1.8=2.0ðEMÞ interaction to
study shell evolution across the known extremes of the
N ¼ 32 shell closure, at Ca (where it is strongest) and V
(where it is quenched) isotopic chains, as shown in Fig. 5.
VS-IMSRG calculations for Sc have also been done and
will be published in a dedicated manuscript. First, we see
that the calculations provide an excellent description of
neutron shell evolution at N ¼ 28; and, while there is a
general overprediction of the neutron shell gap at N ¼ 32,
the trends from N ¼ 28 to N ¼ 32 are mostly reproduced.

In contrast, calculated shell gaps in titanium steeply rise
from N ¼ 30 to N ¼ 32 compared to experiment, and even
predict modest shell effects in the vanadium chain. This
indicates that the N ¼ 32 closure is predicted to arise too
early towards Ca. While the origin of this discrepancy is not
completely clear, we note that signatures of shell closures
are often modestly overestimated by VS-IMSRG [50].
From direct comparisons with coupled cluster theory
[56], it is expected that some controlled approximation
to include three-body operators in the VS-IMSRG will
improve such predictions in magic nuclei and, possibly, in
titanium as well.
In summary, precision mass measurements performed

with TITAN’s Penning trap and multiple-reflection time-of-
flight mass spectrometers on neutron-rich titanium isotopes
conclusively establish the existence of weak shell effects at
N ¼ 32, narrowing down the evolution of this shell and its
abrupt quenching. We also present unprecedented calcu-
lations from several ab initio theories, including the first
ever published results using the NN þ 3NðlnlÞ interaction.
Overall, all presented theories perform well in this region,
but our work reveals deficiencies in the description of the
N ¼ 32 shell if compared to the neighborN ¼ 28. Our data
provide fine information for the development of the next
generation of nuclear forces. These results also highlight
the scientific capabilities of the new TITAN MR-TOF-MS,
whose sensitivity enables probing much rarer species with
competitive precision.

The authors want to thank the TRILIS group at TRIUMF
for Ti beam development, C. Lotze, T. Wasem, R. Weiß, and
the staff of the machine shop of the physics institutes of the
JLU Gießen for excellent technical support. This work was
partially supported by Canadian agencies NSERC and CFI,
U.S.A. NSF (Grants No. PHY-1419765 and No. PHY-
1614130) and DOE (Grant No. DE-SC0017649), Brazil’s
CNPq (GrantNo. 249121/2013-1),UnitedKingdom’s STFC
(GrantsNo. ST/L005743/1 andNo. ST/P005314/1),German
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FIG. 4. The mass landscape of titanium isotopes is shown from three perspectives: (a) absolute masses (shown in binding energy
format), (b) its first “derivative” as two-neutron separation energies (S2n), and (c) its second “derivative” as empirical neutron-shell gaps
(Δ2n). Both theoretical ab initio calculations (lines) and experimental values (points) are shown. The no-shell hypothesis on N ¼ 32 is
presented in panel (b) as a smooth linear fit to S2n AME16 data between 52−56Ti, and its residual is shown in the insert, as well as the
updated values with TITAN data.
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FIG. 5. Empirical neutron-shell gaps for titanium and neighbor-
ing isotopic chains show the abrupt rise of the N ¼ 32 shell
closure between V and Sc. VS-IMSRG calculations using the
1.8=2.0ðEMÞ interaction (lines) show remarkable overall agree-
ment, but overpredict the extent of the N ¼ 32 shell closure
towards heavier isotones. Data (points) were calculated from
AME16 [12] values, red data points also include themeasurements
reported here. Dashed lines in Sc chain are from NNþ3NðlnlÞ
GGF calculations. Each isotopic chain was shifted by amultiple of
3.5 MeV for clarity.
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Titanium Isotopes

N=32 sub-shell closure too pronounced: combined effect of 
method & interaction !

to overpredict the N ¼ 28 gap compared to 1.8=2.0ðEMÞ
and NN þ 3NðlnlÞ.
Finally, since the VS-IMSRG can access all nuclei in this

region, we have employed the 1.8=2.0ðEMÞ interaction to
study shell evolution across the known extremes of the
N ¼ 32 shell closure, at Ca (where it is strongest) and V
(where it is quenched) isotopic chains, as shown in Fig. 5.
VS-IMSRG calculations for Sc have also been done and
will be published in a dedicated manuscript. First, we see
that the calculations provide an excellent description of
neutron shell evolution at N ¼ 28; and, while there is a
general overprediction of the neutron shell gap at N ¼ 32,
the trends from N ¼ 28 to N ¼ 32 are mostly reproduced.

In contrast, calculated shell gaps in titanium steeply rise
from N ¼ 30 to N ¼ 32 compared to experiment, and even
predict modest shell effects in the vanadium chain. This
indicates that the N ¼ 32 closure is predicted to arise too
early towards Ca. While the origin of this discrepancy is not
completely clear, we note that signatures of shell closures
are often modestly overestimated by VS-IMSRG [50].
From direct comparisons with coupled cluster theory
[56], it is expected that some controlled approximation
to include three-body operators in the VS-IMSRG will
improve such predictions in magic nuclei and, possibly, in
titanium as well.
In summary, precision mass measurements performed

with TITAN’s Penning trap and multiple-reflection time-of-
flight mass spectrometers on neutron-rich titanium isotopes
conclusively establish the existence of weak shell effects at
N ¼ 32, narrowing down the evolution of this shell and its
abrupt quenching. We also present unprecedented calcu-
lations from several ab initio theories, including the first
ever published results using the NN þ 3NðlnlÞ interaction.
Overall, all presented theories perform well in this region,
but our work reveals deficiencies in the description of the
N ¼ 32 shell if compared to the neighborN ¼ 28. Our data
provide fine information for the development of the next
generation of nuclear forces. These results also highlight
the scientific capabilities of the new TITAN MR-TOF-MS,
whose sensitivity enables probing much rarer species with
competitive precision.

The authors want to thank the TRILIS group at TRIUMF
for Ti beam development, C. Lotze, T. Wasem, R. Weiß, and
the staff of the machine shop of the physics institutes of the
JLU Gießen for excellent technical support. This work was
partially supported by Canadian agencies NSERC and CFI,
U.S.A. NSF (Grants No. PHY-1419765 and No. PHY-
1614130) and DOE (Grant No. DE-SC0017649), Brazil’s
CNPq (GrantNo. 249121/2013-1),UnitedKingdom’s STFC
(GrantsNo. ST/L005743/1 andNo. ST/P005314/1),German

48 50 52 54 56
-480

-460

-440

-420

-400

48 50 52 54 56
8

12

16

20

24

48 50 52 54 56
0

2

4

6

8

No-shell hyp.

AME16

TITAN +

28

(c)(b)

Mass Number

B
in

di
ng

E
ne

rg
y

[M
eV

]

(a)

Neutron Number
26 32 34

Neutron Number
26 28 32 34 26 28 32 34

Neutron Number

AME16

1.8/2.0(EM)
VS-IMSRG

NN+3N(lnl)
GGF
N2LOsat
GGF

N2LOsat
MR-IMSRG

3030 30

S 2n
[M

eV
]

Mass Number

No-shell hyp. residual:

∆ 2n
[M

eV
]

Mass Number

52 54 56
-0.4

0.0

0.4

FIG. 4. The mass landscape of titanium isotopes is shown from three perspectives: (a) absolute masses (shown in binding energy
format), (b) its first “derivative” as two-neutron separation energies (S2n), and (c) its second “derivative” as empirical neutron-shell gaps
(Δ2n). Both theoretical ab initio calculations (lines) and experimental values (points) are shown. The no-shell hypothesis on N ¼ 32 is
presented in panel (b) as a smooth linear fit to S2n AME16 data between 52−56Ti, and its residual is shown in the insert, as well as the
updated values with TITAN data.

24 26 28 30 32 34
-8

-6

-4

-2

0

2

4

6

8 23V
(+3.5 MeV)

22Ti

21Sc
(-3.5 MeV)

∆ 2n
[M

eV
]

Neutron Number

20Ca
(-7.0 MeV)

TITAN

FIG. 5. Empirical neutron-shell gaps for titanium and neighbor-
ing isotopic chains show the abrupt rise of the N ¼ 32 shell
closure between V and Sc. VS-IMSRG calculations using the
1.8=2.0ðEMÞ interaction (lines) show remarkable overall agree-
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Calcium Isotopes
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Calcium Isotopes
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parabola explained 

by sd-pf configuration 
mixing in Shell model:


static correlation



Excited States

N. M. Parzuchowski, T. D. Morris, S. K. Bogner, Phys. Rev. C 
95, 044304 (2017)

S. R. Stroberg, A. Calci, H. H., J. D. Holt, S. K. Bogner, R. Roth, 
A. Schwenk, PRL 118, 032502 (2017)

S. R. Stroberg, H. H., J. D. Holt, S. K. Bogner, A. Schwenk,          
Phys. Rev. C 93, 051301(R) (2016)

S. K. Bogner, H. H., J. D. Holt, A. Schwenk, S. Binder, A. Calci, 
J. Langhammer, R. Roth, Phys. Rev. Lett. 113, 142501 (2014)
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MR-IMSRG References States

• Slater determinants (uncorrelated) 

• number-projected Hartree-Fock Bogoliubov vacua


• Generator Coordinate Method (with projections) 


• small-scale No-Core Shell Model


• clustered states, Density Matrix Renormalization Group, 
tensor networks etc.
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EOM-IMSRG

• use IMSRG Hamiltonian as 
input for Equation-of-Motion 
approach


• all nucleons active 

• currently include up to 2p2h 
excitation operators�
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EOM-IMSRG: N. M. Parzuchowski et al., PRC 95, 044304
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Valence Space Decoupling

construct non-empirical interactions  
(and other operators) for use in the nuclear 
configuration interaction method
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Valence Space Decoupling

change definition of off-diagonal Hamiltonian:
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Ground-State Energies

• (initial) normal ordering and IMSRG decoupling in the target 
nucleus


• consistent with (MR-)IMSRG ground state energies (and 
CC, SCGF, …) for the same Hamiltonian

S. R. Stroberg, A. Calci, HH, J. D. Holt, S. K.Bogner, R. Roth, A. Schwenk, PRL 118, 032502 (2017)



Excitation Spectra

H. Hergert - FRIB Theory Alliance Workshop: “From Bound States to the Continuum”, Jun 12, 2018

S. K. Bogner et al., PRL113, 142501 (2014), S. R. Stroberg et al., PRC 93, 051301(R) (2016)
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sd-shell spectra agree 
very well with experiment 

and USDA/B…

… for NN+3N(400)  
with “wrong” cD = -0.2.
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Transitions
N. M. Parzuchowski, S. R. Stroberg et al., PRC 96, 034324;  

converged

VS-/EOM-IMSRG results 

consistent with  
NCSM
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Transitions
N. M. Parzuchowski, S. R. Stroberg et al., PRC 96, 034324; EOM-IMSRG: N. M. Parzuchowski et al., PRC 95, 044304

• non-zero B(E2) from Shell model: VS-IMSRG induces 
effective neutron charge


• B(E2) much too small: effect of intermediate 3p3h, … 
states that are truncated in IMSRG evolution
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Transitions
N. M. Parzuchowski, S. R. Stroberg et al., PRC 96, 034324

• B(E2) much too small: effect of intermediate 3p3h, … 
states that are truncated in IMSRG evolution

N. M. PARZUCHOWSKI et al. PHYSICAL REVIEW C 96, 034324 (2017)

FIG. 6. Convergence of the first 2+ excitation energy and B(E2)
(in e2 fm4) to ground state of 14C. VS- and EOM-IMSRG methods
[columns (b) and (c) respectively] are compared with NCSM [column
(a)] and experiment [78].

converged values. Hence the utility of the IMSRG:
For light nuclei such as 14C, convergence is obtainable
without extrapolation, and for heavier nuclei, we expect to
be able to identify convergence trends clearly enough to make
extrapolation procedures relatively painless compared to the
prohibitively large uncertainties one would incur when exact
methods such as NCSM are used. Of course, the effect of the
additional NO2B approximation must be fully investigated.

As a final test in the p shell, we analyze the isobaric
neighbor nucleus 14N. Here the EOM-IMSRG requires the use
of a charge-exchange formalism, i.e., ladder operators which
exchange one neutron for a proton. Figure 7 displays the 01

+

FIG. 7. Convergence of 01
+ excitation energy, B(M1) (in µ2

N ) to
ground state, and magnetic dipole moment of 14N. VS- and EOM-
IMSRG methods [columns (b) and (c) respectively] are compared
with NCSM [column (a)] and experiment [77,83].

FIG. 8. Results of EOM-IMSRG(2,2) and VS-IMSRG(2) calcu-
lations of the 21

+ excitation energy (a), and the B(E2; 21
+ → 01

+)
value (b) for several closed-shell nuclei in the sd and pf shells. Due
to experimental values that vary by several orders of magnitude, the
B(E2) values are scaled such that experiment is unity. Computations
are performed at h̄ω = 20 MeV and emax = 12. Experimental results
are taken from [78].

excitation energy for 14N, the ground-state magnetic dipole
moment, and the M1 transition strengths B(M1; 01

+ → 11
+)

and B(M1; 12
+ → 01

+). The agreement among methods is
moderate, with the exception of the transition B(M1; 01

+ →
11

+) to the ground state. We note that this relatively weak
transition, which is an analog of the Gamow-Teller β decay
of 14C, was found to result from a subtle cancellation between
various contributions [62,84], so that small errors on an
absolute scale appear large on a relative scale. Regardless,
the disagreement between VS-IMSRG and EOM-IMSRG will
be investigated in the future.

D. sd and f p shell systems

Ultimately, the power of IMSRG approaches to excited
states and effective operators will be the ability to describe
these properties in medium- to heavy-mass regions where
exact methods are not computationally tractable. In this section
we investigate the quality of these calculations for several
medium-mass nuclei, again using the electric quadrupole and
magnetic dipole operators as case studies.

1. Electric quadrupole observables

Figure 8 displays the first 2+ excitation energies and
B(E2; 21

+ → 01
+) strengths for several nuclei in the sd and

pf shells. We find excellent convergence properties, as we did
in the p shell, and we see reasonable agreement with experi-
ment for the excitation energies. However, transition strengths
are generally underpredicted by an order of magnitude. These
results are strikingly consistent between the two methods. A
tentative explanation for the diminished strength in 22O and
48Ca is provided by the lack of valence protons. In order to
describe the transition in these nuclei, valence neutrons must be
dressed consistently as quasineutrons possessing an effective
charge.

034324-8



Capturing Static Correlations: 

IMSRG+GCM

J. M. Yao, C. F. Jiao, L. J. Wang, J. Engel, H. H., in preparation
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MR-IMSRG References States

• Slater determinants (uncorrelated)


• number-projected Hartree-Fock Bogoliubov vacua


• Generator Coordinate Method (with projections) 


• small-scale No-Core Shell Model


• clustered states, Density Matrix Renormalization Group, 
tensor networks etc.
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Example: 20Ne

• reference: particle-
number & angular-
momentum 
projected HFB


• range of deformed 
reference states 
flow to the 20Ne 
ground state 

• deviation from Shell 
model result: 
correlations 
beyond MR-
IMSRG(2)
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Approximate MR-IMSRG(3)

• approximate MR-IMSRG(3): induced 3B terms recover 
bulk of missing correlation energy


• size will be reference-state dependent
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IMSRG+GCM for 20Ne

• rotational band spread out


• B(E2) significantly boosted, but still underestimated (2B 
part of effective E2 not included yet, spectrum spread out)

hw=20 MeV



Merging IMSRG and NCSM

E. Gebrerufael, K. Vobig, HH and R. Roth, in preparation

E. Gebrerufael,  K. Vobig, HH and R. Roth, PRL 118, 
152503 (2017)
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MR-IMSRG References States

• Slater determinants (uncorrelated)


• number-projected Hartree-Fock Bogoliubov vacua


• Generator Coordinate Method (with projections) 


• small-scale No-Core Shell Model


• clustered states, Density Matrix Renormalization Group, 
tensor networks etc.
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Concept
E. Gebrerufael,  K. Vobig, HH and R. Roth, PRL 118, 152503 (2017)

NCSM 
define


reference state

IMSRG 
evolve


operators

NCSM 
extract


observables

• diagonalization in small model space

• use eigenstate as reference

• evolve Hamiltonian and observables with  
MR-IMSRG


• decoupling in A-body space

• diagonalize evolved Hamiltonian

• calculate eigenstates, observables
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12C: Hamiltonian Matrix Evolution

Nmax=0 
Slater determinants 

In-Medium No-Core Shell Model 
Hamiltonian Matrix in A-Body Basis: 12C 

Slater determinants 
Nmax=2 Nmax=4 

N m
ax

=4
 

N m
ax

=2
 

N m
ax

=0
 

Eskendr Gebrerufael  -  TU Darmstadt  -  Apr. 2017                                                                                                                        8       

figures by E. Gebrerufael
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12C: Hamiltonian Matrix EvolutionIn-Medium No-Core Shell Model 
Hamiltonian Matrix in A-Body Basis: 12C 

Nmax=0 
eigenstates Slater determinants 

Nmax=2 Nmax=4 

N m
ax

=4
 

N m
ax

=2
 

N m
ax

=0
 

Eskendr Gebrerufael  -  TU Darmstadt  -  Apr. 2017                                                                                                                        8       

figures by E. Gebrerufael

• Nmax=0,2,4 eigenvalues 
(almost) identical due to 
decoupling…


•… but IMSRG truncation 
artifacts appear eventually 
(missing induced 3B+ terms)
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In-Medium No-Core Shell Model 
Hamiltonian Matrix in A-Body Basis: 12C 

for sufficiently large flow parameter 
eigenvalues in Nmax=0, 2 and 4 equal  

Nmax=0 
eigenstates Slater determinants 

IM-SRG decouples  
reference state from  
Nmax =2 and 4 spaces 

Æ Why do E(s) and Nmax=0 eigenvalue differ? 
Nmax=2 Nmax=4 

N m
ax

=4
 

N m
ax

=2
 

N m
ax

=0
 

Eskendr Gebrerufael  -  TU Darmstadt  -  Apr. 2017                                                                                                                        8       

Evolution of the Hamiltonian MatrixIn-Medium No-Core Shell Model  
Hamilton Matrix in A-Body Basis: 12C 

� Nmax=0 states couple to  

 reference state 

� E(s) and Nmax=0 eigenvalue  

 not identical 

diagonalization of 
evolved Hamiltonian  

necessary 

first basis state = reference state 

Nmax=0 
eigenstates 

Eskendr Gebrerufael  -  TU Darmstadt  -  Apr. 2017                                                                                                                        9       

figures by E. Gebrerufael

• induced couplings 
between reference and 
Nmax=0 states


• E(s) does not track 
lowest eigenvalue


➡ diagonalize H(s)
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Evolution of Ground-State Energies

• strongly enhanced 
convergence 

• plateau in flow 


• identify critical smax 
at which induced 
many-body terms 
become relevant

Robert Roth - TU Darmstadt - March 2017

Gebrerufael et al., arXiv:1610.05254

Flow: Ground-State Energy
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§ NCSM convergence is 
drastically improved 

§ Nmax=0 eigenvalues 
deviated from E(s) 

§ identify plateau in s 
before induced terms 
blow up
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12C: Excitation Spectra

• “uncertainty band”: flow parameter variation from smax/2 
to smax


• excellent agreement for converged states 

Results 
Spectra 

NCSM IM-NCSM 

� uncertainty band due to flow-parameter variation between smax/2 and smax  

� 2+ and 1+ in IM-NCSM and NCSM in good agreement 

� second 0+ in NCSM (Hoyle?) slow convergence, IM-NCSM closer to experiment 
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EM 500/400

NO2B

λ = 1.88 fm-1


ℏ" = 20 MeV
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Results 
Spectra 

� first 2+ and 4+ robust and well converged in IM-NCSM 

� higher-lying states show small flow-parameter dependence 

� 1+ not yet observed experimentally Æ theoretical prediction 

NCSM IM-NCSM 
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20O: Excitation Spectra

• excellent agreement for converged states 


• predict 1+ state that has not yet been observed 
experimentally

EM 500/400

NO2B

λ = 1.88 fm-1


ℏ" = 20 MeV



Epilogue
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Where Do We Go from Here?

• Revisit optical potentials (à la J. Rotureau et al., PRC 95, 
024315)


• MR-EOM / GCM / … to describe few-particle and 
collective correlation


• continuum coupling for exotic nuclei (see K. Fossez)


• Use IMSRG-evolved Hamiltonians in RGM/NCSMC/…)


• Utopia: Can we systematically connect many-body 
system to few-body system via IMSRG (or other RG) 
methods?
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