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OSCILLATING

Neutrinos come in three types, called flavors. 
There are electron neutrinos, muon neutri-
nos and tau neutrinos. One of the strangest 
aspects of neutrinos is that they don’t pick 
just one flavor and stick to it. They oscillate 
between all three.

MYSTERIOUS

Neutrinos are mysterious. Experiments seem 
to hint at the possible existence of a fourth 
type of neutrino: a sterile neutrino, which would 
interact even more rarely than the others. 

VERY MYSTERIOUS

Scientists also wonder if neutrinos are their 
own antiparticles. If they are, they could have 
played a role in the early universe, right after 
the big bang, when matter came to outnumber 
antimatter just enough to allow us to exist.

ABUNDANT

Of all particles with mass, neutrinos are the 
most abundant in nature. They’re also some  
of the least interactive. Roughly a thousand 
trillion of them pass harmlessly through your 
body every second.

FUNDAMENTAL

Neutrinos are fundamental particles, which 
means that—like quarks and photons and  
electrons—they cannot be broken down into 
any smaller bits.

ELUSIVE

Neutrinos are difficult but not impossible to  
catch. Scientists have developed many differ-
ent types of particle detectors to study them.

LIGHTWEIGHT

Neutrinos weigh almost nothing, and they 
travel close to the speed of light. Neutrino 
masses are so small that so far no experi-
ment has succeeded in measuring them. The 
masses of other fundamental particles come 
from the Higgs field, but neutrinos might get 
their masses another way.

DIVERSE

Neutrinos are created in many processes in 
nature. They are produced in the nuclear 
reactions in the sun, particle decays in the 
Earth, and the explosions of stars. They are 
also produced by particle accelerators and  
in nuclear power plants.

 NEUTRINOS
  ARE…
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John	Beacom,	The	Ohio	State	University Neutrino	University	Seminar,	Fermilab,	July	2017 13

Energetic	and	Luminous	Gamma	Sources	Exist

Gammas	do	point,	but	they	do	attenuate,	don’t	reveal	parents

Wide	variety	of	point	and
diffuse	sources,	high	fluxes	

Energies	up	to	~ 100	TeV
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Interested in how the universe works? Read symmetry, an online magazine about particle physics 
and its connections to life and other areas of science. Published by Fermi National Accelerator 
Laboratory and SLAC National Accelerator Laboratory. symmetrymagazine.org

OSCILLATING

Neutrinos come in three types, called flavors. 
There are electron neutrinos, muon neutri-
nos and tau neutrinos. One of the strangest 
aspects of neutrinos is that they don’t pick 
just one flavor and stick to it. They oscillate 
between all three.

MYSTERIOUS

Neutrinos are mysterious. Experiments seem 
to hint at the possible existence of a fourth 
type of neutrino: a sterile neutrino, which would 
interact even more rarely than the others. 

VERY MYSTERIOUS

Scientists also wonder if neutrinos are their 
own antiparticles. If they are, they could have 
played a role in the early universe, right after 
the big bang, when matter came to outnumber 
antimatter just enough to allow us to exist.

ABUNDANT

Of all particles with mass, neutrinos are the 
most abundant in nature. They’re also some  
of the least interactive. Roughly a thousand 
trillion of them pass harmlessly through your 
body every second.

FUNDAMENTAL

Neutrinos are fundamental particles, which 
means that—like quarks and photons and  
electrons—they cannot be broken down into 
any smaller bits.

ELUSIVE

Neutrinos are difficult but not impossible to  
catch. Scientists have developed many differ-
ent types of particle detectors to study them.

LIGHTWEIGHT

Neutrinos weigh almost nothing, and they 
travel close to the speed of light. Neutrino 
masses are so small that so far no experi-
ment has succeeded in measuring them. The 
masses of other fundamental particles come 
from the Higgs field, but neutrinos might get 
their masses another way.

DIVERSE

Neutrinos are created in many processes in 
nature. They are produced in the nuclear 
reactions in the sun, particle decays in the 
Earth, and the explosions of stars. They are 
also produced by particle accelerators and  
in nuclear power plants.

 NEUTRINOS
  ARE…
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13. Neutrino mixing 43

lepton current in the CC weak interaction Lagrangian, are linear combinations of the LH
components of the fields of three massive neutrinos νj :

LCC = −
g√
2

∑

l=e,µ,τ

lL(x) γα νlL(x) Wα†(x) + h.c. ,

νlL(x) =
3

∑

j=1

Ulj νjL(x), (13.78)

where U is the 3 × 3 unitary neutrino mixing matrix [17,18]. The mixing matrix U can
be parameterized by 3 angles, and, depending on whether the massive neutrinos νj are
Dirac or Majorana particles, by 1 or 3 CP violation phases [40,41]:

U =

⎡

⎣

c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13
s12s23 − c12c23s13e

iδ −c12s23 − s12c23s13e
iδ c23c13

⎤

⎦

× diag(1, ei
α21
2 , ei

α31
2 ) . (13.79)

where cij = cos θij , sij = sin θij , the angles θij = [0, π/2], δ = [0, 2π] is the Dirac CP
violation phase and α21, α31 are two Majorana CP violation phases. Thus, in the case
of massive Dirac neutrinos, the neutrino mixing matrix U is similar, in what concerns
the number of mixing angles and CP violation phases, to the CKM quark mixing matrix.
The presence of two additional physical CP violation phases in U if νj are Majorana
particles is a consequence of the special properties of the latter (see, e.g., Refs. [39,40]) .

As we see, the fundamental parameters characterizing the 3-neutrino mixing are: i)
the 3 angles θ12, θ23, θ13, ii) depending on the nature of massive neutrinos νj - 1 Dirac
(δ), or 1 Dirac + 2 Majorana (δ, α21, α31), CP violation phases, and iii) the 3 neutrino
masses, m1, m2, m3. Thus, depending on whether the massive neutrinos are Dirac or
Majorana particles, this makes 7 or 9 additional parameters in the minimally extended
Standard Model of particle interactions with massive neutrinos.

The neutrino oscillation probabilities depend (Section 13.2), in general, on the neutrino
energy, E, the source-detector distance L, on the elements of U and, for relativistic
neutrinos used in all neutrino experiments performed so far, on ∆m2

ij ≡ (m2
i − m2

j ),
i ̸= j. In the case of 3-neutrino mixing there are only two independent neutrino mass
squared differences, say ∆m2

21 ̸= 0 and ∆m2
31 ̸= 0. The numbering of massive neutrinos

νj is arbitrary. It proves convenient from the point of view of relating the mixing angles
θ12, θ23 and θ13 to observables, to identify |∆m2

21| with the smaller of the two neutrino
mass squared differences, which, as it follows from the data, is responsible for the solar
νe and, the observed by KamLAND, reactor ν̄e oscillations. We will number (just for
convenience) the massive neutrinos in such a way that m1 < m2, so that ∆m2

21 > 0. With
these choices made, there are two possibilities: either m1 < m2 < m3, or m3 < m1 < m2.
Then the larger neutrino mass square difference |∆m2

31| or |∆m2
32|, can be associated with

the experimentally observed oscillations of the atmospheric νµ and ν̄µ and accelerator

June 18, 2012 16:19
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Parametrization of PMNS:
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Neutrino Mixing Matrix:

Like the Quark Sector:
The Neutrino Mass Eigenstates, |⌅i⌅, are a Mixture of Flavor States, |⌅�⌅:
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Important in neutrinoless double beta decay.
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Solarplo = Graphics[{Inset[nu1plo, {0, 0}], Inset[nu2plo, {0, 0.6}] }]

ssq23 = 0.5
csq23 = 1 ' ssq23

16     octant-delta.nb

Why this order ???

⌫
1

, ⌫
2

Mass Ordering:

⌫
3

, ⌫
1

/⌫
2

Mass Ordering:

–atmospheric mass ordering

⌫
1

⌫
2

⌫
3

mass

|�m2

21

| = |m2

2

� m2

1

| = 7.5 ⇥ 10

�5 eV2

L/E = 15 km/MeV = 15, 000 km/GeV

SNO m
2

> m
1

–solar mass ordering

|�m2

31

| = |m2

3

� m2

1

| = 2.5 ⇥ 10

�3 eV2

L/E = 0.5 km/MeV = 500 km/GeV

Unknown: NO⌫A, JUNO, DUNE, ....

– Typeset by FoilT

E

X – 5

Why this order ???

⌫
1

, ⌫
2

Mass Ordering:

⌫
3

, ⌫
1

/⌫
2

Mass Ordering:

–atmospheric mass ordering

⌫
1

⌫
2

⌫
3

mass

|�m2

21

| = |m2

2

� m2

1

| = 7.5 ⇥ 10

�5 eV2

L/E = 15 km/MeV = 15, 000 km/GeV

SNO m
2

> m
1

–solar mass ordering

|�m2

31

| = |m2

3

� m2

1

| = 2.5 ⇥ 10

�3 eV2

L/E = 0.5 km/MeV = 500 km/GeV

Unknown: NO⌫A, JUNO, DUNE, ....

– Typeset by FoilT

E

X – 5

|Ue1|2 = c2
13

c2
12

⇡ 0.7 |Ue2|2 = c2
13

s2
12

⇡ 0.3 |Ue3|2 = s2
13

⇡ 0.02

|Uµ3

|2 = c2
13

s2
23

⇡ 0.5 ± 0.1

���U⌧1

|2 = |s
12

s
23

+ s
13

c
12

c
23

e+i�
���
2

⇡ 0.17

E↵ects of changing �:

�� |Uµ1

|2 = ��� |Uµ2

|2 = �� |U⌧2

|2 = ��� |U⌧1

|2 ⇡ 1

2

sin ✓
13

�� cos � = 0.08 �� cos �

� = ⇡ � = ±⇡/2 � = 0

– Typeset by FoilT

E

X – 4

|Ue1|2 = c2
13

c2
12

⇡ 0.7 |Ue2|2 = c2
13

s2
12

⇡ 0.3 |Ue3|2 = s2
13

⇡ 0.02

|Uµ3

|2 = c2
13

s2
23

⇡ 0.5 ± 0.1

���U⌧1

|2 = |s
12

s
23

+ s
13

c
12

c
23

e+i�
���
2

⇡ 0.17

E↵ects of changing �:

�� |Uµ1

|2 = ��� |Uµ2

|2 = �� |U⌧2

|2 = ��� |U⌧1

|2 ⇡ 1

2

sin ✓
13

�� cos � = 0.08 �� cos �

� = ⇡ � = ±⇡/2 � = 0

– Typeset by FoilT

E

X – 4

|Ue1|2 = c2
13

c2
12

⇡ 0.7 |Ue2|2 = c2
13

s2
12

⇡ 0.3 |Ue3|2 = s2
13

⇡ 0.02

|Uµ3

|2 = c2
13

s2
23

⇡ 0.5 ± 0.1

���U⌧1

|2 = |s
12

s
23

+ s
13

c
12

c
23

e+i�
���
2

⇡ 0.17

E↵ects of changing �:

�� |Uµ1

|2 = ��� |Uµ2

|2 = �� |U⌧2

|2 = ��� |U⌧1

|2 ⇡ 1

2

sin ✓
13

�� cos � = 0.08 �� cos �

� = ⇡ � = ±⇡/2 � = 0

– Typeset by FoilT

E

X – 4

|Ue1|2 = c2
13

c2
12

⇡ 0.7 |Ue2|2 = c2
13

s2
12

⇡ 0.3 |Ue3|2 = s2
13

⇡ 0.02

|Uµ3

|2 = c2
13

s2
23

⇡ 0.5 ± 0.1

���U⌧1

|2 = |s
12

s
23

+ s
13

c
12

c
23

e+i�
���
2

⇡ 0.17

E↵ects of changing �:

�� |Uµ1

|2 = ��� |Uµ2

|2 = �� |U⌧2

|2 = ��� |U⌧1

|2 ⇡ 1

2

sin ✓
13

�� cos � = 0.08 �� cos �

� = ⇡ � = ±⇡/2 � = 0

– Typeset by FoilT

E

X – 4

Out[518]= 0.122102

Out[519]= 0.485898

Out[520]= 1.

Out[521]=

Out[522]=

Out[523]=

Out[524]=

In[525]:=

octant-delta.nb     9

Why this order ???

⌫
1

, ⌫
2

Mass Ordering:

⌫
3

, ⌫
1

/⌫
2

Mass Ordering:

–atmospheric mass ordering

⌫
1

⌫
2

⌫
3

mass

|�m2

21

| = |m2

2

� m2

1

| = 7.5 ⇥ 10

�5 eV2

L/E = 15 km/MeV = 15, 000 km/GeV

SNO m
2

> m
1

–solar mass ordering

|�m2

31

| = |m2

3

� m2

1

| = 2.5 ⇥ 10

�3 eV2

L/E = 0.5 km/MeV = 500 km/GeV

Unknown: NO⌫A, JUNO, DUNE, ....

– Typeset by FoilT

E

X – 5

Why this order ???

⌫
1

, ⌫
2

Mass Ordering:

⌫
3

, ⌫
1

/⌫
2

Mass Ordering:

–atmospheric mass ordering

⌫
1

⌫
2

⌫
3

mass

|�m2

21

| = |m2

2

� m2

1

| = 7.5 ⇥ 10

�5 eV2

L/E = 15 km/MeV = 15, 000 km/GeV

SNO m
2

> m
1

–solar mass ordering

|�m2

31

| = |m2

3

� m2

1

| = 2.5 ⇥ 10

�3 eV2

L/E = 0.5 km/MeV = 500 km/GeV

Unknown: NO⌫A, JUNO, DUNE, ....

– Typeset by FoilT

E

X – 5

Out[600]=

22     octant-delta.nb

Why this order ???

⌫
1

, ⌫
2

Mass Ordering:

⌫
3

, ⌫
1

/⌫
2

Mass Ordering:

–atmospheric mass ordering

⌫
1

⌫
2

⌫
3

mass

|�m2

21

| = |m2

2

� m2

1

| = 7.5 ⇥ 10

�5 eV2

L/E = 15 km/MeV = 15, 000 km/GeV

SNO m
2

> m
1

–solar mass ordering

|�m2

31

| = |m2

3

� m2

1

| = 2.5 ⇥ 10

�3 eV2

L/E = 0.5 km/MeV = 500 km/GeV

Unknown: NO⌫A, JUNO, DUNE, ....

– Typeset by FoilT

E

X – 5

Why this order ???

⌫
1

, ⌫
2

Mass Ordering:

⌫
3

, ⌫
1

/⌫
2

Mass Ordering:

–atmospheric mass ordering

⌫
1

⌫
2

⌫
3

mass

|�m2

21

| = |m2

2

� m2

1

| = 7.5 ⇥ 10

�5 eV2

L/E = 15 km/MeV = 15, 000 km/GeV

SNO m
2

> m
1

–solar mass ordering

|�m2

31

| = |m2

3

� m2

1

| = 2.5 ⇥ 10

�3 eV2

L/E = 0.5 km/MeV = 500 km/GeV

Unknown: NO⌫A, JUNO, DUNE, ....

– Typeset by FoilT

E

X – 5

What is physics reason the fractional Flavor content

of the Mass Eigenstates, |U↵j|
2,

is independent of sign of � ?

Summary:

Flavor content of Neutrinos (�) = Flavor Content of Anti-Neutrinos (��)

– Typeset by FoilT

E

X – 7

(Dialog) In[185]:=

nue = PieChart3D[{686, 294, 20},
ChartStyle % {Blue, Blue, Blue}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nue = PieChart3D[{100},
ChartStyle % {GrayLevel[0.2]}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

num = PieChart3D[{157, 353, 490},
ChartStyle % {Cyan}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nut = PieChart3D[{157, 353, 490},
ChartStyle % {Red, Red, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu3 = PieChart3D[{490, 20, 490},
ChartStyle % {Cyan, Blue, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu2 = PieChart3D[{353, 294, 353},
ChartStyle % {Cyan, Blue, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu1 = PieChart3D[{157, 686, 157}, ChartStyle % {Cyan, Blue, Red},
PlotTheme % "Business", SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]
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FIG. 3: 1-D ��2 for the absolute value of the closure of the
three row (solid) and three column (dashed) unitarity tri-
angles, fitted with all spectral and normalisation data, when
considering new physics that enters above |�m2| � 10�2 eV2.
There is one unique unitarity triangle, the ⌫e⌫µ triangle, in
that it does not contain any ⌫⌧ elements and hence is con-
strained to be unitary at a level half an order of magnitude
better than the others. By comparison to Fig. 2 one can
clearly see the Cauchy-Schwartz constraints are satisfied.

of parameter space for 3+N models, increasing both the
appearance and disappearance bounds. Subsequently,
the long baseline program DUNE [60] will also be
able to significantly extend the constrained region of
⌫µ ! ⌫e appearance to lower mass di↵erences, leading
to increased constraints on the ⌫e⌫µ unitarity triangle
in this regime. An understanding of the neutrino flux
and cross sectional uncertainties are crucial for unitarity
measurements. Possible future experiments such as
a fully fledged Neutrino Factory [61] or the nuStorm
facility [62], with the uncertainty on their fluxes of the
order 1%, will be able to constrain the ⌫µ normalisation
and ⌫e⌫µ triangle far beyond what is currently obtain-
able. However, no one experiment can probe all scales
and complementarity is vital to definitively make a
statement about unitarity from new low-energy physics,
especially as there is little means to directly measure the
⌫⌧ sector. Improvement in ⌫⌧ appearance requires new
experiments with both an intense, well known beam of
high enough energy ⌫µ or ⌫e to kinematically produce
charged taus, as well as a detector technology capable
of e�ciently identifying them to a degree necessary

for precision high statistics measurements, both of
which are extremely di�cult tasks. Perhaps crucially
for ⌫⌧ measurements, Hyper-Kamiokande [63] will be
incredibly sensitive to atmospherically averaged steriles,
� 0.1 eV2, and will significantly improve the current
bounds on |U⌧1|2 + |U⌧2|2 + |U⌧3|2 in this regime, to
approximately 1� |U⌧1|2 + |U⌧2|2 + |U⌧3|2  0.07 at the
99% CL [64], which would bring it closer inline with the
other sectors.

In this paper we have emphasised the fact that
current experimental bounds on unitarity within the 3⌫
paradigm allows for considerable violation, and without
the unitarity assumption, the precision on the individual
U
PMNS

elements can vary significantly (up to 104% in
the case of |U⌧3|). However, we find no evidence for non-
unitarity. The prospects of directly measuring all the 12
unitarity constraints with high precision are poor, and
even when one allows for additional model-dependant
sterile searches we can only constrain the amount of
non-unitarity to be . 0.2 - 0.4, for four out of six of
the row and columns normalisations, with the ⌫µ and ⌫e
normalisation deviations from unity constrained to be 
0.07, all at the 3� CL, see Fig. 2. Similarly, five out of
six of the unitarity triangles are only constrained to be
. 0.1 - 0.2, with opening of the remaining ⌫e⌫µ triangle
being constrained to be  0.03, again at the 3� CL, see
Fig. 3. One must be careful when assessing the current
experimental regime with the addition of new physics we
are currently insensitive to, as without the assumption of
unitarity there is much room for new e↵ects, especially
in the ⌫⌧ sector where currently significant information
comes from the unitarity assumption and not direct
measurements.
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FIG. 2: 1-D ��2 for deviation of both UPMNS row (solid) and
column (dashed) normalisations, fitted with all spectral and
normalisation data, when considering new physics that enters
above |�m2| � 10�2eV2.

as |Uµ1| and |Uµ2| only appear in the degenerate com-
bination |Uµ1|2 + |Uµ2|2, they cannot be distinguished
individually. This degeneracy is very weakly broken by
the ⌫µ ! ⌫e appearance experiment T2K [1], and will be
improved upon taking of more data and with future high
statistics NO⌫A [11] results. The addition of this nor-
malisation and sterile data in the 3⌫ unitarity case does
not change anything in the fit. From here on we will
discuss only the main results, as calculated including all
normalisation and sterile search data.

The addition of this sterile search and normalisation
data improves the situation significantly. If we define
the shift in range of allowed values as the ratio of the
di↵erence in 3� ranges without and with unitarity, to
that derived with unitarity, the increase in parameter
space for |Uei|, i = 2, 3 and |Uµi|, i = 1, 2, 3 are all 
10% (4%, 8%, 8%, 7% and 4% respectively), with |Ue1|
taking the majority of the discrepancy in the ⌫e sector,
with an increase of allowed range of 68%, primarily
due to the weaker bounds from KamLAND compared
to the SBL reactors, and that |Ue1|2 forms the bulk of
|Ue1|2 + |Ue2|2 + |Ue3|2. The entire ⌫⌧ sector, however,
may contain substantial discrepancies from unitarity
with shifts in allowed regions of 37%, 46% and 104%
respectively. We have little or no current mechanisms
to directly measure any ⌫⌧ elements and we have not
yet observed any oscillation amplitude peaks, even the
recent 5� discovery of ⌫µ ! ⌫⌧ at OPERA [49] only
sees the tail end of the 1st oscillation maximum and the
observation of 5 events on a background of 0.25 ± 0.05
is not significant spectrally and can be equally be fit by
a flat normalisation discrepancy. The precision we do
have is driven by the fact large deviations here cause
violations of unitarity too large in the ⌫e and ⌫µ sectors,
passed through by the geometric Cauchy-Schwartz

constraints.

We must stress that even if the 3� ranges of the
U
PMNS

elements agree closely with the unitarity case,
this does not equate to the neutrino mixing matrix
being unitary. In the unitary case the correlations are
much stronger and choosing an exact value for any one
the mixing elements drastically reduces the uncertainty
on the remaining elements. To better understand the
level at which we know unitarity is conserved or not, we
plot the resultant ranges for the normalisation in Fig
(2). We see that the ⌫e and ⌫µ normalisation deviations
from unity are relatively well constrained ( 0.06 and
0.07 at 3� CL respectively), primarily by reactor fluxes
and a combination of precision measurements of the rate
and spectra of upward going muon-like events observed
at Super-Kamiokande [53] and the multitude of long
and short baseline accelerator ⌫µ ! ⌫µ disappearance
experiments. We note the ⌫µ normalisation deviation
from unity is constrained slightly (⇡ 1%) better than
the ⌫e normalisation. This is due to the large theoretical
error, 5%, on total flux from reactors assumed [56]. The
remaining normalisation deviations from unity are all
constrained to be . 0.2 - 0.4 at 3� CL.

For the case of the six neutrino unitarity triangles, we
present the allowed ranges for their closures in Fig. (3).
For the three row triangles the bounds originate from a
combination of the corresponding geometric constraints
along with appearance data in the respective channel.
The column triangles, however, are bound by the geomet-
ric constraints only, and as the column normalisations are
proportionally less known, so too are the column unitar-
ity triangles. Only one triangle does not contain a ⌫⌧
element, the ⌫e⌫µ triangle, and hence it is the only tri-
angle in which it is excluded to be open by more than
0.03 at the 3� CL, compared to between 0.1 - 0.2 at the
3� CL for the remaining triangles. This hierarchical sit-
uation will not improve unless precise measurements can
be made in the ⌫⌧ sector.

If one wishes to proceed with measurements of unitar-
ity, without the assumption of an extended U

PMNS

ma-
trix and its subsequent Cauchy-Schwartz bounds, then
prospects for improvement are essentially limited to mea-
suring the ⌫e normalisation. Improvement of all ⌫e ele-
ments is possible, especially if the new generation reac-
tor experiments, JUNO [57] and RENO50 [58], proceed
as planned. See discussion by X. Qian et al. [12] for
a detailed discussion of the possible improvements. Sig-
nificant improvement in the ⌫µ sector would require the
measurement of ⌫µ disappearance at the solar mass scale,
well beyond what is currently technologically feasible.
Improvements in the indirect 3+N sterile measure-

ments are much more promising, the Fermilab Short
Baseline Neutrino (SBN) [59] program consisting of the
SBND, MicroBooNE and ICARUS experiments on the
Booster beam, will be capable of probing a wide range
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FIG. 3: 1-D ��2 for the absolute value of the closure of the
three row (solid) and three column (dashed) unitarity tri-
angles, fitted with all spectral and normalisation data, when
considering new physics that enters above |�m2| � 10�2 eV2.
There is one unique unitarity triangle, the ⌫e⌫µ triangle, in
that it does not contain any ⌫⌧ elements and hence is con-
strained to be unitary at a level half an order of magnitude
better than the others. By comparison to Fig. 2 one can
clearly see the Cauchy-Schwartz constraints are satisfied.

of parameter space for 3+N models, increasing both the
appearance and disappearance bounds. Subsequently,
the long baseline program DUNE [60] will also be
able to significantly extend the constrained region of
⌫µ ! ⌫e appearance to lower mass di↵erences, leading
to increased constraints on the ⌫e⌫µ unitarity triangle
in this regime. An understanding of the neutrino flux
and cross sectional uncertainties are crucial for unitarity
measurements. Possible future experiments such as
a fully fledged Neutrino Factory [61] or the nuStorm
facility [62], with the uncertainty on their fluxes of the
order 1%, will be able to constrain the ⌫µ normalisation
and ⌫e⌫µ triangle far beyond what is currently obtain-
able. However, no one experiment can probe all scales
and complementarity is vital to definitively make a
statement about unitarity from new low-energy physics,
especially as there is little means to directly measure the
⌫⌧ sector. Improvement in ⌫⌧ appearance requires new
experiments with both an intense, well known beam of
high enough energy ⌫µ or ⌫e to kinematically produce
charged taus, as well as a detector technology capable
of e�ciently identifying them to a degree necessary

for precision high statistics measurements, both of
which are extremely di�cult tasks. Perhaps crucially
for ⌫⌧ measurements, Hyper-Kamiokande [63] will be
incredibly sensitive to atmospherically averaged steriles,
� 0.1 eV2, and will significantly improve the current
bounds on |U⌧1|2 + |U⌧2|2 + |U⌧3|2 in this regime, to
approximately 1� |U⌧1|2 + |U⌧2|2 + |U⌧3|2  0.07 at the
99% CL [64], which would bring it closer inline with the
other sectors.

In this paper we have emphasised the fact that
current experimental bounds on unitarity within the 3⌫
paradigm allows for considerable violation, and without
the unitarity assumption, the precision on the individual
U
PMNS

elements can vary significantly (up to 104% in
the case of |U⌧3|). However, we find no evidence for non-
unitarity. The prospects of directly measuring all the 12
unitarity constraints with high precision are poor, and
even when one allows for additional model-dependant
sterile searches we can only constrain the amount of
non-unitarity to be . 0.2 - 0.4, for four out of six of
the row and columns normalisations, with the ⌫µ and ⌫e
normalisation deviations from unity constrained to be 
0.07, all at the 3� CL, see Fig. 2. Similarly, five out of
six of the unitarity triangles are only constrained to be
. 0.1 - 0.2, with opening of the remaining ⌫e⌫µ triangle
being constrained to be  0.03, again at the 3� CL, see
Fig. 3. One must be careful when assessing the current
experimental regime with the addition of new physics we
are currently insensitive to, as without the assumption of
unitarity there is much room for new e↵ects, especially
in the ⌫⌧ sector where currently significant information
comes from the unitarity assumption and not direct
measurements.
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FIG. 2: 1-D ��2 for deviation of both UPMNS row (solid) and
column (dashed) normalisations, fitted with all spectral and
normalisation data, when considering new physics that enters
above |�m2| � 10�2eV2.

as |Uµ1| and |Uµ2| only appear in the degenerate com-
bination |Uµ1|2 + |Uµ2|2, they cannot be distinguished
individually. This degeneracy is very weakly broken by
the ⌫µ ! ⌫e appearance experiment T2K [1], and will be
improved upon taking of more data and with future high
statistics NO⌫A [11] results. The addition of this nor-
malisation and sterile data in the 3⌫ unitarity case does
not change anything in the fit. From here on we will
discuss only the main results, as calculated including all
normalisation and sterile search data.

The addition of this sterile search and normalisation
data improves the situation significantly. If we define
the shift in range of allowed values as the ratio of the
di↵erence in 3� ranges without and with unitarity, to
that derived with unitarity, the increase in parameter
space for |Uei|, i = 2, 3 and |Uµi|, i = 1, 2, 3 are all 
10% (4%, 8%, 8%, 7% and 4% respectively), with |Ue1|
taking the majority of the discrepancy in the ⌫e sector,
with an increase of allowed range of 68%, primarily
due to the weaker bounds from KamLAND compared
to the SBL reactors, and that |Ue1|2 forms the bulk of
|Ue1|2 + |Ue2|2 + |Ue3|2. The entire ⌫⌧ sector, however,
may contain substantial discrepancies from unitarity
with shifts in allowed regions of 37%, 46% and 104%
respectively. We have little or no current mechanisms
to directly measure any ⌫⌧ elements and we have not
yet observed any oscillation amplitude peaks, even the
recent 5� discovery of ⌫µ ! ⌫⌧ at OPERA [49] only
sees the tail end of the 1st oscillation maximum and the
observation of 5 events on a background of 0.25 ± 0.05
is not significant spectrally and can be equally be fit by
a flat normalisation discrepancy. The precision we do
have is driven by the fact large deviations here cause
violations of unitarity too large in the ⌫e and ⌫µ sectors,
passed through by the geometric Cauchy-Schwartz

constraints.

We must stress that even if the 3� ranges of the
U
PMNS

elements agree closely with the unitarity case,
this does not equate to the neutrino mixing matrix
being unitary. In the unitary case the correlations are
much stronger and choosing an exact value for any one
the mixing elements drastically reduces the uncertainty
on the remaining elements. To better understand the
level at which we know unitarity is conserved or not, we
plot the resultant ranges for the normalisation in Fig
(2). We see that the ⌫e and ⌫µ normalisation deviations
from unity are relatively well constrained ( 0.06 and
0.07 at 3� CL respectively), primarily by reactor fluxes
and a combination of precision measurements of the rate
and spectra of upward going muon-like events observed
at Super-Kamiokande [53] and the multitude of long
and short baseline accelerator ⌫µ ! ⌫µ disappearance
experiments. We note the ⌫µ normalisation deviation
from unity is constrained slightly (⇡ 1%) better than
the ⌫e normalisation. This is due to the large theoretical
error, 5%, on total flux from reactors assumed [56]. The
remaining normalisation deviations from unity are all
constrained to be . 0.2 - 0.4 at 3� CL.

For the case of the six neutrino unitarity triangles, we
present the allowed ranges for their closures in Fig. (3).
For the three row triangles the bounds originate from a
combination of the corresponding geometric constraints
along with appearance data in the respective channel.
The column triangles, however, are bound by the geomet-
ric constraints only, and as the column normalisations are
proportionally less known, so too are the column unitar-
ity triangles. Only one triangle does not contain a ⌫⌧
element, the ⌫e⌫µ triangle, and hence it is the only tri-
angle in which it is excluded to be open by more than
0.03 at the 3� CL, compared to between 0.1 - 0.2 at the
3� CL for the remaining triangles. This hierarchical sit-
uation will not improve unless precise measurements can
be made in the ⌫⌧ sector.

If one wishes to proceed with measurements of unitar-
ity, without the assumption of an extended U

PMNS

ma-
trix and its subsequent Cauchy-Schwartz bounds, then
prospects for improvement are essentially limited to mea-
suring the ⌫e normalisation. Improvement of all ⌫e ele-
ments is possible, especially if the new generation reac-
tor experiments, JUNO [57] and RENO50 [58], proceed
as planned. See discussion by X. Qian et al. [12] for
a detailed discussion of the possible improvements. Sig-
nificant improvement in the ⌫µ sector would require the
measurement of ⌫µ disappearance at the solar mass scale,
well beyond what is currently technologically feasible.
Improvements in the indirect 3+N sterile measure-

ments are much more promising, the Fermilab Short
Baseline Neutrino (SBN) [59] program consisting of the
SBND, MicroBooNE and ICARUS experiments on the
Booster beam, will be capable of probing a wide range
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FIG. 3: 1-D ��2 for the absolute value of the closure of the
three row (solid) and three column (dashed) unitarity tri-
angles, fitted with all spectral and normalisation data, when
considering new physics that enters above |�m2| � 10�2 eV2.
There is one unique unitarity triangle, the ⌫e⌫µ triangle, in
that it does not contain any ⌫⌧ elements and hence is con-
strained to be unitary at a level half an order of magnitude
better than the others. By comparison to Fig. 2 one can
clearly see the Cauchy-Schwartz constraints are satisfied.

of parameter space for 3+N models, increasing both the
appearance and disappearance bounds. Subsequently,
the long baseline program DUNE [60] will also be
able to significantly extend the constrained region of
⌫µ ! ⌫e appearance to lower mass di↵erences, leading
to increased constraints on the ⌫e⌫µ unitarity triangle
in this regime. An understanding of the neutrino flux
and cross sectional uncertainties are crucial for unitarity
measurements. Possible future experiments such as
a fully fledged Neutrino Factory [61] or the nuStorm
facility [62], with the uncertainty on their fluxes of the
order 1%, will be able to constrain the ⌫µ normalisation
and ⌫e⌫µ triangle far beyond what is currently obtain-
able. However, no one experiment can probe all scales
and complementarity is vital to definitively make a
statement about unitarity from new low-energy physics,
especially as there is little means to directly measure the
⌫⌧ sector. Improvement in ⌫⌧ appearance requires new
experiments with both an intense, well known beam of
high enough energy ⌫µ or ⌫e to kinematically produce
charged taus, as well as a detector technology capable
of e�ciently identifying them to a degree necessary

for precision high statistics measurements, both of
which are extremely di�cult tasks. Perhaps crucially
for ⌫⌧ measurements, Hyper-Kamiokande [63] will be
incredibly sensitive to atmospherically averaged steriles,
� 0.1 eV2, and will significantly improve the current
bounds on |U⌧1|2 + |U⌧2|2 + |U⌧3|2 in this regime, to
approximately 1� |U⌧1|2 + |U⌧2|2 + |U⌧3|2  0.07 at the
99% CL [64], which would bring it closer inline with the
other sectors.

In this paper we have emphasised the fact that
current experimental bounds on unitarity within the 3⌫
paradigm allows for considerable violation, and without
the unitarity assumption, the precision on the individual
U
PMNS

elements can vary significantly (up to 104% in
the case of |U⌧3|). However, we find no evidence for non-
unitarity. The prospects of directly measuring all the 12
unitarity constraints with high precision are poor, and
even when one allows for additional model-dependant
sterile searches we can only constrain the amount of
non-unitarity to be . 0.2 - 0.4, for four out of six of
the row and columns normalisations, with the ⌫µ and ⌫e
normalisation deviations from unity constrained to be 
0.07, all at the 3� CL, see Fig. 2. Similarly, five out of
six of the unitarity triangles are only constrained to be
. 0.1 - 0.2, with opening of the remaining ⌫e⌫µ triangle
being constrained to be  0.03, again at the 3� CL, see
Fig. 3. One must be careful when assessing the current
experimental regime with the addition of new physics we
are currently insensitive to, as without the assumption of
unitarity there is much room for new e↵ects, especially
in the ⌫⌧ sector where currently significant information
comes from the unitarity assumption and not direct
measurements.
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Figure 6. Comparisons of the expected sensitivities to NSI parameters at DUNE and T2HK,
before and after combining their respective data sets. Darker (Lighter) bands show the results when
priors constraints on NSI parameters are (not) included in the fit. The vertical gray areas bounded
by the dashed lines indicate the allowed regions at 90% CL (taken from the SNO-DATA lines for
f=u in Ref. [54]).

5 Conclusions

Neutrino physics is entering the precision Era. After the discovery of the third mixing angle

in the leptonic mixing matrix, and in view of the precision measurements performed by the
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for the Jarlskog invariant, J ≡ Im(VudVcbV ∗
ubV

∗
cd) = 2.69 × 10−5, in the quark sector also agrees

with the current global fit value.) Potential direct measurements for these parameters at the LHCb

can test our predictions.

As a result of the GJ relations, our model predicts the sum rule [8, 17] between the solar neutrino

mixing angle and the Cabibbo angle in the quark sector, tan2 θ⊙ ≃ tan2 θ⊙,TBM + 1
2
θc cos δℓ, with

δℓ being the leptonic Dirac CP phase in the standard parametrization. In addition, our model

predicts θ13 ∼ θc/3
√

2. Numerically, the diagonalization matrix for the charged lepton mass matrix

combined with UTBM gives the PMNS matrix,

⎛

⎜

⎜

⎜

⎝

0.838e−i178o

0.543e−i173o

0.0582ei138o

0.362e−i3.99o

0.610e−i173o

0.705ei3.55o

0.408ei180o

0.577 0.707

⎞

⎟

⎟

⎟

⎠

, (22)

which gives sin2 θatm = 1, tan2 θ⊙ = 0.420 and |Ue3| = 0.0583. The two VEV’s, u0 = −0.0593 and

ξ0 = 0.0369, give ∆m2
atm = 2.4 × 10−3 eV2 and ∆m2

⊙ = 8.0 × 10−5 eV2. As the three masses are

given in terms of two VEV’s, there exists a mass sum rule, m1−m3 = 2m2, leading to normal mass

hierarchy, ∆m2
atm > 0 [8]. The leptonic Jarlskog is predicted to be Jℓ = −0.00967, and equivalently,

this gives a Dirac CP phase, δℓ = 227o. With such δℓ, the correction from the charged lepton sector

can account for the difference between the TBM prediction and the current best fit value for θ⊙.

Our model predicts (m1,m2,m3) = (0.0156,−0.0179, 0.0514) eV, with Majorana phases α21 = π

and α31 = 0.

Our model has nine input parameters, predicting a total of twenty-two physical quantities:

12 masses, 6 mixing angles, 2 Dirac CP violating phases and 2 Majorana phases. Our model is

testable by more precise experimental values for θ13, tan2 θ⊙ and γ in the near future. δℓ is the

only non-vanishing leptonic CP violating phase in our model and it gives rise to lepton number

asymmetry, ϵℓ ∼ 10−6. By virtue of leptogenesis, this gives the right sign and magnitude of the

matter-antimatter asymmetry [18].

Conclusion.—We propose the complex group theoretical CG coefficients as a novel origin of CP

violation. This is manifest in our model based on SU(5) combined with the double tetrahedral

group, T ′. Due to the presence of the doublet representations in T ′, there exist complex CG

coefficients, leading to explicit CP violation in the model, while having real Yukawa couplings and

scalar VEVs. The predicted CP violation measures in the quark sector are consistent with the

current experimental data. The leptonic Dirac CP violating phase is predicted to be δℓ ∼ 227o,

which gives the cosmological matter asymmetry.
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GUTs typically predict: 
Majorana neutrinos 
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“large” θ13 if θ12 and θ23 are large
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for the Jarlskog invariant, J ≡ Im(VudVcbV ∗
ubV

∗
cd) = 2.69 × 10−5, in the quark sector also agrees

with the current global fit value.) Potential direct measurements for these parameters at the LHCb

can test our predictions.

As a result of the GJ relations, our model predicts the sum rule [8, 17] between the solar neutrino

mixing angle and the Cabibbo angle in the quark sector, tan2 θ⊙ ≃ tan2 θ⊙,TBM + 1
2
θc cos δℓ, with

δℓ being the leptonic Dirac CP phase in the standard parametrization. In addition, our model

predicts θ13 ∼ θc/3
√

2. Numerically, the diagonalization matrix for the charged lepton mass matrix

combined with UTBM gives the PMNS matrix,

⎛

⎜

⎜

⎜

⎝

0.838e−i178o

0.543e−i173o

0.0582ei138o

0.362e−i3.99o

0.610e−i173o

0.705ei3.55o

0.408ei180o

0.577 0.707

⎞

⎟

⎟

⎟

⎠

, (22)

which gives sin2 θatm = 1, tan2 θ⊙ = 0.420 and |Ue3| = 0.0583. The two VEV’s, u0 = −0.0593 and

ξ0 = 0.0369, give ∆m2
atm = 2.4 × 10−3 eV2 and ∆m2

⊙ = 8.0 × 10−5 eV2. As the three masses are

given in terms of two VEV’s, there exists a mass sum rule, m1−m3 = 2m2, leading to normal mass

hierarchy, ∆m2
atm > 0 [8]. The leptonic Jarlskog is predicted to be Jℓ = −0.00967, and equivalently,

this gives a Dirac CP phase, δℓ = 227o. With such δℓ, the correction from the charged lepton sector

can account for the difference between the TBM prediction and the current best fit value for θ⊙.

Our model predicts (m1,m2,m3) = (0.0156,−0.0179, 0.0514) eV, with Majorana phases α21 = π

and α31 = 0.

Our model has nine input parameters, predicting a total of twenty-two physical quantities:

12 masses, 6 mixing angles, 2 Dirac CP violating phases and 2 Majorana phases. Our model is

testable by more precise experimental values for θ13, tan2 θ⊙ and γ in the near future. δℓ is the

only non-vanishing leptonic CP violating phase in our model and it gives rise to lepton number

asymmetry, ϵℓ ∼ 10−6. By virtue of leptogenesis, this gives the right sign and magnitude of the

matter-antimatter asymmetry [18].

Conclusion.—We propose the complex group theoretical CG coefficients as a novel origin of CP

violation. This is manifest in our model based on SU(5) combined with the double tetrahedral

group, T ′. Due to the presence of the doublet representations in T ′, there exist complex CG

coefficients, leading to explicit CP violation in the model, while having real Yukawa couplings and

scalar VEVs. The predicted CP violation measures in the quark sector are consistent with the

current experimental data. The leptonic Dirac CP violating phase is predicted to be δℓ ∼ 227o,

which gives the cosmological matter asymmetry.
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FIG. 3: 1-D ��2 for the absolute value of the closure of the
three row (solid) and three column (dashed) unitarity tri-
angles, fitted with all spectral and normalisation data, when
considering new physics that enters above |�m2| � 10�2 eV2.
There is one unique unitarity triangle, the ⌫e⌫µ triangle, in
that it does not contain any ⌫⌧ elements and hence is con-
strained to be unitary at a level half an order of magnitude
better than the others. By comparison to Fig. 2 one can
clearly see the Cauchy-Schwartz constraints are satisfied.

of parameter space for 3+N models, increasing both the
appearance and disappearance bounds. Subsequently,
the long baseline program DUNE [60] will also be
able to significantly extend the constrained region of
⌫µ ! ⌫e appearance to lower mass di↵erences, leading
to increased constraints on the ⌫e⌫µ unitarity triangle
in this regime. An understanding of the neutrino flux
and cross sectional uncertainties are crucial for unitarity
measurements. Possible future experiments such as
a fully fledged Neutrino Factory [61] or the nuStorm
facility [62], with the uncertainty on their fluxes of the
order 1%, will be able to constrain the ⌫µ normalisation
and ⌫e⌫µ triangle far beyond what is currently obtain-
able. However, no one experiment can probe all scales
and complementarity is vital to definitively make a
statement about unitarity from new low-energy physics,
especially as there is little means to directly measure the
⌫⌧ sector. Improvement in ⌫⌧ appearance requires new
experiments with both an intense, well known beam of
high enough energy ⌫µ or ⌫e to kinematically produce
charged taus, as well as a detector technology capable
of e�ciently identifying them to a degree necessary

for precision high statistics measurements, both of
which are extremely di�cult tasks. Perhaps crucially
for ⌫⌧ measurements, Hyper-Kamiokande [63] will be
incredibly sensitive to atmospherically averaged steriles,
� 0.1 eV2, and will significantly improve the current
bounds on |U⌧1|2 + |U⌧2|2 + |U⌧3|2 in this regime, to
approximately 1� |U⌧1|2 + |U⌧2|2 + |U⌧3|2  0.07 at the
99% CL [64], which would bring it closer inline with the
other sectors.

In this paper we have emphasised the fact that
current experimental bounds on unitarity within the 3⌫
paradigm allows for considerable violation, and without
the unitarity assumption, the precision on the individual
U
PMNS

elements can vary significantly (up to 104% in
the case of |U⌧3|). However, we find no evidence for non-
unitarity. The prospects of directly measuring all the 12
unitarity constraints with high precision are poor, and
even when one allows for additional model-dependant
sterile searches we can only constrain the amount of
non-unitarity to be . 0.2 - 0.4, for four out of six of
the row and columns normalisations, with the ⌫µ and ⌫e
normalisation deviations from unity constrained to be 
0.07, all at the 3� CL, see Fig. 2. Similarly, five out of
six of the unitarity triangles are only constrained to be
. 0.1 - 0.2, with opening of the remaining ⌫e⌫µ triangle
being constrained to be  0.03, again at the 3� CL, see
Fig. 3. One must be careful when assessing the current
experimental regime with the addition of new physics we
are currently insensitive to, as without the assumption of
unitarity there is much room for new e↵ects, especially
in the ⌫⌧ sector where currently significant information
comes from the unitarity assumption and not direct
measurements.
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Unitarity and the three flavour neutrino mixing matrix.
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Unitarity is a fundamental property of any theory required to ensure we work in a theoretically
consistent framework. In comparison with the quark sector, experimental tests of unitarity for the
3x3 neutrino mixing matrix are considerably weaker. It must be remembered that the vast majority
of our information on the neutrino mixing angles originates from ⌫e and ⌫µ disappearance experi-
ments, with the assumption of unitarity being invoked to constrain the remaining elements. New
physics can invalidate this assumption for the 3x3 subset and thus modify our precision measure-
ments. We perform a reanalysis to see how global knowledge is altered when one refits oscillation
results without assuming unitarity, and present 3� ranges for allowed UPMNS elements consistent
with all observed phenomena. We calculate the bounds on the closure of the six neutrino unitarity
triangles, with the closure of the ⌫e⌫µ triangle being constrained to be  0.03, while the remaining
triangles are significantly less constrained to be  0.1 - 0.2. Similarly for the row and column nor-
malization, we find their deviation from unity is constrained to be  0.2 - 0.4, for four out of six
such normalisations, while for the ⌫µ and ⌫e row normalisation the deviations are constrained to be
 0.07, all at the 3� CL. We emphasise that there is significant room for new low energy physics,
especially in the ⌫⌧ sector which very few current experiments constrain directly.

With the knowledge of sin2 2✓
13

now almost at the 5%
level, and interplay between the long baseline accelerator
⌫µ ! ⌫e appearance data [1, 2] and short baseline reactor
⌫e ! ⌫e disappearance [3–5] data, combined with prior
knowledge of ✓

23

from ⌫µ ! ⌫µ disappearance data [6–8],
suggesting tentative global hints at �CP ⇡ 3⇡/2, there is
much merit to statements that we are now in the preci-
sion measurement era of neutrino physics. Our knowl-
edge of the distinct Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) neutrino mixing matrix elements comes from
the plethora of successful experiments that have run since
the first strong evidence for neutrino oscillations, inter-
preted as ⌫µ ! ⌫⌧ oscillations, was discovered by Super-
Kamiokande in 1998 [9]. However, one must always re-
member that our knowledge of the matrix elements is
predominately in the ⌫e and ⌫µ sectors, and comes pri-
marily from high statistics ⌫e disappearance and ⌫µ dis-
appearance experiments, with the concept of unitarity
being invoked to disseminate this information onto the
remaining elements. With more statistics, the long base-
line ⌫µ ! ⌫e and ⌫µ ! ⌫e appearance experiments such
as T2K [10] and NO⌫A [11] will aid in ⌫µ sector precision
measurements.

Unitarity of a mixing matrix is a necessary condition
for a theoretically consistent description of the under-
lying physics, as non-unitarity directly corresponds to
a violation of probability in the calculated amplitudes.
In the neutrino sector unitarity can be directly veri-
fied by precise measurement of each of the mixing ele-
ments to confirm the unitarity condition: U †U = 1 =
UU†. In this there are 12 dependant conditions, six
of which we will refer to as normalisations (sum of the
squares of each row or column, e.g the ⌫e normalisation
|Ue1|2+ |Ue2|2+ |Ue3|2 = 1) and six conditions that mea-
sure the degree with which each unitarity triangle closes
(e.g the ⌫e⌫µ triangle: Ue1U⇤

µ1 + Ue2U⇤
µ2 + Ue3U⇤

µ3 = 0).
Currently, from direct measurements of the individual

elements only, the ⌫e normalisation is the sole condition
that can be reasonably constrained without any further
assumptions as to the origin of the non-unitarity [12].
In the quark sector, the analogous situation involv-

ing the Cabibbo-Kobayashi-Maskawa (CKM) matrix has
been subject to intense verification as many distinct ex-
periments have access to probes of all of the V

CKM

el-
ements individually. Current data shows that the as-
sumption of unitarity for the 3x3 CKM matrix is valid in
the quark sector to a high precision, with the strongest
normalisation constraint being |Vud|2 + |Vus|2 + |Vub|2 =
0.9999 ± 0.0006 and the weakest still being significant
at |Vub|2 + |Vcb|2 + |Vtb|2 = 1.044± 0.06 [13]. Unlike the
quark sector, however, experimental tests of unitarity are
considerably weaker in the 3x3 U
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neutrino mixing
matrix. It remains an initial theoretical assumption in-
herent in many analyses [14–16], but is the basis for the
validity of the 3⌫ paradigm.
This non-unitarity can arise naturally in a large va-

riety of theories. A generic feature of many Beyond
the Standard Model scenarios is the inclusion of one
or more new massive fermionic singlets, uncharged un-
der the Standard Model (SM) gauge group, SU(3)C ⇥
SU(2)L⇥U(1)Y . If these new sterile states mix with the
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Unitarity is a fundamental property of any theory required to ensure we work in a theoretically
consistent framework. In comparison with the quark sector, experimental tests of unitarity for the
3x3 neutrino mixing matrix are considerably weaker. It must be remembered that the vast majority
of our information on the neutrino mixing angles originates from ⌫e and ⌫µ disappearance experi-
ments, with the assumption of unitarity being invoked to constrain the remaining elements. New
physics can invalidate this assumption for the 3x3 subset and thus modify our precision measure-
ments. We perform a reanalysis to see how global knowledge is altered when one refits oscillation
results without assuming unitarity, and present 3� ranges for allowed UPMNS elements consistent
with all observed phenomena. We calculate the bounds on the closure of the six neutrino unitarity
triangles, with the closure of the ⌫e⌫µ triangle being constrained to be  0.03, while the remaining
triangles are significantly less constrained to be  0.1 - 0.2. Similarly for the row and column nor-
malization, we find their deviation from unity is constrained to be  0.2 - 0.4, for four out of six
such normalisations, while for the ⌫µ and ⌫e row normalisation the deviations are constrained to be
 0.07, all at the 3� CL. We emphasise that there is significant room for new low energy physics,
especially in the ⌫⌧ sector which very few current experiments constrain directly.
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from ⌫µ ! ⌫µ disappearance data [6–8],
suggesting tentative global hints at �CP ⇡ 3⇡/2, there is
much merit to statements that we are now in the preci-
sion measurement era of neutrino physics. Our knowl-
edge of the distinct Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) neutrino mixing matrix elements comes from
the plethora of successful experiments that have run since
the first strong evidence for neutrino oscillations, inter-
preted as ⌫µ ! ⌫⌧ oscillations, was discovered by Super-
Kamiokande in 1998 [9]. However, one must always re-
member that our knowledge of the matrix elements is
predominately in the ⌫e and ⌫µ sectors, and comes pri-
marily from high statistics ⌫e disappearance and ⌫µ dis-
appearance experiments, with the concept of unitarity
being invoked to disseminate this information onto the
remaining elements. With more statistics, the long base-
line ⌫µ ! ⌫e and ⌫µ ! ⌫e appearance experiments such
as T2K [10] and NO⌫A [11] will aid in ⌫µ sector precision
measurements.

Unitarity of a mixing matrix is a necessary condition
for a theoretically consistent description of the under-
lying physics, as non-unitarity directly corresponds to
a violation of probability in the calculated amplitudes.
In the neutrino sector unitarity can be directly veri-
fied by precise measurement of each of the mixing ele-
ments to confirm the unitarity condition: U †U = 1 =
UU†. In this there are 12 dependant conditions, six
of which we will refer to as normalisations (sum of the
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Unitarity is a fundamental property of any theory required to ensure we work in a theoretically
consistent framework. In comparison with the quark sector, experimental tests of unitarity for the
3x3 neutrino mixing matrix are considerably weaker. It must be remembered that the vast majority
of our information on the neutrino mixing angles originates from ⌫e and ⌫µ disappearance experi-
ments, with the assumption of unitarity being invoked to constrain the remaining elements. New
physics can invalidate this assumption for the 3x3 subset and thus modify our precision measure-
ments. We perform a reanalysis to see how global knowledge is altered when one refits oscillation
results without assuming unitarity, and present 3� ranges for allowed UPMNS elements consistent
with all observed phenomena. We calculate the bounds on the closure of the six neutrino unitarity
triangles, with the closure of the ⌫e⌫µ triangle being constrained to be  0.03, while the remaining
triangles are significantly less constrained to be  0.1 - 0.2. Similarly for the row and column nor-
malization, we find their deviation from unity is constrained to be  0.2 - 0.4, for four out of six
such normalisations, while for the ⌫µ and ⌫e row normalisation the deviations are constrained to be
 0.07, all at the 3� CL. We emphasise that there is significant room for new low energy physics,
especially in the ⌫⌧ sector which very few current experiments constrain directly.
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from ⌫µ ! ⌫µ disappearance data [6–8],
suggesting tentative global hints at �CP ⇡ 3⇡/2, there is
much merit to statements that we are now in the preci-
sion measurement era of neutrino physics. Our knowl-
edge of the distinct Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) neutrino mixing matrix elements comes from
the plethora of successful experiments that have run since
the first strong evidence for neutrino oscillations, inter-
preted as ⌫µ ! ⌫⌧ oscillations, was discovered by Super-
Kamiokande in 1998 [9]. However, one must always re-
member that our knowledge of the matrix elements is
predominately in the ⌫e and ⌫µ sectors, and comes pri-
marily from high statistics ⌫e disappearance and ⌫µ dis-
appearance experiments, with the concept of unitarity
being invoked to disseminate this information onto the
remaining elements. With more statistics, the long base-
line ⌫µ ! ⌫e and ⌫µ ! ⌫e appearance experiments such
as T2K [10] and NO⌫A [11] will aid in ⌫µ sector precision
measurements.

Unitarity of a mixing matrix is a necessary condition
for a theoretically consistent description of the under-
lying physics, as non-unitarity directly corresponds to
a violation of probability in the calculated amplitudes.
In the neutrino sector unitarity can be directly veri-
fied by precise measurement of each of the mixing ele-
ments to confirm the unitarity condition: U †U = 1 =
UU†. In this there are 12 dependant conditions, six
of which we will refer to as normalisations (sum of the
squares of each row or column, e.g the ⌫e normalisation
|Ue1|2+ |Ue2|2+ |Ue3|2 = 1) and six conditions that mea-
sure the degree with which each unitarity triangle closes
(e.g the ⌫e⌫µ triangle: Ue1U⇤

µ1 + Ue2U⇤
µ2 + Ue3U⇤

µ3 = 0).
Currently, from direct measurements of the individual

elements only, the ⌫e normalisation is the sole condition
that can be reasonably constrained without any further
assumptions as to the origin of the non-unitarity [12].
In the quark sector, the analogous situation involv-

ing the Cabibbo-Kobayashi-Maskawa (CKM) matrix has
been subject to intense verification as many distinct ex-
periments have access to probes of all of the V
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el-
ements individually. Current data shows that the as-
sumption of unitarity for the 3x3 CKM matrix is valid in
the quark sector to a high precision, with the strongest
normalisation constraint being |Vud|2 + |Vus|2 + |Vub|2 =
0.9999 ± 0.0006 and the weakest still being significant
at |Vub|2 + |Vcb|2 + |Vtb|2 = 1.044± 0.06 [13]. Unlike the
quark sector, however, experimental tests of unitarity are
considerably weaker in the 3x3 U
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neutrino mixing
matrix. It remains an initial theoretical assumption in-
herent in many analyses [14–16], but is the basis for the
validity of the 3⌫ paradigm.
This non-unitarity can arise naturally in a large va-

riety of theories. A generic feature of many Beyond
the Standard Model scenarios is the inclusion of one
or more new massive fermionic singlets, uncharged un-
der the Standard Model (SM) gauge group, SU(3)C ⇥
SU(2)L⇥U(1)Y . If these new sterile states mix with the
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Unitarity is a fundamental property of any theory required to ensure we work in a theoretically
consistent framework. In comparison with the quark sector, experimental tests of unitarity for the
3x3 neutrino mixing matrix are considerably weaker. It must be remembered that the vast majority
of our information on the neutrino mixing angles originates from ⌫e and ⌫µ disappearance experi-
ments, with the assumption of unitarity being invoked to constrain the remaining elements. New
physics can invalidate this assumption for the 3x3 subset and thus modify our precision measure-
ments. We perform a reanalysis to see how global knowledge is altered when one refits oscillation
results without assuming unitarity, and present 3� ranges for allowed UPMNS elements consistent
with all observed phenomena. We calculate the bounds on the closure of the six neutrino unitarity
triangles, with the closure of the ⌫e⌫µ triangle being constrained to be  0.03, while the remaining
triangles are significantly less constrained to be  0.1 - 0.2. Similarly for the row and column nor-
malization, we find their deviation from unity is constrained to be  0.2 - 0.4, for four out of six
such normalisations, while for the ⌫µ and ⌫e row normalisation the deviations are constrained to be
 0.07, all at the 3� CL. We emphasise that there is significant room for new low energy physics,
especially in the ⌫⌧ sector which very few current experiments constrain directly.
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from ⌫µ ! ⌫µ disappearance data [6–8],
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much merit to statements that we are now in the preci-
sion measurement era of neutrino physics. Our knowl-
edge of the distinct Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) neutrino mixing matrix elements comes from
the plethora of successful experiments that have run since
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preted as ⌫µ ! ⌫⌧ oscillations, was discovered by Super-
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predominately in the ⌫e and ⌫µ sectors, and comes pri-
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appearance experiments, with the concept of unitarity
being invoked to disseminate this information onto the
remaining elements. With more statistics, the long base-
line ⌫µ ! ⌫e and ⌫µ ! ⌫e appearance experiments such
as T2K [10] and NO⌫A [11] will aid in ⌫µ sector precision
measurements.

Unitarity of a mixing matrix is a necessary condition
for a theoretically consistent description of the under-
lying physics, as non-unitarity directly corresponds to
a violation of probability in the calculated amplitudes.
In the neutrino sector unitarity can be directly veri-
fied by precise measurement of each of the mixing ele-
ments to confirm the unitarity condition: U †U = 1 =
UU†. In this there are 12 dependant conditions, six
of which we will refer to as normalisations (sum of the
squares of each row or column, e.g the ⌫e normalisation
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sure the degree with which each unitarity triangle closes
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elements only, the ⌫e normalisation is the sole condition
that can be reasonably constrained without any further
assumptions as to the origin of the non-unitarity [12].
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the quark sector to a high precision, with the strongest
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at |Vub|2 + |Vcb|2 + |Vtb|2 = 1.044± 0.06 [13]. Unlike the
quark sector, however, experimental tests of unitarity are
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matrix. It remains an initial theoretical assumption in-
herent in many analyses [14–16], but is the basis for the
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riety of theories. A generic feature of many Beyond
the Standard Model scenarios is the inclusion of one
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Unitarity is a fundamental property of any theory required to ensure we work in a theoretically
consistent framework. In comparison with the quark sector, experimental tests of unitarity for the
3x3 neutrino mixing matrix are considerably weaker. It must be remembered that the vast majority
of our information on the neutrino mixing angles originates from ⌫e and ⌫µ disappearance experi-
ments, with the assumption of unitarity being invoked to constrain the remaining elements. New
physics can invalidate this assumption for the 3x3 subset and thus modify our precision measure-
ments. We perform a reanalysis to see how global knowledge is altered when one refits oscillation
results without assuming unitarity, and present 3� ranges for allowed UPMNS elements consistent
with all observed phenomena. We calculate the bounds on the closure of the six neutrino unitarity
triangles, with the closure of the ⌫e⌫µ triangle being constrained to be  0.03, while the remaining
triangles are significantly less constrained to be  0.1 - 0.2. Similarly for the row and column nor-
malization, we find their deviation from unity is constrained to be  0.2 - 0.4, for four out of six
such normalisations, while for the ⌫µ and ⌫e row normalisation the deviations are constrained to be
 0.07, all at the 3� CL. We emphasise that there is significant room for new low energy physics,
especially in the ⌫⌧ sector which very few current experiments constrain directly.

With the knowledge of sin2 2✓
13

now almost at the 5%
level, and interplay between the long baseline accelerator
⌫µ ! ⌫e appearance data [1, 2] and short baseline reactor
⌫e ! ⌫e disappearance [3–5] data, combined with prior
knowledge of ✓
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from ⌫µ ! ⌫µ disappearance data [6–8],
suggesting tentative global hints at �CP ⇡ 3⇡/2, there is
much merit to statements that we are now in the preci-
sion measurement era of neutrino physics. Our knowl-
edge of the distinct Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) neutrino mixing matrix elements comes from
the plethora of successful experiments that have run since
the first strong evidence for neutrino oscillations, inter-
preted as ⌫µ ! ⌫⌧ oscillations, was discovered by Super-
Kamiokande in 1998 [9]. However, one must always re-
member that our knowledge of the matrix elements is
predominately in the ⌫e and ⌫µ sectors, and comes pri-
marily from high statistics ⌫e disappearance and ⌫µ dis-
appearance experiments, with the concept of unitarity
being invoked to disseminate this information onto the
remaining elements. With more statistics, the long base-
line ⌫µ ! ⌫e and ⌫µ ! ⌫e appearance experiments such
as T2K [10] and NO⌫A [11] will aid in ⌫µ sector precision
measurements.

Unitarity of a mixing matrix is a necessary condition
for a theoretically consistent description of the under-
lying physics, as non-unitarity directly corresponds to
a violation of probability in the calculated amplitudes.
In the neutrino sector unitarity can be directly veri-
fied by precise measurement of each of the mixing ele-
ments to confirm the unitarity condition: U †U = 1 =
UU†. In this there are 12 dependant conditions, six
of which we will refer to as normalisations (sum of the
squares of each row or column, e.g the ⌫e normalisation
|Ue1|2+ |Ue2|2+ |Ue3|2 = 1) and six conditions that mea-
sure the degree with which each unitarity triangle closes
(e.g the ⌫e⌫µ triangle: Ue1U⇤

µ1 + Ue2U⇤
µ2 + Ue3U⇤

µ3 = 0).
Currently, from direct measurements of the individual

elements only, the ⌫e normalisation is the sole condition
that can be reasonably constrained without any further
assumptions as to the origin of the non-unitarity [12].
In the quark sector, the analogous situation involv-

ing the Cabibbo-Kobayashi-Maskawa (CKM) matrix has
been subject to intense verification as many distinct ex-
periments have access to probes of all of the V

CKM

el-
ements individually. Current data shows that the as-
sumption of unitarity for the 3x3 CKM matrix is valid in
the quark sector to a high precision, with the strongest
normalisation constraint being |Vud|2 + |Vus|2 + |Vub|2 =
0.9999 ± 0.0006 and the weakest still being significant
at |Vub|2 + |Vcb|2 + |Vtb|2 = 1.044± 0.06 [13]. Unlike the
quark sector, however, experimental tests of unitarity are
considerably weaker in the 3x3 U

PMNS

neutrino mixing
matrix. It remains an initial theoretical assumption in-
herent in many analyses [14–16], but is the basis for the
validity of the 3⌫ paradigm.
This non-unitarity can arise naturally in a large va-

riety of theories. A generic feature of many Beyond
the Standard Model scenarios is the inclusion of one
or more new massive fermionic singlets, uncharged un-
der the Standard Model (SM) gauge group, SU(3)C ⇥
SU(2)L⇥U(1)Y . If these new sterile states mix with the
SM neutrinos then the true mixing matrix is enlarged
from the 3x3 U

PMNS

matrix to a nxn matrix,

UExtended

PMNS

=

0

BBBBB@

U3x3

PMNSz }| {
Ue1 Ue2 Ue3 · · · Uen

Uµ1 Uµ2 Uµ3 · · · Uµn

U⌧1 U⌧2 U⌧3 · · · U⌧n
...

...
...

. . .
...

Usn1 Usn2 Usn3 · · · Usnn

1

CCCCCA
. (1)

These so-called sterile neutrinos have been a major
discussion point for both the theoretical and experimen-
tal communities for decades. If they have masses at or
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Figure 1. Comparison between
constraints on

P
m⌫ from Planck

2013 (black) and Planck 2015 with-
out (red) and with (blue) small-
scale polarization. The baseline al-
ways includes the full TT spectrum
and the low-ell polarization (taken
from WMAP in 2013). The dashed
line represents KATRIN sensitiv-
ity to the e↵ective electron neutrino
mass, translated in terms of

P
m⌫ .

small and the impact on �8 is not large enough to solve the tension.

4. Planck constraints on Ne↵

The e↵ective number of neutrino families Ne↵ parametrizes the energy density in relativistic
species in the early Universe. It is defined as the ratio between the total density ⇢r of relativistic
species (excluding photons) and the energy density of a single neutrino family with temperature
T⌫ = (4/11)1/3TCMB. Thus Ne↵ = 3 for three standard model neutrinos that are thermalized
in the early Universe through weak interactions, and decoupled well before e+e� annihilation;
the actual prediction is instead Ne↵ = 3.046 because neutrinos decouple shortly before e+e�

annihilation and thus receive some of the entropy produced in the annihilation [23]. Ne↵ could
di↵er from its standard value for several reasons, like the presence of a (e↵ectively) massless
species at decoupling, (e.g., a very light sterile neutrino), non-thermal radiation production via
particle decays, or even a non-zero chemical potential for the active neutrinos. In these scenarios,
�Ne↵ ⌘ Ne↵ � 3.046 > 0; the case �Ne↵ < 0 is also possible, for example if standard model
neutrinos are not fully thermalized, like in low-rehating scenarios. The analysis presented in the
Planck parameters paper follows a phenomenological approach, consideringNe↵ a free parameter
with a flat wide prior, and yields the following constraints for di↵erent data combinations (in
this analysis the total mass of the active neutrinos is kept fixed to 0.06 eV):

Ne↵ = 3.13± 0.32 PlanckTT+ lowP, (1a)

Ne↵ = 3.15± 0.23 PlanckTT+ lowP + BAO, (1b)

Ne↵ = 2.99± 0.20 PlanckTT,TE,EE + lowP, (1c)

Ne↵ = 3.04± 0.18 PlanckTT,TE,EE + lowP + BAO. (1d)

Planck is consistent with the standard value of Ne↵ , and excludes Ne↵ = 4 (i.e., a fully-
thermalized fourth neutrino state) at a level between 2.7 and 5.3�; however, sizeable amounts
of extra radiation are still allowed by the data. For example, a fully-thermalized massless boson
decoupling before muon annihilation, contributing �Ne↵ ' 0.39, is only weakly disfavoured by
the data. Allowing also the mass of active neutrinos to vary yields the combined 95% constraints
Ne↵ = 3.2± 0.5 and

P
m⌫ < 0.32eV from PlanckTT+lowP+lensing+BAO.

Due to the correlation between Ne↵ and H0, values of �Ne↵ > 0 favour higher values of the
Hubble parameter with respect to standard ⇤CDM. This alleviates the tension between Planck
and direct measurements of H0. However, models with large Ne↵ and H0 also have higher values
of the fluctuation amplitude �8, and thus increase the tension between Planck and large-scale
structure data. In general, modifications in the neutrino sector cannot, by themselves, easily
solve the tensions between Planck and other data.
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The e↵ective number of neutrino families Ne↵ parametrizes the energy density in relativistic
species in the early Universe. It is defined as the ratio between the total density ⇢r of relativistic
species (excluding photons) and the energy density of a single neutrino family with temperature
T⌫ = (4/11)1/3TCMB. Thus Ne↵ = 3 for three standard model neutrinos that are thermalized
in the early Universe through weak interactions, and decoupled well before e+e� annihilation;
the actual prediction is instead Ne↵ = 3.046 because neutrinos decouple shortly before e+e�

annihilation and thus receive some of the entropy produced in the annihilation [23]. Ne↵ could
di↵er from its standard value for several reasons, like the presence of a (e↵ectively) massless
species at decoupling, (e.g., a very light sterile neutrino), non-thermal radiation production via
particle decays, or even a non-zero chemical potential for the active neutrinos. In these scenarios,
�Ne↵ ⌘ Ne↵ � 3.046 > 0; the case �Ne↵ < 0 is also possible, for example if standard model
neutrinos are not fully thermalized, like in low-rehating scenarios. The analysis presented in the
Planck parameters paper follows a phenomenological approach, consideringNe↵ a free parameter
with a flat wide prior, and yields the following constraints for di↵erent data combinations (in
this analysis the total mass of the active neutrinos is kept fixed to 0.06 eV):

Ne↵ = 3.13± 0.32 PlanckTT+ lowP, (1a)

Ne↵ = 3.15± 0.23 PlanckTT+ lowP + BAO, (1b)

Ne↵ = 2.99± 0.20 PlanckTT,TE,EE + lowP, (1c)

Ne↵ = 3.04± 0.18 PlanckTT,TE,EE + lowP + BAO. (1d)

Planck is consistent with the standard value of Ne↵ , and excludes Ne↵ = 4 (i.e., a fully-
thermalized fourth neutrino state) at a level between 2.7 and 5.3�; however, sizeable amounts
of extra radiation are still allowed by the data. For example, a fully-thermalized massless boson
decoupling before muon annihilation, contributing �Ne↵ ' 0.39, is only weakly disfavoured by
the data. Allowing also the mass of active neutrinos to vary yields the combined 95% constraints
Ne↵ = 3.2± 0.5 and

P
m⌫ < 0.32eV from PlanckTT+lowP+lensing+BAO.

Due to the correlation between Ne↵ and H0, values of �Ne↵ > 0 favour higher values of the
Hubble parameter with respect to standard ⇤CDM. This alleviates the tension between Planck
and direct measurements of H0. However, models with large Ne↵ and H0 also have higher values
of the fluctuation amplitude �8, and thus increase the tension between Planck and large-scale
structure data. In general, modifications in the neutrino sector cannot, by themselves, easily
solve the tensions between Planck and other data.
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Nominal + B2B (1%) + BG + EL (1%) + NL (1%)
sin2 θ12 0.54% 0.60% 0.62% 0.64% 0.67%
∆m2

21 0.24% 0.27% 0.29% 0.44% 0.59%
|∆m2

ee| 0.27% 0.31% 0.31% 0.35% 0.44%

Table 3-2: Precision of sin2 θ12, ∆m2
21 and |∆m2

ee| from the nominal setup to those including
additional systematic uncertainties. The systematics are added one by one from left to right.

In the following a study of the effects of important systematic errors, including the bin-to-bin (B2B)
energy uncorrelated uncertainty, the energy linear scale (EL) uncertainty and the energy non-linear
(NL) uncertainty, will be discussed and the influence of background (BG) will be presented. As a
benchmark, 1% precision for all the considered systematic errors is assumed. The background level
and uncertainties are the same as in the previous chapter for the MH determination. In Table 3-
2, we show the precision of sin2 θ12, ∆m2

21 and |∆m2
ee| from the nominal setup to those including

additional systematic uncertainties. The systematics are added one by one. Note the energy-related
uncertainties are more important because the sensitivity is mostly from the spectrum distortion
due to neutrino oscillations.

In summary, for the precision measurements of oscillation parameters, we can achieve the preci-
sion level of 0.5%−0.7% for the three oscillation parameters sin2 θ12, ∆m2

21 and |∆m2
ee|. Therefore,

precision tests of the unitarity of the lepton mixing matrix in Eq. (3.1), and the mass sum rule in
Eq. (3.4) are feasible at unprecedented precision levels.

3.3 Tests of the standard three-neutrino paradigm

In this section, the strategy for testing the standard three-neutrino paradigm including the unitarity
of the lepton mixing matrix and the sum rule of the mass-squared differences will be discussed.
As only the lepton mixing elements of the electron flavor are accessible in reactor antineutrino
oscillations, we here focus on testing the normalization condition in the first row of U as shown in
Eq. (3.1). It should be noted that the θ12 measurement in JUNO is mainly from the energy spectrum
measurement, and θ13 in Daya Bay is from the relative rate measurement. Therefore, an absolute
rate measurement from either reactor antineutrino experiments or solar neutrino experiments is
required to anchor the total normalization for the first row of U . For the test of the mass sum rule,
an additional independent mass-squared difference is needed, where the most promising one is that
from the long-baseline accelerator muon-neutrino disappearance channel, i.e., ∆m2

µµ.
To explain non-zero neutrino masses in new physics beyond the Standard Model (SM), a large

class of models introduces additional fermion singlets to mix with the SM neutrinos. Thus the full
neutrino mixing matrix will be enlarged, and an effective 3× 3 non-unitary mixing matrix emerges
when one integrates out all those heavy fermion singlets (i.e., sterile neutrinos). The distinct effects
within this class of SM extensions are well described by an effective field extension of the SM, called
the Minimal Unitarity Violation (MUV) scheme. The MUV extension of the SM, characterized by
two non-renormalizable effective operators, is defined as

LMUV = LSM + δLd=5 + δLd=6

= LSM +
1

2
cd=5
αβ

(
Lc

αφ̃
∗
)(

φ̃† Lβ

)
+ cd=6

αβ

(
Lαφ̃

)
i ̸ ∂

(
φ̃†Lβ

)
+H.c. , (3.9)

where φ denotes the SM Higgs field, which breaks the electroweak (EW) symmetry spontaneously
after acquiring the vacuum expectation value (vev) vEW ≃ 246GeV, and Lα represents the lepton
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1.3.1 Experimental site

The JUNO experiment locates in Jinji town, Kaiping city, Jiangmen city, Guangdong province. The
geographic location is east longitude 112◦31’05” and north latitude 22◦07’05”. The experimental
site is 43 km to the southwest of the Kaiping city, a county-level city in the prefecture-level city
Jiangmen in Guangdong province. There are five big cities, Guangzhou, Hong Kong, Macau,
Shenzhen, and Zhuhai, all in ∼ 200 km drive distance, as shown in Fig. 1-3.

Figure 1-3: Location of the JUNO site. The distances to the nearby Yangjiang NPP and Taishan
NPP are both 53 km. Daya Bay NPP is 215 km away. Huizhou and Lufeng NPPs have not been
approved yet. Three metropolises, Hong Kong, Shenzhen, and Guangzhou, are also shown.

The experimental site is at ∼ 53 km from the Yangjiang NPP and Taishan NPP. Yangjiang
NPP has six reactor cores of 2.9 GWth each (themal power). All cores are the 2nd generation
pressurized water reactors CPR1000, which is a derivative of Framatone M310, with improvements
on safety, refueling, and conventional island design. They are very similar in terms of nuclear core
design. The distances between any two cores of Yangjiang NPP are between 88 m and 736 m. The
first core started construction on Dec. 16, 2008 and began commercial operations on Mar. 26, 2014.
The 6th core started construction on Dec. 23, 2013. All six cores will be running when JUNO starts
data taking in 2020. Taishan NPP has planned four cores of 4.59 GWth each. All cores are the
3rd generation pressurized water reactors EPR. The distances between any two cores are between
252 m and 1110 m. The first two cores started construction on Sep. 1, 2009 and Apr. 15, 2010,
respectively. The first core is expected to begin commercial operation in 2015. The construction of
the 3rd and 4th cores have not started yet. The total thermal power of the Yangjiang and Taishan
NPPs would be 35.73 GWth. It is possible that the last two cores in Taishan will not be available
by 2020, in which case the total power will be 26.55 GWth when JUNO will start data taking.

Daya Bay complex includes Daya Bay NPP, Ling Ao NPP, and Ling Ao-II NPP in a spread
of 1.1 km, each with 2 cores of 2.9 GWth. The Daya Bay and Ling Ao cores are Framatone M310
and the Ling Ao-II cores are CPR1000. The Daya Bay complex is 215 km away from the JUNO
detector, and will contribute about 2.8% of the reactor antineutrino events. There are proposals
for new NPPs in Huizhou and Lufeng, which is unclear now. The Huizhou site is 265 km from the
JUNO detector and the Lufeng site is more than 300 km. There is no other NPP or planned NPP
in 500 km around the JUNO experimental site. The thermal power of all cores and the baselines
are listed in Table 1-2. The distances from the detector site to the Yangjiang and Taishan cores
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Figure 2-12: ∆χ2 distribution as functions of the free parameters |∆m2
ee|, where the normal MH

is assumed, and the plus (left) and minus (right) signs of the non-linearity curves in Fig 2-11 are
implemented, respectively. The dashed and dotted lines are for the cases with reduced sizes of the
non-linearity.
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Figure 2-13: The non-linearity models with the largest effects of mimicking between the normal
MH and inverted MH.
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1.3.1 Experimental site

The JUNO experiment locates in Jinji town, Kaiping city, Jiangmen city, Guangdong province. The
geographic location is east longitude 112◦31’05” and north latitude 22◦07’05”. The experimental
site is 43 km to the southwest of the Kaiping city, a county-level city in the prefecture-level city
Jiangmen in Guangdong province. There are five big cities, Guangzhou, Hong Kong, Macau,
Shenzhen, and Zhuhai, all in ∼ 200 km drive distance, as shown in Fig. 1-3.
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The experimental site is at ∼ 53 km from the Yangjiang NPP and Taishan NPP. Yangjiang
NPP has six reactor cores of 2.9 GWth each (themal power). All cores are the 2nd generation
pressurized water reactors CPR1000, which is a derivative of Framatone M310, with improvements
on safety, refueling, and conventional island design. They are very similar in terms of nuclear core
design. The distances between any two cores of Yangjiang NPP are between 88 m and 736 m. The
first core started construction on Dec. 16, 2008 and began commercial operations on Mar. 26, 2014.
The 6th core started construction on Dec. 23, 2013. All six cores will be running when JUNO starts
data taking in 2020. Taishan NPP has planned four cores of 4.59 GWth each. All cores are the
3rd generation pressurized water reactors EPR. The distances between any two cores are between
252 m and 1110 m. The first two cores started construction on Sep. 1, 2009 and Apr. 15, 2010,
respectively. The first core is expected to begin commercial operation in 2015. The construction of
the 3rd and 4th cores have not started yet. The total thermal power of the Yangjiang and Taishan
NPPs would be 35.73 GWth. It is possible that the last two cores in Taishan will not be available
by 2020, in which case the total power will be 26.55 GWth when JUNO will start data taking.

Daya Bay complex includes Daya Bay NPP, Ling Ao NPP, and Ling Ao-II NPP in a spread
of 1.1 km, each with 2 cores of 2.9 GWth. The Daya Bay and Ling Ao cores are Framatone M310
and the Ling Ao-II cores are CPR1000. The Daya Bay complex is 215 km away from the JUNO
detector, and will contribute about 2.8% of the reactor antineutrino events. There are proposals
for new NPPs in Huizhou and Lufeng, which is unclear now. The Huizhou site is 265 km from the
JUNO detector and the Lufeng site is more than 300 km. There is no other NPP or planned NPP
in 500 km around the JUNO experimental site. The thermal power of all cores and the baselines
are listed in Table 1-2. The distances from the detector site to the Yangjiang and Taishan cores
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FIG. 17. The colored regions show the predictions on m�� from oscillations as a function of the lightest neutrino mass with the
relative the 3� regions. The horizontal bands show the experimental limits with the spread due to the theoretical uncertainties
on the NME [138] and PSF [135] [187]. (Left) Combined experimental limits for the three isotopes: 76Ge [174], 130Te [180] and
136Xe. The case gA = g

nucleon

. (Right) Combined experimental limit on 136Xe for the three di↵erent values for gA, according
to Eq. (47).

136Xe experiment in the two cases of g
nucleon

and g
phen.

di↵ers of a factor & 5. It is clear from the figure that this
is the biggest uncertainty, with respect to all the other
theoretical ones.

The single values for the examined cases are reported
in Table VIII.

G. Near and far future experiments

It is also possible to extract the bounds on m�� com-
ing from the near future experiments starting from the
expected sensitivities and using Eq. (45). The results are
shown in Table IX. It can be seen the mass region below
100meV will begin to be probed in case of unqueched
value for gA. But still we will not enter the IH region.
In case gA is maximally quenched, instead, the situation
is much worse. Indeed, the expected sensitivity would
correspond to values of m�� which we already consider
probed by the past experiments.

Let us now consider a next generation experiment (call
it a “mega” experiment) and a next-to-next generation
one (an “ultimate” experiment) with enhanced sensitiv-
ity. To define the physics goal we want to achieve, we
refer to Ref. [93].

The most honest way to talk of the sensitivity is in
terms of exposure or of half-life time that can be probed.
From the point of view of the physical interest, however,
besides the hope of discovering the 0⌫��, the most ex-
citing investigation that can be imagined at present is
the exclusion of the IH case. This is the goal that most
of the experimentalists are trying to reach with future
0⌫�� experiments (see e. g. Ref. [210]). For this reason,

we require a sensitivity m�� = 8meV. The mega experi-
ment is the one that satisfies this requirement in the most
favorable case, namely, when the quenching of gA is ab-
sent. Instead, the ultimate experiment assumes that gA is
maximally quenched. We chose the 8meV value because,
even taking into account the residual uncertainties on the
NME and on the PSF, the overlap with the allowed band
for m�� in the IH is excluded at more than 3�. Notice
that we are assuming that at some point the issue of the
quenching will be sorted out. Through Eq. (45), we ob-
tain the corresponding value of t1/2 and thus we calculate
the needed exposure to accomplish the task.
Referring to Eq. (56), if we suppose " ' 1 (detector

e�ciency of 100% and no fiducial volume cuts), x ' ⌘ ' 1
(all the mass is given by the candidate nuclei), and we
assume one observed event (i. e. N

S

= 1) in the region of
interest, we get the simplified equation:

M · T =
MA · S0⌫

ln 2 ·N
A

. (58)

This is the equation we used to estimate the productM ·T
(exposure), and thus to assess the sensitivity of the mega
and ultimate scenarios. The key input is, of course, the
theoretical expression of t1/2. The calculated values of the
exposure are shown in Table X for the three considered
nuclei: 76Ge, 130Te and 136Xe. The last column of the
table gives the maximum allowed value of the product
B ·� that satisfies Eq. (55).
Fig. 18 compares (in a schematic view) the masses of

76Ge and 136Xe corresponding to the present sensitiv-
ity [174, 187] assuming zero background condition and
5 years of data acquisition to those of the “mega” and
“ultimate” experiments with the same assumptions.

Neutrinoless Double Beta decay
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probed by the past experiments.
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it a “mega” experiment) and a next-to-next generation
one (an “ultimate” experiment) with enhanced sensitiv-
ity. To define the physics goal we want to achieve, we
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The most honest way to talk of the sensitivity is in
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citing investigation that can be imagined at present is
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we require a sensitivity m�� = 8meV. The mega experi-
ment is the one that satisfies this requirement in the most
favorable case, namely, when the quenching of gA is ab-
sent. Instead, the ultimate experiment assumes that gA is
maximally quenched. We chose the 8meV value because,
even taking into account the residual uncertainties on the
NME and on the PSF, the overlap with the allowed band
for m�� in the IH is excluded at more than 3�. Notice
that we are assuming that at some point the issue of the
quenching will be sorted out. Through Eq. (45), we ob-
tain the corresponding value of t1/2 and thus we calculate
the needed exposure to accomplish the task.
Referring to Eq. (56), if we suppose " ' 1 (detector

e�ciency of 100% and no fiducial volume cuts), x ' ⌘ ' 1
(all the mass is given by the candidate nuclei), and we
assume one observed event (i. e. N
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= 1) in the region of
interest, we get the simplified equation:

M · T =
MA · S0⌫
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A

. (58)

This is the equation we used to estimate the productM ·T
(exposure), and thus to assess the sensitivity of the mega
and ultimate scenarios. The key input is, of course, the
theoretical expression of t1/2. The calculated values of the
exposure are shown in Table X for the three considered
nuclei: 76Ge, 130Te and 136Xe. The last column of the
table gives the maximum allowed value of the product
B ·� that satisfies Eq. (55).
Fig. 18 compares (in a schematic view) the masses of

76Ge and 136Xe corresponding to the present sensitiv-
ity [174, 187] assuming zero background condition and
5 years of data acquisition to those of the “mega” and
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FIG. 20. Constraints from cosmological surveys are added
to those from oscillations in the representation of m�� as a
function of the lightest neutrino mass. The dotted contours
represent the 3� regions allowed considering oscillations only.
The shaded areas show the e↵ect of the inclusion of cosmo-
logical constraints at di↵erent C. L. . The horizontal bands
correspond to the expected sensitivity for future experiments.
Figure from Ref. [211].

For a few observed events, let us say less than 10
events, the global error is dominated by the statistical
fluctuations. The error on the nuclear physics becomes
the main contribution only if many events (more than a
few tens) are detected. Using the described procedure
and for the present case, we find an uncertainty on m��

of about 31meV for 5 observed events, which reduces to
24meV for 10 events. If we neglect the statistical un-
certainty, e. g. we put N

events

, the uncertainty becomes
14meV. This means that the Poisson fluctuations ef-
fect is not negligible at all. Similarly, repeating the same
work for the near future case, we obtain an uncertainty
of 17meV for 5 events, 13meV for 10 events and 8meV
for N

events

.
Let us now concentrate on the case of 5 0⌫�� observed

events. If we cut the �2 at the 90%C. L. and we con-
sider the data previously mentioned, we obtain the big-
ger, solid ellipses drawn in Fig. 21. This shows that in
the near future case, a detection of 0⌫�� would allow to
say nothing neither about the mass hierarchy nor about
the Majorana phases. Interestingly, if 0⌫�� were actu-
ally discovered with a m�� a little bit lower than the one
probed in the present case, some conclusions about the
Majorana phases could be carried out. In any case, in
order to state anything precise about m�� and the Ma-
jorana phases, even assuming the discovery of 0⌫��, the
uncertainty on the quenching of the axial vector coupling
constant has to be dramatically decreased.

If we repeat the same exercise assuming an observed
number of events of 20, we obtain the smaller, dashed el-
lipses of Fig. 21. In this case, an hypothetical observation
coming from the present case is highly disfavored while in
the future case, even if nothing can be said about the hi-

FIG. 21. The plots show the allowed regions for m�� as a
function of the neutrino cosmological mass ⌃. The ellipses
show the 90%C. L. regions in which a positive observation
of 0⌫�� could be contained, according to the experimental
uncertainties and 5 (solid) and 20 (dashed) actually observed
events. In particular, the upper ellipse assumes the present
limit from the combined 136Xe experiments [187]. The lower
one assumes the sensitivity of CUORE [189].

erarchy, some conclusions could be carried out regarding
the Majorana phases.

This simple analysis shows that, thanks to the great
e↵orts done in the NME and PSF calculations, it is most
likely that the biggest contribution to the error will come
from the statistical fluctuations of the counts. However,
the theoretical uncertainty from the nuclear physics could
make the picture really hard to understand because, up
to now, it is a source of uncertainty of a factor 4� 8 on
m�� .

C. Considerations on the information from
cosmological surveys

The newest results reported in Table IV confirms and
strengthens the cosmological indications of upper limits
on ⌃, and it is likely that we will have soon other sub-
stantial progress. Moreover, the present theoretical un-
derstanding of neutrino masses does not contradict these
cosmological indications. These considerations empha-
size the importance of exploring the issue of mass hi-
erarchy in laboratory experiments and with cosmological
surveys. However, as already stated, a cautious approach
in dealing with the results from cosmological surveys is
highly advisable.

From the point of view of 0⌫��, these results show that
ton or multi-ton scale detectors will be needed in order
to probe the range of m�� now allowed by cosmology.
Nevertheless, if next generation experiments see a signal,
it will likely be a 0⌫�� signal of new physics di↵erent
from the light Majorana neutrino exchange.
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• Reactor Flux and Spectrum


• Matrix elements for neutrinoless double beta decay


• Cross Sections for neutrino nucleon AND nucleus scattering


• …… 
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Neutrinos as a portal to new Physics
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Many many many other fronts!

Neutrinos in cosmology
Early universe - BBN

Secret neutrino interactions

Supernova evolution: non-linear effects from 
collective oscillations

Cosmic neutrino background: ideas to measure it? 
Non-thermal component?

Type II, type III  and radiative seesaw

Flat extra dimensions: light sterile neutrinos

Leptogenesis

Chen Ratz Trautner 2015

Friedland 2010, Cherry Carlson Friedland Fuller 
Vlaesnko 2012, Chakraborty Hansen Izaguirre 

Raffeelt 2016,  Capozzi Basudeb Dasgupta 2016, 
Izaguirre Raffelt Tamborra 2016, Capozzi Dasgupta 

Lisi Marrone Mirizzi 2017

Sterile neutrino in long baseline 
oscillation experiments

Dark matter in neutrino detectors: light 
DM and light mediators

Neutrinos and the standard solar 
model: CNO cycle and metallicity

Neutrino magnetic moment

Discrete symmetries with
non-zero θ13

Effective operator approach to neutrino 
masses and collider/low scale pheno

Dasgupta Kopp 2013, Chu Dasgupta Kopp 2015, Lundkvist Archidiacono Hannestad Tram 
2016, Ghalsasi McKeen Nelson 2016, Archidiacono Gariazzo Giunti Hannestad Hansen 

Laveder Tram 2016, Forastieri Lattanzi Mangano Mirizzi Natoli Saviano 2017

Akhmedov, Bonnet, Babu, Barbieri, Barger, Berezhiani, Ellis, 
Gaillard, Glashow, Hirsch, Keung, Ma, Mohapatra, Ota, Pakvasa, 
Schechter, Senjanovic, Valle, Yanagida, Winter, Wolfenstein, Zee, 

and many others

Antoniadis, Arkani-Hamed, Barbieri, Berryman, Davoudiasl, Dimopoulos, Dvali, 
de Gouvea, Langacker, Machado, Mohapatra, Nandi, Nunokawa, Perelstein, 
Peres, Perez-Lorenzana, Smirnov, Strumia, Tabrizi, Zukanovich-Funchal, …

Barenboim, Davidson, Di Bari, Dolgov, Fukugita, Kuzmin, 
Rubakov, Servant, Shaposhnikov, Yanagida, Zeldovich, …

Agarwalla, Bhattacharya, Chaterjee, Dasgupta, Dighe, Donini,  
Fuki, Klop, Lopez-Pavon, Meloni, Migliozzi, Palazzo, Ray, Tang, 

Terranova, Thalapillil, Wagner, Yasuda, Winter,…

Ballett, Batell, Chen, Coloma, deNiverville, Dobrescu, Frugiuele, 
Harnik, McKeen, Pascoli, Pospelov, Ritz, Ross-Lonergan

Bailey, Busoni, Christensen-Dalsgaard, Krief, Simone, Serenelli, 
Scott, Vincent, Vilante, Vissani, Vynioli,  …

see e.g. Salam 1957, Barbieri Fiorentini 1988, Barbieri Mohapatra 1989, 
Babu Chang Keung Phillips 1992,  Tarazona Diaz Morales Castillo 2015

Cañas Miranda Parada Tortola Valle 2015, Barranco Delepine  Napsuciale Yebra 2017
Coloma Machado Martinez-Soler Shoemaker 2017

Feruglio Hagedorn Toroop 2011, Lam 2012, Lam 2013, Holthausen Lim Lindner2012, 
Neder King Stuart 2013, Hagedorn Meroni Vitale 2013 

King Neder 2014, Ishimori King Okada Tanimoto 2014,  Yao Ding 2015 , …

de Gouvea Jenkins 2007, Boucenna Morisi Valle 2014, Nath Syed 2015, Geng Tsai 
Wang 2015, Chiang Huo 2015, Bhattacharya Wudka 2015, Geng Huang 2016, 

Quintero 2016, Mohapatra 2016, Kobach 2016

New physics in neutrinoless double beta decay, 
lepton number violation at the LHC, left-right 

models, RS models and neutrino masses, neutrinos 
as dark matter, and much more!

Abazajian, Barbieri, Cirelli, Chizov, Di Bari, Dodelson, Dolgov, Foot, Holanda, 
Iocco, Kirilova, Kusenko, Mangano, Lesgourges, Pastor, Smirnov, Steigman, Volkas

Neutrino cross sections 
(NuSTEC effort)
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Circa 2025+
• from Nu1998 to now, tremendous exp. progress on Neutrino 

SM:  more at Nu2018 and much more before 2025 !  - nu_3 
mass ordering and dominant flavor, size CP violation phase.


• Unitarity ? 12 constraints, only 3 will be tested with 
reasonable precision !!!   All with nu-tau poorly constrained 
except thru Cauchy-Schwartz.


• LSND Sterile Nu’s neither confirmed or ruled out at 
acceptable CL: - CP violation ? and role of Nu_tau ?  


• Neutrinoless Double beta decay will be probing below IO 
scale.
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Circa 2025+
• Great Theoretical progress on understand many aspects of 

Quantum Neutrino Physics:       - Oscillations, Decoherence, 
Osc. Probabilities in Matter, Leptogenesis, …..


• Convincing model of Neutrino masses and mixings: with 
testable and confirmed predictions !


• Connections to other sectors
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Circa 2025+
• Great Theoretical progress on understand many aspects of 

Quantum Neutrino Physics:       - Oscillations, Decoherence, 
Osc. Probabilities in Matter, Leptogenesis, …..


• Convincing model of Neutrino masses and mixings: with 
testable and confirmed predictions !


• Connections to other sectors

• Surprises !!!
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“And yet the nothing-particle 
 is not a nothing at all.”  
         – Isaac Asimov 1966 


