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Quantum Computing for QFT and Chiral Fermions 
(PI: Bhattacharya, Lead Institution: LANL)

THE PROBLEM 
Classical simulation of the quantum hard.

• Affects fermions and gauge fields 
• Affects finite density

• Affects finite time

Quantum simulation of quantum system does 
not face this problem. 
Current quantum devices do not work well with 
continuous variables.

THE SOLUTION 
Develop qubit representations of field theories 
that 
• maintain enough symmetries 
• can be simulated efficiently 
• can represent chiral fermions 
• can represent gauge fields

Understand the scaling behavior of these theories

Understand approximations and error bounds

Develop mappings to experimental protocols

THE IMPACT 
Ability to 


• calculate effects of strong interactions


• deal with chiral theories and gauge interactions


• understand phase transitions in QGP


• study strongly coupled BSM theories


Be ready to use quantum computers for HEP

PRELIMINARY WORK 
V(x)

ψ(x, t)

t

Complexity of initial state 
preparation and evolution

Discretization of scalar field theory

Qubit formulation mainataining O(N) 
symmetry 



Quantum Machine Learning for Lattice QCD

Quantum 
Machine 
Learning 
Algorithm

Measured  
observables

Prediction of  
unmeasured  
observables

• Unmeasured observables can be predicted from 
the measured observables using machine learning  

➢Decrease computing cost for lattice QCD 
calculation of neutron EDM by reducing direct 
measurements 

• Machine learning (ML) algorithm implemented on  
D-Wave Quantum Annealer accelerates ML process 

➢Develop efficient ML algorithm on D-Wave system

D-Wave Qubit connectionNeutron EDM experiments



Copyright © D-Wave Systems Inc.   4

Z(2) lattice gauge theoryKosterlitz-Thouless 
model

3D transverse-field Ising model

Physics / Quantum material simulation: D-wave

R. Harris

A. King E. Dahl
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motivation: electron and neutrino scattering from nuclei

Typical rational: use simple probe to study target structure and dynamics
Neutrinos: determine a few parameters of the probe from  

interactions with (complicated) nucleus 

•Goal: reconstruct initial neutrino energy  
 from observed leptons, nucleons, pions,

•Present method: 
    nuclear structure model  
       momentum distributions  
       spectral function  
       2-particle correlations, …

 
     generators at/after vertex to treat FSI 
         (classical / semi-classical)

duce large effects in combination with ground-state
wave functions calculated including the short-range n-p
correlations. As most previous calculations were based
on independent-particle-type wave functions, the small-
ness of the resulting MEC contributions is thus under-
stood. To verify this point further, Carlson et al. have
repeated their calculation using the same operators, but
with a Fermi-gas wave function. Instead of an enhance-
ment factor of 1.47 coming from MEC at !q !
=600 MeV/c, they find a factor of 1.06 only, i.e., an eight
times smaller MEC effect.

The results of Carlson et al. also show, somewhat sur-
prisingly, that the MEC contribution is large at low mo-
mentum transfer. It decreases toward the larger Q2, in
agreement with the expectation that at very large Q2 it
falls "Sargsian, 2001# like Q−4 relative to quasielastic
scattering.

From the above discussion it becomes clear that the
Euclidean response, despite inherent drawbacks, is a
valuable quantity. Since the final continuum state does
not have to be treated explicitly, calculations of much
higher quality can be performed than for the response,
and the role of two-body currents can be treated quan-
titatively. Comparison between data and calculation has
shown in particular that for a successful prediction of
MEC, correlated wave functions for the ground state are
needed; such wave functions today are available up to
A$12 and for A=!. Unfortunately, the usage of the
Euclidean response for the time being is restricted to a
regime in which relativistic effects are not too large,
such that they can be included as corrections.

X. L ÕT SEPARATION AND COULOMB SUM RULE

In the impulse approximation, and when neglecting
the "small# contribution from nucleonic convection cur-
rents, the longitudinal and transverse response functions
RL and RT contain the same information and have the
same size. This has sometimes been called scaling of the
zeroth kind "see Sec. VII#. It was realized early on, how-
ever, that the transverse response receives significant
contributions from meson exchange currents and " ex-
citation "which are of a largely transverse nature#. It is
therefore clear that there is a high premium on separat-
ing the L and T responses, both because the L response
is easier to interpret and because of the additional infor-
mation contained in the T response.

The separation of the L and T responses is performed
using the Rosenbluth technique, which is justified only
in the single-photon exchange approximation. The cross
section, divided by a number of kinematical factors
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with q "Q# being the 3- "4-# momentum transfer and &
varying from 0 to 1 for scattering angles ( between 180°
and 0°. The slope of the linear function yields RL and
the intercept at &=0 yields RT. Figure 30 shows an early
example for an L /T separation, and demonstrates the
excess observed for the transverse strength.

While conceptually very straightforward, this L/T
separation is difficult in practice. It involves data taking
at the same !q!, but varying &, i.e., varying beam energy.
For an accurate separation of RL and RT, obviously the
largest possible range in &, hence beam energy, is re-
quired. As data are usually not taken at constant !q!, but
at a given beam energy and variable energy loss, obtain-
ing the responses at constant !q! involves interpolations
of the data. We show in Fig. 31 two examples for a
Rosenbluth separation, performed on the low- and
large-% side of the quasielastic peak, which also illus-
trate the importance of the forward angle "high-energy#
data for the determination of RL, i.e., the slope of the fit.

The Rosenbluth technique is applicable in the plane-
wave Born approximation, and fails once Coulomb dis-
tortion of the electron waves is present. Neglect of dis-
tortion is justified for the lightest nuclei alone, and only
if RT is not much bigger "or much smaller# than RL.
When one of the two contributions gets too small, even
minor corrections due to Coulomb distortion can have
large effects. At large !q!, for instance, even the determi-
nation of the proton charge form factor via the Rosen-
bluth technique is significantly affected by Coulomb cor-
rections "Arrington and Sick, 2004#. In order to extract
RL and RT in the presence of Coulomb distortion, the
data must first be corrected for these effects; this is dis-
cussed in Sec. XI.

Here we concentrate on the discussion of the longitu-

FIG. 30. Longitudinal "lower data set# and transverse re-
sponses of 12C "Finn et al., 1984#, plotted in terms of the scaling
function F"y#.

214 Benhar, Day, and Sick: Inclusive quasielastic electron-nucleus …
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Status for Classical Computers on  
         Quantum Many-Body Problem 

• Ground, Low-Lying Excitations : reasonably accurate for A⪝40
       (exact diagonalization, Coupled Cluster, Quantum Monte Carlo)
• High-energy Inclusive Scattering  

       from current-current correlation functions
• Very difficult: more exclusive processes, breakup reactions, …
           number of basis states grows exponentially with N

Similar status in many areas of physics

• Electronic Structure
• Condensed Matter Physics
• Cold Atom Physics
• Lattice QCD
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by the excitation operator Ô can be fully characterized
using the Dynamical Response Function, which can be
expressed as

SO(!) =
X

⌫

|h ⌫ |Ô| 0i|2�(E⌫ � E0 � !) (1)

where | 0i is the ground-state of the system with energy
E0, | ⌫i are the final states of the reaction with ener-
gies E⌫ and ! is the energy transfer. It is convenient
to rescale the response function so that it’s zero moment
(the integral over frequencies) is 1; this can be achieved
by defining

Sr
O(!) =

X

⌫

|h ⌫ |Ô| 0i|2
hÔ2i0

�(E⌫ � E0 � !) . (2)

The final normalization can be restored by either us-
ing the knowledge of one of the sum rules or by di-
rect evaluation of the ground state expectation value
hÔ2i0 ⌘ h 0|Ô2| 0i. Understanding this, in the follow-
ing we will drop the superscript r.

Our goal is to estimate the dynamical response func-
tion SO(!) with energy resolution �! and a precision
�S with probability 1 � ✏. We will indicate the di↵er-
ence between the largest eigenvalue of Ĥ and the ground
state energy by: �H = Emax�E0. Note that this quan-
tity grows only polynomially with system size for most
Hamiltonians of interest (see discussion below).

In the following we will assume to have access to three
black-box quantum procedures (oracles):

• a unitary ÛG which prepares the ground-state of
the Hamiltonian of interest

• a unitary ÛO which implements time evolution un-
der Ô for a short time � < poly(�S)

• a unitary Ût which implements time evolution un-
der the system Hamiltonian for time t

Even though the oracle ÛG may be impractical to im-
plement for a general Hamiltonian, for most systems of
interest many di↵erent algorithms are available in the
literature ([24–32]) and some have already be tested on
simple nuclear systems [33]. Also, close to optimal strate-
gies to implement the time-evolution operator for sparse
Hamiltonians are known [34, 35] and for Hubbard-type
Hamiltonians (like those derived within lattice-EFT [16])
e�cient implementations of Trotter steps with sub-linear
circuit depth are available [36]. For the common case
where Ô is a one-body operator the latter strategies can
be used to implement ÛO e�ciently.

Our scheme is composed of two quantum circuits

• a state preparation routine requiring O(1) calls to
ÛG and ÛO with a success probability (see Sec. IA)

Psuccess = O
 
�S

hÔ2i0
kÔk2

!
(3)

where h·i0 denotes the expectation value on the
ground state and k · k is the operator norm;

• a second routine that provides access to SO(!)
which requires W = log2 (�!/�H) ancilla qubits,
the application of Ût for a maximum time tmax =
2⇡/�! and additional O (Wlog(W ))) gates

For typical situations where the implementation of ÛG

requires considerable e↵ort the success probability of the
first routine can be amplified to O(1) with additional
O(1/P 2

success) calls to the oracle ÛO. An alternative al-
gorithm which removes the dependence of Psuccess on �S
but is more di�cult to make deterministic is also pre-
sented in Sec. IA.
This whole circuit needs to be run a number of times

given approximately by

Nrep ⇡ ln

✓
2

✏

◆
1

2�2S
(4)

independent of the target resolution �!.
In summary, for a given choice of the excitation oper-

ator Ô our algorithm can be described by the following
steps:

while iteration number less than Niter do

prepare the ground state using ÛG

run the first quantum algorithm (Sec. IA)
if algorithm succeeds then

we have prepared |�Oi / Ô| 0i
run the second quantum algorithm (Sec. I B)
store result for classical post-processing
if final state information needed then

measure final state (eg. Sec II)
end if

end if

end while

In the next sections we describe in detail the implementa-
tion of the two quantum routines introduced above. We
also present examples obtained by classical simulation of
a simple 2D fermionic system described by the Hubbard
hamiltonian

H = �t
2X

�=1

MX

hi,ji

⇣
c†i,�cj,� + ci,�c

†
j,�

⌘

+ U
MX

i=1

n̂i,"n̂i,# ,

(5)

where hi, ji indicates the nearest-neighbor lattice sites
and n̂i,� = c†i,�ci,� denotes the number operator. The
results shown here were obtained for A = 2 ”nucleons”,
M = 312 lattice sites and U/t = �2. These parameters
are chosen to give a bound state considerably smaller
than the lattice.
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kÔk2

!
(3)

where h·i0 denotes the expectation value on the
ground state and k · k is the operator norm;

• a second routine that provides access to SO(!)
which requires W = log2 (�!/�H) ancilla qubits,
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also present examples obtained by classical simulation of
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where hi, ji indicates the nearest-neighbor lattice sites
and n̂i,� = c†i,�ci,� denotes the number operator. The
results shown here were obtained for A = 2 ”nucleons”,
M = 312 lattice sites and U/t = �2. These parameters
are chosen to give a bound state considerably smaller
than the lattice.

3 ingredients to algorithm:

• State preparation:  Ground state (or finite T)
• Unitary Operator which implements linear  

                       coupling O(q)
• Unitary Operator which implements time evolution  

      

Linear Response on a QC: Algorithm
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• natural application of a quantum computer



Algorithm (continued)

To produce a state:   
Define an ancillary q-bit and a unitary oeprator: 

3

A. State preparation algorithm

The first problem we have to solve is the preparation
of the state |�Oi given a quantum register initialized in
the ground-state | 0i. Let’s start by adding an ancilla
qubit and defining the unitary operator

Û�
S = e�i�Ô⌦�

y =

✓
cos(�Ô) �sin(�Ô)
sin(�Ô) cos(�Ô)

◆
(6)

where the Pauli �x operator acts on the ancilla and the
final matrix representation is on the basis spanned by the
states {|0i, |1i} of the ancilla. Note that this unitary can
be implemented e�ciently with just 2 calls to a controlled
version of the oracle ÛO and additional O(1) one-qubit
gates.

By initializing the ancilla register to |1i, applying Û�
S

and measuring the state |0i we have e↵ectively produced

(1⌦|0ih0|) Û�
S | 0i⌦|1i = |�Oiph�O|�Oi

+O
⇣
�2kÔk2

⌘
(7)

which di↵ers from the wanted state by corrections of or-
der �2. The error in the implementation of the unitary
ÛO needs to be at least of the same order, which means
a simple single Trotter step will su�ce. The state prepa-
ration has a success probability of

Psuccess = P (|0i) = h 0|sin(�Ô)2| 0i
= �2hÔ2i0 +O �

�4
�
.

(8)

This approach for the application of a non-unitary
transformation is similar in spirit to earlier work (see eg.
[37, 38]) and it su↵ers from a possibly very low e�ciency
since we may need O(1/�2) trials to succeed. One op-
tion is to perform the algorithm at a few relatively large
values of � and fit a quadratic function to extrapolate
out the error from the final response function. This ap-
proach is however complicated if one is interested also
in properties of the final states. A second approach, al-
ready proposed in [37], is to repeat the application of the
unitary Û�

S until success. This works because cos(�Ô) is
approximately the identity. In order to obtain a success
probability P (|0i) = O(1) we will need O(1/�2) repeti-
tions. In addition, if the inverse Ô†

G of the ground-state
preparation circuit is available then it’s possible to use
Amplitude Amplification [39] to gain a quadratic speedup
over this [40].

Note that by using the normalized state |��
Oi we will

compute the normalized response function Eq. (2). If no
sum-rules are known one can estimate the normalization
constant by estimating the success probability Eq. (8) at
di↵erent values of � and extrapolating.

Since the state preparation through the unitary Û�
S is

only approximate, the parameter � would need to de-
pend on the final target accuracy. As mentioned in the
introduction an alternative scheme that avoids this prob-
lem by removing the error in Eq. (7) can be obtained by

representing the excitation operator Ô as a linear combi-
nation of D unitary matrices

Ô =
DX

k=1

↵kÛk ↵ =
DX

k=1

|↵k| � kÔk (9)

which can be e�ciently implemented employing addi-
tional m = log2(D) ancilla qubits using known tech-
niques [34, 35, 41]. The success probability in this case
is given by

P̄success =
hÔ2i0
↵2

(10)

which depending on the particular case may be larger
than Eq.(3). The main drawback of this approach is
that Amplitude Amplification is the only process that
can make the algorithm deterministic since upon failure
the output state can in general be very di↵erent from the
starting point.

B. Response Function estimation

We now present our strategy to obtain the response
function trough the standard Phase Estimation Algo-
rithm (PEA) [42]. It is convenient to shift and scale the
original Hamiltonian:

H =
H � E0

�H
) H| ⌫i = �⌫ | ⌫i (11)

so that we map the energy spectrum to �⌫ 2 [0, 1].
By direct calculation we see that the response function

SO(!) obtained from eH is related to the original one by

�HSO(!) = SO(!) , (12)

for a scaled frequency ! 2 [0, 1].
Our goal is to estimate SO(!) e�ciently. We do this

by using PEA on an auxiliary register of W qubits with
the evolution operators

Uk = ei2k⇡
eH ) Uk| ⌫i = ei2k⇡�⌫ | ⌫i (13)

for k = 0, . . . , 2W � 1. The resulting circuit will have
depth O (Wlog(W ) +Nt

max

), where the first term comes
from the inverse Quantum Fourier Transform [43] and
Nt

max

is the gate count needed for a time evolution of
tmax = O (2⇡/�!) using the oracle Ût. The resulting
probability of measuring the W ancilla qubits in the bi-
nary representation of the integer y 2 [0, 2W � 1] is (see
eg. [44] for more details)

P (y) =
1

22W
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⇣
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Initialize this bit to |1> and apply this operator
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The first problem we have to solve is the preparation
of the state |�Oi given a quantum register initialized in
the ground-state | 0i. Let’s start by adding an ancilla
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y =
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where the Pauli �x operator acts on the ancilla and the
final matrix representation is on the basis spanned by the
states {|0i, |1i} of the ancilla. Note that this unitary can
be implemented e�ciently with just 2 calls to a controlled
version of the oracle ÛO and additional O(1) one-qubit
gates.

By initializing the ancilla register to |1i, applying Û�
S

and measuring the state |0i we have e↵ectively produced

(1⌦|0ih0|) Û�
S | 0i⌦|1i = |�Oiph�O|�Oi

+O
⇣
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(7)

which di↵ers from the wanted state by corrections of or-
der �2. The error in the implementation of the unitary
ÛO needs to be at least of the same order, which means
a simple single Trotter step will su�ce. The state prepa-
ration has a success probability of

Psuccess = P (|0i) = h 0|sin(�Ô)2| 0i
= �2hÔ2i0 +O �

�4
�
.

(8)

This approach for the application of a non-unitary
transformation is similar in spirit to earlier work (see eg.
[37, 38]) and it su↵ers from a possibly very low e�ciency
since we may need O(1/�2) trials to succeed. One op-
tion is to perform the algorithm at a few relatively large
values of � and fit a quadratic function to extrapolate
out the error from the final response function. This ap-
proach is however complicated if one is interested also
in properties of the final states. A second approach, al-
ready proposed in [37], is to repeat the application of the
unitary Û�

S until success. This works because cos(�Ô) is
approximately the identity. In order to obtain a success
probability P (|0i) = O(1) we will need O(1/�2) repeti-
tions. In addition, if the inverse Ô†

G of the ground-state
preparation circuit is available then it’s possible to use
Amplitude Amplification [39] to gain a quadratic speedup
over this [40].

Note that by using the normalized state |��
Oi we will

compute the normalized response function Eq. (2). If no
sum-rules are known one can estimate the normalization
constant by estimating the success probability Eq. (8) at
di↵erent values of � and extrapolating.

Since the state preparation through the unitary Û�
S is

only approximate, the parameter � would need to de-
pend on the final target accuracy. As mentioned in the
introduction an alternative scheme that avoids this prob-
lem by removing the error in Eq. (7) can be obtained by

representing the excitation operator Ô as a linear combi-
nation of D unitary matrices

Ô =
DX

k=1

↵kÛk ↵ =
DX

k=1

|↵k| � kÔk (9)

which can be e�ciently implemented employing addi-
tional m = log2(D) ancilla qubits using known tech-
niques [34, 35, 41]. The success probability in this case
is given by

P̄success =
hÔ2i0
↵2

(10)

which depending on the particular case may be larger
than Eq.(3). The main drawback of this approach is
that Amplitude Amplification is the only process that
can make the algorithm deterministic since upon failure
the output state can in general be very di↵erent from the
starting point.

B. Response Function estimation

We now present our strategy to obtain the response
function trough the standard Phase Estimation Algo-
rithm (PEA) [42]. It is convenient to shift and scale the
original Hamiltonian:

H =
H � E0

�H
) H| ⌫i = �⌫ | ⌫i (11)

so that we map the energy spectrum to �⌫ 2 [0, 1].
By direct calculation we see that the response function

SO(!) obtained from eH is related to the original one by

�HSO(!) = SO(!) , (12)

for a scaled frequency ! 2 [0, 1].
Our goal is to estimate SO(!) e�ciently. We do this

by using PEA on an auxiliary register of W qubits with
the evolution operators

Uk = ei2k⇡
eH ) Uk| ⌫i = ei2k⇡�⌫ | ⌫i (13)

for k = 0, . . . , 2W � 1. The resulting circuit will have
depth O (Wlog(W ) +Nt

max

), where the first term comes
from the inverse Quantum Fourier Transform [43] and
Nt

max

is the gate count needed for a time evolution of
tmax = O (2⇡/�!) using the oracle Ût. The resulting
probability of measuring the W ancilla qubits in the bi-
nary representation of the integer y 2 [0, 2W � 1] is (see
eg. [44] for more details)
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y =
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where the Pauli �x operator acts on the ancilla and the
final matrix representation is on the basis spanned by the
states {|0i, |1i} of the ancilla. Note that this unitary can
be implemented e�ciently with just 2 calls to a controlled
version of the oracle ÛO and additional O(1) one-qubit
gates.

By initializing the ancilla register to |1i, applying Û�
S

and measuring the state |0i we have e↵ectively produced

(1⌦|0ih0|) Û�
S | 0i⌦|1i = |�Oiph�O|�Oi
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which di↵ers from the wanted state by corrections of or-
der �2. The error in the implementation of the unitary
ÛO needs to be at least of the same order, which means
a simple single Trotter step will su�ce. The state prepa-
ration has a success probability of

Psuccess = P (|0i) = h 0|sin(�Ô)2| 0i
= �2hÔ2i0 +O �
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.

(8)

This approach for the application of a non-unitary
transformation is similar in spirit to earlier work (see eg.
[37, 38]) and it su↵ers from a possibly very low e�ciency
since we may need O(1/�2) trials to succeed. One op-
tion is to perform the algorithm at a few relatively large
values of � and fit a quadratic function to extrapolate
out the error from the final response function. This ap-
proach is however complicated if one is interested also
in properties of the final states. A second approach, al-
ready proposed in [37], is to repeat the application of the
unitary Û�

S until success. This works because cos(�Ô) is
approximately the identity. In order to obtain a success
probability P (|0i) = O(1) we will need O(1/�2) repeti-
tions. In addition, if the inverse Ô†

G of the ground-state
preparation circuit is available then it’s possible to use
Amplitude Amplification [39] to gain a quadratic speedup
over this [40].

Note that by using the normalized state |��
Oi we will

compute the normalized response function Eq. (2). If no
sum-rules are known one can estimate the normalization
constant by estimating the success probability Eq. (8) at
di↵erent values of � and extrapolating.

Since the state preparation through the unitary Û�
S is

only approximate, the parameter � would need to de-
pend on the final target accuracy. As mentioned in the
introduction an alternative scheme that avoids this prob-
lem by removing the error in Eq. (7) can be obtained by

representing the excitation operator Ô as a linear combi-
nation of D unitary matrices

Ô =
DX

k=1

↵kÛk ↵ =
DX

k=1

|↵k| � kÔk (9)

which can be e�ciently implemented employing addi-
tional m = log2(D) ancilla qubits using known tech-
niques [34, 35, 41]. The success probability in this case
is given by

P̄success =
hÔ2i0
↵2

(10)

which depending on the particular case may be larger
than Eq.(3). The main drawback of this approach is
that Amplitude Amplification is the only process that
can make the algorithm deterministic since upon failure
the output state can in general be very di↵erent from the
starting point.

B. Response Function estimation

We now present our strategy to obtain the response
function trough the standard Phase Estimation Algo-
rithm (PEA) [42]. It is convenient to shift and scale the
original Hamiltonian:

H =
H � E0

�H
) H| ⌫i = �⌫ | ⌫i (11)

so that we map the energy spectrum to �⌫ 2 [0, 1].
By direct calculation we see that the response function

SO(!) obtained from eH is related to the original one by

�HSO(!) = SO(!) , (12)

for a scaled frequency ! 2 [0, 1].
Our goal is to estimate SO(!) e�ciently. We do this

by using PEA on an auxiliary register of W qubits with
the evolution operators

Uk = ei2k⇡
eH ) Uk| ⌫i = ei2k⇡�⌫ | ⌫i (13)

for k = 0, . . . , 2W � 1. The resulting circuit will have
depth O (Wlog(W ) +Nt
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), where the first term comes
from the inverse Quantum Fourier Transform [43] and
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is the gate count needed for a time evolution of
tmax = O (2⇡/�!) using the oracle Ût. The resulting
probability of measuring the W ancilla qubits in the bi-
nary representation of the integer y 2 [0, 2W � 1] is (see
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Probability for success for creating the state
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A. State preparation algorithm

The first problem we have to solve is the preparation
of the state |�Oi given a quantum register initialized in
the ground-state | 0i. Let’s start by adding an ancilla
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Û�
S = e�i�Ô⌦�
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where the Pauli �x operator acts on the ancilla and the
final matrix representation is on the basis spanned by the
states {|0i, |1i} of the ancilla. Note that this unitary can
be implemented e�ciently with just 2 calls to a controlled
version of the oracle ÛO and additional O(1) one-qubit
gates.

By initializing the ancilla register to |1i, applying Û�
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which di↵ers from the wanted state by corrections of or-
der �2. The error in the implementation of the unitary
ÛO needs to be at least of the same order, which means
a simple single Trotter step will su�ce. The state prepa-
ration has a success probability of

Psuccess = P (|0i) = h 0|sin(�Ô)2| 0i
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This approach for the application of a non-unitary
transformation is similar in spirit to earlier work (see eg.
[37, 38]) and it su↵ers from a possibly very low e�ciency
since we may need O(1/�2) trials to succeed. One op-
tion is to perform the algorithm at a few relatively large
values of � and fit a quadratic function to extrapolate
out the error from the final response function. This ap-
proach is however complicated if one is interested also
in properties of the final states. A second approach, al-
ready proposed in [37], is to repeat the application of the
unitary Û�

S until success. This works because cos(�Ô) is
approximately the identity. In order to obtain a success
probability P (|0i) = O(1) we will need O(1/�2) repeti-
tions. In addition, if the inverse Ô†

G of the ground-state
preparation circuit is available then it’s possible to use
Amplitude Amplification [39] to gain a quadratic speedup
over this [40].

Note that by using the normalized state |��
Oi we will

compute the normalized response function Eq. (2). If no
sum-rules are known one can estimate the normalization
constant by estimating the success probability Eq. (8) at
di↵erent values of � and extrapolating.

Since the state preparation through the unitary Û�
S is

only approximate, the parameter � would need to de-
pend on the final target accuracy. As mentioned in the
introduction an alternative scheme that avoids this prob-
lem by removing the error in Eq. (7) can be obtained by

representing the excitation operator Ô as a linear combi-
nation of D unitary matrices

Ô =
DX

k=1

↵kÛk ↵ =
DX

k=1

|↵k| � kÔk (9)

which can be e�ciently implemented employing addi-
tional m = log2(D) ancilla qubits using known tech-
niques [34, 35, 41]. The success probability in this case
is given by

P̄success =
hÔ2i0
↵2

(10)

which depending on the particular case may be larger
than Eq.(3). The main drawback of this approach is
that Amplitude Amplification is the only process that
can make the algorithm deterministic since upon failure
the output state can in general be very di↵erent from the
starting point.

B. Response Function estimation

We now present our strategy to obtain the response
function trough the standard Phase Estimation Algo-
rithm (PEA) [42]. It is convenient to shift and scale the
original Hamiltonian:

H =
H � E0
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so that we map the energy spectrum to �⌫ 2 [0, 1].
By direct calculation we see that the response function

SO(!) obtained from eH is related to the original one by

�HSO(!) = SO(!) , (12)

for a scaled frequency ! 2 [0, 1].
Our goal is to estimate SO(!) e�ciently. We do this

by using PEA on an auxiliary register of W qubits with
the evolution operators

Uk = ei2k⇡
eH ) Uk| ⌫i = ei2k⇡�⌫ | ⌫i (13)

for k = 0, . . . , 2W � 1. The resulting circuit will have
depth O (Wlog(W ) +Nt
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), where the first term comes
from the inverse Quantum Fourier Transform [43] and
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is the gate count needed for a time evolution of
tmax = O (2⇡/�!) using the oracle Ût. The resulting
probability of measuring the W ancilla qubits in the bi-
nary representation of the integer y 2 [0, 2W � 1] is (see
eg. [44] for more details)
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Trotter expansion of propagation

• Starting vector (after vertex) with

• Store time evolution of          in auxiliary register of M quits

• Perform Quantum Fourier transform on the auxiliary register

• Measures will return      with probability 

 k =
X

k

ck|⇠ki
<latexit sha1_base64="wXyclyjPs26DqVEpzqAKu3Oixy0=">AAACDXicbZBPS8MwGMZT/875r+rRS3AMPI1WBPUgDL14nGDdYC0lzdItLElLkoqj7hN48at48aDi1bs3v41Z14NuPvDCj+d9X5L3iVJGlXacb2thcWl5ZbWyVl3f2Nzatnd2b1WSSUw8nLBEdiKkCKOCeJpqRjqpJIhHjLSj4eWk374jUtFE3OhRSgKO+oLGFCNtrNCu+y1FwyH04Tn0VcYNYlMP0L8vbIlEn5HQrjkNpxCcB7eEGijVCu0vv5fgjBOhMUNKdV0n1UGOpKaYkXHVzxRJER6iPukaFIgTFeTFOWNYN04Pxok0JTQs3N8bOeJKjXhkJjnSAzXbm5j/9bqZjk+DnIo000Tg6UNxxqBO4CQb2KOSYM1GBhCW1PwV4gGSCGuTYNWE4M6ePA/eUeOs4V4f15oXZRoVsA8OwCFwwQlogivQAh7A4BE8g1fwZj1ZL9a79TEdXbDKnT3wR9bnD4V6mrw=</latexit><latexit sha1_base64="wXyclyjPs26DqVEpzqAKu3Oixy0=">AAACDXicbZBPS8MwGMZT/875r+rRS3AMPI1WBPUgDL14nGDdYC0lzdItLElLkoqj7hN48at48aDi1bs3v41Z14NuPvDCj+d9X5L3iVJGlXacb2thcWl5ZbWyVl3f2Nzatnd2b1WSSUw8nLBEdiKkCKOCeJpqRjqpJIhHjLSj4eWk374jUtFE3OhRSgKO+oLGFCNtrNCu+y1FwyH04Tn0VcYNYlMP0L8vbIlEn5HQrjkNpxCcB7eEGijVCu0vv5fgjBOhMUNKdV0n1UGOpKaYkXHVzxRJER6iPukaFIgTFeTFOWNYN04Pxok0JTQs3N8bOeJKjXhkJjnSAzXbm5j/9bqZjk+DnIo000Tg6UNxxqBO4CQb2KOSYM1GBhCW1PwV4gGSCGuTYNWE4M6ePA/eUeOs4V4f15oXZRoVsA8OwCFwwQlogivQAh7A4BE8g1fwZj1ZL9a79TEdXbDKnT3wR9bnD4V6mrw=</latexit><latexit sha1_base64="wXyclyjPs26DqVEpzqAKu3Oixy0=">AAACDXicbZBPS8MwGMZT/875r+rRS3AMPI1WBPUgDL14nGDdYC0lzdItLElLkoqj7hN48at48aDi1bs3v41Z14NuPvDCj+d9X5L3iVJGlXacb2thcWl5ZbWyVl3f2Nzatnd2b1WSSUw8nLBEdiKkCKOCeJpqRjqpJIhHjLSj4eWk374jUtFE3OhRSgKO+oLGFCNtrNCu+y1FwyH04Tn0VcYNYlMP0L8vbIlEn5HQrjkNpxCcB7eEGijVCu0vv5fgjBOhMUNKdV0n1UGOpKaYkXHVzxRJER6iPukaFIgTFeTFOWNYN04Pxok0JTQs3N8bOeJKjXhkJjnSAzXbm5j/9bqZjk+DnIo000Tg6UNxxqBO4CQb2KOSYM1GBhCW1PwV4gGSCGuTYNWE4M6ePA/eUeOs4V4f15oXZRoVsA8OwCFwwQlogivQAh7A4BE8g1fwZj1ZL9a79TEdXbDKnT3wR9bnD4V6mrw=</latexit><latexit sha1_base64="wXyclyjPs26DqVEpzqAKu3Oixy0=">AAACDXicbZBPS8MwGMZT/875r+rRS3AMPI1WBPUgDL14nGDdYC0lzdItLElLkoqj7hN48at48aDi1bs3v41Z14NuPvDCj+d9X5L3iVJGlXacb2thcWl5ZbWyVl3f2Nzatnd2b1WSSUw8nLBEdiKkCKOCeJpqRjqpJIhHjLSj4eWk374jUtFE3OhRSgKO+oLGFCNtrNCu+y1FwyH04Tn0VcYNYlMP0L8vbIlEn5HQrjkNpxCcB7eEGijVCu0vv5fgjBOhMUNKdV0n1UGOpKaYkXHVzxRJER6iPukaFIgTFeTFOWNYN04Pxok0JTQs3N8bOeJKjXhkJjnSAzXbm5j/9bqZjk+DnIo000Tg6UNxxqBO4CQb2KOSYM1GBhCW1PwV4gGSCGuTYNWE4M6ePA/eUeOs4V4f15oXZRoVsA8OwCFwwQlogivQAh7A4BE8g1fwZj1ZL9a79TEdXbDKnT3wR9bnD4V6mrw=</latexit>

| (t)i
<latexit sha1_base64="PM6mqjyab7GBuwQ2edwSVXAq1cU=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSxCvZREBPVW9OKxgrGFJpTNdtIu3WzC7kYssX/FiwcVr/4Sb/4bt20O2vpg4PHeDDPzwpQzpR3n2yqtrK6tb5Q3K1vbO7t79n71XiWZpODRhCeyExIFnAnwNNMcOqkEEocc2uHoeuq3H0Aqlog7PU4hiMlAsIhRoo3Us6tP2G8phuv6BPuSiAGHnl1zGs4MeJm4BamhAq2e/eX3E5rFIDTlRKmu66Q6yInUjHKYVPxMQUroiAyga6ggMaggn90+wcdG6eMokaaExjP190ROYqXGcWg6Y6KHatGbiv953UxHF0HORJppEHS+KMo41gmeBoH7TALVfGwIoZKZWzEdEkmoNnFVTAju4svLxDttXDbc27Na86pIo4wO0RGqIxedoya6QS3kIYoe0TN6RW/WxHqx3q2PeWvJKmYO0B9Ynz/LRZMx</latexit><latexit sha1_base64="PM6mqjyab7GBuwQ2edwSVXAq1cU=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSxCvZREBPVW9OKxgrGFJpTNdtIu3WzC7kYssX/FiwcVr/4Sb/4bt20O2vpg4PHeDDPzwpQzpR3n2yqtrK6tb5Q3K1vbO7t79n71XiWZpODRhCeyExIFnAnwNNMcOqkEEocc2uHoeuq3H0Aqlog7PU4hiMlAsIhRoo3Us6tP2G8phuv6BPuSiAGHnl1zGs4MeJm4BamhAq2e/eX3E5rFIDTlRKmu66Q6yInUjHKYVPxMQUroiAyga6ggMaggn90+wcdG6eMokaaExjP190ROYqXGcWg6Y6KHatGbiv953UxHF0HORJppEHS+KMo41gmeBoH7TALVfGwIoZKZWzEdEkmoNnFVTAju4svLxDttXDbc27Na86pIo4wO0RGqIxedoya6QS3kIYoe0TN6RW/WxHqx3q2PeWvJKmYO0B9Ynz/LRZMx</latexit><latexit sha1_base64="PM6mqjyab7GBuwQ2edwSVXAq1cU=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSxCvZREBPVW9OKxgrGFJpTNdtIu3WzC7kYssX/FiwcVr/4Sb/4bt20O2vpg4PHeDDPzwpQzpR3n2yqtrK6tb5Q3K1vbO7t79n71XiWZpODRhCeyExIFnAnwNNMcOqkEEocc2uHoeuq3H0Aqlog7PU4hiMlAsIhRoo3Us6tP2G8phuv6BPuSiAGHnl1zGs4MeJm4BamhAq2e/eX3E5rFIDTlRKmu66Q6yInUjHKYVPxMQUroiAyga6ggMaggn90+wcdG6eMokaaExjP190ROYqXGcWg6Y6KHatGbiv953UxHF0HORJppEHS+KMo41gmeBoH7TALVfGwIoZKZWzEdEkmoNnFVTAju4svLxDttXDbc27Na86pIo4wO0RGqIxedoya6QS3kIYoe0TN6RW/WxHqx3q2PeWvJKmYO0B9Ynz/LRZMx</latexit><latexit sha1_base64="PM6mqjyab7GBuwQ2edwSVXAq1cU=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSxCvZREBPVW9OKxgrGFJpTNdtIu3WzC7kYssX/FiwcVr/4Sb/4bt20O2vpg4PHeDDPzwpQzpR3n2yqtrK6tb5Q3K1vbO7t79n71XiWZpODRhCeyExIFnAnwNNMcOqkEEocc2uHoeuq3H0Aqlog7PU4hiMlAsIhRoo3Us6tP2G8phuv6BPuSiAGHnl1zGs4MeJm4BamhAq2e/eX3E5rFIDTlRKmu66Q6yInUjHKYVPxMQUroiAyga6ggMaggn90+wcdG6eMokaaExjP190ROYqXGcWg6Y6KHatGbiv953UxHF0HORJppEHS+KMo41gmeBoH7TALVfGwIoZKZWzEdEkmoNnFVTAju4svLxDttXDbc27Na86pIo4wO0RGqIxedoya6QS3kIYoe0TN6RW/WxHqx3q2PeWvJKmYO0B9Ynz/LRZMx</latexit>

�n
<latexit sha1_base64="NwUbQdkeSf4XpTRJRAiqOoAYNfM=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7IrgnorevFYwbWVdinZbLYNTbJLkhXK0l/hxYOKV/+ON/+N2XYP2joQGGbmkfcmTDnTxnW/ncrK6tr6RnWztrW9s7tX3z940EmmCPVJwhPVDbGmnEnqG2Y47aaKYhFy2gnHN4XfeaJKs0Tem0lKA4GHksWMYGOlxz630QgP5KDecJvuDGiZeCVpQIn2oP7VjxKSCSoN4VjrnuemJsixMoxwOq31M01TTMZ4SHuWSiyoDvLZwlN0YpUIxYmyTxo0U39P5FhoPRGhTQpsRnrRK8T/vF5m4ssgZzLNDJVk/lGccWQSVFyPIqYoMXxiCSaK2V0RGWGFibEd1WwJ3uLJy8Q/a141vbvzRuu6bKMKR3AMp+DBBbTgFtrgAwEBz/AKb45yXpx352MerTjlzCH8gfP5Ay6PkDI=</latexit><latexit sha1_base64="NwUbQdkeSf4XpTRJRAiqOoAYNfM=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7IrgnorevFYwbWVdinZbLYNTbJLkhXK0l/hxYOKV/+ON/+N2XYP2joQGGbmkfcmTDnTxnW/ncrK6tr6RnWztrW9s7tX3z940EmmCPVJwhPVDbGmnEnqG2Y47aaKYhFy2gnHN4XfeaJKs0Tem0lKA4GHksWMYGOlxz630QgP5KDecJvuDGiZeCVpQIn2oP7VjxKSCSoN4VjrnuemJsixMoxwOq31M01TTMZ4SHuWSiyoDvLZwlN0YpUIxYmyTxo0U39P5FhoPRGhTQpsRnrRK8T/vF5m4ssgZzLNDJVk/lGccWQSVFyPIqYoMXxiCSaK2V0RGWGFibEd1WwJ3uLJy8Q/a141vbvzRuu6bKMKR3AMp+DBBbTgFtrgAwEBz/AKb45yXpx352MerTjlzCH8gfP5Ay6PkDI=</latexit><latexit sha1_base64="NwUbQdkeSf4XpTRJRAiqOoAYNfM=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7IrgnorevFYwbWVdinZbLYNTbJLkhXK0l/hxYOKV/+ON/+N2XYP2joQGGbmkfcmTDnTxnW/ncrK6tr6RnWztrW9s7tX3z940EmmCPVJwhPVDbGmnEnqG2Y47aaKYhFy2gnHN4XfeaJKs0Tem0lKA4GHksWMYGOlxz630QgP5KDecJvuDGiZeCVpQIn2oP7VjxKSCSoN4VjrnuemJsixMoxwOq31M01TTMZ4SHuWSiyoDvLZwlN0YpUIxYmyTxo0U39P5FhoPRGhTQpsRnrRK8T/vF5m4ssgZzLNDJVk/lGccWQSVFyPIqYoMXxiCSaK2V0RGWGFibEd1WwJ3uLJy8Q/a141vbvzRuu6bKMKR3AMp+DBBbTgFtrgAwEBz/AKb45yXpx352MerTjlzCH8gfP5Ay6PkDI=</latexit><latexit sha1_base64="NwUbQdkeSf4XpTRJRAiqOoAYNfM=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7IrgnorevFYwbWVdinZbLYNTbJLkhXK0l/hxYOKV/+ON/+N2XYP2joQGGbmkfcmTDnTxnW/ncrK6tr6RnWztrW9s7tX3z940EmmCPVJwhPVDbGmnEnqG2Y47aaKYhFy2gnHN4XfeaJKs0Tem0lKA4GHksWMYGOlxz630QgP5KDecJvuDGiZeCVpQIn2oP7VjxKSCSoN4VjrnuemJsixMoxwOq31M01TTMZ4SHuWSiyoDvLZwlN0YpUIxYmyTxo0U39P5FhoPRGhTQpsRnrRK8T/vF5m4ssgZzLNDJVk/lGccWQSVFyPIqYoMXxiCSaK2V0RGWGFibEd1WwJ3uLJy8Q/a141vbvzRuu6bKMKR3AMp+DBBbTgFtrgAwEBz/AKb45yXpx352MerTjlzCH8gfP5Ay6PkDI=</latexit>

|cn|2
<latexit sha1_base64="B+yD/mQBORxBwrTM04h9PUKxYqg=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cKxhbaWDbbSbt0swm7G6G0/RFePKh49f9489+4bXPQ1gcDj/dmmJkXpoJr47rfzsrq2vrGZmGruL2zu7dfOjh80EmmGPosEYlqhlSj4BJ9w43AZqqQxqHARji4mfqNJ1SaJ/LeDFMMYtqTPOKMGis1xqwjx4/VTqnsVtwZyDLxclKGHPVO6avdTVgWozRMUK1bnpuaYESV4UzgpNjONKaUDWgPW5ZKGqMORrNzJ+TUKl0SJcqWNGSm/p4Y0VjrYRzazpiavl70puJ/Xisz0WUw4jLNDEo2XxRlgpiETH8nXa6QGTG0hDLF7a2E9amizNiEijYEb/HlZeJXK1cV7+68XLvO0yjAMZzAGXhwATW4hTr4wGAAz/AKb07qvDjvzse8dcXJZ47gD5zPH6H+j0w=</latexit><latexit sha1_base64="B+yD/mQBORxBwrTM04h9PUKxYqg=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cKxhbaWDbbSbt0swm7G6G0/RFePKh49f9489+4bXPQ1gcDj/dmmJkXpoJr47rfzsrq2vrGZmGruL2zu7dfOjh80EmmGPosEYlqhlSj4BJ9w43AZqqQxqHARji4mfqNJ1SaJ/LeDFMMYtqTPOKMGis1xqwjx4/VTqnsVtwZyDLxclKGHPVO6avdTVgWozRMUK1bnpuaYESV4UzgpNjONKaUDWgPW5ZKGqMORrNzJ+TUKl0SJcqWNGSm/p4Y0VjrYRzazpiavl70puJ/Xisz0WUw4jLNDEo2XxRlgpiETH8nXa6QGTG0hDLF7a2E9amizNiEijYEb/HlZeJXK1cV7+68XLvO0yjAMZzAGXhwATW4hTr4wGAAz/AKb07qvDjvzse8dcXJZ47gD5zPH6H+j0w=</latexit><latexit sha1_base64="B+yD/mQBORxBwrTM04h9PUKxYqg=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cKxhbaWDbbSbt0swm7G6G0/RFePKh49f9489+4bXPQ1gcDj/dmmJkXpoJr47rfzsrq2vrGZmGruL2zu7dfOjh80EmmGPosEYlqhlSj4BJ9w43AZqqQxqHARji4mfqNJ1SaJ/LeDFMMYtqTPOKMGis1xqwjx4/VTqnsVtwZyDLxclKGHPVO6avdTVgWozRMUK1bnpuaYESV4UzgpNjONKaUDWgPW5ZKGqMORrNzJ+TUKl0SJcqWNGSm/p4Y0VjrYRzazpiavl70puJ/Xisz0WUw4jLNDEo2XxRlgpiETH8nXa6QGTG0hDLF7a2E9amizNiEijYEb/HlZeJXK1cV7+68XLvO0yjAMZzAGXhwATW4hTr4wGAAz/AKb07qvDjvzse8dcXJZ47gD5zPH6H+j0w=</latexit><latexit sha1_base64="B+yD/mQBORxBwrTM04h9PUKxYqg=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cKxhbaWDbbSbt0swm7G6G0/RFePKh49f9489+4bXPQ1gcDj/dmmJkXpoJr47rfzsrq2vrGZmGruL2zu7dfOjh80EmmGPosEYlqhlSj4BJ9w43AZqqQxqHARji4mfqNJ1SaJ/LeDFMMYtqTPOKMGis1xqwjx4/VTqnsVtwZyDLxclKGHPVO6avdTVgWozRMUK1bnpuaYESV4UzgpNjONKaUDWgPW5ZKGqMORrNzJ+TUKl0SJcqWNGSm/p4Y0VjrYRzazpiavl70puJ/Xisz0WUw4jLNDEo2XxRlgpiETH8nXa6QGTG0hDLF7a2E9amizNiEijYEb/HlZeJXK1cV7+68XLvO0yjAMZzAGXhwATW4hTr4wGAAz/AKb07qvDjvzse8dcXJZ47gD5zPH6H+j0w=</latexit>



For k = 0… 2W-1
Depth of circuit: 
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A. State preparation algorithm

The first problem we have to solve is the preparation
of the state |�Oi given a quantum register initialized in
the ground-state | 0i. Let’s start by adding an ancilla
qubit and defining the unitary operator

Û�
S = e�i�Ô⌦�

y =

✓
cos(�Ô) �sin(�Ô)
sin(�Ô) cos(�Ô)

◆
(6)

where the Pauli �x operator acts on the ancilla and the
final matrix representation is on the basis spanned by the
states {|0i, |1i} of the ancilla. Note that this unitary can
be implemented e�ciently with just 2 calls to a controlled
version of the oracle ÛO and additional O(1) one-qubit
gates.

By initializing the ancilla register to |1i, applying Û�
S

and measuring the state |0i we have e↵ectively produced

(1⌦|0ih0|) Û�
S | 0i⌦|1i = |�Oiph�O|�Oi

+O
⇣
�2kÔk2

⌘
(7)

which di↵ers from the wanted state by corrections of or-
der �2. The error in the implementation of the unitary
ÛO needs to be at least of the same order, which means
a simple single Trotter step will su�ce. The state prepa-
ration has a success probability of

Psuccess = P (|0i) = h 0|sin(�Ô)2| 0i
= �2hÔ2i0 +O �

�4
�
.

(8)

This approach for the application of a non-unitary
transformation is similar in spirit to earlier work (see eg.
[37, 38]) and it su↵ers from a possibly very low e�ciency
since we may need O(1/�2) trials to succeed. One op-
tion is to perform the algorithm at a few relatively large
values of � and fit a quadratic function to extrapolate
out the error from the final response function. This ap-
proach is however complicated if one is interested also
in properties of the final states. A second approach, al-
ready proposed in [37], is to repeat the application of the
unitary Û�

S until success. This works because cos(�Ô) is
approximately the identity. In order to obtain a success
probability P (|0i) = O(1) we will need O(1/�2) repeti-
tions. In addition, if the inverse Ô†

G of the ground-state
preparation circuit is available then it’s possible to use
Amplitude Amplification [39] to gain a quadratic speedup
over this [40].

Note that by using the normalized state |��
Oi we will

compute the normalized response function Eq. (2). If no
sum-rules are known one can estimate the normalization
constant by estimating the success probability Eq. (8) at
di↵erent values of � and extrapolating.

Since the state preparation through the unitary Û�
S is

only approximate, the parameter � would need to de-
pend on the final target accuracy. As mentioned in the
introduction an alternative scheme that avoids this prob-
lem by removing the error in Eq. (7) can be obtained by

representing the excitation operator Ô as a linear combi-
nation of D unitary matrices

Ô =
DX

k=1

↵kÛk ↵ =
DX

k=1

|↵k| � kÔk (9)

which can be e�ciently implemented employing addi-
tional m = log2(D) ancilla qubits using known tech-
niques [34, 35, 41]. The success probability in this case
is given by

P̄success =
hÔ2i0
↵2

(10)

which depending on the particular case may be larger
than Eq.(3). The main drawback of this approach is
that Amplitude Amplification is the only process that
can make the algorithm deterministic since upon failure
the output state can in general be very di↵erent from the
starting point.

B. Response Function estimation

We now present our strategy to obtain the response
function trough the standard Phase Estimation Algo-
rithm (PEA) [42]. It is convenient to shift and scale the
original Hamiltonian:

H =
H � E0

�H
) H| ⌫i = �⌫ | ⌫i (11)

so that we map the energy spectrum to �⌫ 2 [0, 1].
By direct calculation we see that the response function

SO(!) obtained from eH is related to the original one by

�HSO(!) = SO(!) , (12)

for a scaled frequency ! 2 [0, 1].
Our goal is to estimate SO(!) e�ciently. We do this

by using PEA on an auxiliary register of W qubits with
the evolution operators

Uk = ei2k⇡
eH ) Uk| ⌫i = ei2k⇡�⌫ | ⌫i (13)

for k = 0, . . . , 2W � 1. The resulting circuit will have
depth O (Wlog(W ) +Nt

max

), where the first term comes
from the inverse Quantum Fourier Transform [43] and
Nt

max

is the gate count needed for a time evolution of
tmax = O (2⇡/�!) using the oracle Ût. The resulting
probability of measuring the W ancilla qubits in the bi-
nary representation of the integer y 2 [0, 2W � 1] is (see
eg. [44] for more details)

P (y) =
1

22W

X

⌫

|h ⌫ |�Oi|2
sin2

�
2W⇡

�
�⌫ � y

2W

��

sin2
�
⇡
�
�⌫ � y

2W

��

⌘ 1

2W

X

⌫

|h ⌫ |�Oi|2F2W

⇣
2⇡

⇣
�⌫ � y

2W

⌘⌘ (14)

Probability of obtaining binary integer y  is equal to 

Accurate representation of the response

W log(W ) +N

max
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Energy spectra with Quantum Phase Estimation
Kitaev (1996), Brassard et al. (2002), Svore et. al (2013), Weibe & Granade (2016),. . .

QPE is a general algorithm to estimate eigenvalues of a unitary operator

U |⇠ki = �k|⇠ki ,�k = e2⇡i�k ( U = e�itH

starting vector | i = P
k ck|⇠ki

store time evolution | (t)i in
auxiliary register of M qubits
perform (Quantum) Fourier
transform on the auxiliary register
measures will return �n with
probability P (�n) ⇡ |cn|2

Ovrum&Hjorth-Jensen (2007)

BONUS: final state after measurement is | fini ⇡
P

k
e�(�k � �n)ck|⇠ki
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Example: 
Ovrum & Hjorth-Jensen (2007)



Example:
Hubbard Model

N=2, 31x31 lattice
Initial State

Propagated State (Re and Im)

S (q,!)
<latexit sha1_base64="h/RYwWWI2NqwYJrxbVVd044Rn6Y=">AAAB9HicbVDLSsNAFJ3UV62vqks3g0WoICURQd0V3bisaGyhiWUynbRD5xFnJkoJ/Q83LlTc+jHu/BunbRbaeuDC4Zx7ufeeKGFUG9f9dgoLi0vLK8XV0tr6xuZWeXvnTstUYeJjyaRqRUgTRgXxDTWMtBJFEI8YaUaDy7HffCRKUyluzTAhIUc9QWOKkbHS/U0Aqw9HMJCc9NBhp1xxa+4EcJ54OamAHI1O+SvoSpxyIgxmSOu25yYmzJAyFDMyKgWpJgnCA9QjbUsF4kSH2eTqETywShfGUtkSBk7U3xMZ4loPeWQ7OTJ9PeuNxf+8dmriszCjIkkNEXi6KE4ZNBKOI4Bdqgg2bGgJworaWyHuI4WwsUGVbAje7MvzxD+unde865NK/SJPowj2wD6oAg+cgjq4Ag3gAwwUeAav4M15cl6cd+dj2lpw8pld8AfO5w8JrZEc</latexit><latexit sha1_base64="h/RYwWWI2NqwYJrxbVVd044Rn6Y=">AAAB9HicbVDLSsNAFJ3UV62vqks3g0WoICURQd0V3bisaGyhiWUynbRD5xFnJkoJ/Q83LlTc+jHu/BunbRbaeuDC4Zx7ufeeKGFUG9f9dgoLi0vLK8XV0tr6xuZWeXvnTstUYeJjyaRqRUgTRgXxDTWMtBJFEI8YaUaDy7HffCRKUyluzTAhIUc9QWOKkbHS/U0Aqw9HMJCc9NBhp1xxa+4EcJ54OamAHI1O+SvoSpxyIgxmSOu25yYmzJAyFDMyKgWpJgnCA9QjbUsF4kSH2eTqETywShfGUtkSBk7U3xMZ4loPeWQ7OTJ9PeuNxf+8dmriszCjIkkNEXi6KE4ZNBKOI4Bdqgg2bGgJworaWyHuI4WwsUGVbAje7MvzxD+unde865NK/SJPowj2wD6oAg+cgjq4Ag3gAwwUeAav4M15cl6cd+dj2lpw8pld8AfO5w8JrZEc</latexit><latexit sha1_base64="h/RYwWWI2NqwYJrxbVVd044Rn6Y=">AAAB9HicbVDLSsNAFJ3UV62vqks3g0WoICURQd0V3bisaGyhiWUynbRD5xFnJkoJ/Q83LlTc+jHu/BunbRbaeuDC4Zx7ufeeKGFUG9f9dgoLi0vLK8XV0tr6xuZWeXvnTstUYeJjyaRqRUgTRgXxDTWMtBJFEI8YaUaDy7HffCRKUyluzTAhIUc9QWOKkbHS/U0Aqw9HMJCc9NBhp1xxa+4EcJ54OamAHI1O+SvoSpxyIgxmSOu25yYmzJAyFDMyKgWpJgnCA9QjbUsF4kSH2eTqETywShfGUtkSBk7U3xMZ4loPeWQ7OTJ9PeuNxf+8dmriszCjIkkNEXi6KE4ZNBKOI4Bdqgg2bGgJworaWyHuI4WwsUGVbAje7MvzxD+unde865NK/SJPowj2wD6oAg+cgjq4Ag3gAwwUeAav4M15cl6cd+dj2lpw8pld8AfO5w8JrZEc</latexit><latexit sha1_base64="h/RYwWWI2NqwYJrxbVVd044Rn6Y=">AAAB9HicbVDLSsNAFJ3UV62vqks3g0WoICURQd0V3bisaGyhiWUynbRD5xFnJkoJ/Q83LlTc+jHu/BunbRbaeuDC4Zx7ufeeKGFUG9f9dgoLi0vLK8XV0tr6xuZWeXvnTstUYeJjyaRqRUgTRgXxDTWMtBJFEI8YaUaDy7HffCRKUyluzTAhIUc9QWOKkbHS/U0Aqw9HMJCc9NBhp1xxa+4EcJ54OamAHI1O+SvoSpxyIgxmSOu25yYmzJAyFDMyKgWpJgnCA9QjbUsF4kSH2eTqETywShfGUtkSBk7U3xMZ4loPeWQ7OTJ9PeuNxf+8dmriszCjIkkNEXi6KE4ZNBKOI4Bdqgg2bGgJworaWyHuI4WwsUGVbAje7MvzxD+unde865NK/SJPowj2wD6oAg+cgjq4Ag3gAwwUeAav4M15cl6cd+dj2lpw8pld8AfO5w8JrZEc</latexit>
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where F2W (x) is the well-known Fejer kernel from Fourier
analysis (see eg. [45]). The probability distribution P (y)
is a good approximation of SO(!) since this kernel can
be seen as a representation of the delta function with
width �x ⇡ 2�W . Therefore if we require a frequency
resolution �! we will need W = log2 (�H/�!) auxiliary
qubits and a polynomial number of applications of the
time evolution operator to obtain a sample from P (y).

As mentioned above, for most Hamiltonians of interest
the energy gap�H scales only polynomially with the size
of the system.

We now need to estimate P (y) from N samples drawn
from it. Since y is a discrete variable an e�cient way of
reconstructing the probability distribution is by produc-
ing an histogram hN (y) from the samples. Using Hoe↵d-
ing’s inequality [46] we find that

Pr (|hN (y)� P (y)| � �)  2e�2N�2 , (15)

which implies in order to obtain a precision � with prob-
ability 1� ✏ we need approximately

N = ln

✓
2

✏

◆
1

2�2
(16)

independent samples.
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FIG. 1. Approximations of the true response function SO(!)
for the model system described by the hamiltonian of Eq. (5)
for di↵erent numbers of the work qubits: W = 6 (blue line),
W = 8 (red line) and W = 12 (green line). The exact re-
sponse is also shown with black dots. The inset shows the
maximum error in the sample estimate of P (y) as a function
of the number of samples.

In Fig. 1 we plot the approximate response P (y) for
the model Hamiltonian Eq. (5) at three di↵erent values
of W (6,8,12). By comparing with the exact result shown
as black dots, we see that for W = 12 the e↵ect of energy
resolution is negligible but already with W = 8 we ob-
tain a rather accurate estimate for SO(!). Even W = 6
reproduces important features of the response, which in
experiments is convoluted with the detector resolution.
The inset shows the convergence of the maximum error

�max = sup
y2[0,...,2W�1]

|hN (y)� P (y)| (17)

as a function of the sample size N . Response functions
relevant for ⌫ and e� scattering are typically smooth at
high energy and hence require small W and short prop-
agation times.
Finally, in order to obtain a negligible bias from the

state preparation we need the parameter � to scale as

� / C

p
�

kÔk (18)

for some constant C = O(1). Note that the Hamilto-
nian evolution implemented in Ût has to have an error
✏t  �2kÔk2 to be negligible (luckily algorithms with
only logarithmic dependence on ✏t are known [34, 41]).
This concludes the proof of the scalings (3) and (4).

II. FINAL STATE MEASUREMENTS

In electron- or neutrino-nuclear scattering experi-
ments [9, 47–60] one would like to infer the probability
P (q,!|~p) that the probe transferred energy-momentum
(q,!) to the nucleus and simultaneously that the final
state includes a nucleon (or neutron or proton) of mo-
mentum (~p). More concretely this amounts to an infer-
ence procedure of the form

P (q,!|~p) = P (~p|q,!)P (q,!)

P (~p)

= P (~p|q,!)P (!|q)P (q)

P (~p)

(19)

where P (~p) results from the experimental measure,
P (~p|q,!) is the momentum distribution of the final states
for a process with given (q,!) and P (q|!) ⌘ S(q,!). The
prior probability P (q) depends on the static response of
the nucleus and the characteristic of the probe beam and
can be updated given the other ones by a Bayesian pro-
cedure. The above section explains how to obtain S(q,!)
with a given accuracy and in the following we will show
how to evaluate few-body momentum distributions given
by the final state of the algorithm above. Note that af-
ter measuring the W ancilla qubits of Sec.I B the main
register will be left in a state | f i composed by a lin-
ear superposition of final states corresponding to energy
transfer ! ±�!. Imagine we want now to compute ex-
clusive 1 and 2-body momentum distributions

n1(A) = h f |n̂A| f i n2(A,B) = h f |n̂An̂B | f i (20)

where n̂k ⌘ n̂(~pk,�k, ⌧k) is the number operator for a
state with momentum ~pk, spin �k and isospin ⌧k. We
can define a unitary operator Un

A

= exp(�i⇡n̂A) (which
is e�ciently implementable) and run the following circuit
with an ancilla qubit

|0i H • H

| f i Un
A

(21)

Simple Example: 2 body Hubbard Model:  
N=2, 31x31 lattice (fine-scale from particular lattice)

Basic features revealed with just a few steps, exact details over many 
order of magnitude for W=12



Why study this in the NISQ era ?
  Some information with just a few real-time steps: (sum rules, etc.)
  At high energies and momenta - few-body expansion may be feasible
  Test quantum-classical transition in quantum scattering processes
  Examine ability to ‘detect’ explicit final states: multi-nucleon, pion, …
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Topics being explored now:

• Access to explicit final states:     
                         Energy and momenta of outgoing particles

                           clusters, etc.
• Reducing circuit depth for high energy scattering
• Actual implementation of simple problem on QC
• Related problems in NP and other fields  
 
   Mixture of early-stage QC and large-scale classical simulations 
            Present limits: 4-5 nucleons, 203 x 1000 lattice

Thanks for support from LANL LDRD: ISTI



Longer Term

Whole new fields of both theory and experiment 
 with full treatment quantum dynamics:

• More sophisticated theories of quantum structure and dynamics
• Much wider range of direct confrontation between  
     theory and experiment

• Enables much more reliable extrapolations to regimes 
      not experimentally accessible

• Whole new classes of experiments  
     can be reliably designed, tested for  
     sensitive tests of new physics


