
1. Definitions, historical remarks and tools we need
2. Periodic integer maps with polygon invariants

3. Maps with polygon invariants

Integrable and chaotic mappings of the plane
with polygon invariants.

Tim Zolkin 1 Sergei Nagaitsev 1,2

1Fermi National Accelerator Laboratory

2The University of Chicago

June 13, 2018

Tim Zolkin Mappings with polygon invariants



1. Definitions, historical remarks and tools we need
2. Periodic integer maps with polygon invariants

3. Maps with polygon invariants

TABLE OF CONTENTS

1 1. Definitions, historical remarks and tools we need
1.1 Definitions and tools we need
1.2 Historical remarks

2 2. Periodic integer maps with polygon invariants
2.1 Linear maps with integer coefficients
2.2 Maps linear on two half planes

3 3. Maps with polygon invariants

Tim Zolkin Mappings with polygon invariants



1. Definitions, historical remarks and tools we need
2. Periodic integer maps with polygon invariants

3. Maps with polygon invariants

1.1 Definitions and tools we need
1.2 Historical remarks

1.DEFINITIONS, HISTORICAL REMARKS AND
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1.1 Definitions and tools we need
1.2 Historical remarks

We will consider area-preserving mappings of the plane

q′ = q′(q, p),
p′ = p′(q, p),

det

[
∂ q′/∂ q ∂ q′/∂ p
∂ p′/∂ q ∂ p′/∂ p

]
= 1.

Identity, Id[
1 0
0 1

] Rotation, Rot[
cos θ − sin θ
sin θ cos θ

] Reflection∗,∗∗, Ref[
cos 2θ sin 2θ
sin 2θ − cos 2θ

]
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1.1 Definitions and tools we need
1.2 Historical remarks

∗The reflection is anti area-preserving transformation, det J = −1.
∗∗In addition, Ref2 = Id (or Ref = Ref−1). Transformations which
satisfy this property are called involutions.

More on reflections and rotations

Rot(θ) ◦ Rot(φ) = Rot(θ + φ)

Ref(θ) ◦ Ref(φ) = Rot(2 [θ − φ])

Rot(θ) ◦ Ref(φ) = Ref(φ+ 1
2θ)

Ref(φ) ◦ Rot(θ) = Ref(φ− 1
2θ)
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1.1 Definitions and tools we need
1.2 Historical remarks

A map T in the plane is called integrable, if there exists a non-
constant real valued continuous functions K(q, p), called integral,
which is invariant under T:

∀ (q, p) : K(q, p) = K(q′, p′)

where primes denote the application of the map, (q′, p′) = T(q, p).

Example. Rotation transformation

Rot(θ) : q′ = q cos θ − p sin θ
p′ = q sin θ + p cos θ

has the integral K(q, p) = q2 + p2.
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1.1 Definitions and tools we need
1.2 Historical remarks

If θ and π are commensurable, then transformation Rot(θ) has in-
finitely many invariants of motion.

Example. Rotations through angles ±π/4 has another invariant

K(q, p) = q2p2 + Γ(q2 + p2), ∀ Γ.

Γ = 0 Γ > 0Γ < 0πRot(−   / 4)

q q

p

q

p p
p

q
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1.1 Definitions and tools we need
1.2 Historical remarks

Thin lens transformation, F, and nonlinear vertical shear, G,

F : q′ = q,
p′ = p + f (q),

F = G ◦ Ref(0),

G : q′ = q,
p′ = −p + f (q),

G = F ◦ Ref(0).

Transformation G is anti area-preserving involution, G2 = Id.
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1.1 Definitions and tools we need
1.2 Historical remarks

A map T is said to be reversible if there is a transformation R0,
called the reversor, such that

T−1 = R0 ◦ T ◦ R−1
0 .

In the important special case, where R0 is involutory

T−1 = R0 ◦ T ◦ R0 or R0 ◦ T ◦ R0 ◦ T = Id.

Hence, if we set R1 = R0 ◦ T, we see that R1 is also involutory.
Moreover we have

T = R0 ◦ R1 or T−1 = R1 ◦ R0

so that T is the product of two involutory transformations.
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1.1 Definitions and tools we need
1.2 Historical remarks

Arnold-Liouville theorem

Integrable map can be written in the form of a Twist map

Jn+1 = Jn,

θn+1 = θn + 2π ν(J) mod 2π,

where |ν(J)| ≤ 0.5 is the rotation number, θ is the angle variable
and J is the action variable, defined by the mapping T as

J =
1

2π

∮
p dq.

Poincaré rotation number

Rotation number represents the average increase in the angle per
unit time (average frequency)

ν = lim
n→∞

Tn(θ)− θ
n

.
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1.1 Definitions and tools we need
1.2 Historical remarks

Theorem (Danilov)

Let T : R2 → R2 be the area-preserving integrable map with invari-
ant of motion K(q, p) = K(q′, p′). If constant level of invariant is
compact, then a Poincaré rotation number is

ν =

∫ q′

q

(
∂K
∂p

)−1

dq

/∮ (
∂K
∂p

)−1

dq

where integrals are assumed to be along invariant curve.

q

p

K(q,p) = inv

q

p

M(q,p;K)
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1.1 Definitions and tools we need
1.2 Historical remarks

I. Contribution of Edwin McMillan

From “A problem in the stability of periodic systems” (1970)
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1.1 Definitions and tools we need
1.2 Historical remarks

I-1. McMillan form of the map

McMillan considered a special form of the map

M : q′ = p,
p′ = −q + f (p),

where f (p) is called force function (or simply force).

a. Fixed point

p = q ∩ p =
1

2
f (q).

b. 2-cycles

q =
1

2
f (p) ∩ p =

1

2
f (q).

Tim Zolkin Mappings with polygon invariants



1. Definitions, historical remarks and tools we need
2. Periodic integer maps with polygon invariants

3. Maps with polygon invariants

1.1 Definitions and tools we need
1.2 Historical remarks

1D accelerator lattice with thin nonlinear lens, T = F ◦M

M :

[
y
ẏ

]′
=

[
cos Φ + α sin Φ β sin Φ
−γ sin Φ cos Φ− α sin Φ

] [
y
ẏ

]
,

F :

[
y
ẏ

]′
=

[
y
ẏ

]
+

[
0

F (y)

]
,

where α, β and γ are Courant-Snyder parameters at the thin lens
location, and, Φ is the betatron phase advance of one period.

Mapping in McMillan form after CT to (q, p), T = F̃ ◦ Rot(−π/2)

q = y ,
p = y (cos Φ + α sin Φ) + ẏ β sin Φ,

F̃(q) = 2 q cos Φ + β F (q) sin Φ .
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1.2 Historical remarks

Turaev theorem
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1.1 Definitions and tools we need
1.2 Historical remarks

I-2. McMillan condition for invariant curve

a. Consider a decomposition of map in McMillan form

T = F ◦ Rot(−π/2) = G ◦ Ref(0) ◦ Rot(−π/2) = G ◦ Ref(π/4).

b. Lines p = q and p = f (q)/2 are sets of fixed points for reversors.

c. If K(q, p) is invariant under transformation T, then it is invariant
under both, Ref(π/4) and G:

K(q, p) = K(p, q), K(q, p) = K(q,−p + f (q)).

d. Solving for p = Φ(q) from the invariant K(q, p) = const

f (q) = Φ(q) + Φ−1(q) .
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1.1 Definitions and tools we need
1.2 Historical remarks

Example. Heńon map, f (p) = 2 p2.

Heńon map

M : q′ = p,
p′ = −q + 2 p2.

Symmetry lines:

p = q, p = q2.

Fixed points:

(0, 0), (1, 1).
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1.1 Definitions and tools we need
1.2 Historical remarks

II. Suris theorem and recurrence xn+1 + xn−1 = f (xn).
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1.1 Definitions and tools we need
1.2 Historical remarks

III. Recurrence xn+1 + xn−1 = |xn|
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1.1 Definitions and tools we need
1.2 Historical remarks

IV. Periodic homeomorphism of the plane (1993)
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1.1 Definitions and tools we need
1.2 Historical remarks

V. Letter from Professor D. Knuth
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1.1 Definitions and tools we need
1.2 Historical remarks

VI. R. Devaney’s Gingerbreadman map, f (p) = |p|+ 1
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1.1 Definitions and tools we need
1.2 Historical remarks

Gingerbreadman and Rabbit maps

q′ = p
p′ = −q ± |p|+ 1
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1.1 Definitions and tools we need
1.2 Historical remarks

V. Lozi and Hénon maps

ML : q′ = p
p′ = b q + 1− a |p|

MH : q′ = p
p′ = b q + 1− a p2
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2.1 Linear maps with integer coefficients
2.2 Maps linear on two half planes

2.PERIODIC INTEGER MAPS WITH POLYGON INVARIANTS
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2.1 Linear maps with integer coefficients
2.2 Maps linear on two half planes

2.1 Linear maps with integer coefficients

Crystallographic restriction theorem

If A is an integer 2× 2 matrix and An = Id for some natural n ∈ N,
then

n = 1, 2, 3, 4, 6

corresponding to 2-, 3-, 4- and 6-fold rotational symmetries.
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2.1 Linear maps with integer coefficients
2.2 Maps linear on two half planes

n = 1, 2

Transformations with a period n = 1, 2 are simply ±Id, which can
be considered as a special cases of rotation through the angles θ
equal to 0 or π,

Rot(0) =

[
1 0
0 1

]
, Rot(π) =

[
−1 0
0 −1

]
.
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2.1 Linear maps with integer coefficients
2.2 Maps linear on two half planes

n = 3, 4, 6

Three other cases are given by mappings in McMillan form

Mα : q′ = p,
p′ = −q − p,

Mβ : q′ = p,
p′ = −q,

Mγ : q′ = p,
p′ = −q + p,

α β

0

1

3

γ

4

1

0

5

2

32

0

1

2

n = 3 n = 4 n = 6

ν = 1/3 ν = 1/4 ν = 1/6
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2.1 Linear maps with integer coefficients
2.2 Maps linear on two half planes

2.2 Maps linear on two half planes

CNR (Cairns, Nikolayevsky and Rossiter) theorem

Suppose that M is periodic continuous map of the plane that is
linear with integer coefficients in each half plane q ≥ 0 and q < 0.
Then M has period

n = 1, 2, 3, 4, 5, 6, 7, 8, 9, or 12.
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2.1 Linear maps with integer coefficients
2.2 Maps linear on two half planes

FE G

0

1

3

2

0
2

4

6 4

1

3

0

1

2

34

5

6

7

5

0

1

2

3

4

5
6

7

8

9

10

11

D

0

H

1

5

2

3
8

7 4

6

n = 8 n = 7 n = 5

ν = 3/8 ν = 2/7 ν = 1/5

n = 9

ν = 2/9

ν = 5/12

n = 12
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3.MAPS WITH POLYGON INVARIANTS
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3.1 First good idea

Mappings E, F, G and D, H are in McMillan form with force

f (p) = α p + β|p|, α± β ∈ Z.

What about affine generalization?

f (p) = α p + β|p|+ d .

Proposition 1. The change of coordinates (q, p)→ (d q, d p)
allows to reduce problem to cases d = ±1:

f (p) = α p + β|p| ± 1 for d ≷ 0.

Proposition 2. The change of coordinates (q, p)→ (−q,−p)
allows to rewrite the force function as

f (p) = α p ± β|p|+ 1 for d = ±1.
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3.1.1 Zoo maps: Octopus and Crab

q′ = p
p′ = −q − 2 p ± |p|+ 1
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3.1.2 Nonlinear integrable maps with polygon invariants

M 1
2

3
8

and M 1
3

3
8

: q′ = p,

p′ = −q + 1∓ |p| ± 3 p

2
,

M 1
3

2
7

and M 1
4

2
7

: q′ = p,

p′ = −q + 1∓ |p| ± p

2
,

M 1
4

1
5

and M 1
6

1
5

: q′ = p,

p′ = −q + 1∓ |p| ∓ p

2
,
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1

3

1

3

1

2
1

3

1

3

1

2

1

2

0 1

1

0

q

p

1+α

−α

1

2

1

2

10

0

1

q

p

1+α

−α

1

2

1

2

1

4

1

2

1

4

0 1

0

1

q

p

1

1

0

q

p

−1 10

0 1

0

1

0

1

2

2

q

q

p

p

1+α

1+2α

−α

−α

1+α

2+α

−α

1+α

−2α

0

−α

+α

−1
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Integrability and symmetries, f (q) = Φ(q) + Φ−1(q)

M 1
4

2
7

K(q, p) = α (∂α/∂p)−1 −(∂α/∂q)−1

S1 : q = −α −q — 1
S2 : p = −α −p −1 —
S3 : q = 1 + α q − 1 — −1
S4 : p = 1 + α p − 1 1 —
S5 : p = −q − α −q − p −1 1

f (q) = 1 +
|q| − q

2
=

{
S2 + S4 = 1, q > 0,
S4 + S5 = 1− q, q < 0.
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Poincaré rotation number

∫ q′

q
dt =

∫ 1+α

p
dp︸ ︷︷ ︸

S1

+

∫ q′

−α
dq︸ ︷︷ ︸

S4

= 1 + 2α,

∮
dt =

∫ 1+α

0
dp︸ ︷︷ ︸

S1

+

∫ 1+α

−α
dq︸ ︷︷ ︸

S4

−
∫ −α

1+α
dp︸ ︷︷ ︸

S3

−
∫ 0

1+α
dq︸ ︷︷ ︸

S2

−
∫ −α

0
dq︸ ︷︷ ︸

S5

= 4 + 7α.

ν =
1 + 2α

4 + 7α
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Action-angle variables

Jn+1 = Jn = J(α)

θn+1 = θn + 2 π ν(α) (mod 2π)
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Perturbation of integrability
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Application 1. Cohen-like mappings, |p| →
√

p2 + 1
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3.1.3 Coexisting stochastic and integrable behavior

M 1
6

1
7

: q′ = p

p′ = −q + 1− |p|−3 p
2

0 1 2 3

0

1

1−α

2

3

2+α

1+α

 −α

−1

−1 q

p

-10 -5 0 5 q

-10

-5

0

5

p
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Perturbations of M 1
6

1
7
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3.2 Second good idea: piecewise linear f with 3 segments

Piecewise linear and continuous

Integer coefficients

3 segments

f(q) f(q)

q q

d

d
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3.2.0 Pots and shards
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3.2.0 Pots and shards
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3.2.1 One layer maps 1

ν =
2 + α

4 + 4α
ν =

α

4 + 4α
ν =

α

2 + 5α
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3.2.1 One layer maps 2

ν =
2 + α

6 + 4α
ν =

2 + 2α

6 + 7α
ν =

2 + α

14 + 5α
ν =

2 + 2α

14 + 9α
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3.2.2 Two layer maps

ν =
2 + α

6 + 5α
ν =

2 + α

9 + 5α
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3.2.3 Two layer maps with islands

ν =
2 + 2α

10 + 9α
ν =

4 + 2α

16 + 9α
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3.2.3 Two layer maps with islands 2

ν =
2 + 11α

4 + 24α
ν =
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3.2.4 System with discrete parameter 1

ν1 =
1

6 + α
ν2 =

2 n + α

2 + 12 n + 6α

n = 0 n = 1 n = 2 n = 3

ν0 = 0 ν0 = 1
6 ν0 = 1

6 ν0 = 1
6

ν1 = α
4+6α α∗ = 1

1 α∗ = 1
2 α∗ = 1

3

Tim Zolkin Mappings with polygon invariants



1. Definitions, historical remarks and tools we need
2. Periodic integer maps with polygon invariants

3. Maps with polygon invariants

3.2.4 System with discrete parameter 2

ν1 =
1 + α

6 + 5α
ν2 =

2 + 2 n + α

10 + 12 n + 6α

n = − n = 0 n = 1 n = 2

ν0 = 1
4 ν0 = 1

5 ν0 = 1
6 ν0 = 1

6

ν1 = 2+α
8+6α α∗ = 1

0 α∗ = 1
1 α∗ = 1

2
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3.3 Third good idea: special periodic condition on f

∀ q : f (q + T ) = f (q) + f (T )− f (0)

f(q) f(q)

q qd

d
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3.3.0 f with period made of 2 segments: Chaos in cell

d = 4d = 1
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3.3.1 f with period made of 2 segments

∀ p : f (p + T ) = f (p) + f (T )− f (0)
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1 L 1 L

k: 0 21 1

0 L

Tim Zolkin Mappings with polygon invariants



1. Definitions, historical remarks and tools we need
2. Periodic integer maps with polygon invariants

3. Maps with polygon invariants

L 4

L 2

L   = L   4 2 L   − L   = 224

L 2 L 4

0 −1−2 −1k:

1 1

20

0
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3.3.1 f with period made of 3 segments
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3. Maps with polygon invariants

L 30 1

L11 3/2

L1 L 31 1

b.1

b.2

a.1 a.2
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Application 2: Can we better understand the reality?
Hénon map, f (q) = a q + b q2.

Tim Zolkin Mappings with polygon invariants



1. Definitions, historical remarks and tools we need
2. Periodic integer maps with polygon invariants

3. Maps with polygon invariants

Application 2: Can we better understand the reality?
Hénon map, f (q) = a q + b q2.
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Application 2: Can we better understand the reality?
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LAST SLIDE

Thank you for your
attention!

Questions?
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