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FIG. 3. Expectation of the current in a background field is
derived from the vacuum polarization.

FIG. 2. Phase changes through ~ n depending on the sign
of the imaginary part.

will depend on small perturbations —including both
terms, such as Zeeman splitting, not retained in the mod-
el Lagrangean (9), and effects of impurities and doping—when the Fermi level is near midgap.
For truly complex-valued masses the mechanism

whereby charges and currents are generated need not be
connected with the existence of 0 modes, or midgap
states. For instance, if I m (x) I is constant, and its
phase varies slowly in the sense that I Bm/9x I/Im I(

I m I, then the local magnitude of the gap will remain—2 I m I everywhere. Nevertheless, the charges and
currents discussed above will be produced; they are asso-
ciated with the behavior of the Fermi sea as a whole.
Their magnitude in this case is robust.
The current associated with an electric field in the

plane of the wall is so remarkable that it deserves further
discussion. First, let us note its properties:
(i) Since j~E, the current is voltage controlled
(ii) Since jJ E, the current is nondissipative Of.

course I have ignored impurities, etc. , so that this state-
ment is only approximate. At the level of analysis in this
paper many-body eAects have been ignored, and the
current is not a supercurrent.
(iii) The direction of the current is determined by the

unit vector B/I BI. This form follows from time-reversal
symmetry. It indicates that the direction of current can
reverse, ideally, in response to changes in magnetic fields
of tiny magnitude. This peculiar dependence is associat-
ed, in the axion picture [Eq. (12)], with the fact that a
change in the sign of the mass is ambiguous; it can mean
3, =+z or —z across the wall.
And now let me discuss in more detail how these prop-

erties arise. I will first discuss the case where m is an
odd, real function of z and m(~) is positive. 1 use the
conventions of Bjorken and Drell. The zero-mode solu-
tions of the Dirac equation are then of the form

p2
y=exp J~ m(z)dz [Z~f(x,y)+Ezg(x, y)l, (13a)

Other modes have energy —
I m(~) I and can be

neglected. The eff'ective two-dimensional dynamics of
the low-energy modes are described by the efrective
Hamil ton ian

AH P(73, P ~xk,

as we see by sandwiching the eAective coupling

(i4)
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in (is).
So in this case the interaction of the low-energy modes

with a planar electric field reduces to a problem in the
electrodynamics of (2+ 1)-dimensional massive fer-
mions. Now there is a peculiarity in the vacuum polar-
ization of (2+1)-dimensional electrodynamics that is
relevant here. ' That is, the current induced by an
external field, calculated from the Feynman diagram in
Fig. 3, is of the form

H =io3cr 8

acting on the two-component spinor ri =(gI). A magnetic
field normal to the wall leads to a series of Landau levels
at energies n(eB/2~) 'i with degeneracy eB/2x per unit
area. If the Fermi level is slightly above 0, then one has
charge accumulated on the wall, as discussed above, be-
cause the n =0 mode is composed half of positive-energy
and half of negative-energy states relative to the free
(i.e., no domain wall) Hamiltonian. The independence
of the magnitude of j on the magnitude of B is now easi-
ly understood heuristically as follows. The basic phe-
nomena is a drift of the zero-mode plasma in crossed
electric and magnetic fields. In this situation, the drift
velocity of a charged particle is proportional to E and in-
versely proportional to 8. But since the number of states
in the zero-mode plasma, as discussed above, is itself
proportional to 8 this dependence cancels out.
An infinitesimal complex (3+ 1)-dimensional mass,

i.e., an effective axion field, generates a (2+1)-dimen-
sional mass p, leading to similar results. Indeed, the
efIect of the axion field in the z direction is simply to in-
duce an effective mass term

where j, (p/ I u I ) ~...F., (is)
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(i3b)
This gives us the current discussed above, with the prop-
erties (i)- (iii).
Note that the (2+1)-dimensional mass p is P and T

odd; it is this which explains how it can be proportional
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