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Standard Model Higgs Lagrangian:

EW symmetry breaking

Higgs pair production probes 
triple-Higgs coupling

V (�) = �µ2(�†�) + �(�†�)2L � �V (�),

µ2 = �v2

m2
H

= 2�v2
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SM: self-couplings 
determined by mH , v

Higgs self-coupling not yet measured! 
Extremely challenging to measure at 
LHC due to           cross section and 
difficult backgrounds

O(fb)

Motivation - Higgs self-coupling



HH extremely challenging to measure, combining !  : 
                         !   and  !

bbbb, bbτ+τ−, bbγγ
σtot ≤ 6.7σSM −5.0 < κλ < 12.0
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CERN-EP-2019-099

Can obtain complementary limits on !  from single Higgs: 
                                         !

λ3
−3.2 < κλ < 11.9

EW corr. to single H production 
(also VBF, VH)

Modification of precision EW observables  
(EW oblique corrections) !S, T

Gorbahn, Haisch 16;  Bizoń, Gorbahn, Haisch, 
Zanderighi 16; Degrassi, Giardino, Maltoni, 
Pagani 16; Maltoni, Pagani, Shivaji, Zhao 17; 
Di Vita, Grojean, Panico, Riembau, Vantalon 17

Degrassi, Fedele, Giardino 17;  
Kribs, Maier, Rzehak, Spannowsky, Waite 17; Z Z
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Figure 1: Example Feynman diagrams for the (a) ZZ, (b) WW , (c) Z� and (d) �� two-

loop self-energies. The square represents a vertex where there is a contribution from the

dimension-6 operator.

Contributions to S and T involving the dimension-6 operator O6 first appear at the

two-loop level. At this order in perturbation theory, self-energy diagrams containing both

trilinear and quartic Higgs self-interactions appear, which due to their modifications from

c̄6 outlined above, are manifest as non-zero corrections to S and T . However, as we

will see later, contributions from the quartic Higgs self-interaction exactly cancel in these

observables. It is also important to note that at this order in perturbation theory, there

are no vertex or box diagrams that depend on c̄6 involving light external fermions (i.e.,

light enough that their Yukawa coupling can be neglected). Since two-loop corrections to

vertex or box diagrams involving both c̄6 and heavy external fermions do not enter the

electroweak observables, the relevant two-loop c̄6 contributions to the self-energies must be

separately gauge-invariant.

3.1 Self-energy diagrams

To evaluate the electroweak oblique parameters S and T , all two-loop self-energy diagrams

involving corrections from c̄6 need to be calculated. From the definitions of S and T , all

SM contributions are subtracted and so only terms proportional to c̄6 and c̄
2
6 can remain.

Working in the Feynman gauge, and discarding all two-loop diagrams that do not contain

a contribution from c̄6, there are 26 diagrams for ZZ, 26 for WW , 5 for Z� and 5 for ��.

– 5 –

Experimental Prospects
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Figure 2. Left: Example of a 2-loop diagram involving a h3 vertex that in the limit mW � mh

gives rise to h ! �� at O(�). Right: A possible 2-loop graph with a h�+�� vertex. For mh = 0,
diagrams of this type do however not contribute to h ! �� at O(�). For additional explanations
see text.

does not rely on the heavy-quark expansion for what concerns the 2-loop contributions.
Such a computation is however beyond the scope of our article.

In the case of the h ! �� transition, we write

c� =
↵

⇡

✓
c(0)� +

�

(4⇡)2
c(1)�

◆
, (4.7)

where the 1-loop contribution is given by

c(0)� = AW +
X

f

2Nf

C
Q2

f
Af ' �0.82� 0.01 i . (4.8)

Here N q

C
= 3 and N `

C
= 1 are colour factors, the sum runs over all electrically charged

fermions carrying charge Qu = 2/3, Qd = �1/3 and Q` = �1, Af has been introduced
in (4.3) and

AW = �
1

8


2 + 3⌧W + 3⌧W (2� ⌧W ) arctan2

1
p

⌧W � 1

�
, (4.9)

with ⌧W = 4m2
W

/m2
h
. In order to obtain the numerical result in (4.8), we have employed

mW ' 80.4GeV and m⌧ ' 1.777GeV. Numerically, one has furthermore AW ' �1.04,
while in the limit ⌧W ! 1 (⌧W ! 0) the on-shell 1-loop form factor AW tends to the
constant value �7/8 (�1/4). In the infinite mass limit ⌧t,W ! 1, one therefore finds that
c(0)� = �47/72 ' �0.65. Notice that compared to the case of Af the heavy-mass expansion
works less well for AW , but still captures around 85% of the exact 1-loop result. We thus
believe that the hard-mass expansion is also a sufficiently accurate approximation in the
case of the 2-loop corrections to c� involving W± (�±) exchanges.

Since after EWSB the operator O6 modifies both the trilinear Higgs coupling as well as
the coupling between two Higgses and two charged would-be Goldstone bosons

�
see (B.2)

�
,

one naively has to consider 2-loop diagrams that contain both a h3 and a h2�+�� vertex.
A possible graph of each type is depicted in Figure 2. To maintain gauge invariance at the
level of off-shell Green’s functions, we use the ’t Hooft-Feynman version of the background
field gauge for the external photon fields (see e.g. [43]) when calculating these diagrams. In
this gauge there is no �W±�⌥ vertex and as a result all 2-loop graphs involving a h2�+��
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Figure 1. Example of a 2-loop diagram with an insertion of the effective operator O6 that
contributes to the gg ! h amplitude at O(�).

to take the infinite quark-mass limit. In such a case, one arrives at the classic Shifman-
Vainshtein-Zakharov result c(0)g = 1/12 ' 0.083 derived first in [41].

The O(�) correction to the coefficient cg arises from both 2-loop Feynman diagrams
and 1-loop counterterm graphs involving a Higgs wave function renormalisation. To find the
former type of contribution, we apply EFT techniques (see for instance [42] for a non-trivial
application to Higgs production) and employ a hard-mass expansion procedure ⌧t ! 1 to
the full 2-loop diagrams involving a top-quark loop and a h3 vertex that arises from the
insertion of O6. A prototype graph of such a contribution is shown in Figure 1. After
setting mh = 0 and Taylor expanding in the external momenta, this technique reduces the
calculation to the evaluation of 2-loop vacuum bubbles with a single mass scale, which can
all be expressed in terms of Gamma functions (cf. [38]).

The correction proportional to the O(�) contribution to the Higgs wave function renor-
malisation constant

Zh = 1 +
�

(4⇡)2
Z(1)
h

, (4.4)

is instead found from the 1-loop Higgs-boson selfenergy with one and two insertions of O6.
By a straightforward calculation, we obtain the analytic result

Z(1)
h

=
⇣
9� 2

p
3⇡

⌘
c̄6 (c̄6 + 2) . (4.5)

Combining both contributions, we arrive at

c(1)g = �
1

12

✓
1

4
+ 3 ln

µ2
w

m2
t

◆
c̄6 +

Z(1)
h

2
c(0)g , (4.6)

with c(0)g given in (4.2). As a powerful cross-check of our calculation, we have extracted
the O(�) correction to the coefficient cg arising from 2-loop diagrams by matching in ad-
dition the gg ! 2h and gg ! 3h Green’s functions, obtaining in all three cases the exact
same result. Details on the renormalisation of the bare 2-loop gg ! h amplitude can be
found in Appendix C. Given the good convergence of the infinite quark-mass expansion
in the case of c(0)g , we believe that our analytic expression (4.6) should approximate the
full O(�) correction to the on-shell 2-loop form factor quite well. To make this statement
more precise would require an explicit calculation of the relevant gg ! h amplitudes that
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Limits on !  : from (partial) EW corrections to HHλ4
Bizon, Haisch, Rottoli 18; Borowka, Duhr, Maltoni, Pagani, Shivaji, Zhao 18
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1. LO (full !  dependence) 

2. NLO 
 Heavy Top Quark Limit 

Including !  in Real Radiation or !  Expansion 

3. NNLO Heavy Top Quark Limit 

Expansion in !   

4. (Partial) N3LO Heavy Top Quark Limit 

5. (Partial) NNLO Real-Virtual in !  Expansion

mt

mt 1/mt

1/mt

1/mt

 4

Glover, van der Bij 88

Dawson, Dittmaier, Spira 98

Grigo, Hoff, Melnikov, Steinhauser 13; Grigo, Hoff 14; 
Grigo, Hoff, Steinhauser 15; Maltoni, Vryonidou, Zaro 14;

K≈1.9

de Florian, Mazzitelli 13; Grigo, Melnikov, Steinhauser 14; Shao, 
Li, Li, Wang 13; de Florian, Mazzitelli 15; de Florian, Grazzini, 
Hanga, Kallweit, Lindert, Maierhöfer, Mazzitelli, Rathlev 16

K≈1.2

Banerjee, Borowka, Dhani, Gehrmann, Ravindran 18

Grigo, Hoff, Steinhauser 15;

Production History

Davies, Herren, Mishima, Steinhauser 19

(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

Figure 1: Sample Feynman diagrams for ij ! ij with i, j 2 {g, q}. Solid, dashed and
curly lines represent quarks, Higgs bosons and gluons, respectively. The first line contains
LO and NLO contributions. NNLO contributions are shown in the second and third
lines. The contributions to the Higgs boson pair production cross section is obtained by
considering cuts which involve at least two Higgs bosons.

the contributions where exactly two Higgs bosons are cut. Note that besides the virtual
corrections to the NLO 1PR diagram (Fig. 1 (e)) also diagrams such as Fig. 1 (j) have three
closed top quark loops. At NLO the final state of the real radiation corrections contains
two Higgs bosons and an additional parton. At NNLO one has either one or two additional
partons in the final state. We refer to the former as “real-virtual” (Fig. 1 (f), (g), (h)
and (k)) and the latter as “double-real” (Fig. 1 (l)).

The real-virtual corrections can be sub-divided according to the number of closed top
quark loops which involve a coupling to one or two Higgs bosons. At NNLO this is either
two or three, as can be seen from the Feynman diagrams in Fig. 1. We will refer to
them as n

2
h
and n

3
h
contributions in the following. In this paper we consider only the

n
3
h
contribution, with three closed top quark loops. In an asymptotic expansion in large

Mt all top quark lines are part of the so-called hard subgraphs, which means that the
remaining Feynman diagrams which involve the Higgs bosons are either one- or two-loop
diagrams.

At NLO, n3
h
terms are only present in the virtual corrections, see Fig. 1(c). They serve

as an e↵ective LO contribution for the n3
h
NNLO corrections we are interested in. In this

sense, one can consider the subset of real-virtual corrections with three top quark loops
as e↵ective NLO real corrections. Thus, they share many features with the NLO real
corrections and many steps of the calculation can be performed in analogy to Ref. [7].

3
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Production History (II)

1. NLO QCD (2-loop) with Full Top Mass 

(Transverse momentum) NLO + NLL 

Including Parton Shower 

2. NLO with Full Top Mass + NNLO HTL 

(Soft gluon) NNLO + NNLL 

3. Padé (!  + threshold) 

4. Expansion in !  

5. High-Energy Expansion 

1/mt

p2
t + m2

h

Borowka, Greiner, Heinrich, SPJ, Kerner, Schlenk, Schubert, Zirke 16; 
Borowka, Greiner, Heinrich, SPJ, Kerner, Schlenk, Zirke 16; 
Baglio, Campanario, Glaus, Mühlleitner, Spira, Streicher 18;

Ferrera, Pires 16

Heinrich, SPJ, Kerner, Luisoni, Vryonidou 17; SPJ, Kuttimalai 17

Grazzini, Heinrich, SPJ, Kallweit, Kerner, Lindert, Mazzitelli 18

de Florian, Mazzitelli 18

Davies, Mishima, Steinhauser, Wellmann 18, 18; Mishima 18

Gröber, Maier, Rauh 17

Bonciani, Degrassi, Giardino, Gröber 18
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Production History (II)

1. NLO QCD (2-loop) with Full Top Mass 

(Transverse momentum) NLO + NLL 

Including Parton Shower 

2. NLO with Full Top Mass + NNLO HTL 

(Soft gluon) NNLO + NNLL 

3. Padé (!  + threshold) 

4. Expansion in !  

5. High-energy expansion 

1/mt

p2
t + m2

h

Borowka, Greiner, Heinrich, SPJ, Kerner, Schlenk, Schubert, Zirke 16; 
Borowka, Greiner, Heinrich, SPJ, Kerner, Schlenk, Zirke 16; 
Baglio, Campanario, Glaus, Mühlleitner, Spira, Streicher 18;

Ferrera, Pires 16

Heinrich, SPJ, Kerner, Luisoni, Vryonidou 17; SPJ, Kuttimalai 17

Grazzini, Heinrich, SPJ, Kallweit, Kerner, Lindert, Mazzitelli 18

de Florian, Mazzitelli 18

Gröber, Maier, Rauh 17

Bonciani, Degrassi, Giardino, Gröber 18

This work 
combines these 
two approaches

Davies, Mishima, Steinhauser, Wellmann 18, 18; Mishima 18
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Full Numerical Results

NLO QCD corrections to HH production with full top quark mass: 
≤7 propagator, 4-point, 2-loop diagrams, 4 mass scales ( !  )s, t, mt, mh

ReducibleNon-planarPlanar Spira, Djouadi et al. 93, 95; 
Bonciani, P. Mastrolia 03,04; 
Anastasiou, Beerli et al. 06;

Reduced to master integrals (planar part) and evaluated numerically 
using sector decomposition & quasi Monte Carlo integration on GPUs

Pro:  
Amplitude is valid in all phase-
space regions

Con:  
Amplitude is slow to evaluate  
(1.5-48 GPU hours/PS point)

Goal of this work is to supplement this result with an analytic expansion

Degrassi, Giardino, 
Gröber 16

 gg → H
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High-Energy Expansion

Amplitude for !  can be decomposed into 2 Lorentz structures: 

                 !  

Defined such that: !  

Form factors may be expanded in !  as: !  

We may cast the one- and two-loop corrections in the form: 

         !  

Only underlined terms are expanded, other terms included exactly

gg → HH

ℳab = ε1,με2,νℳμν,ab = ε1,με2,νδabX0(F1Aμν
1 + F2Aμν

2 )

ℳ++ = ℳ−− = − F1

ℳ+− = ℳ−+ = − F2

αs F = F(0) +
αs(μR)

π
F(1) + …

F(0)
1 =

3m2
h

s − m2
h

F(0)
tri + F(0)

box1, F(0)
2 = F(0)

box2,

F(1)
1 =

3m2
h

s − m2
h

F(1)
tri + F(1)

box1 + F(1)
dt1, F(1)

2 = F(1)
box2 + F(1)

dt2,
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High-Energy Expansion (II)

Each !  form factor can be expanded in ! : 

1) Express amplitude in terms of Feynman integrals: 
!  

2) Taylor expand around ! : 
!  

3) IBP reduce Feynman integrals to master integrals: 
!  

4) Compute master integrals in expansion around ! :  
!  

Results expanded up to ! , !  
Expansion expected to be valid for: !

gg → HH m2
h , m2

t

I(m2
h , m2

t )

m2
h = 0

I(0,m2
t ) + m2

h I′ �(0,m2
t ) + …

J(0,m2
t )

m2
t = 0

J(0,m2
t ) = ∑

m,n

Cm,n (m2
t )m log(m2

t )n

m2
h m32

t
m2

h < m2
t ≪ | t | , s

Davies, Mishima, 
Steinhauser, 
Wellmann 18; 
Mishima 18

Note: possible since no 
!  in the limit !  
since Higgs couples only to top
log(m2

h) m2
h → 0



After UV renormalisation and IR subtraction the finite virtual piece is 
interfered with the Born result to obtain !  
For expanded results we have: 

      ! ,   where !  contains terms exact in !  

For each phase-space point expanded results can be used to fit a 
Padé ansatz: 

1) Fix !  

2) Replace !  and !  and fix !  

3) Match to !  

4) Consider nearly `diagonal’ Padé approximants !  which 
include at least terms up to ! : !

𝒱fin

𝒱N
fin = V0 +

N

∑
i=2

Vimi
t V0 mt, mh

s, t, mh

m2k
t → m2k

t xk m2k−1
t → m2k−1

t xk mt

𝒱N
fin =

a0 + a1x + … + anxn

1 + b1x + … + bmxm
= [n/m](x)

|n − m | ≤ 2
m30

t {[7/8], [8/7], [7/9], [8/8], [9/7]}
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Padé Improvement

See: Gröber, Maier, Rauh 17
Note: no replacement in !log(mt)



Re [G59(1, 1, 1, 1, 1, 1, 1,�2, 0)]
���
O(✏0)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Im [G59(1, 1, 1, 1, 1, 1, 1,�2, 0)]
���
O(✏0)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ar
b
it
ra
ry

u
n
it

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

500 1000 1500 2000

-0.8

-0.6

-0.4

-0.2

0.0

0.2

0.4

S [GeV]

a
rb
itr
a
ry
u
n
it

Im G59{1, 1, 1, 1, 1, 1, 1, -2, 0} Pade-{8, 8}

pT=350, mt^30

pT=350, mt^32

pT=350

pT=300

pT=250

pT=200

pT=150

pT=100

500 1000 1500 2000

-1.0

-0.5

0.0

0.5

S [GeV]

a
rb
itr
a
ry
u
n
it

Re G59{1, 1, 1, 1, 1, 1, 1, -2, 0} Pade-{8, 8}

pT=350, mt^30

pT=350, mt^32

pT=350

pT=300

pT=250

pT=200

pT=150

pT=100

500 1000 1500 2000

-1

0

1

2

S [GeV]

a
rb
itr
a
ry
u
n
it

Re G59{1, 1, 1, 1, 1, 1, 1, -1, 0} Pade-{8, 8}

pT=350, mt^30

pT=350, mt^32

pT=350

pT=300

pT=250

pT=200

pT=150

pT=100

500 1000 1500 2000

-2

-1

0

1

S [GeV]

a
rb
itr
a
ry
u
n
it

Im G59{1, 1, 1, 1, 1, 1, 1, -1, 0} Pade-{8, 8}

pT=350, mt^30

pT=350, mt^32

pT=350

pT=300

pT=250

pT=200

pT=150

pT=100

500 1000 1500 2000

-2

-1

0

1

S [GeV]

a
rb
itr
a
ry
u
n
it

Im G59{1, 1, 1, 1, 1, 1, 1, -1, 0} Pade-{8, 6}

pT=350, mt^30

pT=350, mt^32

pT=350

pT=300

pT=250

pT=200

pT=150

pT=100pT = 100 GeV
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

pT = 150 GeV
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

pT = 250 GeV
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

pT = 350 GeV
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

pT = 200 GeV
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

pT = 300 GeV
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

pT = 350 GeV,m30
t

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

pT = 350 GeV,m32
t

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Im [s ·G59(1, 1, 1, 1, 1, 1, 1,�1, 0)]
���
O(✏0)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Re [s ·G59(1, 1, 1, 1, 1, 1, 1,�1, 0)]
���
O(✏0)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Re [G59(1, 1, 1, 1, 1, 1, 1,�2, 0)]
���
O(✏0)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Im [G59(1, 1, 1, 1, 1, 1, 1,�2, 0)]
���
O(✏0)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ar
b
it
ra
ry

u
n
it

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

500 1000 1500 2000

-0.8

-0.6

-0.4

-0.2

0.0

0.2

0.4

S [GeV]

a
rb
itr
a
ry
u
n
it

Im G59{1, 1, 1, 1, 1, 1, 1, -2, 0} Pade-{8, 8}

pT=350, mt^30

pT=350, mt^32

pT=350

pT=300

pT=250

pT=200

pT=150

pT=100

500 1000 1500 2000

-1.0

-0.5

0.0

0.5

S [GeV]

a
rb
itr
a
ry
u
n
it

Re G59{1, 1, 1, 1, 1, 1, 1, -2, 0} Pade-{8, 8}

pT=350, mt^30

pT=350, mt^32

pT=350

pT=300

pT=250

pT=200

pT=150

pT=100

500 1000 1500 2000

-1

0

1

2

S [GeV]

a
rb
itr
a
ry
u
n
it

Re G59{1, 1, 1, 1, 1, 1, 1, -1, 0} Pade-{8, 8}

pT=350, mt^30

pT=350, mt^32

pT=350

pT=300

pT=250

pT=200

pT=150

pT=100

500 1000 1500 2000

-2

-1

0

1

S [GeV]

a
rb
itr
a
ry
u
n
it

Im G59{1, 1, 1, 1, 1, 1, 1, -1, 0} Pade-{8, 8}

pT=350, mt^30

pT=350, mt^32

pT=350

pT=300

pT=250

pT=200

pT=150

pT=100

500 1000 1500 2000

-2

-1

0

1

S [GeV]

a
rb
itr
a
ry
u
n
it

Im G59{1, 1, 1, 1, 1, 1, 1, -1, 0} Pade-{8, 6}

pT=350, mt^30

pT=350, mt^32

pT=350

pT=300

pT=250

pT=200

pT=150

pT=100pT = 100 GeV
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

pT = 150 GeV
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

pT = 250 GeV
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

pT = 350 GeV
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

pT = 200 GeV
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

pT = 300 GeV
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

pT = 350 GeV,m30
t

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

pT = 350 GeV,m32
t

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Im [s ·G59(1, 1, 1, 1, 1, 1, 1,�1, 0)]
���
O(✏0)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Re [s ·G59(1, 1, 1, 1, 1, 1, 1,�1, 0)]
���
O(✏0)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Re [G59(1, 1, 1, 1, 1, 1, 1,�2, 0)]
���
O(✏0)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Im [G59(1, 1, 1, 1, 1, 1, 1,�2, 0)]
���
O(✏0)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ar
b
it
ra
ry

u
n
it

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

500 1000 1500 2000

-0.8

-0.6

-0.4

-0.2

0.0

0.2

0.4

S [GeV]

a
rb
itr
a
ry
u
n
it

Im G59{1, 1, 1, 1, 1, 1, 1, -2, 0} Pade-{8, 8}

pT=350, mt^30

pT=350, mt^32

pT=350

pT=300

pT=250

pT=200

pT=150

pT=100

500 1000 1500 2000

-1.0

-0.5

0.0

0.5

S [GeV]

a
rb
itr
a
ry
u
n
it

Re G59{1, 1, 1, 1, 1, 1, 1, -2, 0} Pade-{8, 8}

pT=350, mt^30

pT=350, mt^32

pT=350

pT=300

pT=250

pT=200

pT=150

pT=100

500 1000 1500 2000

-1

0

1

2

S [GeV]

a
rb
itr
a
ry
u
n
it

Re G59{1, 1, 1, 1, 1, 1, 1, -1, 0} Pade-{8, 8}

pT=350, mt^30

pT=350, mt^32

pT=350

pT=300

pT=250

pT=200

pT=150

pT=100

500 1000 1500 2000

-2

-1

0

1

S [GeV]

a
rb
itr
a
ry
u
n
it

Im G59{1, 1, 1, 1, 1, 1, 1, -1, 0} Pade-{8, 8}

pT=350, mt^30

pT=350, mt^32

pT=350

pT=300

pT=250

pT=200

pT=150

pT=100

500 1000 1500 2000

-2

-1

0

1

S [GeV]

a
rb
itr
a
ry
u
n
it

Im G59{1, 1, 1, 1, 1, 1, 1, -1, 0} Pade-{8, 6}

pT=350, mt^30

pT=350, mt^32

pT=350

pT=300

pT=250

pT=200

pT=150

pT=100pT = 100 GeV
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

pT = 150 GeV
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

pT = 250 GeV
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

pT = 350 GeV
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

pT = 200 GeV
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

pT = 300 GeV
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

pT = 350 GeV,m30
t

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

pT = 350 GeV,m32
t

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Im [s ·G59(1, 1, 1, 1, 1, 1, 1,�1, 0)]
���
O(✏0)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Re [s ·G59(1, 1, 1, 1, 1, 1, 1,�1, 0)]
���
O(✏0)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Re [G59(1, 1, 1, 1, 1, 1, 1,�2, 0)]
���
O(✏0)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Im [G59(1, 1, 1, 1, 1, 1, 1,�2, 0)]
���
O(✏0)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ar
b
it
ra
ry

u
n
it

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

500 1000 1500 2000

-0.8

-0.6

-0.4

-0.2

0.0

0.2

0.4

S [GeV]

a
rb
itr
a
ry
u
n
it

Im G59{1, 1, 1, 1, 1, 1, 1, -2, 0} Pade-{8, 8}

pT=350, mt^30

pT=350, mt^32

pT=350

pT=300

pT=250

pT=200

pT=150

pT=100

500 1000 1500 2000

-1.0

-0.5

0.0

0.5

S [GeV]

a
rb
itr
a
ry
u
n
it

Re G59{1, 1, 1, 1, 1, 1, 1, -2, 0} Pade-{8, 8}

pT=350, mt^30

pT=350, mt^32

pT=350

pT=300

pT=250

pT=200

pT=150

pT=100

500 1000 1500 2000

-1

0

1

2

S [GeV]

a
rb
itr
a
ry
u
n
it

Re G59{1, 1, 1, 1, 1, 1, 1, -1, 0} Pade-{8, 8}

pT=350, mt^30

pT=350, mt^32

pT=350

pT=300

pT=250

pT=200

pT=150

pT=100

500 1000 1500 2000

-2

-1

0

1

S [GeV]

a
rb
itr
a
ry
u
n
it

Im G59{1, 1, 1, 1, 1, 1, 1, -1, 0} Pade-{8, 8}

pT=350, mt^30

pT=350, mt^32

pT=350

pT=300

pT=250

pT=200

pT=150

pT=100

500 1000 1500 2000

-2

-1

0

1

S [GeV]

a
rb
itr
a
ry
u
n
it

Im G59{1, 1, 1, 1, 1, 1, 1, -1, 0} Pade-{8, 6}

pT=350, mt^30

pT=350, mt^32

pT=350

pT=300

pT=250

pT=200

pT=150

pT=100pT = 100 GeV
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

pT = 150 GeV
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

pT = 250 GeV
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

pT = 350 GeV
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

pT = 200 GeV
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

pT = 300 GeV
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

pT = 350 GeV,m30
t

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

pT = 350 GeV,m32
t

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Im [s ·G59(1, 1, 1, 1, 1, 1, 1,�1, 0)]
���
O(✏0)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Re [s ·G59(1, 1, 1, 1, 1, 1, 1,�1, 0)]
���
O(✏0)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Re [G59(1, 1, 1, 1, 1, 1, 1,�2, 0)]
���
O(✏0)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Im [G59(1, 1, 1, 1, 1, 1, 1,�2, 0)]
���
O(✏0)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ar
b
it
ra
ry

u
n
it

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ar
b
it
ra
ry

u
n
it

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

500 1000 1500 2000

-1

0

1

2

S [GeV]

a
rb
itr
a
ry
u
n
it

Re G59{1, 1, 1, 1, 1, 1, 1, -1, 0} Pade-{8, 8}

pT=350, mt^30

pT=350, mt^32

pT=350

pT=300

pT=250

pT=200

pT=150

pT=100

500 1000 1500 2000

-2

-1

0

1

S [GeV]

a
rb
itr
a
ry
u
n
it

Im G59{1, 1, 1, 1, 1, 1, 1, -1, 0} Pade-{8, 8}

pT=350, mt^30

pT=350, mt^32

pT=350

pT=300

pT=250

pT=200

pT=150

pT=100

500 1000 1500 2000

-1.0

-0.5

0.0

0.5

S [GeV]

a
rb
itr
a
ry
u
n
it

Re G59{1, 1, 1, 1, 1, 1, 1, -2, 0} Pade-{8, 8}

pT=350, mt^30

pT=350, mt^32

pT=350

pT=300

pT=250

pT=200

pT=150

pT=100

500 1000 1500 2000

-0.8

-0.6

-0.4

-0.2

0.0

0.2

0.4

S [GeV]

a
rb
itr
a
ry
u
n
it

Im G59{1, 1, 1, 1, 1, 1, 1, -2, 0} Pade-{8, 8}

pT=350, mt^30

pT=350, mt^32

pT=350

pT=300

pT=250

pT=200

pT=150

pT=100

Re [sG59(1, 1, 1, 1, 1, 1, 1,�1, 0)]
���
O(✏0)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Im [sG59(1, 1, 1, 1, 1, 1, 1,�1, 0)]
���
O(✏0)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

2000
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

1500
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

1000
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

500
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

2000
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

1500
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

1000
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

500
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p
s [GeV]

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p
s [GeV]

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

 11

Padé Improved Integrals

w/o Padé Padé [8/8]

Dots: 
Numerical 
results 
obtained 
with 
pySecDec

Padé improves agreement between expansion and numerical results for smaller !  

Small fluctuations for !  caused by poles close to !  in ! , can be 
damped by averaging over Padé approx. !  with proximity of nearest pole !   as weight: 

                   !

s

s > 500 GeV x = 1 ℂ
αi βi

value : α = ∑
i

wiαi, weight : wi =
β2

i

∑j β2
j

, error : δα =
∑i wi(αi − α)2

1 − ∑i w2
i
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Figure 2: Real and imaginary parts of the master integrals G59(1, 1, 1, 1, 1, 1, 1,�1, 0) and
G59(1, 1, 1, 1, 1, 1, 1,�2, 0) as a function of

p
s and various fixed values of pT . Solid lines

are obtained from the Padé-improved expansion in mt. The values of pT decrease from
top to bottom. The dots are numerical results obtained with pySecDec, which have small
error bars which are not visible in the plot. For the renormalization scale µ = mt has
been chosen.

in the
p
s–pT plane, where an uncertainty from numerical integration is assigned to each

data point. For the renormalization scale the value µ =
p
s/2 = mhh/2 has been chosen.

Furthermore we use the values mt = 173 GeV and mh = 125 GeV.

In Fig. 3 we show all data points from [42], normalized to their central values, as a
function of pT (the dark blue points with uncertainty bars). Note that in general, di↵erent
data points belong to di↵erent values of

p
s. Fig. 3 also contains Padé results for V

N

fin

constructed from N = 30 and N = 32 input, again normalized to the central values of
the grid points from [42] (the coloured points without uncertainty bars). Additionally,
the results of the expansions V30

fin
and V

32

fin
are shown as green and light-blue data points,

respectively. Note that the data points based on V
N

fin
are computed using the same input

values as those of the grid points.
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Figure 10: Sixteen two-loop non-planar master integrals. Solid and dashed lines repre-
sent massive and massless scalar propagators, respectively. The external (thin) lines are
massless. Squared propagators are marked by a dot and numerators are explicitly given
above the diagrams (see also the definitions of the families in Eq. (22)). The remaining
14 non-planar master integrals, which are not shown, are obtained by crossing.
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Padé Improved Amplitude
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Padé Improved Amplitude

Expansion (no Padé) agrees well with full result for !pT ≥ 400 GeV
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Padé Improved Amplitude

Padé improved expansion agrees well for !pT ≥ 200 GeV
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Padé Improved Amplitude

Weighted average Padé approximation slightly fewer fluctuations

full

fu
ll

<latexit sha1_base64="iYu1dQzm8aWZ7yPYJEdCrvLN8V4=">AAACI3icbVDLTsJAFL31ifUFunTTSEhcENKiibojceMSE3kk0JDpdAoTpg9npghp+A63uvBr3Bk3LvwXp6ULAU8yycm5jzn3OBGjQprmt7axubW9s1vY0/cPDo+Oi6WTtghjjkkLhyzkXQcJwmhAWpJKRroRJ8h3GOk447u03pkQLmgYPMpZRGwfDQPqUYykkuy+j+SI+4kXMzYfFMtmzcxgrBMrJ2XI0RyUNOi7IY59EkjMkBA9y4yknSAuKWZkrlf6sSARwmM0JD1FA+QTYSeZ7blRUYpreCFXL5BGpup/JhLkCzHzHdWZ2hSrtVT8r9aLpXdjJzSIYkkCvPhIXWjI0EgzMFzKCZZspgjCnCqzBh4hjrBUSS1tcic0EpnrqkQq0+oUuxw928l0cYOuMrNWE1on7XrNuqzVH67Kjds8vQKcwTlcgAXX0IB7aEILMDzBC7zCm/aufWif2teidUPLZ05hCdrPLyLupLA=</latexit>



Fixing !  the virtual matrix element depends on only 2 parameters: !   

Can build 2D grid of our phase-space points and interpolate between 6320 pre-
calculated points (added 2922 points for this work) 

Parametrisation: 

             !  

Choose !  according to cumulative distribution function of phase space points 
used to populate the grid 

Obtain nearly uniform distribution in !  unit square 

Two-step interpolation procedure: 
1. Choose equidistant grid points, estimate result at each grid point with linear 

interpolation of amplitude results in vicinity 
2. Clough-Tocher interpolation (as implemented in scipy) to estimate amplitude at 

arbitrary sampling points 

Procedure reduces fluctuations due to uncertainties of input data points

mt, mh (s, t)

x = f(β(s)), cθ = |cos θ | =
s + 2t − 2m2

h

sβ(s)
, β = (1 −

4m2
h

s )
1
2

f(β(s))

(x, cθ)
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Grid: Parametrisation
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Grid: Point Input

Figure 6: Relative uncertainty of the Padé results in the
p
s–pT plane. The points of [42]

are overlayed. Note that a logarithmic scale is used for the relative uncertainty.

• For
p
s < 700 GeV and pT � 200 GeV we add points from the Padé approximation.

The boundary above which we include points from the Padé approximation is denoted as
a yellow line in Fig. 6. We note here that if one reproduces Figs. 5 and 6 using the 6320
points described above the behaviour is qualitatively the same and we therefore refrain
from showing them in this paper.

In Fig. 7 we compare the Padé results to the improved version of the grid, which provides
precise results in the whole relevant phase space. We note that the wiggly behaviour and
the deviation of the grid data points from the Padé approximation for larger values of

p
s

and smaller values of pT could be improved by including further data points from the Padé
approximation. This behaviour would then be pushed to higher values of

p
s. We judge

the performance of the grid as displayed by Fig. 7 to be su�cient for the phenomenological
applications of this paper, and further improvements of the grid not to be necessary. This
improved grid can be downloaded from [42].

15

Relative uncertainty of the Padé results

Dots: phase-space points 
computed using the full result

Construct grid based on: 
- 6320 points computed using the full NLO result 
- Supplemented with Padé approximated results for    
!  and !s < 700 GeV, pT ≥ 200 GeV s ≥ 700 GeV, pT ≥ 150 GeV

Quality of 
expanded results 
degrades for small 

!  due 

to the break down 
of the assumption 
!

p2
T =

tu − m4
H

s

m2
h , m2

t ≪ | t |
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Full Result Grid vs Padé Improved Expansion

Dots: Grid 
Lines: Padé

Low  ,  :  
Grid is densely populated and result is reliable, agrees well with Padé 

Large  :  
Grid has no support from input points, results fluctuate wildly 
Padé gives stable results (especially for sufficiently large !  )

mhh pT,h

mhh

pT,h
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pt=200 GeV pt=350 GeV pt=500 GeV pt=650 GeV
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Full Result Grid + Padé Improved Expansion

Low  ,  :  
Including Padé points (above cut) has limited impact on grid (full result maintained) 
Large  :  
Grid faithfully reproduces Padé results, much reduced fluctuations 
At very large !  & small !  some fluctuations remain, can in principle be pushed 
to higher !  by increasing grid density in this region

mhh pT,h

mhh

mhh pT,h
mhh

Dots: Grid 
Lines: Padé



0.00

0.05

0.10

0.15

0.20

d
�
/d

p T
,h

[f
b
/G

eV
]

LHC 14 TeV

PDF4LHC15 NLO

µ = mhh/2

LO

NLO

NLO Grid

NLO Grid + Padé
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Grid Validation

Original result sampled according to LO unweighted events for ! , 
expect result valid for !  

Observe excellent agreement between original result, grid result 
based on 6320 samples and grid result enhanced with Padé approx.

σtot
mhh ≲ 1 TeV, pT,h ≲ 500 GeV
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Results 14 TeV

For !  or !  grid result has no support and 
relies purely on extrapolation which leads to unphysical behaviour 

Observe difference between grid and Padé improved grid which grows 
for large !  or !  

Including high-energy expansion tames the growth of the amplitude

mhh ≳ 1.5 TeV pT,h ≳ 800 GeV

mhh pT,h
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Validation 14 TeV: Invariant Mass & pT

Re-evaluating all virtual samples 
using only the Padé approximation: 
find broad agreement but with 
extremely large fluctuations over the 
entire range of !  (expected since 
we do not always have ! )

mhh
m2

h , m2
t ≪ | t |

Looking instead at !  we see that 
the fluctuations happen only for low 
! , for large !  we 
always satisfy !  and 
find excellent agreement between 
Padé and grid + Padé

pT,h

pT,h ≲ 180 GeV pT,h
m2

h , m2
t ≪ | t | , s
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Results 100 TeV

Impact of high-energy expanded results more significant for 
! , at large !  and !  the Padé improved result goes 

outside the NLO scale bands 

For ! : K-factor reduced from !  to !  

Note: same PS points used for all curve (all differences due to virtuals)

sH = 100 TeV mhh pT,h

pT,h = 2000 GeV K ≈ 1.7 K ≈ 1.5



Padé Improved Results 
• Matching high-energy expanded results to Padé approximations 

can extend their region of validity 
• Obtain good agreement with full result at integral and amplitude 

level even at fairly low energy 

Combined Result 
• Grid: https://github.com/mppmu/hhgrid 
• Interface to improved grid identical to that used previously for HH 

e.g. in Parton Shower programs  

Outlook 
• Expect the combination of numerical results with suitably chosen 

expansions can yield fast and precise results even for extreme 
kinematic configurations 

Thank you for listening!
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Conclusion

https://github.com/mppmu/hhgrid


Backup
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Heavy Top Limit (HTL):                
Effective tree-level couplings between gluons and Higgs 
Lowers number of loops by 1

HTL valid for

Born improved NLO HTL:

HH production for

Spira et al. (HPAIR)

Small energy range in which HTL is technically justified

mT ! 1

p
ŝ ⌧ 2mT

2mH <
p
ŝ

Heavy Top Limit

d�NLO(mT ) ⇡ d�̄NLO(mT ) ⌘
d�LO(mT )

d�LO(mT ! 1)| {z }
N

d�NLO(mT ! 1)

<latexit sha1_base64="BUiamDLxw30xrFf9AG4CPTUJO8I="></latexit>
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HH Approximations @ NLO (Schematically)

Dawson, 
Dittmaier, Spira 98

Maltoni, Vryonidou, 
Zaro 14

Borowka, Greiner, Heinrich, SPJ, Kerner, Schlenk, Schubert, Zirke 16; 
Borowka, Greiner, Heinrich, SPJ, Kerner, Schlenk, Zirke 16; 
Baglio, Campanario, Glaus, Mühlleitner, Spira, Streicher 18;

B
<latexit sha1_base64="o2xL9B5RgkdJgLKK96xjV1lYAfc=">AAACF3icbVDLTsJAFL31ifUFunTTSEhcENKqia4M0Y1LSOSRQEOm0wEmTKfNzBQhDV/gVhd+jTvj1qV/41C6EPAkk5yc+5hzjxcxKpVt/xgbm1vbO7u5PXP/4PDoOF84acowFpg0cMhC0faQJIxy0lBUMdKOBEGBx0jLGz3M660xEZKG/ElNI+IGaMBpn2KktFS/7+WLdsVOYa0TJyNFyFDrFQzo+iGOA8IVZkjKjmNHyk2QUBQzMjNL3ViSCOERGpCOphwFRLpJanVmlbTiW/1Q6MeVlarmn4kEBVJOA093BkgN5WptLv5X68Sqf+smlEexIhwvPurHzFKhNb/b8qkgWLGpJggLqs1aeIgEwkqns7TJH9NIpq7LCukcyxPsC/TsJpPFDabOzFlNaJ00LyvOVcWuXxerd1l6OTiDc7gAB26gCo9QgwZgIPACr/BmvBsfxqfxtWjdMLKZU1iC8f0LQcme7Q==</latexit>
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Fig. 2 Invariant Higgs-pair-mass distributions for Higgs boson pair production via gluon fusion at the 14 TeV LHC as a function of Q = mHH . LO
results (in black), HTL results (in blue), HTL results including the full real corrections (in yellow), HTL results including the full virtual corrections
(in green, including the numerical error), and the full NLO QCD results (in red, including the numerical error). Left: Results with the MMHT2014

PDF set, the insert below displays the K-factors for the different results. Right: Results with the PDF4LHC15 PDF set, the insert below displays
the ratio to the NLO HTL result for the different calculations. The red band indicates the renormalisation and factorisation scale uncertainties for
results including the full NLO QCD corrections.

4 Factorisation and renormalisation scale dependence

For the estimate of the residual theoretical uncertainties of
our NLO results we derive the uncertainties due to the
choices of the factorisation and renormalisation scales by
varying both by a factor of two up and down around the cen-
tral scale choice µR = µF = mHH/2, but avoid a splitting of
both scales by more than a factor of two. This leads to seven
points in the µR � µF -plane, since both scale dependences
are monotonic. The scale uncertainty is then determined by
the maximal and minimal cross section values around the
central values. The factorisation scale enters the luminosity
factors and the HTL parts of the coefficients Ci j in Eq. (9) so
that the numerical two-loop results of the NLO mass effects
are not affected. The same is true for the renormalisation
scale dependence, since the strong coupling constant enters
only as a universal factor in each perturbative order and the
explicit renormalisation scale appears only in the HTL-part
of the virtual corrections. In total we find the following scale
dependences for the differential cross section for four dis-
tinct values of Q,

ds(gg ! HH)

dQ

���
Q=300 GeV

= 0.0312(5)+16.3%
�13.5% fb/GeV,

ds(gg ! HH)

dQ

���
Q=400 GeV

= 0.1609(4)+14.4%
�12.8% fb/GeV,

ds(gg ! HH)

dQ

���
Q=600 GeV

= 0.03204(9)+10.9%
�11.5% fb/GeV,

ds(gg ! HH)

dQ

���
Q=1200 GeV

= 0.000435(4)+7.1%
�10.6% fb/GeV,

(18)

for PDF4LHC parton densities, while the total cross section
develops the uncertainties

s(gg ! HH) = 32.78(9)+13.5%
�12.5% fb. (19)

The last result is in mutual agreement with Refs. [27, 28]
within the numerical uncertainties and taking into account
the small difference in the choice of the top mass value.

5 Uncertainty due to the top mass

For the uncertainty related to the scheme and scale choice
of the top mass we calculated the total NLO results for the
differential gluon-fusion cross section for the MS top mass
at different scale choices. We have used an N3LO evolution
and conversion of the pole into the MS mass at the input
scale given by the MS top mass itself. This leads, for our

7

choice of mt = 172.5 GeV for the top pole mass to an MS
mass of mt(mt) = 163.02 GeV. The renormalisation of the
top mass has been adjusted accordingly. Taking the maxi-
mum and minimum of the differential cross section in Q

2

at four different values of Q
2 for a variation of the MS top

mass in the range between Q/4 and Q we obtain the follow-
ing variations of the Higgs-pair cross section,

ds(gg ! HH)

dQ

���
Q=300 GeV

= 0.0312(5)+9%
�23% fb/GeV,

ds(gg ! HH)

dQ

���
Q=400 GeV

= 0.1609(4)+7%
�7% fb/GeV,

ds(gg ! HH)

dQ

���
Q=600 GeV

= 0.03204(9)+0%
�26% fb/GeV,

ds(gg ! HH)

dQ

���
Q=1200 GeV

= 0.000435(4)+0%
�30% fb/GeV,

(20)

using PDF4LHC parton densities. The top-quark scheme un-
certainty is significant over the whole range of mHH . The
prediction involving the top pole mass, that we take as our
central prediction, is the maximal prediction for high mHH

values. The uncertainties induced by the top-mass scheme
and scale choice on the total cross section at NLO will be
given in a forthcoming publication [50].

6 Conclusions

We have presented the calculation of the full NLO QCD
corrections to Higgs-boson pair production via gluon fu-
sion for the top-loop contributions. This has been performed
by numerical integrations of the involved virtual two-loop
corrections to the four-point functions, while the results of
the single-Higgs case have been translated to the three-point
contributions that involve the trilinear Higgs self-coupling.
The one-particle reducible contributions that appear for the
first time at NLO have been inferred from the explicit analyt-
ical one-loop results for H ! Zg , where the Z-boson mass
plays the role of the virtuality of the gluon in the dressed
Hgg

⇤ vertex. In order to isolate the ultraviolet, infrared and
collinear divergences, we have performed appropriate end-
point subtractions at the integrand level and described the
explicit construction of infrared subtraction terms that al-
low for a clean separation of the infrared singularities from
the regular rest. The real corrections have been obtained by
generating the full matrix elements with automatic tools. We
have constructed the infrared and collinear subtraction term
as the heavy-top limit of the real matrix elements involving
the fully massive LO sub-matrix element. Adding back the
full results in the heavy-top limit completed the full real cor-
rections. The final results we have obtained agree with pre-
vious calculations for the individual finite parts of the real
and virtual corrections. We find finite NLO mass effects that

are up to �30% for large invariant Higgs-pair masses, while
the total NLO top-mass effects modify the total cross section
by about �15%.

We have studied the theoretical uncertainties related to
variations of the renormalisation and factorisation scales and
have found agreement with the previously known results
finding uncertainties at the level of 10� 15%. A novel out-
come of our calculation is the additional uncertainty induced
by the scheme and scale dependence of the top mass that
can be significant, amounting to +9%/� 23% at mHH =
300 GeV and +0%/� 30% at mHH = 1200 GeV. The in-
duced uncertainty on the total cross section will be given in
a forthcoming publication [50].

In the future we plan to extend our calculation to beyond-
the-SM models as e.g. the 2HDM or MSSM.
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Mutual agreement with our result 

Studied top quark mass scheme/scale 
uncertainties:

Baglio, Campanario, Glaus, 
Mühlleitner, Spira, Streicher 18

Large uncertainty obtained varying 
scale of top quark mass (in       ) by 
factor 2 up/down

MS
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HH Top Quark Mass Scheme Uncertainties

HH recently recomputed by another group  
(also using numerical methods)



 29

HH: NNLO EFT Combined with NLO SM
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Figure 2: Higgs boson pair invariant mass distribution at NNLO for the di↵erent approximations,
together with the NLO prediction, at 14TeV (left) and 100TeV (right). The lower panels show the
ratio with respect to the NLO prediction, and the filled areas indicate the NLO and NNLOFTapprox

scale uncertainties.

harder and the softer Higgs boson (pT,h1 and pT,h2, Figs. 6 and 7), and the azimuthal separation
between the two Higgs bosons (��hh, Fig. 8). For the sake of clarity, we only show the scale
uncertainty bands corresponding to the NLO and NNLOFTapprox predictions.

We start our discussion from the invariant-mass distribution of the Higgs boson pair, re-
ported in Fig. 2. We observe that the NNLOB-proj and NNLONLO-i approximations predict a
similar shape, with very small corrections at threshold, an approximately constant K-factor for
larger invariant masses, and only a small di↵erence in the normalization between them, which
increases in the 100TeV case. The NNLOFTapprox, on the other hand, presents a di↵erent shape,
in particular with larger corrections for lower invariant masses, a minimum in the size of the
corrections close to the region where the maximum of the distribution is located, and a slow
increase towards the tail. The di↵erent behavior of the NNLOFTapprox in the region close to
threshold is more evident at 100TeV, where the increase is about 30% in the first bin. Naively
we could expect that if this region is dominated by soft parton(s) recoiling against the Higgs
bosons, the Born projection and FTapprox should provide similar results. We have investigated
the origin of this di↵erence, and we find that in the region Mhh ⇠ 2Mh the cross section is actu-
ally dominated by events with relatively hard radiation recoiling against the Higgs boson pair
(for example, at

p
s = 100TeV, the average transverse momentum of the Higgs boson pair in

the first Mhh bin is pT,hh ⇠ 100GeV at NLO). In this region the exact loop amplitudes behave
rather di↵erently as compared to the amplitudes evaluated in the HEFT: As the production
threshold is approached, they go to zero faster than in the mass-dependent case, thus explain-
ing the di↵erences we find. Within the NNLOFTapprox, the corrections to the Mhh spectrum
range between 10% and 20% at 14TeV. The scale uncertainty is substantially reduced in the

10

R(ij ! HH +X) =
ABorn

Full
(ij ! HH +X)

A(0)

HEFT
(ij ! HH +X)
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Differential NNLO HTL + NLO SM 

Top quark mass effects studied 
using 3 different approximations

1) NNLONLO-i 

Rescale NLO by KNNLO = NNLOHTL/NLOHTL 

2) NNLOB-proj 

Project real radiation contributions to Born 
configurations, rescale by LO/LOHEFT 
3) NNLOFTapprox  
NNLO EFT correction rescaled for each 
multiplicity by:

p
s 13 TeV 14 TeV 27 TeV 100 TeV

NLO [fb] 27.78 +13.8%
�12.8% 32.88 +13.5%

�12.5% 127.7 +11.5%
�10.4% 1147 +10.7%

�9.9%

NLOFTapprox [fb] 28.91 +15.0%
�13.4% 34.25 +14.7%

�13.2% 134.1 +12.7%
�11.1% 1220 +11.9%

�10.6%

NNLONLO�i [fb] 32.69 +5.3%
�7.7% 38.66 +5.3%

�7.7% 149.3 +4.8%
�6.7% 1337 +4.1%

�5.4%

NNLOB�proj [fb] 33.42 +1.5%
�4.8% 39.58 +1.4%

�4.7% 154.2 +0.7%
�3.8% 1406 +0.5%

�2.8%

NNLOFTapprox [fb] 31.05 +2.2%
�5.0% 36.69 +2.1%

�4.9% 139.9 +1.3%
�3.9% 1224 +0.9%

�3.2%

Mt unc. NNLOFTapprox ±2.6% ±2.7% ±3.4% ±4.6%

NNLOFTapprox/NLO 1.118 1.116 1.096 1.067

Table 1: Inclusive cross sections for Higgs boson pair production for di↵erent centre-of-mass
energies at NLO and NNLO within the three considered approximations. Scale uncertain-
ties are reported as superscript/subscript. The estimated top quark mass uncertainty of the
NNLOFTapprox predictions is also presented. The uncertainties due to the qT -subtraction and
the numerical evaluation of the virtual NLO contribution are both at the per mille level.

NNLOFTapprox, i.e. by about a factor of three. This reduction of the scale uncertainties is
stronger as we increase the collider energy, being close to a factor of five at 100TeV.

As is well known, scale uncertainties can only provide a lower limit on the true perturbative
uncertainties. In particular, from Table 1 we see that the di↵erence between the NNLO and
NLO central predictions is always larger than the NNLO scale uncertainties (although within
the NLO uncertainty bands). In any case, the strong reduction of scale uncertainties, together
with the moderate impact of NNLO corrections, suggests a significant improvement in the
perturbative convergence as we move from NLO to NNLO.

It is also worth mentioning that the three approximations have a di↵erent behaviour withp
s. For instance at 100TeV, the increase with respect to the NLO prediction for the NNLOB-proj

and NNLONLO-i approaches is 23% and 17%, respectively, values that are close to the ones for
14TeV (20% and 18%, respectively). By contrast, the NNLOFTapprox result increases the NLO
prediction by 7% at 100TeV, i.e. the correction is smaller by almost a factor of two than
at 14TeV (12%), which also means a larger separation with respect to the other two NNLO
approximations. The smaller size of the NNLO corrections in the FTapprox at higher energies
is also consistent with the observed reduction of scale uncertainties.

As was mentioned already in Section 2.2, the NNLOFTapprox result is expected to be the most
accurate one among the approximations studied in this work, and therefore it is considered to
be our best prediction. In order to estimate the remaining uncertainty associated with finite top
quark mass e↵ects at NNLO, we start by considering the accuracy of the FTapprox approximation
at NLO. At 14TeV the NLO FTapprox result (see Table 1) overestimates the full NLO total cross

8
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Figure 6: The real part (left two plots) and the imaginary part (right two plots) of the order
ϵ−1 and ϵ0 coefficient for the two-loop integral I1,1,1,1,1,1,1,0,0 in topology E as a function of

√
s

with t = −(200 GeV)2. The integral has been multiplied by m6
t to make it dimensionless.

We further investigate the behavior of our approximation as a function of the transverse
momentum pT of the Higgs boson. The invariant t is related to pT by

t =
2m2

h − s±
√

s2 − 4m2
hs− 4p2T s

2
, (46)

where the ± sign corresponds to the forward and backward scatterings, respectively. For
convenience, we only show the results with the + sign in the following. We take two typical
values of the partonic center-of-mass energy:

√
s = 500 GeV which is in the bulk region of

the partonic cross section, and
√
s = 1000 GeV which is in the high energy region. The

corresponding numerical results are shown in Figure 7 and 8, respectively. At
√
s = 500 GeV,

we find that the approximation at order m4
h works rather well for the real part of the integral,

with per-mille accuracy in the whole range of pT . For the imaginary part, the accuracy is
about 1%, and if one needs to have a better approximation, the order m6

h terms should be
added. When the center-of-mass energy goes higher, at

√
s = 1000 GeV, the quality of the

approximation becomes better, with per-mille accuracy in all situations. This can be expected
since in the high energy region all the scales are much larger than mh.

16

(A) (B) (C)

(F)(E)(D)

Figure 4: Topologies relevant to the NLO QCD corrections to Higgs boson pair produc-
tion after expansion in the small mh limit. The thick lines represent massive propagators
(top quarks), while the thin lines represent massless propagators (gluons). The external legs
(dashed lines) are all light-like.

dependent integrals

I{ai}(s, t,m
2
t , m

2
h, ϵ) =

[

16π2

i

(
m2

t

4π

)ϵ

Γ(1 + ϵ)

]2 ∫
ddk1
(2π)d

ddk2
(2π)d

9
∏

i=1

1

Dai
i

, (16)

where k1 and k2 are loop momenta, and {ai} denotes the collection of powers ai on the
propagators Di. We then define

Ĩ{ai}(s, t,m
2
t , ϵ) = lim

m2
h→0

I{ai}(s, t,m
2
t , m

2
h, ϵ) , (17)

which are the main objects to be calculated in this section. The 4 relevant integral families
are defined by their corresponding propagators as the following:

A :
{

k2
1 −m2

t , (k1 + p1)
2 −m2

t , (k1 + p1 + p2)
2 −m2

t , (k1 + k2)
2, k2

2 −m2
t ,

(k2 − p3)
2 −m2

t , (k2 − p1 − p2)
2 −m2

t , (k2 − p1)
2 −m2

t , (k1 + p3)
2 −m2

t

}

,

B :
{

k2
1, (k1 + p1)

2, (k1 + p1 + p2)
2, (k1 + k2)

2 −m2
t , k

2
2 −m2

t ,

(k2 − p3)
2 −m2

t , (k2 − p1 − p2)
2 −m2

t , (k2 − p1)
2 −m2

t , (k1 + p3)
2
}

,

E :
{

k2
1, (k1 + p1)

2, (k1 + k2)
2 −m2

t , k
2
2 −m2

t , (k2 − p3)
2 −m2

t ,

(k2 − p1 − p2)
2 −m2

t , (k1 + k2 − p2)
2 −m2

t , (k2 − p1)
2 −m2

t , (k1 − p3)
2
}

,

F :
{

(k1 − p1)
2, k2

1, (k1 + p2)
2, (k1 + k2 − p1)

2 −m2
t , k

2
2 −m2

t , (k2 − p3)
2 −m2

t ,

(k2 − p1 − p2)
2 −m2

t , (k1 + k2 + p2 − p3)
2 −m2

t , (k1 − p3)
2, (k2 − p1)

2 −m2
t

}

. (18)

Integrals in each of these families can be reduced to a set of master integrals. For that purpose
we employ the program packages FIRE5 [46] and LiteRed [48]. We find 29 master integrals in
topology A, 32 for topology B, 54 for topology E, and 37 for topology F.

9

Alternatively: 
Expand only about small  
Larger range of validity, some 
integrals significantly more 
involved (Elliptic)

m2
H
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Produce a Padé approximation using: 
Large-       expansion + threshold expansion 

Incorporate non-analytic threshold corrections 
into approximation

 31

HH Production via Expansions (II)

Gröber, Maier, Rauh 17
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Figure 10: Finite part of the virtual corrections, Vfin, as a function of MHH for pT =
100 GeV. The light blue points are the reweighted HEFT results, the pink points
the virtual corrections in full top mass dependence from the interpolation function
provided with Ref. [89], the dark blue points are from the diagonal and o↵-diagonal
Padé approximants with their standard deviation and the turquoise points with
standard deviation are the Padé approximants constructed without the threshold
expansion.

is improved significantly with the inclusion of the threshold expansion. The error of
the Padé approximation increases with the invariant mass. Note that the full result
has, apart from the previous error from the internal binning, also an error due to
the interpolation procedure. We do not quantify this error but in comparison to
the HEFT grid provided with Ref. [89] we conclude that while in the range up to
MHH . 570 GeV this error is negligible, it will be a few % for larger MHH . The
comparison with the numerical results of [89] demonstrates that our prescription for
the uncertainty related to the construction of Padé approximants also provides a
reasonable error estimate at NLO.
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gg ! H
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FIG. 2: Finite part of the virtual corrections as a function of
the invariant mass of the two Higgs system. The pink points
are extracted with the interpolation function from [50]. The
dotted light blue points correspond to reweighted HEFT [51].
The solid lines are the respective orders in our calculation.
We do not show O((p2T + m

2
h)

3) as the line lies perfectly on
top of the one of O((p2T +m

2
h)

2).

result stemming from the interpolation.

CONCLUSION

In this letter we have proposed a novel approach for the
analytical computation of the NLO virtual corrections to
Higgs pair production through gluon fusion. This me-
thod, based on a expansion for small p2T , allows us to
describe accurately the region ŝ . 750 GeV that until
now has been explored only numerically. In particular
we showed that a few terms in the expansion already
reproduce the full LO within 10�3, in the region of in-
terest. At NLO we find excellent agreement already at
O(p2

T
+m

2
h
) comparing to the full result of [30]. We re-

mark that this method is general and can be useful for
the analytic computation of radiative corrections to other
fundamental processes for the physics programme of the
LHC.
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 ŝ/4

<latexit sha1_base64="9LCNbmZjCgJZwatSOQsYNkn7R34="></latexit><latexit sha1_base64="9LCNbmZjCgJZwatSOQsYNkn7R34="></latexit><latexit sha1_base64="9LCNbmZjCgJZwatSOQsYNkn7R34="></latexit><latexit sha1_base64="9LCNbmZjCgJZwatSOQsYNkn7R34="></latexit>

Have: 
Expand in:

Solve remaining dependence on ŝ,mT
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Invariant mass distribution agrees well 
with full (numerical) result up to ~900 GeV

mT
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Compute masters: differential equations

Differentiate master integrals wrt X 2 {s,t ,m 2
t }. IBP reduce result:

d
dX

~J = M(s, t, m 2
t , ✏) · ~J.

m 2
t equation: substitute high-energy ansatz for each master integral,

J =
X

i

X

j

X

k

Cijk(s, t) ✏i (m 2
t )

j log (m 2
t )

k
.

Obtain a system of linear equations for coefficients Cijk(s, t). Solve!

... we require Boundary Conditions

determine leading powers in m 2
t ! fixes some Cijk(s, t)

Here we determine the amplitude to m32
t with Mathematica ... difficult!
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