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Today’s high energy colliders

Collider Process  status

Hera e±p ended 2006

Tevatron pp running

LHC pp starts this year

_

current and upcoming 
experiments collide protons

⇒ all involve QCD

QCD       Hadron Collider Summer School ’08      G.Zanderighi 



Today’s high energy colliders

Collider Process  status

Hera e±p ended 2006

Tevatron pp running

LHC pp starts this year

_

current and upcoming 
experiments collide protons

⇒ all involve QCD

Hera: mainly measurements of parton densities and diffraction
Tevatron: mainly discovery of top and QCD measurements
LHC designed to

discover the Higgs 
unravel possible BSM physics

Today’s high energy colliders

Collider Process status

HERA (A & B) e±p running

Tevatron (I & II) pp̄ running

LHC pp starts 2007

current and upcoming ex-

periments collide protons

⇒ all involve QCD

HERA: mainly measurements of parton densities and diffraction

Tevatron: mainly discovery of the top and related measurements

LHC designed to

discover the Higgs and measure it’s properties

unravel possible physics beyond the SM

Our ability to discover new particles and to measure their
properties limited by the quality of our understanding of QCD

The one-loop amplitude for six gluon scattering - April 2006 – p.2/20

Today’s high energy colliders

Collider Process status

HERA (A & B) e±p running

Tevatron (I & II) pp̄ running

LHC pp starts 2007

current and upcoming ex-

periments collide protons

⇒ all involve QCD

HERA: mainly measurements of parton densities and diffraction

Tevatron: mainly discovery of the top and related measurements

LHC designed to

discover the Higgs and measure it’s properties

unravel possible physics beyond the SM

Our ability to discover new particles and to measure their
properties limited by the quality of our understanding of QCD

The one-loop amplitude for six gluon scattering - April 2006 – p.2/20

Today’s high energy colliders

Collider Process status

HERA (A & B) e±p running

Tevatron (I & II) pp̄ running

LHC pp starts 2007

current and upcoming ex-

periments collide protons

⇒ all involve QCD

HERA: mainly measurements of parton densities and diffraction

Tevatron: mainly discovery of the top and related measurements

LHC designed to

discover the Higgs and measure it’s properties

unravel possible physics beyond the SM

Our ability to discover new particles and to measure their
properties limited by the quality of our understanding of QCD

The one-loop amplitude for six gluon scattering - April 2006 – p.2/20

Today’s high energy colliders

Collider Process status

HERA (A & B) e±p running

Tevatron (I & II) pp̄ running

LHC pp starts 2007

current and upcoming ex-

periments collide protons

⇒ all involve QCD

HERA: mainly measurements of parton densities and diffraction

Tevatron: mainly discovery of the top and related measurements

LHC designed to

discover the Higgs and measure it’s properties

unravel possible physics beyond the SM

Our ability to discover new particles and to measure their
properties limited by the quality of our understanding of QCD

The one-loop amplitude for six gluon scattering - April 2006 – p.2/20

Today’s high energy colliders

Collider Process status

HERA (A & B) e±p running

Tevatron (I & II) pp̄ running

LHC pp starts 2007

current and upcoming ex-

periments collide protons

⇒ all involve QCD

HERA: mainly measurements of parton densities and diffraction

Tevatron: mainly discovery of the top and related measurements

LHC designed to

discover the Higgs and measure it’s properties

unravel possible physics beyond the SM

Our ability to discover new particles and to measure their
properties limited by the quality of our understanding of QCD

The one-loop amplitude for six gluon scattering - April 2006 – p.2/20

QCD       Hadron Collider Summer School ’08      G.Zanderighi 



Today’s high energy colliders

Collider Process  status

Hera e±p ended 2006
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LHC early physics

Tevatron: 1.8 TeV [run I], 1.96 TeV [runII]
LHC: 10 TeV [2008], 14TeV [afterwards] 

Tevatron:  4 fb-1 [summer 2008] & 6-10 fb-1 [2009]  ?
LHC: 10-20 fb-1 [’09-’10], 100 fb-1 [’11-’14], 1000 fb-1 [after ’16, SLHC?]  ?

LHC: Highest energy & luminosity
operating regime such that even early data often sufficient for discoveries  
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LHC early physics

Tevatron: 1.8 TeV [run I], 1.96 TeV [runII]
LHC: 10 TeV [2008], 14TeV [afterwards] 

Tevatron:  4 fb-1 [summer 2008] & 6-10 fb-1 [2009]  ?
LHC: 10-20 fb-1 [’09-’10], 100 fb-1 [’11-’14], 1000 fb-1 [after ’16, SLHC?]  ?

LHC: Highest energy & luminosity
operating regime such that even early data often sufficient for discoveries  

Out of ≈ 680 questions ≈ 40 asked what one can do with early LHC data

The answer to this question very much depends on beam control, 
detector understanding/performance and control over QCD 
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LHC early physics

Previous fake discovery claims
• UA1 monojets (top? SUSY?)  1984
• sbottom production at the Tevatron 2002

Crucial to 
1. understand how much a given approximation can be trusted 
2. know how to improve on it if necessary

NB: same mistakes already done at the LHC ... 
(come back to this later)

1984 redux

Unfortunately the plot

is completely wrong!

The culprit (again):

misuse of Monte

Carlo tools outside

their region of

validity.
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So why care about QCD

Of course QCD is interesting for a variety of other reasons

hadron masses, protons & neutrons, confinement, hadron decays, lattice 
QCD, nuclear physics, star formation and evolution, early universe 
formation, heavy ion, quark-gluon plasma, chiral perturbaton theory, 
connections to string theory, AdS/CFT ... 

Essentially the driving motivation here will be that 

only a solid understanding of QCD will guarantee that we won’t make 
unjustified discovery claims & will be essential in identifying BSM physics
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Outline

This course: 4 × (1h +15’) ⇒ not much time!

will only review/recall some basic QCD concepts (will not discuss in 

detail things common to other QFTs)

will focus on peculiarities of QCD (asymptotic freedom, soft 

divergences, ... ) 

will try to give you an idea/overview of where QCD is now (parton 

densities, NLO, NNLO, parton showers, ... ), i.e. last two lectures will 

focus on active research topics   
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Outline

First lecture

why do we care about QCD today
experimental evidence for color ⇒ SU(3) 
QCD Lagrangian, gauge invariance, Feynman rules, gauge fixing & ghosts
the color algebra 
isospin symmetry
R-ratio & UV divergences  ⇒ renormalization 
the running coupling & the beta function 
asymptotic freedom & confinement
soft & collinear divergences & infrared safety 
Sterman-Weinberg jets 
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Motivations for QCD  

Satisfactory model for strong interactions: non-abelian gauge theory SU(3)

- each quark of a given flavour comes in Nc=3 colors 

- SU(3) is an exact symmetry

- hadrons are colour neutral, i.e. colour singlet under SU(3)

- observed hadrons are colour neutral ⇒ hadrons have integer charge 

- hadrons (barions,mesons): made of spin 1/2 quarks 

U †U = UU † = 1 det(U) = 1

∑

i

ψ∗
i ψi →

∑

ijk

U∗
ijψjUikψk =

∑

k

ψ∗
kψk

∑

ijk

ψiψjψk →
∑

ijki′j′k′
U∗

ii′Ujj′Ukk′ψi′ψj′ψk′ =
∑

i′j′k′
ψi′ψj′ψk′

R ≡ e+e− → hadrons

e+e− → µ+mu− ∝ Q2

1

Hadron spectrum fully classified with the following assumptions

∑

ijk

εijkψiψjψk →
∑

ii′jj′kk′

εijkUii′Ujj′Ukk′ψi′ψj′ψk′ =
∑

i′j′k′

εi′j′k′ det(U)ψi′ψj′ψk′

∑

i

ψ∗
i ψi →

∑

ijk

U∗
ijUikψjψk =

∑

k

ψ∗
kψk
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First experimental evidence for colour

I. Existance of Δ++ particle: particle with three up quarks of the same spin 
and with symmetric spacial wave function.  Without an additional 
quantum number Pauli’s principle would be violated ⇒ color

II.R-ratio: ratio of (e+e- → hadrons)/(e+e- → µ+µ-) 

U †U = UU † = 1 det(U) = 1

∑

i

ψ∗
i ψi →

∑

ijk

U∗
ijψjUikψk =

∑

k

ψ∗
kψk

∑

ijk

ψiψjψk →
∑

ijki′j′k′
U∗

ii′Ujj′Ukk′ψi′ψj′ψk′ =
∑

i′j′k′
ψi′ψj′ψk′

nq − nq̄ = n · 3 with n integer

R ≡ e+e− → hadrons

e+e− → µ+µ− ∝ Nc

∑

f

Q2
f

1

Data compatible with Nc=3 (r, g, b).  Will come back to R later.

charge 2/3
mass=

up
few MeV

charm
~1.25 GeV

top
~172 GeV

charge -1/3
mass =

down
few MeV

strange
~100 MeV

bottom
~5 GeV
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The R-ratio: comparison to data
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Renormalisation group

QCD beta function

Short-distance observables

Comparison of R̂ to experimental data
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The QCD Lagrangian

U †U = UU † = 1 det(U) = 1

∑

i

ψ∗
i ψi →

∑

ijk

U∗
ijψjUikψk =

∑

k

ψ∗
kψk

∑

ijk

ψiψjψk →
∑

ijki′j′k′
U∗

ii′Ujj′Ukk′ψi′ψj′ψk′ =
∑

i′j′k′
ψi′ψj′ψk′

nq − nq̄ = n · 3 with n integer

R ≡ e+e− → hadrons

e+e− → µ+µ− ∝ Nc

∑

f

Q2
f

LQCD = −1

4
F µν

a F a
µν +

∑

f

ψ̄(f)
i (iD/ij − mfδij)ψ(f)

j

1

⇒ covariant derivative ⇒ field strength

U †U = UU † = 1 det(U) = 1

∑

i

ψ∗
i ψi →

∑

ijk

U∗
ijψjUikψk =

∑

k

ψ∗
kψk

∑

ijk

ψiψjψk →
∑

ijki′j′k′
U∗

ii′Ujj′Ukk′ψi′ψj′ψk′ =
∑

i′j′k′
ψi′ψj′ψk′

nq − nq̄ = n · 3 with n integer

R ≡ e+e− → hadrons

e+e− → µ+µ− ∝ Nc

∑

f

Q2
f

LQCD = −1

4
F µν

a F a
µν +

∑

f

ψ̄(f)
i (iD/ij − mfδij)ψ(f)

j

Dµ
ij ≡ ∂µδij + igst

a
ijA

µ
a , F a

µν ≡ ∂µAa
ν − ∂νA

a
µ − gsfabcA

b
µAc

ν

Lgauge−fixing = − 1

2λ

(
∂µAA

µ

)2

ψ(f) →
∑

f ′
Uff ′

ψ(f ′)

LF =
∑

f

(
ψ̄(f)

L D/ψ(f)
L + ψ̄(f)

R D/ψ(f)
R

)
−

∑

f

mf

(
ψ̄(f)

R ψ(f)
L + ψ̄(f)

L ψ(f)
R

)

SUL(Nf ) × SUR(Nf) × UL(1) × UR(1)

ψL = PLψ , ψR = PRψ , PL/R =
1

2
(1 ∓ γ5)

R0 =
σ0(γ∗ → hadrons)

σ0(γ∗ → µ+µ−)
= Nc

∑

f

q2
f

R1 = R0

(
1 +

αs

π

)

1

‣ only one QCD parameter gs regulating the strength of the interaction 
(quark masses have EW origin)

‣ setting gs = 0 one obtains the free Lagrangian (free propagation of 
quarks and gluons without interaction)

‣ terms proportional to gs in the field strength cause self-interaction 
between gluons (makes the difference wrt QED)

‣ color matrices tij are the generators of SU(3) 

‣QCD flavour blind (differences only due to EW)
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The generators of SU(Nc)

The fundamental representation of SU(Nc) has Nc2-1 generators tij : 
Nc×Nc traceless hermitian matrices ⇒ Nc2-1 gluons

Phenomenology: lecture 3 (p. 56)

QCD basics

Lagrangian
Lagrangian + colour

Quarks — 3 colours: ψa =





ψ1

ψ2

ψ3





Quark part of Lagrangian:

Lq = ψ̄a(iγ
µ∂µδab − gsγ

µtC
abA

C
µ − m)ψb

SU(3) local gauge symmetry ↔ 8 (= 32 − 1) generators t1
ab . . . t8

ab

corresponding to 8 gluons A1
µ . . .A8

µ.

A representation is: tA = 1
2λA,

λ
1

=

0

@

0 1 0

1 0 0

0 0 0

1

A , λ
2
=

0

@

0 −i 0

i 0 0

0 0 0

1

A , λ
3
=

0

@

1 0 0

0 −1 0

0 0 0

1

A , λ
4
=

0

@

0 0 1

0 0 0

1 0 0

1

A ,

λ
5

=

0

@

0 0 −i

0 0 0

i 0 0

1

A , λ
6
=

0

@

0 0 0

0 0 1

0 1 0

1

A , λ
7
=

0

@

0 0 0

0 0 −i

0 i 0

1

A , λ
8

=

0

B

@

1
√

3
0 0

0
1

√

3
0

0 0
−2
√

3

1

C

A
,

One explicit representation: tA = 1/2 λA (λA : Gell-mann matrices)

fabc are the structure constants of the SU(Nc) algebra, they generate a 
represention of the algebra called adjoint representation 

U †U = UU † = 1 det(U) = 1

∑

i

ψ∗
i ψi →

∑

ijk

U∗
ijψjUikψk =

∑

k

ψ∗
kψk

∑

ijk

ψiψjψk →
∑

ijki′j′k′
U∗

ii′Ujj′Ukk′ψi′ψj′ψk′ =
∑

i′j′k′
ψi′ψj′ψk′

nq − nq̄ = n · 3 with n integer

R ≡ e+e− → hadrons

e+e− → µ+µ− ∝ Nc

∑

f

Q2
f

LQCD = −1

4
F µν

a F a
µν +

∑

f

ψ̄(f)
i (iD/ij − mfδij)ψ(f)

j

Dµ
ij ≡ ∂µδij + igst

a
ijA

µ
a , F a

µν ≡ ∂µAa
ν − ∂νA

a
µ − gsfabcA

b
µAc

ν

U = eiθa(x)ta

[ta, tb] = fabc tc

fabc = −facb = −fbac

Lgauge−fixing = − 1

2λ

(
∂µAA

µ

)2

ψ(f) →
∑

f ′
Uff ′

ψ(f ′)

LF =
∑

f

(
ψ̄(f)

L D/ψ(f)
L + ψ̄(f)

R D/ψ(f)
R

)
−

∑

f

mf

(
ψ̄(f)

R ψ(f)
L + ψ̄(f)

L ψ(f)
R

)

SUL(Nf ) × SUR(Nf) × UL(1) × UR(1)

1

Definition:

U †U = UU † = 1 det(U) = 1

∑

i

ψ∗
i ψi →

∑

ijk

U∗
ijψjUikψk =

∑

k

ψ∗
kψk

∑

ijk

ψiψjψk →
∑

ijki′j′k′
U∗

ii′Ujj′Ukk′ψi′ψj′ψk′ =
∑

i′j′k′
ψi′ψj′ψk′

nq − nq̄ = n · 3 with n integer

R ≡ e+e− → hadrons

e+e− → µ+µ− ∝ Nc

∑

f

Q2
f

LQCD = −1

4
F µν

a F a
µν +

∑

f

ψ̄(f)
i (iD/ij − mfδij)ψ(f)

j

Dµ
ij ≡ ∂µδij + igst

a
ijA

µ
a , F a

µν ≡ ∂µAa
ν − ∂νA

a
µ − gsfabcA

b
µAc

ν

[ta, tb] = fabc tc

fabc = −facb = −fbac

Lgauge−fixing = − 1

2λ

(
∂µAA

µ

)2

ψ(f) →
∑

f ′
Uff ′

ψ(f ′)

LF =
∑

f

(
ψ̄(f)

L D/ψ(f)
L + ψ̄(f)

R D/ψ(f)
R

)
−

∑

f

mf

(
ψ̄(f)

R ψ(f)
L + ψ̄(f)

L ψ(f)
R

)

SUL(Nf ) × SUR(Nf) × UL(1) × UR(1)

ψL = PLψ , ψR = PRψ , PL/R =
1

2
(1 ∓ γ5)

1

∑

f

ψ̄
′(f)
i

(
iD/′ij − mfδij

)
ψ

′(f)
j =

∑

f

ψ̄(f)
i (iD/ij − mfδij) ψ(f)

j

Lq,free =
∑

f

ψ̄(f)
i (i∂/ − mf) δijψ

(f)
j

Lgauge−fixing = − 1

2λ

(
∂µAa

µ

)2

i

k2 + iε

(

−gµν +
(
1 − 1

λ

)
kµkν

k2

)

δab

Lghosts = ∂µηa†Dµ
abη

b

Laxial gauge−fixing = − 1

2λ

(
nµAa

µ

)2

i

k2 + iε

(

−gµν +
nµkν + nνkµ

n · k − (n2 + λk2)kνkµ

(n · k)2

)

δab

[ta, tb] = ifabc tc

fabc = −facb = −fbac

Lgauge−fixing = − 1

2λ

(
∂µAA

µ

)2

ψ(f) →
∑

f ′
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ψ(f ′)

LF =
∑

f

(
ψ̄(f)

L D/ψ(f)
L + ψ̄(f)

R D/ψ(f)
R

)
−

∑

f

mf

(
ψ̄(f)

R ψ(f)
L + ψ̄(f)

L ψ(f)
R

)

SUL(Nf ) × SUR(Nf) × UL(1) × UR(1)

ψL = PLψ , ψR = PRψ , PL/R =
1

2
(1 ∓ γ5)

2
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Local gauge transformations

The QCD Lagrangian is invariant under local gauge transformations, i.e. 
one can redefine the quark and gluon fields independently at every point 
in space and time without changing the physical content of the theory

U †U = UU † = 1 det(U) = 1

∑

i

ψ∗
i ψi →

∑

ijk

U∗
ijψjUikψk =

∑

k

ψ∗
kψk

∑

ijk

ψiψjψk →
∑

ijki′j′k′
U∗

ii′Ujj′Ukk′ψi′ψj′ψk′ =
∑

i′j′k′
ψi′ψj′ψk′

nq − nq̄ = n · 3 with n integer

R ≡ e+e− → hadrons

e+e− → µ+µ− ∝ Nc

∑

f

Q2
f

LQCD = −1

4
F µν

a F a
µν +

∑

f

ψ̄(f)
i (iD/ij − mfδij)ψ(f)

j

Dµ
ij ≡ ∂µδij + igst

a
ijA

µ
a , F a

µν ≡ ∂µAa
ν − ∂νA

a
µ − gsfabcA

b
µAc

ν

U = eiθa(x)ta

ψi → ψ′
i = Ujk(x)ψk

taAa → taA′
a = U(x)taAaU

−1(x) +
i

gs
(∂U(x)) U−1(x)

[ta, tb] = fabc tc

fabc = −facb = −fbac

Lgauge−fixing = − 1

2λ

(
∂µAA

µ

)2

ψ(f) →
∑

f ′
Uff ′

ψ(f ′)

1

U †U = UU † = 1 det(U) = 1

∑

i

ψ∗
i ψi →

∑

ijk

U∗
ijψjUikψk =

∑

k

ψ∗
kψk

∑

ijk

ψiψjψk →
∑

ijki′j′k′
U∗

ii′Ujj′Ukk′ψi′ψj′ψk′ =
∑

i′j′k′
ψi′ψj′ψk′

nq − nq̄ = n · 3 with n integer

R ≡ e+e− → hadrons

e+e− → µ+µ− ∝ Nc

∑

f

Q2
f

LQCD = −1

4
F µν

a F a
µν +

∑

f

ψ̄(f)
i (iD/ij − mfδij)ψ(f)

j

Dµ
ij ≡ ∂µδij + igst

a
ijA

µ
a , F a

µν ≡ ∂µAa
ν − ∂νA

a
µ − gsfabcA

b
µAc

ν

U = eiθa(x)ta

ψ → ψ′ = U(x)ψ

taAa → taA′
a = U(x)taAaU

−1(x) +
i

gs
(∂U(x)) U−1(x)

Dµψ → D′
µψ

′ = U(x)Dµψ

[ta, tb] = fabc tc

fabc = −facb = −fbac

Lgauge−fixing = − 1

2λ

(
∂µAA

µ

)2

1
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Local gauge transformations

The QCD Lagrangian is invariant under local gauge transformations, i.e. 
one can redefine the quark and gluon fields independently at every point 
in space and time without changing the physical content of the theory
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∑
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′ = U(x)Dµψ
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fabc = −facb = −fbac
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(
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U †U = UU † = 1 det(U) = 1
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(covariant = transform “with” the field)

U †U = UU † = 1 det(U) = 1

∑

i

ψ∗
i ψi →

∑

ijk

U∗
ijψjUikψk =

∑

k

ψ∗
kψk

∑

ijk

ψiψjψk →
∑

ijki′j′k′
U∗

ii′Ujj′Ukk′ψi′ψj′ψk′ =
∑

i′j′k′
ψi′ψj′ψk′

nq − nq̄ = n · 3 with n integer
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LQCD = −1

4
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ψ̄(f)
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j
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ij ≡ ∂µδij + igst

a
ijA

µ
a , F a
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ν
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Dµψ → D′
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i gs taF a
µν = [Dµ, Dν ]

taF a
µν → taF a′

µν = U(x)taF a
µνU

−1(x)

[ta, tb] = fabc tc

1

U †U = UU † = 1 det(U) = 1

∑
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ψ∗
i ψi →

∑

ijk

U∗
ijψjUikψk =

∑

k

ψ∗
kψk

∑

ijk

ψiψjψk →
∑

ijki′j′k′
U∗

ii′Ujj′Ukk′ψi′ψj′ψk′ =
∑

i′j′k′
ψi′ψj′ψk′

nq − nq̄ = n · 3 with n integer

R ≡ e+e− → hadrons

e+e− → µ+µ− ∝ Nc
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4
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µν +

∑
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ψ̄(f)
i (iD/ij − mfδij)ψ(f)

j

Dµ
ij ≡ ∂µδij + igst

a
ijA

µ
a , F a

µν ≡ ∂µAa
ν − ∂νA

a
µ − gsfabcA

b
µAc

ν

U = eiθa(x)ta

ψ → ψ′ = U(x)ψ

taAa → taA′
a = U(x)taAaU

−1(x) +
i

gs
(∂U(x)) U−1(x)

Dµψ → D′
µψ

′ = U(x)Dµψ

ψ̄ → ψ̄′ = ψ̄U †(x)

i gs taF a
µν = [Dµ, Dν ]

taF a
µν → taF a′

µν = U(x)taF a
µνU

−1(x)

[ta, tb] = fabc tc

1

e.g. because

U †U = UU † = 1 det(U) = 1

∑

i

ψ∗
i ψi →

∑

ijk

U∗
ijψjUikψk =

∑

k

ψ∗
kψk

∑

ijk

ψiψjψk →
∑

ijki′j′k′
U∗

ii′Ujj′Ukk′ψi′ψj′ψk′ =
∑

i′j′k′
ψi′ψj′ψk′

nq − nq̄ = n · 3 with n integer

R ≡ e+e− → hadrons

e+e− → µ+µ− ∝ Nc

∑

f

Q2
f

LQCD = −1

4
F µν

a F a
µν +

∑

f

ψ̄(f)
i (iD/ij − mfδij)ψ(f)

j

Dµ
ij ≡ ∂µδij + igst

a
ijA

µ
a , F a

µν ≡ ∂µAa
ν − ∂νA

a
µ − gsfabcA

b
µAc

ν

U = eiθa(x)ta

ψ → ψ′ = U(x)ψ

taAa → taA′
a = U(x)taAaU

−1(x) +
i

gs
(∂U(x)) U−1(x)

Dµψ → D′
µψ

′ = U(x)Dµψ

ψ̄ → ψ̄′ = ψ̄U †(x)

i gs taF a
µν = [Dµ, Dν ]

taF a
µν → taF a′

µν = U(x)taF a
µνU

−1(x)

[ta, tb] = fabc tc

1

It follows that 
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one can redefine the quark and gluon fields independently at every point 
in space and time without changing the physical content of the theory
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f

ψ̄(f)
i (iD/ij − mfδij) ψ(f)

j

[ta, tb] = fabc tc

fabc = −facb = −fbac

Lgauge−fixing = − 1

2λ

(
∂µAA

µ

)2

ψ(f) →
∑

f ′
Uff ′

ψ(f ′)

LF =
∑

f

(
ψ̄(f)

L D/ψ(f)
L + ψ̄(f)

R D/ψ(f)
R

)
−

∑

f

mf

(
ψ̄(f)

R ψ(f)
L + ψ̄(f)

L ψ(f)
R

)

SUL(Nf ) × SUR(Nf) × UL(1) × UR(1)

ψL = PLψ , ψR = PRψ , PL/R =
1

2
(1 ∓ γ5)

R0 =
σ0(γ∗ → hadrons)

σ0(γ∗ → µ+µ−)
= Nc

∑

f

q2
f

R1 = R0

(
1 +

αs

π

)

αs =
g2

s

4π

R2 = R0

(

1 +
αs

π
+

(
αs

π

)2
(

c + πb0 ln
M2

UV

Q2

))

αs(µ) = αbare
s + b0 ln

M2
UV

µ2

(
αbare

s

)2

b0 =
11Nc − 4nfTR

12π

2

⇒ the QCD Lagrangian is gauge invariant 
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Local gauge transformations

Exercise: show that a gluon mass term (m2 Aa Aa) is not gauge invariant

Exercise: show that if one replaces the covariant with an ordinary partial 
derivative the Lagrangian is invariant only under global gauge 
transformations (global = same transformation in every point)
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Isospin symmetry

Isospin SU(2) symmetry: invariance under  u ↔ d 

The QCD Lagrangian has isospin symmetry if mu = md or mu, md → 0

Particles in the same isospin multiplet have very similar masses 
(proton and neutron, neutral and charged pions)

The fermionic Lagrangian becomes

So neglecting fermion masses the Lagrangian has the larger symmetry

U †U = UU † = 1 det(U) = 1

∑

i

ψ∗
i ψi →

∑

ijk

U∗
ijψjUikψk =

∑

k

ψ∗
kψk

∑

ijk

ψiψjψk →
∑

ijki′j′k′
U∗

ii′Ujj′Ukk′ψi′ψj′ψk′ =
∑

i′j′k′
ψi′ψj′ψk′

nq − nq̄ = n · 3 with n integer

R ≡ e+e− → hadrons

e+e− → µ+µ− ∝ Nc

∑

f

Q2
f

LQCD = −1

4
F µν

a F a
µν +

∑

f

ψ̄(f)
i (iD/ij − mfδij)ψ(f)

j

Dµ
ij ≡ i∂µδij − gst

a
ijA

µ
a , F a

µν ≡ ∂µAa
ν − ∂νA

a
µ − gsfabcA

b
µAc

ν

Lgauge−fixing = − 1

2λ

(
∂µAA

µ

)2

ψ(f) →
∑

f ′
Uff ′

ψ(f ′)

LF =
∑

f

(
ψ̄(f)

L D/ψ(f)
L + ψ̄(f)

R D/ψ(f)
R

)
−

∑

f

mf

(
ψ̄(f)

R ψ(f)
L + ψ̄(f)

L ψ(f)
R

)

ψL = PLψ , ψR = PRψ , PL/R =
1

2
(1 ∓ γ5)

R0 =
σ0(γ∗ → hadrons)

σ0(γ∗ → µ+µ−)
= Nc

∑

f

q2
f

R1 = R0

(
1 +

αs

π

)

αs =
g2

s

4π

1

U †U = UU † = 1 det(U) = 1

∑

i

ψ∗
i ψi →

∑

ijk

U∗
ijψjUikψk =

∑

k

ψ∗
kψk

∑

ijk

ψiψjψk →
∑

ijki′j′k′
U∗

ii′Ujj′Ukk′ψi′ψj′ψk′ =
∑

i′j′k′
ψi′ψj′ψk′

nq − nq̄ = n · 3 with n integer

R ≡ e+e− → hadrons

e+e− → µ+µ− ∝ Nc

∑

f

Q2
f

LQCD = −1

4
F µν

a F a
µν +

∑

f

ψ̄(f)
i (iD/ij − mfδij)ψ(f)

j

Dµ
ij ≡ i∂µδij − gst

a
ijA

µ
a , F a

µν ≡ ∂µAa
ν − ∂νA

a
µ − gsfabcA

b
µAc

ν

Lgauge−fixing = − 1

2λ

(
∂µAA

µ

)2

ψ(f) →
∑

f ′
Uff ′

ψ(f ′)

LF =
∑

f

(
ψ̄(f)

L D/ψ(f)
L + ψ̄(f)

R D/ψ(f)
R

)
−

∑

f

mf

(
ψ̄(f)

R ψ(f)
L + ψ̄(f)

L ψ(f)
R

)

ψL = PLψ , ψR = PRψ , PL/R =
1

2
(1 ∓ γ5)

R0 =
σ0(γ∗ → hadrons)

σ0(γ∗ → µ+µ−)
= Nc

∑

f

q2
f

R1 = R0

(
1 +

αs

π

)

αs =
g2

s

4π

1

U †U = UU † = 1 det(U) = 1

∑

i

ψ∗
i ψi →

∑

ijk

U∗
ijψjUikψk =

∑

k

ψ∗
kψk

∑

ijk

ψiψjψk →
∑

ijki′j′k′
U∗

ii′Ujj′Ukk′ψi′ψj′ψk′ =
∑

i′j′k′
ψi′ψj′ψk′

nq − nq̄ = n · 3 with n integer

R ≡ e+e− → hadrons

e+e− → µ+µ− ∝ Nc

∑

f

Q2
f

LQCD = −1

4
F µν

a F a
µν +

∑

f

ψ̄(f)
i (iD/ij − mfδij)ψ(f)

j

Dµ
ij ≡ i∂µδij − gst

a
ijA

µ
a , F a

µν ≡ ∂µAa
ν − ∂νA

a
µ − gsfabcA

b
µAc

ν

Lgauge−fixing = − 1

2λ

(
∂µAA

µ

)2

ψ(f) →
∑

f ′
Uff ′

ψ(f ′)

LF =
∑

f

(
ψ̄(f)

L D/ψ(f)
L + ψ̄(f)

R D/ψ(f)
R

)
−

∑

f

mf

(
ψ̄(f)

R ψ(f)
L + ψ̄(f)

L ψ(f)
R

)

SUL(Nf ) × SUR(Nf) × UL(1) × UR(1)

ψL = PLψ , ψR = PRψ , PL/R =
1

2
(1 ∓ γ5)

R0 =
σ0(γ∗ → hadrons)

σ0(γ∗ → µ+µ−)
= Nc

∑

f

q2
f

R1 = R0

(
1 +

αs

π

)

1
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Feynman rules: propagators 

Obtain quark/gluon propagators from free piece of the Lagrangian
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Feynman rules: propagators 

Obtain quark/gluon propagators from free piece of the Lagrangian
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Quark propagator: replace i∂→p and take the i × inverse ∑

f

ψ̄
′(f)
i

(
iD/′ij − mfδij

)
ψ

′(f)
j =

∑

f

ψ̄(f)
i (iD/ij − mfδij) ψ(f)

j

Lq,free =
∑

f

ψ̄(f)
i (i∂/ − mf) δijψ

(f)
j

[ta, tb] = fabc tc

fabc = −facb = −fbac

Lgauge−fixing = − 1

2λ

(
∂µAA

µ

)2

ψ(f) →
∑

f ′
Uff ′

ψ(f ′)

LF =
∑

f

(
ψ̄(f)

L D/ψ(f)
L + ψ̄(f)

R D/ψ(f)
R

)
−

∑

f

mf

(
ψ̄(f)

R ψ(f)
L + ψ̄(f)

L ψ(f)
R

)

SUL(Nf ) × SUR(Nf) × UL(1) × UR(1)

ψL = PLψ , ψR = PRψ , PL/R =
1

2
(1 ∓ γ5)

R0 =
σ0(γ∗ → hadrons)

σ0(γ∗ → µ+µ−)
= Nc

∑

f

q2
f

R1 = R0

(
1 +

αs

π

)

αs =
g2

s

4π

R2 = R0

(

1 +
αs

π
+

(
αs

π

)2
(

c + πb0 ln
M2

UV

Q2

))

αs(µ) = αbare
s + b0 ln

M2
UV

µ2

(
αbare

s

)2

2

p
i j

i

/p−m
δij



Feynman rules: propagators 

Obtain quark/gluon propagators from free piece of the Lagrangian
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Quark propagator: replace i∂→p and take the i × inverse ∑

f

ψ̄
′(f)
i

(
iD/′ij − mfδij

)
ψ

′(f)
j =

∑

f

ψ̄(f)
i (iD/ij − mfδij) ψ(f)

j

Lq,free =
∑

f

ψ̄(f)
i (i∂/ − mf) δijψ

(f)
j

[ta, tb] = fabc tc

fabc = −facb = −fbac

Lgauge−fixing = − 1

2λ

(
∂µAA

µ

)2

ψ(f) →
∑

f ′
Uff ′

ψ(f ′)

LF =
∑

f

(
ψ̄(f)

L D/ψ(f)
L + ψ̄(f)

R D/ψ(f)
R

)
−

∑

f

mf

(
ψ̄(f)

R ψ(f)
L + ψ̄(f)

L ψ(f)
R

)

SUL(Nf ) × SUR(Nf) × UL(1) × UR(1)

ψL = PLψ , ψR = PRψ , PL/R =
1

2
(1 ∓ γ5)

R0 =
σ0(γ∗ → hadrons)

σ0(γ∗ → µ+µ−)
= Nc

∑

f

q2
f

R1 = R0

(
1 +

αs

π

)

αs =
g2

s

4π

R2 = R0

(

1 +
αs

π
+

(
αs

π

)2
(

c + πb0 ln
M2

UV

Q2

))

αs(µ) = αbare
s + b0 ln

M2
UV

µ2

(
αbare

s

)2

2

p
i j

i

/p−m
δij

Gluon propagator: replace i∂→p and take the i × inverse ? 

➥ inverse does not exist. How can one to define the propagator ? 

Lg,free = −1
2
Aµ (!gµν − ∂µ∂ν) Aν



Gauge fixing

Solution: add to the Lagrangian a gauge fixing term which depends on 
an arbitrary parameter λ
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Gauge fixing

Solution: add to the Lagrangian a gauge fixing term which depends on 
an arbitrary parameter λ

In covariant gauges:

∑

f

ψ̄
′(f)
i

(
iD/′ij − mfδij

)
ψ

′(f)
j =

∑

f

ψ̄(f)
i (iD/ij − mfδij) ψ(f)

j

Lq,free =
∑

f

ψ̄(f)
i (i∂/ − mf) δijψ

(f)
j

Lgauge−fixing = − 1

2λ

(
∂µAa

µ

)2
AµAν

[ta, tb] = fabc tc

fabc = −facb = −fbac

Lgauge−fixing = − 1

2λ

(
∂µAA

µ

)2

ψ(f) →
∑

f ′
Uff ′

ψ(f ′)

LF =
∑

f

(
ψ̄(f)

L D/ψ(f)
L + ψ̄(f)

R D/ψ(f)
R

)
−

∑

f

mf

(
ψ̄(f)

R ψ(f)
L + ψ̄(f)

L ψ(f)
R

)

SUL(Nf ) × SUR(Nf) × UL(1) × UR(1)

ψL = PLψ , ψR = PRψ , PL/R =
1

2
(1 ∓ γ5)

R0 =
σ0(γ∗ → hadrons)

σ0(γ∗ → µ+µ−)
= Nc

∑

f

q2
f

R1 = R0

(
1 +

αs

π

)

αs =
g2

s

4π

R2 = R0

(

1 +
αs

π
+

(
αs

π

)2
(

c + πb0 ln
M2

UV

Q2

))

2

λ=1  Feynman gauge
λ=0  Landau gauge 
λ=∞ unitary gauge
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Gauge fixing

Solution: add to the Lagrangian a gauge fixing term which depends on 
an arbitrary parameter λ

In covariant gauges:

∑

f

ψ̄
′(f)
i

(
iD/′ij − mfδij

)
ψ

′(f)
j =

∑

f

ψ̄(f)
i (iD/ij − mfδij) ψ(f)

j

Lq,free =
∑

f

ψ̄(f)
i (i∂/ − mf) δijψ

(f)
j

Lgauge−fixing = − 1

2λ

(
∂µAa

µ

)2
AµAν

[ta, tb] = fabc tc

fabc = −facb = −fbac

Lgauge−fixing = − 1

2λ

(
∂µAA

µ

)2

ψ(f) →
∑

f ′
Uff ′

ψ(f ′)

LF =
∑

f

(
ψ̄(f)

L D/ψ(f)
L + ψ̄(f)

R D/ψ(f)
R

)
−

∑

f

mf

(
ψ̄(f)

R ψ(f)
L + ψ̄(f)

L ψ(f)
R

)

SUL(Nf ) × SUR(Nf) × UL(1) × UR(1)

ψL = PLψ , ψR = PRψ , PL/R =
1

2
(1 ∓ γ5)

R0 =
σ0(γ∗ → hadrons)

σ0(γ∗ → µ+µ−)
= Nc

∑

f

q2
f

R1 = R0

(
1 +

αs

π

)

αs =
g2

s

4π

R2 = R0

(

1 +
αs

π
+

(
αs

π

)2
(

c + πb0 ln
M2

UV

Q2

))

2

λ=1  Feynman gauge
λ=0  Landau gauge 
λ=∞ unitary gauge

QCD       Hadron Collider Summer School ’08      G.Zanderighi 

Gluon propagator: 

∑

f

ψ̄
′(f)
i

(
iD/′ij − mfδij

)
ψ

′(f)
j =

∑

f

ψ̄(f)
i (iD/ij − mfδij) ψ(f)

j

Lq,free =
∑

f

ψ̄(f)
i (i∂/ − mf) δijψ

(f)
j

Lgauge−fixing = − 1

2λ

(
∂µAa

µ

)2
AµAν

i

k2 + iε

(

−gµν +
(
1 − 1

λ

)
kµkν

k2

)

δab

[ta, tb] = fabc tc

fabc = −facb = −fbac

Lgauge−fixing = − 1

2λ

(
∂µAA

µ

)2

ψ(f) →
∑

f ′
Uff ′

ψ(f ′)

LF =
∑

f

(
ψ̄(f)

L D/ψ(f)
L + ψ̄(f)

R D/ψ(f)
R

)
−

∑

f

mf

(
ψ̄(f)

R ψ(f)
L + ψ̄(f)

L ψ(f)
R

)

SUL(Nf ) × SUR(Nf) × UL(1) × UR(1)

ψL = PLψ , ψR = PRψ , PL/R =
1

2
(1 ∓ γ5)

R0 =
σ0(γ∗ → hadrons)

σ0(γ∗ → µ+µ−)
= Nc

∑

f

q2
f

R1 = R0

(
1 +

αs

π

)

αs =
g2

s

4π

2

Check that the λ dependence fully cancels at the end of your calculation

k
a,μ b, ν



Ghosts

In covariant gauges gauge fixing term must be supplemented with ghost 
term to cancel unphysical longitudinal degrees of freedom which should 
not propagate

∑

f

ψ̄
′(f)
i

(
iD/′ij − mfδij

)
ψ

′(f)
j =

∑

f

ψ̄(f)
i (iD/ij − mfδij) ψ(f)

j

Lq,free =
∑

f

ψ̄(f)
i (i∂/ − mf) δijψ

(f)
j

Lgauge−fixing = − 1

2λ

(
∂µAa

µ

)2
AµAν

i

k2 + iε

(

−gµν +
(
1 − 1

λ

)
kµkν

k2

)

δab

Lghosts = ∂µηa†Dµ
abη

b

[ta, tb] = fabc tc

fabc = −facb = −fbac

Lgauge−fixing = − 1

2λ

(
∂µAA

µ

)2

ψ(f) →
∑

f ′
Uff ′

ψ(f ′)

LF =
∑

f

(
ψ̄(f)

L D/ψ(f)
L + ψ̄(f)

R D/ψ(f)
R

)
−

∑

f

mf

(
ψ̄(f)

R ψ(f)
L + ψ̄(f)

L ψ(f)
R

)

SUL(Nf ) × SUR(Nf) × UL(1) × UR(1)

ψL = PLψ , ψR = PRψ , PL/R =
1

2
(1 ∓ γ5)

R0 =
σ0(γ∗ → hadrons)

σ0(γ∗ → µ+µ−)
= Nc

∑

f

q2
f

R1 = R0

(
1 +

αs

π

)

2

η: complex scalar field which obeys Fermi statistics 

QCD Lagrangian

Feynman rules

Pictorial representation of SU(Nc) identities

Covariant gauge

Gauge fixing condition: ∂µAµ
a = 0

LGF = −
1

2α
(∂µAµ

a)2 ⇒ ∆ab
µν(k) =

i

k2
dµν

dµν =
X

λ

ε∗µ(k, λ)εν(k, λ) = −gµν + (1 − α)
kµkν

k2

Ghost Lagrangian:

LF P = ∂µc̄aDab
µ cb = ∂µc̄a∂µca − gfabc∂µc̄aAb

µcc

Quantum corrections introduce non-physical polarisations whose contribution is
cancelled by ghost-gluon interactions

2 2 2

=+1,!1,0! =+1,!1!

! =
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k
a b

i

k2
δab



Axial gauges

Alternative: choose an axial gauge (introduce an arbitrary direction n)

∑

f

ψ̄
′(f)
i

(
iD/′ij − mfδij

)
ψ

′(f)
j =

∑

f

ψ̄(f)
i (iD/ij − mfδij) ψ(f)

j

Lq,free =
∑

f

ψ̄(f)
i (i∂/ − mf) δijψ

(f)
j

Lgauge−fixing = − 1

2λ

(
∂µAa

µ

)2

i

k2 + iε

(

−gµν +
(
1 − 1

λ

)
kµkν

k2

)

δab

Lghosts = ∂µηa†Dµ
abη

b

Laxial gauge−fixing = − 1

2λ

(
nµAa

µ

)2

[ta, tb] = fabc tc

fabc = −facb = −fbac

Lgauge−fixing = − 1

2λ

(
∂µAA

µ

)2

ψ(f) →
∑

f ′
Uff ′

ψ(f ′)

LF =
∑

f

(
ψ̄(f)

L D/ψ(f)
L + ψ̄(f)

R D/ψ(f)
R

)
−

∑

f

mf

(
ψ̄(f)

R ψ(f)
L + ψ̄(f)

L ψ(f)
R

)

SUL(Nf ) × SUR(Nf) × UL(1) × UR(1)

ψL = PLψ , ψR = PRψ , PL/R =
1

2
(1 ∓ γ5)

R0 =
σ0(γ∗ → hadrons)

σ0(γ∗ → µ+µ−)
= Nc

∑

f

q2
f

2

The gluon propagator becomes

∑

f

ψ̄
′(f)
i

(
iD/′ij − mfδij

)
ψ

′(f)
j =

∑

f

ψ̄(f)
i (iD/ij − mfδij) ψ(f)

j

Lq,free =
∑

f

ψ̄(f)
i (i∂/ − mf) δijψ

(f)
j

Lgauge−fixing = − 1

2λ

(
∂µAa

µ

)2

i

k2 + iε

(

−gµν +
(
1 − 1

λ

)
kµkν

k2

)

δab

Lghosts = ∂µηa†Dµ
abη

b

Laxial gauge−fixing = − 1

2λ

(
nµAa

µ

)2

i

k2 + iε

(

−gµν +
nµkν + nνkµ

n · k − (n2 + λk2)kνkµ

(n · k)2

)

δab

[ta, tb] = fabc tc

fabc = −facb = −fbac

Lgauge−fixing = − 1

2λ

(
∂µAA

µ

)2

ψ(f) →
∑

f ′
Uff ′

ψ(f ′)

LF =
∑

f

(
ψ̄(f)

L D/ψ(f)
L + ψ̄(f)

R D/ψ(f)
R

)
−

∑

f

mf

(
ψ̄(f)

R ψ(f)
L + ψ̄(f)

L ψ(f)
R

)

SUL(Nf ) × SUR(Nf) × UL(1) × UR(1)

ψL = PLψ , ψR = PRψ , PL/R =
1

2
(1 ∓ γ5)

2

i.e. only two physical polarizations propagate, that’s why often the term 
physical gauge is used

Light cone gauge: n2 = 0 and λ = 0
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dµν =

dµνkµ = dµνnµ = 0

Axial gauges for k2 → 0



QCD Feynman rules: the vertices 
QCD Lagrangian

Feynman rules

Pictorial representation of SU(Nc) identities

Feynman rules: interaction vertexes

3-gluon: L = g
2 fabc(∂µAa

ν − ∂νAa
µ)Aµ

b Aν
c

a, !

b, "

c, #

q
3

q
2

q
1

−ig (ifabc)[gαβ(q1 − q2)γ + gβγ(q2 − q3)α + gγα(q3 − q1)β ]

4-gluon: L = −
g2

4 fabefcdeAµ
aAν

b Ac
µAd

ν

a, ! b, "

c, # d, $

−ig2 [ fabefcde(gαγgβδ − gαδgβγ)

+ facefbde(gαβgγδ − gαδgβγ)

+ fadefcbe(gαγgβδ − gαβgγδ)
i

Quark-gluon: L = −gψ̄A/a ta ψ Ghost-gluon: L = −gfabc∂µ c̄aAb
µcc

a, µ

ji

− ig taij γµ

a, µ

b c
q

− ig qµ(−ifabc)

Andrea Banfi Lecture 1
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L = −gfabc ∂η̄aAb
µ ηc



Color algebra: fundamental identities

Fundamental representation 3:

Trace identities:

αs =
g2

s

4π

R2 = R0

(

1 +
αs

π
+

(
αs

π

)2
(

c + πb0 ln
M2

UV

Q2

))

αs(µ) = αbare
s + b0 ln

M2
UV

µ2

(
αbare

s

)2

b0 =
11Nc − 4nfTR

12π

R = R0



1 +
αs(µ)

π
+

(
αs(µ)

π

)2 (

c + πb0 ln
µ2

Q2

)

+ O(α3
s(µ))





β(αren
s ) ≡ µ2αren

s

dµ2

β = −b0 α2
s(µ) + . . .

1

αs(µ)
= b0 ln

µ2

µ2
0

+
1

αs(µ0)

αs(µ) =
1

b0 ln µ2

Λ2

β = −α2
s(µ)

∑

i

biα
i
s(µ)

b0 =
11Nc − 4nfTR

12π

b1 =
17N2

c − 5Ncnf − 3CFnf

24π2

Tr(ta) = 0

Tr(ta tb) = TRδab

2

αs =
g2

s

4π

R2 = R0

(

1 +
αs

π
+

(
αs

π

)2
(

c + πb0 ln
M2

UV

Q2

))

αs(µ) = αbare
s + b0 ln

M2
UV

µ2

(
αbare

s

)2

b0 =
11Nc − 4nfTR

12π

R = R0



1 +
αs(µ)

π
+

(
αs(µ)

π

)2 (

c + πb0 ln
µ2

Q2

)

+ O(α3
s(µ))





β(αren
s ) ≡ µ2αren

s

dµ2

β = −b0 α2
s(µ) + . . .

1

αs(µ)
= b0 ln

µ2

µ2
0

+
1

αs(µ0)

αs(µ) =
1

b0 ln µ2

Λ2

β = −α2
s(µ)

∑

i

biα
i
s(µ)

b0 =
11Nc − 4nfTR

12π

b1 =
17N2

c − 5Ncnf − 3CFnf

24π2

Tr(ta) = 0

Tr(ta tb) = TRδab

2

Adjoint representation 8:
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i j = δij

= δaba b

a a b= 0 = TR

i j = taij

= ifabcba

c



Color algebra: Casimirs & Fierz identity

Fundamental representation 3:

Fierz identity:

Adjoint representation 8:  

QCD Lagrangian

Feynman rules

Pictorial representation of SU(Nc) identities

Casimir factors

Fundamental representation 3:

X

a

taiktakj = CF δij CF =
N2

c − 1

2Nc CF=

Adjoint representation 8:

X

cd

facdfbcd = CAδab CA = Nc
CA

=

Fierz identity:

(ta)i
k (ta)l

j =
1

2
δi
j δl

k −
1

2Nc
δ1
k δl

j

2

1

Nc2

1
= !

Gluons as carriers of colour in the large-Nc limit

+  O(1/N )c
1

2
=
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=
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∑

a

(taij)(t
a
kj) = CF δij CF =

N2
c − 1

2Nc

∑

cd

facdf bdc = CAδab CA = Nc

(ta)i
k(t

a)l
j

1

2
δi
jδ

l
k −

1

2Nc
δi
kδ

l
j

3

∑

a

(taij)(t
a
kj) = CF δij CF =

N2
c − 1

2Nc

∑

cd

facdf bdc = CAδab CA = Nc

(ta)i
k(t

a)l
j

1

2
δi
jδ

l
k −

1

2Nc
δi
kδ

l
j

3

∑

a

(taij)(t
a
kj) = CF δij CF =

N2
c − 1

2Nc

∑

cd

facdf bdc = CAδab CA = Nc

(ta)i
k(t

a)l
j =

1

2
δi
jδ

l
k −

1

2Nc
δi
kδ

l
j

3
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Color algebra: Casimirs & Fierz identity

Exercise: from the fact that the identity and t  form a complete set and 
using the trace relations for t  prove the Fierz identity

Exercise: in a similar way show that 

ifabc = 2Tr ([ta, tb]tc)

QCD       Hadron Collider Summer School ’08      G.Zanderighi 
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More on Color algebra

Jacobi identity:

Exercise: 

Yu. Dokshitzer

∑

a

(taij)(t
a
kj) = CF δij CF =

N2
c − 1

2Nc

∑

cd

facdf bdc = CAδab CA = Nc

(ta)i
k(t

a)l
j =

1

2
δi
jδ

l
k −

1

2Nc
δi
kδ

l
j

fabef cde + f bcefade + f caef bde = 0

3

Exercise:  using cyclic identity for commutators prove the Jacobi identity
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The R-ratio: perturbative expansion

U †U = UU † = 1 det(U) = 1

∑

i

ψ∗
i ψi →

∑

ijk

U∗
ijψjUikψk =

∑

k

ψ∗
kψk

∑

ijk

ψiψjψk →
∑

ijki′j′k′
U∗

ii′Ujj′Ukk′ψi′ψj′ψk′ =
∑

i′j′k′
ψi′ψj′ψk′

nq − nq̄ = n · 3 with n integer

R ≡ e+e− → hadrons

e+e− → µ+µ− ∝ Nc

∑

f

Q2
f

LQCD = −1

4
F µν

a F a
µν +

∑

f

ψ̄(f)
i (iD/ij − mfδij)ψ(f)

j

Dµ
ij ≡ i∂µδij − gst

a
ijA

µ
a , F a

µν ≡ ∂µAa
ν − ∂νA

a
µ − gsfabcA

b
µAc

ν

Lgauge−fixing = − 1

2λ

(
∂µAA

µ

)2

R0 =
σ0(γ∗ → hadrons)

σ0(γ∗ → µ+µ−)
= Nc

∑

f

q2
f

R1 = R0

(
1 +

αs

π

)

R2 = R0

(

1 +
αs

π

(
αs

π

)2
(

c + πb0 ln
M2

UV

Q2

))

1

To lowest order the R-ratio is given by
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This is because common factors cancel in numerator/denominator



The R-ratio: perturbative expansion

U †U = UU † = 1 det(U) = 1

∑

i

ψ∗
i ψi →

∑

ijk

U∗
ijψjUikψk =

∑

k

ψ∗
kψk

∑

ijk

ψiψjψk →
∑

ijki′j′k′
U∗

ii′Ujj′Ukk′ψi′ψj′ψk′ =
∑

i′j′k′
ψi′ψj′ψk′

nq − nq̄ = n · 3 with n integer

R ≡ e+e− → hadrons

e+e− → µ+µ− ∝ Nc

∑

f

Q2
f

LQCD = −1

4
F µν

a F a
µν +

∑

f

ψ̄(f)
i (iD/ij − mfδij)ψ(f)

j

Dµ
ij ≡ i∂µδij − gst

a
ijA

µ
a , F a

µν ≡ ∂µAa
ν − ∂νA

a
µ − gsfabcA

b
µAc

ν

Lgauge−fixing = − 1

2λ

(
∂µAA

µ

)2

R0 =
σ0(γ∗ → hadrons)

σ0(γ∗ → µ+µ−)
= Nc

∑

f

q2
f

R1 = R0

(
1 +

αs

π

)

R2 = R0

(

1 +
αs

π

(
αs

π

)2
(

c + πb0 ln
M2

UV

Q2

))

1

To lowest order the R-ratio is given by
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This is because common factors cancel in numerator/denominator

First order correction virtual real

Real and virtual do not interfere: different # of legs 

|A1|2 = |A0|2 + αs

(
|A1,r|2 + 2Re{A0A

∗
1,v}

)
+ O(α2

s) αs =
g2

s

4π

R1 = R0

(
1 +

αs

π

)First order result reads



R-ratio and UV divergences

U †U = UU † = 1 det(U) = 1

∑

i

ψ∗
i ψi →

∑

ijk

U∗
ijψjUikψk =

∑

k

ψ∗
kψk

∑

ijk

ψiψjψk →
∑

ijki′j′k′
U∗

ii′Ujj′Ukk′ψi′ψj′ψk′ =
∑

i′j′k′
ψi′ψj′ψk′

nq − nq̄ = n · 3 with n integer

R ≡ e+e− → hadrons

e+e− → µ+µ− ∝ Nc

∑

f

Q2
f

LQCD = −1

4
F µν

a F a
µν +

∑

f

ψ̄(f)
i (iD/ij − mfδij)ψ(f)

j

Dµ
ij ≡ i∂µδij − gst

a
ijA

µ
a , F a

µν ≡ ∂µAa
ν − ∂νA

a
µ − gsfabcA

b
µAc

ν

Lgauge−fixing = − 1

2λ

(
∂µAA

µ

)2

R0 =
σ0(γ∗ → hadrons)

σ0(γ∗ → µ+µ−)
= Nc

∑

f

q2
f

R1 = R0

(
1 +

αs

π

)

R2 = R0

(

1 +
αs

π
+

(
αs

π

)2
(

c + πb0 ln
M2

UV

Q2

))

1

Including the second order correction one gets

Ultra-violet divergences do not cancel. Result depends on UV cut-off. 

U †U = UU † = 1 det(U) = 1

∑

i

ψ∗
i ψi →

∑

ijk

U∗
ijψjUikψk =

∑

k

ψ∗
kψk

∑

ijk

ψiψjψk →
∑

ijki′j′k′
U∗

ii′Ujj′Ukk′ψi′ψj′ψk′ =
∑

i′j′k′
ψi′ψj′ψk′

nq − nq̄ = n · 3 with n integer

R ≡ e+e− → hadrons

e+e− → µ+µ− ∝ Nc

∑

f

Q2
f

LQCD = −1

4
F µν

a F a
µν +

∑

f

ψ̄(f)
i (iD/ij − mfδij)ψ(f)

j

Dµ
ij ≡ i∂µδij − gst

a
ijA

µ
a , F a

µν ≡ ∂µAa
ν − ∂νA

a
µ − gsfabcA

b
µAc

ν

Lgauge−fixing = − 1

2λ

(
∂µAA

µ

)2

R0 =
σ0(γ∗ → hadrons)

σ0(γ∗ → µ+µ−)
= Nc

∑

f

q2
f

R1 = R0

(
1 +

αs

π

)

R2 = R0

(

1 +
αs

π
+

(
αs

π

)2
(

c + πb0 ln
M2

UV

Q2

))

αs(µ) = αbare
s + b0 ln

M2
UV

µ2

(
αbare

s

)2

b0 =
11Nc − 4nfTR

12π

R = R0



1 +
αs(µ)

π
+

(
αs(µ)

π

)2 (

c + πb0 ln
µ2

Q2

)

+ O(α3
s(µ))




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Renormalization and running coupling

The divergence is dealt with by renormalizing the coupling constant

U †U = UU † = 1 det(U) = 1

∑

i

ψ∗
i ψi →

∑

ijk

U∗
ijψjUikψk =

∑

k

ψ∗
kψk

∑

ijk

ψiψjψk →
∑

ijki′j′k′
U∗

ii′Ujj′Ukk′ψi′ψj′ψk′ =
∑

i′j′k′
ψi′ψj′ψk′

nq − nq̄ = n · 3 with n integer

R ≡ e+e− → hadrons

e+e− → µ+µ− ∝ Nc

∑

f

Q2
f

LQCD = −1

4
F µν

a F a
µν +

∑

f

ψ̄(f)
i (iD/ij − mfδij)ψ(f)

j

Dµ
ij ≡ i∂µδij − gst

a
ijA

µ
a , F a

µν ≡ ∂µAa
ν − ∂νA

a
µ − gsfabcA

b
µAc

ν

Lgauge−fixing = − 1

2λ

(
∂µAA

µ

)2

R0 =
σ0(γ∗ → hadrons)

σ0(γ∗ → µ+µ−)
= Nc

∑

f

q2
f

R1 = R0

(
1 +

αs

π

)

R2 = R0

(

1 +
αs

π
+

(
αs

π

)2
(

c + πb0 ln
M2

UV

Q2

))

αs(µ) = αbare
s + b0 ln

M2
UV

µ2

(
αbare

s

)2

1

R expressed in terms of the renormalized coupling is finite

Renormalizability of the theory guarantees that the same redefinition of the 
coupling removes all UV divergences from all physical quantities (massless case)

U †U = UU † = 1 det(U) = 1

∑

i

ψ∗
i ψi →

∑

ijk

U∗
ijψjUikψk =

∑

k

ψ∗
kψk

∑

ijk

ψiψjψk →
∑

ijki′j′k′
U∗

ii′Ujj′Ukk′ψi′ψj′ψk′ =
∑

i′j′k′
ψi′ψj′ψk′

nq − nq̄ = n · 3 with n integer

R ≡ e+e− → hadrons

e+e− → µ+µ− ∝ Nc

∑

f

Q2
f

LQCD = −1

4
F µν

a F a
µν +

∑

f

ψ̄(f)
i (iD/ij − mfδij)ψ(f)

j

Dµ
ij ≡ i∂µδij − gst

a
ijA

µ
a , F a

µν ≡ ∂µAa
ν − ∂νA

a
µ − gsfabcA

b
µAc

ν

Lgauge−fixing = − 1

2λ

(
∂µAA

µ

)2

R0 =
σ0(γ∗ → hadrons)

σ0(γ∗ → µ+µ−)
= Nc

∑

f

q2
f

R1 = R0

(
1 +

αs

π

)

R2 = R0

(

1 +
αs

π
+

(
αs

π

)2
(

c + πb0 ln
M2

UV

Q2

))

αs(µ) = αbare
s + b0 ln

M2
UV

µ2

(
αbare

s

)2

R = R0



1 +
αs(µ)

π
+

(
αs(µ)

π

)2 (

c + πb0 ln
µ2

Q2

)

+ O(α3
s(µ))





1

Will not cover renomalization in these lectures, but it suffices to know 
that renormalization of S-matrix elements is achieved by replace bare 
masses and bare coupling with renormalized ones 

• the coupling ⇒ β function
• the masses ⇒ anomalous dimensions γm
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Regularization

Regularization: a way to handle divergences, i.e. make divergent quantities 
meaningful 

QCD       Hadron Collider Summer School ’08      G.Zanderighi 

In QCD dimensional regularization is today the standard procedure

Integrals which would diverge in D=4 are continued to D=4-2ε

Divergence show up us poles in ε

This procedure works both for UV divergences and IR divergences (see 
later)

Alternative regularization schemes: photon mass (EW), cut-offs, Pauli-Villard ... 



The beta-function

We immediately get

β(αren
s ) ≡ µ2αren

s

dµ2

β = −b0α
2
s(µ) + . . .

1

αs(µ)
= b0 ln

µ2

µ2
0

+
1

αs(µ0)

αs(µ) =
1

b0 ln µ2

Λ2

2

So at lowest order 

β(αren
s ) ≡ µ2αren

s

dµ2

β = −b0α
2
s(µ) + . . .

1

αs(µ)
= b0 ln

µ2

µ2
0

+
1

αs(µ0)

αs(µ) =
1

b0 ln µ2

Λ2

2

β(αren
s ) ≡ µ2αren

s

dµ2

β = −b0α
2
s(µ) + . . .

1

αs(µ)
= b0 ln

µ2

µ2
0

+
1

αs(µ0)

αs(µ) =
1

b0 ln µ2

Λ2

2

⇒
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The beta-function

We immediately get

β(αren
s ) ≡ µ2αren

s

dµ2

β = −b0α
2
s(µ) + . . .

1

αs(µ)
= b0 ln

µ2

µ2
0

+
1

αs(µ0)

αs(µ) =
1

b0 ln µ2

Λ2

2

So at lowest order 

β(αren
s ) ≡ µ2αren

s

dµ2

β = −b0α
2
s(µ) + . . .

1

αs(µ)
= b0 ln

µ2

µ2
0

+
1

αs(µ0)

αs(µ) =
1

b0 ln µ2

Λ2

2

β(αren
s ) ≡ µ2αren

s

dµ2

β = −b0α
2
s(µ) + . . .

1

αs(µ)
= b0 ln

µ2

µ2
0

+
1

αs(µ0)

αs(µ) =
1

b0 ln µ2

Λ2

2

⇒
Naively: Λ is the scale at which the coupling becomes infinite? NO! 
The coupling becomes large before and perturbation theory is unreliable
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= b0 ln
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µ2
0

+
1
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1

b0 ln µ2
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2

⇒
Naively: Λ is the scale at which the coupling becomes infinite? NO! 
The coupling becomes large before and perturbation theory is unreliable

Practically: Λ is the scale which effectively controls the hadron masses
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The beta-function

We immediately get

β(αren
s ) ≡ µ2αren

s

dµ2

β = −b0α
2
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1

αs(µ)
= b0 ln
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µ2
0

+
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αs(µ0)
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b0 ln µ2
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2

So at lowest order 

β(αren
s ) ≡ µ2αren
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dµ2

β = −b0α
2
s(µ) + . . .

1

αs(µ)
= b0 ln

µ2

µ2
0

+
1

αs(µ0)

αs(µ) =
1

b0 ln µ2
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2

β(αren
s ) ≡ µ2αren

s
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β = −b0α
2
s(µ) + . . .

1

αs(µ)
= b0 ln

µ2

µ2
0

+
1

αs(µ0)

αs(µ) =
1

b0 ln µ2

Λ2

2

⇒

Technically: Λ is the integration constant in the above formula for αs. 
If one changes the formula, one must change Λ (e.g. if one goes from one 
to two-loops or if one changes the number of active flavours)

Naively: Λ is the scale at which the coupling becomes infinite? NO! 
The coupling becomes large before and perturbation theory is unreliable

Practically: Λ is the scale which effectively controls the hadron masses
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The beta-function

We immediately get

β(αren
s ) ≡ µ2αren

s

dµ2

β = −b0α
2
s(µ) + . . .

1

αs(µ)
= b0 ln
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αs(µ) =
1

b0 ln µ2

Λ2
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So at lowest order 

β(αren
s ) ≡ µ2αren

s

dµ2

β = −b0α
2
s(µ) + . . .

1

αs(µ)
= b0 ln

µ2

µ2
0

+
1

αs(µ0)

αs(µ) =
1

b0 ln µ2

Λ2

2

β(αren
s ) ≡ µ2αren
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dµ2

β = −b0α
2
s(µ) + . . .

1

αs(µ)
= b0 ln

µ2

µ2
0

+
1

αs(µ0)

αs(µ) =
1

b0 ln µ2

Λ2

2

⇒

Technically: Λ is the integration constant in the above formula for αs. 
If one changes the formula, one must change Λ (e.g. if one goes from one 
to two-loops or if one changes the number of active flavours)

Naively: Λ is the scale at which the coupling becomes infinite? NO! 
The coupling becomes large before and perturbation theory is unreliable

Question: what is different in QED? Why does nobody talk about ΛQED ?

Practically: Λ is the scale which effectively controls the hadron masses
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Renormalization Group Equation
The renormalization scale is arbitrary. Dependence on it must cancel in 
physical observables up to the order to which one does the calculation. 

So, for any observable A one can write a renormalization group equation 
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β(αs) = µ2 ∂αs

∂µ2 αs = αs(µ2)
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β(αs) = µ2 ∂αs

∂µ2

Then 
∂αs(Q2)

∂t
= β(αs(Q2))

∂αs(Q2)
∂αs(µ2)

=
β(αs(Q2))
β(αs(µ2))

A(1,αs(Q2))Hence                    is solution to the RGE equation 
All scale dependence of A enters only through the running of the 
coupling: knowledge of                    allows one to compute the variation 
of A with Q if the beta-function is known 

A(1,αs(Q2))

αs = αs(µ2)

Introduce [
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∂t
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More on the beta-function

Expansion of the beta-function: 

β(αren
s ) ≡ µ2αren
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β = −b0 α2
s(µ) + . . .

1
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Today, the beta-function known up to four loops, but only first two 
coefficients are independent of the renormalization scheme

Beta function
Running of the QCD coupling αS is determined by the β function, which has the
expansion

β(αS) = −bα2
S(1 + b′αS) + O(α4

S)

b =
(11CA − 2Nf )

12π
, b′ =

(17C2
A − 5CANf − 3CF Nf )

2π(11CA − 2Nf )
,

where Nf is number of “active” light flavours. Terms up to O(α5
S) are known.

1-loop and 2-loop
terms are scheme
independent
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NB: 
(a) negative contribution to b0  ~ nf

(b) positive contribution to b0  ~ Nc

(b) > (a) ⇒ b0 > 0
while in QED (b) = 0 ⇒ b0,QED < 0 
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Measurements of the running coupling

expression:

R3 =
σ(e+e− → 3 − jets)

σ(e+e− → hadrons)
= C1 (ycut)αs(µ

2) + C2(ycut, µ
2)α2

s (µ
2) ,

in NLO perturbation theory. In leading order, R3 is thus directly proportional to αs, and any
energy dependence of R3 observed in the data must be due to the energy dependence of αs - if there
are no other energy dependent effects. The coefficients C1 and C2 are energy independent. They
can be reliably calculated and predicted by QCD, whereby the renormalisation scale dependence
of C2 is only a small disturbance.

• Model studies showed that hadronisation corrections to R3 are small and, in a suitable range of
centre of mass energies, almost constant, see figure 7 [26].

• The JADE jet algorithm is particlarly easy to apply to measured hadronic final states, and cor-
rections due to limited detector resolution and acceptance are small and manageable.

Figure 8: Energy dependence of 3-jet event production rates, measured using the JADE jet finder at
a scaled jet energy resolution ycut = 0.008. The errors are experimental. The data are not corrected
for hadronisation effects. They are compared to theoretical expectations of QCD, of an abelian vector
gluon model, and to the hypothesis of a constant coupling strength.

The first experimental study of the energy dependence of 3-jet event production rates, at c.m.
energies etween 22 and 46 GeV, analysed for constant jet resolution ycut at the e+e− collider PETRA,
gave first evidence for the energy dependence of αs already in 1988 [26]. These data are shown in
figure 8, together with more results from eperiments at the PEP, TRISTAN [51] and finally, at the
LEP collider [52]. The measured 3-jet rates significantly decrease with increasing centre of mass energy,
in excellent agreement with the decrease predicted by QCD. The hypthesis of an energy independent
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coupling, and especially the prediction of an alternative, QED-like abelian vector gluon model, where
gluons carry no colour charge, are in apparent contradiction with the data [52].

In order to further demonstrate asymptotic freedom with these data, they are - combined at suitable
mean energies - plotted against 1/ lnEcm, as shown in figure 9. For infinite energies, Ecm → ∞, αs and
thus R3 are expected to vanish to zero, which is in very good agreement with the data.
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Figure 9: 3-jet event production rates as shown in Fig. 8, however as a function of 1/ lnEcm, to
demonstrate that R3 ∝ αs → 0 at asymptotic (i.e. infinite) energies.

4.2 Evidence for the gluon self coupling

The gluon self-coupling, as a direct consequence of gluons carrying colour charge by themselves, is
essential for the prediction of asymptotic freedom. A rather direct method to detect effects of gluon-
selfcoupling was accomplished at the LEP collider, by analysing distributions which are sensitive to
the spin structure of hadronic 4-jet final states [27]. For instance, the so-called Bengtson-Zerwas angle,
χBZ [53], measuring the angle between the planes defined by the two highest and the two lowest energy
jets, is rather sensitive to the difference of a gluon-jet splitting into two gluons, which in QCD is the
dominant source of 4-jet final states, and a gluon splitting to a quark-antiquark pair, which is the
dominant process in an abelian vector theory where gluons carry no colour charge.

The results of an early study which showed convincing evidence for the gluon self coupling [54] after
only one year of data taking, is shown in figure 10. The data clearly favour the QCD prediction and
rule out the abelian vector gluon case.
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Figure 12: The values of αs from 4-jet event producion. Errors are experimental (inner marks) and
the total errors [60, 56, 57, 58]. The lines indicate the QCD prediction for the running of αs with
αs(MZ0) = 0.1182 ± 0.0027 [69].

5 QCD tests in deep inelastic lepton-nucleon scattering

As outlined in section 2 and 3, the observation of approximate scaling of nuclear structure functions, and
thereafter, with higher precision and extended ranges of x and Q2, of (logarithmic) scaling violations,
originally boosted the development of the quark-parton model and of QCD. The limited range of
fixed-target lepton-nucleon scattering experiments in x and Q2, however, prevented significant and
unambiguous tests of QCD scaling violations and the running of αs, see e.g. [24].

This picture changed dramatically when the HERA electron-proton and positron-proton collider
started operation in 1991, with lepton beam energies of 30 GeV and protons of 920 GeV. HERA
extended the range in Q2 by more than 2 orders of magnitude towards higher values, and the range
in x by more than 3 orders of magnitude towards smaller values. With these parameters, precise tests
of scaling violations of structure functions, but also precise determinations of the running αs from
jet production were achieved. While these two topics will be reviewd in the following subsections, a
summary of significant αs determinion in deep inelastic scattering will be included in section 6, see also
[32, 81, 69].

5.1 Basic introduction to structure functions

Cross sections of physical processes in lepton-nucleon scattering and in hadron-hadron collisions depend
on the quark- and gluon-densities in the nucleon. Assuming factorisation between short-distance, hard
scattering processes which can be calculated using QCD perturbation theory, and low-energy or long-
range effects which are not accessible by perturbative methods, such cross sections are parametrized
by a set of structure functions Fi (i= 1,2,3). The transition between the long- and the short-range

22

HERA

0.1

0.15

0.2

0.25

10 10
2

QCD
!

s
(M

Z
) = 0.118 ± 0.003

   ZEUS

   H1

 E
T

  jet   (GeV)

!
s

(a)

Figure 16: Results of αs as a function of Ejet
T from HERA experiments H1 and ZEUS [67].

uncertainties. Although the error on this result, with a wider treatment of systematics, can well
increase by a factor of 2 [72], the published value is retained for further analysis in this review.

• New analyses and a new combination of results from jet production in deep inelastic electron or
positron - proton scattering at HERA [67], as shown in figure 16, provided an improved overall
value of αs(MZ0) = 0.1186 ± 0.0051, in NLO of perturbative QCD.

• A new study of hadron masses using predictions from lattice gauge theory, including vacuum polar-
isation effects from all three light quark flavours and improved third and higher order perturbative
terms, resulted in a new and improved value of αs(MZ0) = 0.1170 ± 0.0012 [73]. Although the
methods used in this study and the small size of the claimed overall error are still under discussion
[74], the published value is retained here for further discussion.

• New studies of 4-jet final states in e+e− annihilation at LEP [56, 57, 58, 60], see also section 4.4,
and a combination of the respective αs results give a new average of αs(MZ0) = 0.1176 ± 0.0022,
in O(α3

s ) which, for 4-jet production, corresponds to NLO in perturbative QCD.

In the following overall summary of measurements of αs, these four results will replace the respective
values used in the previous summary of 2004 [69].

6.3 αs summary

The new overall summary of αs is given in table 1, where the new and updated results discussed in
the previous section are underlined. Most of the results given in table 1 are combined from several
or many individual measurements of different experiments and groups. For results obtained at fixed
energy scales Q (or in narrow ranges of Q), the value of αs(Q) is given, together with the extrapolation
to the “standard” energy scale, Q = MZ0 , using equation 7 in 4-loop approximation and 3-loop quark
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threshold matching at the heavy quark pole masses Mc = 1.5 GeV and Mb = 4.7 GeV. Results from
data in ranges of energies are only given for Q = MZ0 . Where available, the table also contains the
contributions of experimental and theoretical uncertainties to the total errors in αs(MZ0).

Finally, in the last two columns of table 1, the underlying theoretical calculation for each mea-
surement and a reference to this result are given, where NLO stands for next-to-leading order, NNLO
for next-next-to-leading-order of perturbation theory, “resum” stands for resummend NLO calculations
which include NLO plus resummation of all leading und next-to-leading logarithms to all orders (see
[39] and [32]), and “LGT” indicates lattice gauge theory.

Figure 17: . Summary of measurements of αs(Q) as a function of the respective energy scale Q, from
table 1. Open symbols indicate (resummed) NLO, and filled symbols NNLO QCD calculations used in
the respective analysis. The curves are the QCD predictions for the combined world average value of
αs(MZ0), in 4-loop approximation and using 3-loop threshold matching at the heavy quark pole masses
Mc = 1.5 GeV and Mb = 4.7 GeV.

In figure 17, all results of αs(Q) given in table 1 are graphically displayed, as a function of the
energy scale Q. Those results obtained in ranges of Q and given, in table 1, as αs(MZ0) only, are not
included in this figure - with one exception: the results from jet production in deep inelastic scattering
are represented in table 1 by one line, averaging over a range in Q from 6 to 100 GeV, while in figure 17
combined results for fixed values of Q as presented in [67] are displayed.
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now have reached a maturity which may be comparable to those in (NNLO) perturbation theory - and
lattice gauge results are most likely not correlated with classical perturbation theory, thereby adding an
independent input to the standard selection. Finally, in order to reach a higher degree of independence
between the results included in the averaging procedure, data from different processes should be chosen,
avoiding a possible bias towards any direction. In this sense, the precise determinations of αs from 4-jet
events in e+e− annihilation at Q = Mz, from event shapes and jets at Q = 189 GeV and from jets in
deep inelastic scatterin are also chosen to be included.

Follwing this strategy, 10 results are henceforth selected to be included in the averaging procedure.
They are summarised in table 2 and average to αs(MZ0) = 0.1189±0.0007 , with an overall χ2 of 9.9 for
9 degrees of freedom. Since the χ2 is larger than unity per d.o.f., no common correlation factor needs
to be assumed; in fact, in order to reach exactly 1 per d.o.f., the assigned errors of single measurements
should be increased, a method which is frequently used e.g. in [31].

The fact that - in contrast to the case of previous reviews, see e.g. [32, 69] - χ2/d.o.f. is not smaller
than unity is mainly caused by two of the updates which were discussed above, namely by the new
assessment of τ decays and from heavy hadron masses in lattice theory. Both have the smallest overall
errors assigned - ±0.0012 on αs(MZ0). Treating these as gaussian and independent errors, the two
results are 2.7 standard deviations apart from each other.

The question whether one or both of these measurements has underestimated its assigned overall
uncertainty cannot finally be answered. The significance of each of the 10 selected measurements can
be judged from the last column of table 2, which shows the deviation of the respective average value
of αs(MZ0) when omitting this particular measurement in the averaging procedure. The maximum
deviation observed is +0.0011 − 0.0013, a value which is compatible with a total error of ±0.0010.
The largest change in χ2 is observed when the result from τ decays is left out - a possible hint for an
underestimation of its assigned error.

Leaving out two of the 10 selected measurements when averaging the results gives values of αs(MZ0)
which vary between 0.1173 and 0.1205; these two extremes again average to 0.1189 with a maximum
deviation of 0.0016.

In view of these studies and variations, it is finally concluded that

αs(MZ0) = 0.1189 ± 0.0010

is the new world average10 of αs. Here, the overall error decreased by almost a factor of three as compared
to the previous review [69]. This small error, however, appears to be realistic since all measurements
agree well with this new average, as can be seen in figure 17: the error band is very narrow, but all the
data are consistent with this result.

We have therefore reached, after 30 years of QCD, the case that not only asymptotic freedom is
proven, beyond any doubts, by the data, but also that αs(MZ0) is now known very precisely, to better
than 1% accuracy!

7 Summary and Outlook

The concept of asymptotic freedom, i.e. the QCD prediction of an inverse logarithmic decrease of the
coupling strength αs with the energy or the momentum transfer in high energy scattering reactions, was
shown to be significantly and reliably verified by a number of different measurements. Historically, the
first signatures for asymptotic freedom came from the observation of approximate scaling of structure
functions in deep inelastic lepton-nucleon scattering experiments, and the subsequent observation of

10A small increase of the error of 0.0007 from the covariance matrix seems justified, due to the scatter of averages when
leaving out one or two of the results, and due to χ2 being slightly larger than 1 per d.o.f.
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Measurements of the running coupling

Current experimental results on αS

Bethke,hep-ph/0407021

αS(MZ) = 0.1182 ± 0.0027, MS, NNLO
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αS is large at current scales.

Measurement αS is stable,
(αS(MZ) = 0.1183 ± 0.0027 in 2002).
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Higher order corrections are and will con-
tinue to be important.
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To remember: 

• overall consistent picture: αs from very 
different observables compatible

• αs  is not so small at current scales  

• αs  decreases very slowly at higher 
energies (logarithmic only) 

• higher order corrections are and will 
remain important 

now have reached a maturity which may be comparable to those in (NNLO) perturbation theory - and
lattice gauge results are most likely not correlated with classical perturbation theory, thereby adding an
independent input to the standard selection. Finally, in order to reach a higher degree of independence
between the results included in the averaging procedure, data from different processes should be chosen,
avoiding a possible bias towards any direction. In this sense, the precise determinations of αs from 4-jet
events in e+e− annihilation at Q = Mz, from event shapes and jets at Q = 189 GeV and from jets in
deep inelastic scatterin are also chosen to be included.

Follwing this strategy, 10 results are henceforth selected to be included in the averaging procedure.
They are summarised in table 2 and average to αs(MZ0) = 0.1189±0.0007 , with an overall χ2 of 9.9 for
9 degrees of freedom. Since the χ2 is larger than unity per d.o.f., no common correlation factor needs
to be assumed; in fact, in order to reach exactly 1 per d.o.f., the assigned errors of single measurements
should be increased, a method which is frequently used e.g. in [31].

The fact that - in contrast to the case of previous reviews, see e.g. [32, 69] - χ2/d.o.f. is not smaller
than unity is mainly caused by two of the updates which were discussed above, namely by the new
assessment of τ decays and from heavy hadron masses in lattice theory. Both have the smallest overall
errors assigned - ±0.0012 on αs(MZ0). Treating these as gaussian and independent errors, the two
results are 2.7 standard deviations apart from each other.

The question whether one or both of these measurements has underestimated its assigned overall
uncertainty cannot finally be answered. The significance of each of the 10 selected measurements can
be judged from the last column of table 2, which shows the deviation of the respective average value
of αs(MZ0) when omitting this particular measurement in the averaging procedure. The maximum
deviation observed is +0.0011 − 0.0013, a value which is compatible with a total error of ±0.0010.
The largest change in χ2 is observed when the result from τ decays is left out - a possible hint for an
underestimation of its assigned error.

Leaving out two of the 10 selected measurements when averaging the results gives values of αs(MZ0)
which vary between 0.1173 and 0.1205; these two extremes again average to 0.1189 with a maximum
deviation of 0.0016.

In view of these studies and variations, it is finally concluded that

αs(MZ0) = 0.1189 ± 0.0010

is the new world average10 of αs. Here, the overall error decreased by almost a factor of three as compared
to the previous review [69]. This small error, however, appears to be realistic since all measurements
agree well with this new average, as can be seen in figure 17: the error band is very narrow, but all the
data are consistent with this result.

We have therefore reached, after 30 years of QCD, the case that not only asymptotic freedom is
proven, beyond any doubts, by the data, but also that αs(MZ0) is now known very precisely, to better
than 1% accuracy!

7 Summary and Outlook

The concept of asymptotic freedom, i.e. the QCD prediction of an inverse logarithmic decrease of the
coupling strength αs with the energy or the momentum transfer in high energy scattering reactions, was
shown to be significantly and reliably verified by a number of different measurements. Historically, the
first signatures for asymptotic freedom came from the observation of approximate scaling of structure
functions in deep inelastic lepton-nucleon scattering experiments, and the subsequent observation of

10A small increase of the error of 0.0007 from the covariance matrix seems justified, due to the scatter of averages when
leaving out one or two of the results, and due to χ2 being slightly larger than 1 per d.o.f.
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Asymptotic freedom & confinement

Asymptotic freedom: 
- coupling smaller at higher energies (smaller distances). Theory 

becomes effectively free
- a consequence of the sign of the beta function
- perturbation theory predicts asymptotic freedom

Confinement: 
- related to the fact that the coupling increases at small energies 
- however, the behavior is theoretically unknown because perturbation 

theory breaks down
- we do not have a rigorous explanation for confinement
- we just observe that all partons are confined into color singlet 

hadrons
- we assume that confinement always holds. Proof worth a Nobel Price.

QCD often relies on unproven assumptions
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The soft approximation

Consider the soft approximation: 
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p2

Let’s consider again the R-ratio. This is determined by γ∗ → qq̄

At leading order: 

Mµ
0 = ū(p1)(−ieγµ)v(p2)
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p2
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Let’s consider again the R-ratio. This is determined by γ∗ → qq̄

At leading order: 

Mµ
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Emit one gluon:

Mµ
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i(/p1 + /k)
(p1 + k)2

(−ieγµ)v(p2)

− ū(p1)(−ieγµ)
i(/p2 + /k)
(p2 + k)2

(−igst
a/ε)v(p2)

p1

p2

−ieγµ
k, ε

Consider the soft approximation: k ! p1, p2

⇒ factorization
     of soft part

Mµ
qq̄g = ū(p1) ((−ieγµ)(−igst

a)v(p2))
(

p1ε

p1k
− p2ε

p2k

)



Soft divergences

The squared amplitude becomes

Consider the soft approximation: 

|Mqq̄g|2 =
∑

pol

∣∣∣∣M
µ
qq̄(−igst

a)
(

p1ε

p1k
− p2ε

p2k

)∣∣∣∣
2

= |Mqq̄|2CF g2
s

2p1p2

(p1k)(p2k)
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Soft divergences

The squared amplitude becomes

Consider the soft approximation: 

|Mqq̄g|2 =
∑

pol

∣∣∣∣M
µ
qq̄(−igst

a)
(

p1ε

p1k
− p2ε

p2k

)∣∣∣∣
2

= |Mqq̄|2CF g2
s

2p1p2

(p1k)(p2k)

dφqq̄g|Mqq̄g|2 = dφqq̄|Mqq̄|2 d3k

2ω(2π)3
CF g2

s
2p1p2

(p1k)(p2k)

= dφqq̄|Mqq̄|2ωdωd cos θ
dφ

2π

2αsCF

π

1
ω2(1− cos2 θ)

Including phase space
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∣∣∣∣ū(p1) ((−ieγµ)(−igst
a)v(p2))

(
p1ε

p1k
− p2ε

p2k

)∣∣∣∣
2



Soft divergences

The squared amplitude becomes

Consider the soft approximation: 

|Mqq̄g|2 =
∑

pol

∣∣∣∣M
µ
qq̄(−igst

a)
(

p1ε

p1k
− p2ε

p2k

)∣∣∣∣
2

= |Mqq̄|2CF g2
s

2p1p2

(p1k)(p2k)

dφqq̄g|Mqq̄g|2 = dφqq̄|Mqq̄|2 d3k

2ω(2π)3
CF g2

s
2p1p2

(p1k)(p2k)

= dφqq̄|Mqq̄|2ωdωd cos θ
dφ

2π

2αsCF

π

1
ω2(1− cos2 θ)

Including phase space

dσqq̄g = dσqq̄
2αsCF

π

dω

ω

dθ

sin θ

dφ

2π

The differential cross section is
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|Mµ
qq̄g|2 =

∑

pol

∣∣∣∣ū(p1) ((−ieγµ)(−igst
a)v(p2))

(
p1ε

p1k
− p2ε

p2k

)∣∣∣∣
2



Consider the soft approximation: 

dσqq̄g = dσqq̄
2αsCF

π

dω

ω

dθ

sin θ

dφ

2π

Cross section for producing a qq-pair and a gluon is    (infrared divergent)!

Soft & collinear divergences

ω →0: soft divergence

θ → 0: collinear divergence
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Consider the soft approximation: 

dσqq̄g = dσqq̄
2αsCF

π

dω

ω

dθ

sin θ

dφ

2π

Cross section for producing a qq-pair and a gluon is    (infrared divergent)!

Soft & collinear divergences

ω →0: soft divergence

θ → 0: collinear divergence
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But the full O(αs) correction to R is finite, because one must include a 
virtual correction which cancels the divergence of the real radiation 

dσqq̄,v ∼ −dσqq̄
2αsCF

π

dω

ω

dθ

sin θ

dφ

2π

NB: here we kept only soft terms, if we do the full calculation one gets the  
αs/π relative correction as before

+

∞



Consider the soft approximation: 

Soft & collinear divergences 

ω →0 soft divergence: the four-momentum of the emitted particle 
approaches zero, typical of gauge theories, even if matter (radiating 
particle) is massive 

θ → 0 collinear divergence: particle emitted collinear to emitter. 
Divergence present only if all particles involved are massless

Exercise: repeat the above calculation with massive fermions and show 
that the fermion mass regulates the collinear divergences and that only 
the infrared divergence survives
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Consider the soft approximation: 

Infrared safety (= finiteness)

So, the R-ratio is an infrared safe quantity. 

• are there other IR-safe quantities? 
• what property of R guarantees its IR-safety? 

In perturbation theory one can compute only IR-safe quantities, otherwise 
get    , which can not be renormalized away (by the way: why not?) 

So, the natural questions are: 
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Sterman-Weinberg jets

First formulation of cross-sections which are finite in perturbation theory 
and describe the hadronic final state

Introduce two parameters ε and δ: 
a pair of Sterman-Weinberg jets are 
two cones of opening angle δ that 
contain all the energy of the event 
excluding at most a fraction ε

4.1 Sterman–Weinberg jets

Sterman and Weinberg [14] first realized that one can define a cross section which is calculable and finite

in perturbation theory, and characterizes in some way the hadronic final state. The definition goes as

follows.

We define the production of a pair of Sterman–Weinberg jets, depending on the parameters ε
and δ, in the following way. A hadronic event in e+e− annihilation, with centre-of-mass energy E,
contributes to the Sterman–Weinberg jets cross section if we can find two cones of opening angle δ that
contain more than a fraction 1 − ε of the total energy E. In other words εE is the maximum energy

allowed outside of the cones. An example of Sterman-Weinberg jet event is illustrated in fig. 11. We

Fig. 11: Sterman–Weinberg jets.

will now show that the computation of the cross section for the production of Sterman–Weinberg jets, in

the approximation introduced in the previous chapter, is infrared finite. The various contributions to the

cross section (illustrated in fig. 12) are as follows

• All the Born cross section contributes to the Sterman–Weinberg cross section, for any ε and δ
(fig. 12a).

• All the virtual cross section contributes to the Sterman–Weinberg cross section, for any ε and δ
(fig. 12b).

• The real cross section, with one gluon emission, when the energy of the emitted gluon l0 is limited
by l0 < εE (fig. 12c), contributes to the Sterman–Weinberg cross section.

• The real cross section, when l0 > εE, when the emission angle with respect to the quark (or
antiquark) is less than δ (fig. 12d), contributes to the Sterman–Weinberg cross section.

The various contributions are given formally by

Born = σ0 (78)

Virtual = −σ0
4αSCF

2π

∫ E

0

dl0

l0

∫ π

θ=0

d cos θ

1 − cos2 θ
(79)

Real (c) = σ0
4αSCF

2π

∫ εE

0

dl0

l0

∫ π

θ=0

d cos θ

1 − cos2 θ
(80)

Real (d) = σ0
4αSCF

2π

∫ E

εE

dl0

l0

[∫ δ

θ=0

d cos θ

1 − cos2 θ
+

∫ π

θ=π−δ

d cos θ

1 − cos2 θ

]
. (81)

22
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22

Why finite? the cancelation between 
real and virtual is not destroyed in 
the soft/collinear regions
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22

Why finite? the cancelation between 
real and virtual is not destroyed in 
the soft/collinear regions

Kinoshita-Lee-Nauenberg (KLN) theorem:
final-state infrared divergences cancel in measurable quantities (transition 
probabilities, cross-sections summed over indistinguishable states... ) 
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Consider the soft approximation: 

Exercise: show that the Sterman-Weinberg jet cross-section up to O(αs) is 
given by 

Sterman-Weinberg jets

σ1 = σ0

(
1 +

2αsCF

π
ln ε ln δ2

)

Effective expansion 
parameter in QCD is 
often αsCF/π not αs

αs-expansion enhanced by 
a double log: left-over from 
real-virtual cancellation

NB: 
• if ε and/or δ become too small the above result does not make sense
• if more gluons are allowed, one gets for each allowed gluon

- a power of αsCF/π
- a soft logarithm lnε
- a collinear logarithm lnδ

• if the logs are large, fixer order meaningless, one needs to resum large 
infrared and collinear logarithms to all orders in the coupling constant
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Consider the soft approximation: 

An observable     is infrared and collinear safe if

Infrared safety: definition 

On+1(k1, k2, . . . , ki, kj , . . . kn)→ On(k1, k2, . . . ki + kj , . . . kn)

whenever one of the ki/kj becomes soft or ki and kj are collinear 

O

i.e. the observable is insensitive to emission of soft particles or to collinear 
splittings
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IR-safe or not?
‣multiplicity of the event
‣cross section for producing one gluon with               and 
‣cross section for producing any number of gluons each with            

and 

E > Emin θ > θmin

E > Emin

θ > θmin



Consider the soft approximation: 

Recap

QCD is in principle a simple theory based on a simple Lagrangian 
with gauge group is SU(3)

There are UV divergences but they are dealt with by renormalization 
(coupling + masses)

The theory is asymptotically free and consistent with confinement 

There are potential infrared and collinear divergences ⇒ not all 
quantities can be computed in PT, but we saw what is the property of 
observables guaranties IR-finiteness

The coupling runs ⇒ beta-function. Because the coupling is small-ish 
at high energies we can use perturbation theory 
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