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(Some of the) Challenges for nuclear theory
• Neutrino-oscillation parameters, including δCP, will be accurately measured

• Nuclear dynamics determines the structure of neutron stars, imprinted in gravitational-wave 
signals, and their cooling via the emission of neutrinos



Momentum scales at play with neutrinos
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Oscillation experiments

Muon capture
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Single-beta decays
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• Nuclear microscopic approaches are based on the non relativistic hamiltonian

H =
X

i

p2
i

2m
+

X

i<j

vij +
X

i<j<k

Vijk + . . .

• Argonne v18 is a finite, local, configuration-space potential controlled by ~4300 np and pp 
scattering data below 350 MeV of the Nijmegen database
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• Three-nucleon interactions effectively include the lowest nucleon excitation, the ∆(1232) 
resonance, end other nuclear effects
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Electroweak currents
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FIG. 4: (Color online) Magnetic moments in nuclear magne-
tons for A ≤ 9 nuclei. Black stars indicate the experimen-
tal values [35–37], while blue dots (red diamonds) represent
GFMC calculations which include the IA one-body EM cur-
rent (total χEFT current up to N3LO). Predictions are for
nuclei with A > 3.

and the NLO OPE term contributes in both the trinu-
cleon clusters and in between the trinucleon clusters and
the valence pp (nn) pair. The IA m.m. for 9Be is close
to the experimental value, while those for 9Li and 9C
are far from the data, so this pattern of small and large
MEC corrections provides good overall agreement with
the data.

The χEFT results reported in Tables III and V are
summarized in Fig. 4, where the experimental data [34–
37] (there are no data for the m.m. of 9B) are repre-
sented by black stars. We show also the experimen-
tal values for the proton and neutron m.m.’s, as well
as their sum, which corresponds to the m.m. of an S-
wave deuteron. The experimental values of the A = 2–3
m.m.’s have been utilized to fix the LECs, therefore pre-
dictions are for A > 3 nuclei. The blue dots labeled
as GFMC(IA) represent theoretical predictions obtained
with the standard IA one-nucleon EM current entering
at LO: diagram (a) of Fig. 1. The GFMC(IA) results
reproduce the bulk properties of the m.m.’s of the light
nuclei considered here. In particular, we can recognize
three classes of nuclei with non-zero m.m.’s, i.e., odd-
even nuclei whose m.m.’s are driven by an unpaired va-
lence proton, even-odd nuclei driven by an unpaired va-
lence neutron, and odd-odd nuclei with either a deuteron
cluster or a triton-neutron (3He-proton) cluster outside
an even-even core. Predictions which include all the con-
tributions to the N3LO χEFT EM currents illustrated
in Fig. 1 are represented by the red diamonds of Fig. 4,
labeled GFMC(TOT). In all cases except 6Li and 9Be
(where the IA is already very good and the MEC correc-
tion is very small) the predicted m.m.’s are closer to the
experimental data when the MEC corrections are added
to the IA one-body EM operator.

It is also interesting to consider the spatial distribution
of the various contributions to the m.m., i.e., to examine
the magnetic density. The one-body IA contributions
from the starting VMC wave functions are shown in Fig. 5
for the isobaric analog pairs 7Li–7Be, 8Li–8B, and 9Li–
9C. (The VMC values for the IA m.m.’s are within a few
% of the final GFMC values, so we expect their spatial
distribution to be reasonably accurate.) In the figure, the
red upward-pointing triangles are the contribution from
the proton spin, µp[ρp↑(r)−ρp↓(r)], and similarly the blue
downward-pointing triangles are the contribution from
the neutron spin. The green diamonds are the proton
orbital (convection current) contribution, and the black
circles are the sum. The integrals of the black curves over
d3r give the total m.m.’s of the nuclei in IA.

For the neutron-rich lithium isotopes, there is one un-
paired proton (embedded in a p-shell triton cluster) with
essentially the same large positive contribution in all
three cases. The proton orbital term is also everywhere
positive, but relatively small. For 7Li and 9Li, the neu-
trons are paired up, and give only a small contribution,
so the total m.m. is close to the sum of the proton spin
and orbital parts. However 8Li has one unpaired neu-
tron which acts against the proton and significantly re-
duces the overall m.m. values. For the proton-rich iso-
baric analogs, there is one unpaired neutron (embedded
in a p-shell 3He cluster) with the same sizable negative
contribution in all three cases. In 7Be and 9C, the pro-
tons are paired up and give little net contribution, but
the orbital term is always positive and acts against the
neutron spin term. In 8B there is also one unpaired pro-
ton, which gives a bigger contribution than the unpaired
neutron and results in a net positive m.m. value.

In Table VI, we explicitly show the various contribu-
tions entering the χEFT operator. The labeling in the
table has been defined in Sec. III A. We list the contribu-
tions at each order. At N3LO, we separate the terms that
do not depend on EM LECs (i.e. the LOOP contribution
and the contact MIN currents; the former depends on the
known axial coupling constant, gA, and pion decay am-
plitude, Fπ , while the latter depends on the strong LECs
entering the NN χEFT potential at N2LO) and those
that depend on them (i.e. the contact NM and the OPE
current whose isovector component has been saturated
with the ∆ transition current). In most cases, chiral
convergence is observed but for the isovector N3LO OPE
contribution whose order of magnitude is in some cases
comparable to the OPE contribution at NLO. It is likely
that the explicit inclusion of ∆ degrees of freedom in the
present χEFT would significantly improve the conver-
gence pattern, since in such a theory this isovector OPE
current, presently entering at N3LO, would be promoted
to N2LO.

In Table VI, we do not provide the errors associated
with the individual terms at each order because they are
highly correlated. We limit ourselves to report the errors
associated with the IA, MEC, and total results. Also
in this table, we denote calculations performed enforcing

• They are essential for low-momentum and 
low-energy transfer transitions.

 The electromagnetic current is constrained by the Hamiltonian through the continuity equation

r · JEM + i[H, J0
EM] = 0

• The above equation implies that          involves 
two-nucleon contributions.

JEM

⇡

� ⇡ ⇡

⇡ ⇡ ⇢,!

S. Pastore at al., PRC 87, 035503 (2013)



A fundamental step towards a first-principle description of atomic nuclei is the solution of the 
many-body Schrödinger equation


• The short-range behavior of the trial wave function is modeled by Jastrow-like correlations

H| 0i = E0| 0i
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• In VMC, one assumes a form for the trial wave function and optimizes its variational parameters

ET = h T |H| T i � E0
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• They reflect the spin-isospin dependence of the two- three-nucleon interactions

Variational Monte Carlo

F
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✏
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Green’s function Monte Carlo
• GFMC overcomes the limitations of the variational wave-function by using an imaginary-

time  projection technique

• Any trial wave function can be expanded in the complete set of eigenstates of the the 
hamiltonian according to

| T i =
X

n

cn| ni H| ni = En| ni

which implies 

GFMC projects out the exact lowest-energy state, provided the trial wave function it is not 
orthogonal to the ground state.

lim
⌧!1

e�(H�E0)⌧ | T i = lim
⌧!1

X

n

cn e
�(En�E0)⌧ | ni = c0| 0i

Special care needs to be taken to deal with the fermion-sign problem
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• GFMC has steadily undergone development to take advantage of each new generation of parallel 
machine and was one of the first to deliver new scientific results each time.

Exploiting leadership-class computers
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• GFMC is suitable to solve the spectrum of A ≤ 12 nuclei with ~1% accuracy

Green’s function Monte Carlo



FIG. 3. Spectra of A=4–12 nuclei. The energy spectra obtained with the NV2+3-Ia chi-

ral interactions are compared to experimental data. Also shown are results obtained with the

phenomenological AV18+IL7 interactions.
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FIG. 3. VMC calculations of the transition distributions
C↵,�(r) defined in Eq. (26) for the 6He!6Be decay.

well approximated by the AA component. The weak-
magnetic term GT-MM, which is a N2LO correction in
chiral EFT, is small, about 2%. Fig. 3 also shows that
the tensor matrix elements are negligible.

The results for the �T = 2 transitions are shown in
rows 4�6 of Table I. The most important feature of these
transitions is the presence of the node, which causes the
GT and F densities, illustrated in the right panel of Fig.
2, to change sign at about 2.5 fm. As a result, there
is a large cancellation for the F-⌫ and GT-AA matrix
elements, which causes these NMEs to be significantly
smaller than in the case of transitions involving isobaric
analog states. This is illustrated in the left panel of Fig.
4 for the 12Be!12C transition, where the region with
r > 2.5 fm reduces the GT-AA matrix element by 50%.
The same NMEs were compared in �T = 2 and �T = 0
transitions of heavier systems, such as Ca!Ti, in Refs.
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FIG. 4. VMC calculations of the transition distributions
C↵,�(r) defined in Eq. (26) for the 12Be!12C decay.

[55, 56], where a similar suppression of the NMEs in
�T = 2 transitions was found. In contrast, the AP, PP
and MM components, which are pion- and short-range
contributions, are much less a↵ected by this cancella-
tion, and are therefore more important in the �T = 2
transitions. Both of these e↵ects can also be seen from
Table I. For example, in the 10He!10Be transition the
AP, PP and MM components are, respectively, 48%, 16%
and 10% of the GT-AA, and, while the GT-AA matrix
element is 20 times smaller than in the 6He!6Be tran-
sition, the AP, PP and MM matrix elements are only
about a factor of 5 smaller. Table I also shows a par-
tial cancellation between the GT-AP and GT-PP and
GT-MM components, which is a common feature of both
�T = 0 and �T = 2 transitions. As a result we find
that the GT-⌫ matrix element is always dominated by
the GT-AA component. In the case of transitions be-
tween isobaric analogues, the GT-AA matrix element is
90% of the total GT-⌫ contribution, while in �T = 2
transitions, it is approximately 80%. A similar e↵ect is
observed in calculations of heavier systems, such as 48Ca
and 76Ge [30, 31, 57–59].

The absolute size of the NMEs shows sizable variations
between di↵erent �T = 2 transitions. In particular, the
matrix elements increase by a factor of 2.5 between the
10He!10Be and 12Be!12C transitions. This can be ap-
preciated from Fig. 5, where we show the GT-⌫ and
F-⌫ transition distributions in momentum space. While
the shape of the distributions is very similar in the two
transitions, the peak is significantly larger in 12Be!12C.
This e↵ect may be due, at least partially, to a large di↵er-
ence in the spatial extent of the relevant wave functions.
The 10He system is only a resonance, unstable against
breakup into 8He+2n by about 1 MeV. Here we have
employed a pseudo-bound (with an exponentially falling
density at long range) VMC wave function that is quite
di↵use, with a proton (neutron) rms radius of 1.95 (3.66)
fm. The 10Be, 12Be, and 12C nuclei are all bound sys-
tems, with VMC wave functions that have proton (neu-
tron) rms radii of 2.32 (2.50) fm, 2.43 (2.99) fm, and 2.48
(2.48) fm, respectively. GFMC calculations change these
radii by less than 5%. Thus, for the A = 10 decay, two
neutrons with an rms radius of 3.66 fm must be converted
to two protons at an rms radius of 2.32 fm, indicating a
small spatial overlap between the initial and final wave
functions and consequently relatively small matrix ele-
ments. In comparison, the A = 12 decay only requires
a shift from 2.99 fm to 2.48 fm, which leads to a signifi-
cantly larger spatial overlap, and larger matrix elements.
This last transition in A = 12 is possibly the test case
that is most like 0⌫�� decays in nuclei of experimental
interest.

As a comparison, in the last three rows of Table I we
show the shell model results for 48Ca, 76Ge and 136Xe
[30, 57, 60]. Other many-body methods di↵er by a factor
of 2-3 [25]. Although the absolute sizes of these NMEs
are larger by a factor of a few than those of the �T = 2
transitions calculated here, the relative factors between
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Figure 2. (Color online) Mass-radius relations. The key is
the same as of Fig. 1. Full dots represent the predicted
maximum masses. Horizontal bands at ⇠ 2M� are the ob-
served masses of the heavy pulsars PSR J1614-2230 [18] and
PSR J0348+0432 [19]. The grey shaded region is the excluded
part of the plot due to causality.

inclusion of the repulsive three-body force [model (I)],
stiffens the EOS and pushes the threshold density to
0.34(1) fm�3. In the inset of Fig. 1 the neutron and
lambda fractions are shown for the two HNM EOSs.

Remarkably, we find that using the model (II) for
⇤NN the appearance of ⇤ particles in neutron matter is
energetically unfavored at least up to ⇢ = 0.56 fm�3, the
largest density for which Monte Carlo calculations have
been performed. In this case the additional repulsion
provided by the model (II) pushes ⇢th⇤ towards a density
region where the contribution coming from the hyperon-
nucleon potential cannot be compensated by the gain in
kinetic energy. It has to be stressed that (I) and (II) give
qualitatively similar results for hypernuclei. This clearly
shows that an EOS constrained on the available binding
energies of light hypernuclei is not sufficient to draw any
definite conclusion about the composition of the neutron
star core.

The mass-radius relations for PNM and HNM ob-
tained by solving the Tolman-Oppenheimer-Volkoff equa-
tions [62] with the EOSs of Fig. 1 are shown in Fig. 2.
The onset of ⇤ particles in neutron matter sizably reduces

Table II. Fitting parameters for the function f defined in
Eq. (4) for different hyperon-nucleon potentials.

Hyperon-nucleon potential c1 [MeV] c2 [MeV]

⇤N �71.0(5) 3.7(3)

⇤N + ⇤NN (I) �77(2) 31.3(8)

⇤N + ⇤NN (II) �70(2) 45.3(8)

the predicted maximum mass with respect to the PNM
case. The attractive feature of the two-body ⇤N interac-
tion leads to the very low maximum mass of 0.66(2)M�,
while the repulsive ⇤NN potential increases the pre-
dicted maximum mass to 1.36(5)M�. The latter result
is compatible with Hartree-Fock and Brueckner-Hartree-
Fock calculations (see for instance Refs. [2–5]).

The repulsion introduced by the three-body force plays
a crucial role, substantially increasing the value of the
⇤ threshold density. In particular, when model (II) for
the ⇤NN force is used, the energy balance never favors
the onset of hyperons within the the density domain that
has been studied in the present work (⇢  0.56 fm�3).
It is interesting to observe that the mass-radius relation
for PNM up to ⇢ = 3.5⇢0 already predicts a NS mass of
2.09(1)M� (black dot-dashed curve in Fig. 2). Even if
⇤ particles appear at higher baryon densities, the pre-
dicted maximum mass will be consistent with present
astrophysical observations.

In this Letter we have reported on the first quantum
Monte Carlo calculations for hyperneutron matter, in-
cluding neutrons and ⇤ particles. As already verified
in hypernuclei, we found that the three-body hyperon-
nucleon interaction dramatically affects the onset of hy-
perons in neutron matter. When using a three-body
⇤NN force that overbinds hypernuclei, hyperons appear
at around twice the saturation density and the predicted
maximum mass is 1.36(5)M�. By employing a hyperon-
nucleon-nucleon interaction that better reproduces the
experimental separation energies of medium-light hyper-
nuclei, the presence of hyperons is disfavored in the neu-
tron bulk at least up to ⇢ = 0.56 fm�3 and the lower
limit for the predicted maximum mass is 2.09(1)M�.
Therefore, within the ⇤N model that we have consid-
ered, the presence of hyperons in the core of the neutron
stars cannot be satisfactorily established and thus there is
no clear incompatibility with astrophysical observations
when lambdas are included. We conclude that in order
to discuss the role of hyperons–at least lambdas–in neu-
tron stars, the ⇤NN interaction cannot be completely
determined by fitting the available experimental energies
in ⇤ hypernuclei. In other words, the ⇤-neutron-neutron
component of the ⇤NN force will need both additional
theoretical investigation, possibly within different frame-
works such as chiral perturbation theory [63, 64], and a
substantial additional amount of experimental data, in
particular for highly asymmetric hypernuclei and excited
states of the hyperon.

We would like to thank J. Carlson, S. C. Pieper, S.
Reddy, A. W. Steiner, W. Weise, and R. B. Wiringa
for stimulating discussions. The work of D.L. and S.G.
was supported by the U.S. Department of Energy, Of-
fice of Science, Office of Nuclear Physics, under the NU-
CLEI SciDAC grant and A.L. by the Department of En-
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Contract No. DE-AC02-06CH11357. The work of S.G.
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nucleon potential cannot be compensated by the gain in
kinetic energy. It has to be stressed that (I) and (II) give
qualitatively similar results for hypernuclei. This clearly
shows that an EOS constrained on the available binding
energies of light hypernuclei is not sufficient to draw any
definite conclusion about the composition of the neutron
star core.
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tained by solving the Tolman-Oppenheimer-Volkoff equa-
tions [62] with the EOSs of Fig. 1 are shown in Fig. 2.
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the predicted maximum mass with respect to the PNM
case. The attractive feature of the two-body ⇤N interac-
tion leads to the very low maximum mass of 0.66(2)M�,
while the repulsive ⇤NN potential increases the pre-
dicted maximum mass to 1.36(5)M�. The latter result
is compatible with Hartree-Fock and Brueckner-Hartree-
Fock calculations (see for instance Refs. [2–5]).

The repulsion introduced by the three-body force plays
a crucial role, substantially increasing the value of the
⇤ threshold density. In particular, when model (II) for
the ⇤NN force is used, the energy balance never favors
the onset of hyperons within the the density domain that
has been studied in the present work (⇢  0.56 fm�3).
It is interesting to observe that the mass-radius relation
for PNM up to ⇢ = 3.5⇢0 already predicts a NS mass of
2.09(1)M� (black dot-dashed curve in Fig. 2). Even if
⇤ particles appear at higher baryon densities, the pre-
dicted maximum mass will be consistent with present
astrophysical observations.

In this Letter we have reported on the first quantum
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cluding neutrons and ⇤ particles. As already verified
in hypernuclei, we found that the three-body hyperon-
nucleon interaction dramatically affects the onset of hy-
perons in neutron matter. When using a three-body
⇤NN force that overbinds hypernuclei, hyperons appear
at around twice the saturation density and the predicted
maximum mass is 1.36(5)M�. By employing a hyperon-
nucleon-nucleon interaction that better reproduces the
experimental separation energies of medium-light hyper-
nuclei, the presence of hyperons is disfavored in the neu-
tron bulk at least up to ⇢ = 0.56 fm�3 and the lower
limit for the predicted maximum mass is 2.09(1)M�.
Therefore, within the ⇤N model that we have consid-
ered, the presence of hyperons in the core of the neutron
stars cannot be satisfactorily established and thus there is
no clear incompatibility with astrophysical observations
when lambdas are included. We conclude that in order
to discuss the role of hyperons–at least lambdas–in neu-
tron stars, the ⇤NN interaction cannot be completely
determined by fitting the available experimental energies
in ⇤ hypernuclei. In other words, the ⇤-neutron-neutron
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works such as chiral perturbation theory [63, 64], and a
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Figure 1. Point proton densities in 4He. The solid green
line refers to the “experimental” result; see text for de-
tails. The dash-dotted brown line is the GFMC result for
AV18+UIX [56].

residing inside 2.25 fm, consistent with a two-↵ cluster
structure as observed in Fig. 15 of Ref. [57]. The 12C
density peaks at a slightly smaller distance and notice-
ably higher value, with a larger dip at the center. This
is consistent with a more tightly bound three-↵ cluster—
either in a triangular configuration with a low-density
region at the center of mass, or alternatively with one ↵
in the s-shell and two ↵’s in the p-shell. Similarly, 16O
can be viewed as a tetrahedral four-↵ cluster with the ↵’s
at somewhat greater distance from the center of mass, or
as one s-shell and three p-shell ↵’s with a larger dip-peak
difference than in 12C. The 40Ca density is more compli-
cated, but might be thought of as two s-shell ↵’s giving
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Figure 2. Point proton densities in 16O. The green line refers
to the “experimental” result; see text for details.
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Figure 3. Point proton densities in 40Ca. The green line refers
to the “experimental” result; see text for details.

a larger central peak, while three p-shell and five d-shell
↵’s give a broad shoulder at 1� 3 fm.

The two-nucleon point densities of 4He, 16O, and 40Ca
are reported in Figs. 5–7, respectively, for both AV18 and
AV18+UIX. Upper and lower curves refer to np and pp
pairs, respectively. The fact that ⇢

NN

is very small for
r ' 0 is a consequence of the repulsive core of the NN
potential. As observed for the point-proton densities, the
effect of the 3N force on the two-nucleon densities is ap-
preciably different in light- and medium-heavy systems.
In 4He the pp density is almost unchanged, while the np
density is enhanced around the peak at 1.1 fm. In heav-
ier systems there is a severe depletion of both pp and np
densities, again due to the peculiar repulsive effect of the
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Figure 4. Point proton densities for AV18+UIX. 4He, 16O,
and 40Ca are the results of this work. 8Be and 12C are VMC
results collected in [56].
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Table VII. Ground-state energies and charge radii for A = 3, 4 employing local chiral potentials at N2LO. The E⌧ parametriza-
tion of the 3N force is used. Errors are statistical. GFMC results are from Refs. [23, 27].

Nucleus Cutoff Potential AFDMC GFMC
AZ (J⇡, T ) R0 (fm) E (MeV) rch (fm) E (MeV) rch (fm)
3H( 12

+
, 1
2 ) 1.0 NN �7.54(4) 1.75(2) �7.55(1) 1.78(2)

3N E⌧ �8.33(7) 1.72(2) �8.34(1) 1.72(3)

1.2 NN �7.76(3) 1.74(2) �7.74(1) 1.75(2)

3N E⌧ �8.27(5) 1.73(2) �8.35(4) 1.72(4)
3He ( 12

+
, 1
2 ) 1.0 NN �6.89(5) 2.02(2) �6.78(1) 2.06(2)

3N E⌧ �7.55(8) 1.96(2) �7.65(2) 1.97(2)

1.2 NN �7.12(3) 1.98(2) �7.01(1) 2.01(1)

3N E⌧ �7.64(4) 1.95(5) �7.63(4) 1.97(1)
4He (0+, 0) 1.0 NN �23.96(8) 1.72(2) �23.72(1) 1.73(1)

3N E⌧ �27.64(13) 1.68(2) �28.30(1) 1.65(2)

1.2 NN �25.17(5) 1.69(1) �24.86(1) 1.69(1)

3N E⌧ �28.37(8) 1.65(1) �28.30(1) 1.64(1)
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Figure 5. Ground-state energies per nucleon for 3  A  16 with local chiral potentials: (a) R0 = 1.0 fm cutoff (left panel), (b)
R0 = 1.2 fm cutoff (right panel). Results at different orders of the chiral expansion and for different 3N parametrizations are
shown. Smaller error bars (indistinguishable from the symbols up to A = 6) indicate the statistical Monte Carlo uncertainty,
while larger error bars are the uncertainties from the truncation of the chiral expansion. LO and N2LO E⌧ results for 16O with
R0 = 1.2 fm are outside the displayed energy region. Updated from Ref. [33].

For A = 6 the wave function is constructed using up
to sd-shell single-particle orbitals. For 12C instead, cou-
pling p-shell orbitals only already results in a sum of 119
Slater determinants. Including orbitals in the sd-shell
could in principle result in a better wave function for
this open-shell system, but it will sizably increase the
number of determinants to consider, making the calcu-
lation prohibitively time consuming. Another possible
improvement would be to include quadratic terms in the
pair correlations, as shown in Eq. (64). However, first
attempts in 16O lead to just a ⇡ 6(2)MeV reduction of
the total energy in a simplified scenario (see Table III),
with a noticeably increased computational cost.

For the softer interaction (R
0

= 1.2 fm), NLO and in

particular LO results are typically more bound compared
to the R

0

= 1.0 fm case. Both parametrizations of the
3N force bring the N2LO energies compatible with the
experimental values up to A = 6, and consistent with
those obtained with the hard potential.

For the heaviest system considered here, 16O, the pic-
ture is quite different. At LO, the system is dramatically
overbound (⇡ �1GeV), which would imply very large
theoretical uncertainties at NLO and N2LO coming from
the prescription of Eq. (65). Within these uncertainties,
NLO and N2LO two-body energies are compatible with
the corresponding results for the hard interaction (see Ta-
bles VIII and IX). However, the contribution of the 3N
force at N2LO largely depends upon the employed oper-

D. Lonardoni et al. PRL 120, 122502 (2018)  D. Lonardoni et al. PRL 114, 092301 (2015) 
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final state
��Y f

↵
with momentum Pµ

f = (E f ,P f ), and momentum conservation implies qµ =

pµ
e � pe

0µ = Pµ
f �Pµ

i . Furthermore, the interaction proceeds through the exchange of a space-
like virtual photon, for which q2

µ = w2 �q2 < 0†. In electron-induced reactions w and q can
vary independently (provided that |q| > w), as opposed to reactions induced by real photons
where |q|= w . In elastic reactions w = 0 (neglecting the recoil of the nucleus), which implies
|Yii =

��Y f
↵
. Reactions in which w 6= 0 are instead called inelastic. To different values of

w = E f �Ei, correspond different excitation energies of the nucleus. As w increases to a
few MeV, low-lying (discrete) nuclear excited states can be accessed. For energies transferred
of the order of ⇠ 10� 30 MeV, giant resonance modes in the continuum spectrum of the
nucleus are excited, while for values of wq.e. ⇠ q2/(2m) quasi-elastic effects dominate, in
which the reaction is in first approximation well described as if electrons were scattered off
single nucleons. Beyond the quasi-elastic energy region, meson production can be observed.
A schematic representation of the double differential cross section for electron scattering at a
fixed value of momentum transfer q is provided in Figure 7.

Because in inelastic electron scattering w and q can vary independently, for each value
of excitation energy w , one can study the matrix elements’ behavior as a function of the
momentum transfer. In particular, by varying q one changes the spatial resolution of the
electron probe, which is µ 1/|q|. At low values of momentum transfer, electron scattering
reactions probe long ranged dynamics, while at higher values of momentum transfer shorter
distance phenomena are tested, where dynamics from heavier mesons and baryons become
relevant.

Figure 7. (Color online) Schematic representation of the double differential cross section at
fixed value of momentum transfer.

Cross sections for elastic scattering and scattering to discrete excited states, for which
the transferred energy w is fixed, are expressed in terms of longitudinal (or charge) and
transverse (or magnetic) form factors, which are functions of the momentum transferred
q = |q|, and provide information on the e.m. charge and current spatial distributions inside
the nucleus. The double differential cross section for inclusive processes, in which only
the scattered electron is detected, is expressed in terms of the longitudinal and transverse

† The four-vector squared qµ qµ is here denoted with q2
µ .

Schematic representation of the inclusive cross 
section as a function of the energy loss.

Lepton-nucleus scattering 

Courtesy of Saori Pastore

⌫e
<latexit sha1_base64="naPhfUapcReeiddoOfuZCQeM7ZA="></latexit><latexit sha1_base64="naPhfUapcReeiddoOfuZCQeM7ZA="></latexit><latexit sha1_base64="naPhfUapcReeiddoOfuZCQeM7ZA="></latexit><latexit sha1_base64="naPhfUapcReeiddoOfuZCQeM7ZA="></latexit>

e�
<latexit sha1_base64="vIZNQvEAaG6/AfaFa5fO+W+qfos="></latexit><latexit sha1_base64="vIZNQvEAaG6/AfaFa5fO+W+qfos="></latexit><latexit sha1_base64="vIZNQvEAaG6/AfaFa5fO+W+qfos="></latexit><latexit sha1_base64="vIZNQvEAaG6/AfaFa5fO+W+qfos="></latexit>

n
<latexit sha1_base64="YpuTIWIRm4MnQGf9rk1VPmcNIak="></latexit><latexit sha1_base64="YpuTIWIRm4MnQGf9rk1VPmcNIak="></latexit><latexit sha1_base64="YpuTIWIRm4MnQGf9rk1VPmcNIak="></latexit><latexit sha1_base64="YpuTIWIRm4MnQGf9rk1VPmcNIak="></latexit>p

<latexit sha1_base64="Iet7OPTkf1gkRuQASJltGdM+Yxc="></latexit><latexit sha1_base64="Iet7OPTkf1gkRuQASJltGdM+Yxc="></latexit><latexit sha1_base64="Iet7OPTkf1gkRuQASJltGdM+Yxc="></latexit><latexit sha1_base64="Iet7OPTkf1gkRuQASJltGdM+Yxc="></latexit>



The lepton-nucleus inclusive cross section can be written in terms of five response functions
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• The response functions contain all information on the structure and dynamics of the target

d�

dE
`

0d⌦
`

/ [v00R00 + v
zz

R
zz

� v0zR0z

+ v
xx

R
xx

⌥ v
xy

R
xy

]

In electron scattering only the longitudinal and 
transverse responses contribute

R↵�(!,q) =
X

f

h 0|J†
↵(q)| f ih f |J�(q)| 0i�(! � Ef + E0)

• They include initial-state correlations, final state correlations and two-body currents

Lepton-nucleus scattering 

+=



Inclusive responses at moderate 
momentum transfers 



• Both initial and final states are eigenstates of the nuclear Hamiltonian. Relativistic corrections are 
included in the current operators

H| f i = Ef | f iH| 0i = E0| 0i

• The energy dependence of the response functions can be inferred from their Laplace transforms

• Using the completeness of the final states, the Euclidean responses are expressed in terms of 
ground-state expectation values that are computed within Green’s function Monte Carlo

E↵�(⌧,q) ⌘
Z

d!e�!⌧R↵�(!,q)

E↵�(⌧,q) = h 0|J†
↵(q)e

�(H�E0)⌧J�(q)| 0i

Quantum Monte Carlo

Zero Temperature

 0 = exp [�H⌧ ]  T

H =
X

i

p2i
2m

+
X

i<j

V0 �(rij)

Diffusion Branching
In nuclear physics, we have a!
set of amplitudes for each spin !
and isospin

Brownian motion

 =
X

�(�)

X

�(⌧)

a(�(�),�(⌧)) |��i |�⌧ i

Analogous techniques are used in Lattice QCD 
and condensed matter Physics

Moderate momentum-transfer regime



• We computed the electromagnetic Euclidean response of 12C

12C electromagnetic response 

• Good agreement with the experimental data once two-body currents are accounted for
2

to self-consistently account for nucleon and nuclear struc-
ture [24, 25], leads to a reduction of the proton elec-
tric form factor, and, as a consequence, to a significant
quenching of the longitudinal response function of nu-
clear matter and associated Coulomb sum rule [18]. Such
a model does not explain the large enhancement of the
transverse response or the momentum-transfer depen-
dence in the quenching of the longitudinal one. It should
also be noted that medium modifications are not an in-
evitable consequence of the quark substructure of the nu-
cleon. For example, a study of the two-nucleon problem
in a flux-tube model of six quarks interacting via single
gluon and pion exchanges [26] indicates that the nucle-
ons retain their individual identities down to very short
separations, with little distortion of their substructures.

Figures 1–2, showing a comparison between the exper-
imental and theoretical RL(q,!) and RT (q,!) for mo-
mentum transfer values in the range 300–570 MeV/c,
immediately lead to the main conclusions of the present
work: (i) the dynamical approach outlined above (with
free nucleon electromagnetic form factors) is in excellent
agreement with experiment in both the longitudinal and
transverse channels; (ii) as illustrated by the di↵erence
between the plane-wave-impulse-approximation (PWIA)
and GFMC one-body-current predictions (curves labeled
PWIA and GFMC-O

1b), correlations and interaction ef-
fects in the final states redistribute strength from the
quasi-elastic peak to the threshold and high-energy trans-
fer regions; and (iii) while the contributions from two-
body charge operators tend to slightly reduce RL(q,!)
in the threshold region, those from two-body currents
generate a large excess of strength in RT (q,!) over
the whole !-spectrum (curves labeled GFMC-O

1b and
GFMC-O

1b+2b), thus o↵setting the quenching noted in
(ii) in the quasi-elastic peak.

As a result of the present study, a consistent picture
of the electromagnetic response of nuclei emerges, which
is at variance with the conventional one of quasi-elastic
scattering as being dominated by single-nucleon knock-
out. This fact also has implications for the nuclear weak
response probed in inclusive neutrino scattering induced
by charge-changing and neutral current processes. In
particular, the energy dependence of the cross section
is quite important in extracting neutrino oscillation pa-
rameters. An earlier study of the sum rules associated
with the weak transverse and vector-axial interference re-
sponse functions in 12C found [27] a large enhancement
due to two-body currents in both the vector and axial
components of the neutral current. Only neutral weak
processes have been considered so far, but one would
expect these conclusions to remain valid in the case of
charge-changing ones. In this connection, it is important
to realize that neutrino and anti-neutrino cross sections
only di↵er in the sign of this vector-axial interference re-

FIG. 1. (Color online) Electromagnetic longitudinal response
functions of 12C for q in the range (300–570) MeV. Exper-
imental data are from Refs. [9, 10]. See text for further
explanations.

sponse, and that this di↵erence is crucial for inferring the
charge-conjugation and parity violating phase, one of the
fundamental parameters of neutrino physics, to be mea-
sured at DUNE. The rest of this paper deals succinctly
with the most salient aspects of the present calculations.

The longitudinal and transverse response functions are
defined as

R↵(q,!) =
X

f

hf |j↵(q,!)|0ihf |j↵(q,!)|0i⇤

⇥ �(Ef � ! � E
0

) , ↵ = L, T (1)

where |0i and |fi represent the nuclear initial and final
states of energies E

0

and Ef , and jL(q,!) and jT (q,!)
are the electromagnetic charge and current operators, re-
spectively. A direct calculation of R↵(q,!) is impractical,
since it would require evaluating each individual transi-
tion amplitude |0i �! |fi induced by the charge and cur-
rent operators. To circumvent this di�culty, the use of
integral transform techniques has proven to be quite help-
ful. One such approach is based on the Laplace transform

3

FIG. 2. (Color online) Same as Fig. 1 but for the electromag-
netic transverse response functions. Since pion production
mechanisms are not included, the present theory underesti-
mates the (transverse) strength in the � peak region, see in
particular the q=570 MeV/c case.

of R↵(q,!)—so called Euclidean response [11]—which we
define as

E↵(q, ⌧) =

Z 1

!+
el

d! e�!⌧ R↵(q,!)

[Gp
E(q,!)]

2

, (2)

where Gp
E(q,!) is the (free) proton electric form factor

and the integration excludes the contribution due to elas-
tic scattering (!

el

is the energy of the recoiling ground
state). We elaborate this issue further below; for now
it su�ces to note that, in the specific case of 12C, the
ground state has quantum numbers J⇡ =0+ and there-
fore the elastic contribution vanishes in the transverse
channel. With the definition given in Eq. (2), the Eu-
clidean response function above can be thought of as be-
ing due to point-like, but strongly interacting, nucleons,
and can simply be expressed as

E↵(q, ⌧)=h0|O†
↵(q)e

�(H�E0)⌧O↵(q)|0i� |F↵(q)|2e�⌧!el ,
(3)

where H is the nuclear Hamiltonian (here, the AV18/IL7
model), F↵(q) = h0|O↵(q)|0i is the elastic form fac-
tor, and in the electromagnetic operators O↵(q) the de-

pendence on the energy transfer ! has been removed
by dividing the current j↵(q,!) by Gp

E(q,!) [15]. The
calculation of this matrix element is then carried out
with GFMC methods [11] similar to those used in pro-
jecting out the exact ground state of H from a trial
state [28]. It proceeds in two steps. First, an un-
constrained imaginary-time propagation of the state |0i
is performed and saved. Next, the states O↵(q)|0i
are evolved in imaginary time following the path pre-
viously saved. During this latter imaginary-time evolu-
tion, scalar products of exp [�(H�E

0

) ⌧i]O↵(q)|0i with
O↵(q)|0i are evaluated on a grid of ⌧i values, and from
these scalar products estimates for E↵(q, ⌧i) are obtained
(a complete discussion of the methods is in Refs. [11, 29]).
Following Ref. [15] (see also extended material submit-

ted in support of that publication), we have exploited
maximum entropy techniques [13, 14] to perform the an-
alytic continuation of the Euclidean response function—
corresponding to the inversion of the Laplace transform
of Eq. (2). However, we have improved on the inver-
sion procedure described in [15] in order to better prop-
agate the statistical errors associated with E↵(q, ⌧) into
R↵(q,!). Specifically, the smallest possible value for pa-
rameter ↵ (see Ref. [15]) has been chosen to perform a
first inversion of the Laplace transform, which is then in-
dependent on the prior. The resulting response function
R(0) is the one whose Laplace transform E(0) is the clos-
est to the original average GFMC Euclidean response.
Then, N = 100 Euclidean response functions are sam-
pled from a multivariate gaussian distribution, with mean
value E(0) and covariance estimated from the original set
of GFMC Euclidean responses. The corresponding re-
sponse functions, obtained using the so called “historic
maximum entropy” technique, are used to estimate the
mean value and the variance of the final inverted response
function.

q (MeV/c) 2+ 0+ 4+

300 0.1286 0.0311 0.0060
380 0.0745 0.0051 0.0075
570 0.0064 0.0046 0.0037

TABLE I. Measured longitudinal transition form factors, de-
fined as hf |OL(q)|0i/Z, to the f =2+, 0+ (Hoyle), and 4+
states in 12C. Experimental data are from Refs. [30–32], and
have been divided by the proton electric form factorGp

E(q,!f )
with !f = Ef � E0.

We now proceed to address the issue alluded to earlier.
The low-lying spectrum of 12C consists of J⇡ =2+, 0+

(Hoyle), and 4+ states with excitation energies E?
f � E

0

experimentally known to be, respectively, 4.44, 7.65, and
14.08 in MeV units [33]. The contributions of these states
to the quasi-elastic longitudinal and transverse response
functions extracted from inclusive (e, e0) cross section
measurements are not included. Therefore, before com-
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to self-consistently account for nucleon and nuclear struc-
ture [24, 25], leads to a reduction of the proton elec-
tric form factor, and, as a consequence, to a significant
quenching of the longitudinal response function of nu-
clear matter and associated Coulomb sum rule [18]. Such
a model does not explain the large enhancement of the
transverse response or the momentum-transfer depen-
dence in the quenching of the longitudinal one. It should
also be noted that medium modifications are not an in-
evitable consequence of the quark substructure of the nu-
cleon. For example, a study of the two-nucleon problem
in a flux-tube model of six quarks interacting via single
gluon and pion exchanges [26] indicates that the nucle-
ons retain their individual identities down to very short
separations, with little distortion of their substructures.

Figures 1–2, showing a comparison between the exper-
imental and theoretical RL(q,!) and RT (q,!) for mo-
mentum transfer values in the range 300–570 MeV/c,
immediately lead to the main conclusions of the present
work: (i) the dynamical approach outlined above (with
free nucleon electromagnetic form factors) is in excellent
agreement with experiment in both the longitudinal and
transverse channels; (ii) as illustrated by the di↵erence
between the plane-wave-impulse-approximation (PWIA)
and GFMC one-body-current predictions (curves labeled
PWIA and GFMC-O

1b), correlations and interaction ef-
fects in the final states redistribute strength from the
quasi-elastic peak to the threshold and high-energy trans-
fer regions; and (iii) while the contributions from two-
body charge operators tend to slightly reduce RL(q,!)
in the threshold region, those from two-body currents
generate a large excess of strength in RT (q,!) over
the whole !-spectrum (curves labeled GFMC-O

1b and
GFMC-O

1b+2b), thus o↵setting the quenching noted in
(ii) in the quasi-elastic peak.

As a result of the present study, a consistent picture
of the electromagnetic response of nuclei emerges, which
is at variance with the conventional one of quasi-elastic
scattering as being dominated by single-nucleon knock-
out. This fact also has implications for the nuclear weak
response probed in inclusive neutrino scattering induced
by charge-changing and neutral current processes. In
particular, the energy dependence of the cross section
is quite important in extracting neutrino oscillation pa-
rameters. An earlier study of the sum rules associated
with the weak transverse and vector-axial interference re-
sponse functions in 12C found [27] a large enhancement
due to two-body currents in both the vector and axial
components of the neutral current. Only neutral weak
processes have been considered so far, but one would
expect these conclusions to remain valid in the case of
charge-changing ones. In this connection, it is important
to realize that neutrino and anti-neutrino cross sections
only di↵er in the sign of this vector-axial interference re-

FIG. 1. (Color online) Electromagnetic longitudinal response
functions of 12C for q in the range (300–570) MeV. Exper-
imental data are from Refs. [9, 10]. See text for further
explanations.

sponse, and that this di↵erence is crucial for inferring the
charge-conjugation and parity violating phase, one of the
fundamental parameters of neutrino physics, to be mea-
sured at DUNE. The rest of this paper deals succinctly
with the most salient aspects of the present calculations.

The longitudinal and transverse response functions are
defined as

R↵(q,!) =
X

f

hf |j↵(q,!)|0ihf |j↵(q,!)|0i⇤

⇥ �(Ef � ! � E
0

) , ↵ = L, T (1)

where |0i and |fi represent the nuclear initial and final
states of energies E

0

and Ef , and jL(q,!) and jT (q,!)
are the electromagnetic charge and current operators, re-
spectively. A direct calculation of R↵(q,!) is impractical,
since it would require evaluating each individual transi-
tion amplitude |0i �! |fi induced by the charge and cur-
rent operators. To circumvent this di�culty, the use of
integral transform techniques has proven to be quite help-
ful. One such approach is based on the Laplace transform
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• Need to include relativistic corrections in the kinematics

12C, q=570 MeV



• To determine the relativistic corrections in the kinematics, we use a two-body fragment model

• The relative momentum is derived in a relativistic fashion

• And it is used as input in the non relativistic kinetic energy

• The energy-conserving delta function reads 

µ =
mMX

m+MX

MX = (A� 1)m+ ✏A�1
0
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4He

6

FIG. 7. Double-di↵erential electron-4He cross sections for di↵erent values of incident electron energy and scattering angle.
The green and blue lines correspond to GFMC calculation were only one- body and one- plus two-body contributions in the
electromagnetic currents are accounted for. The red line indicates one plus two-body current results obtained in the ANB
frame, employing the two-body fragment model to account for relativistic kinematics. The experimental data are taken from
Ref. [14].
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electromagnetic currents are accounted for. The red line indicates one plus two-body current results obtained in the ANB
frame, employing the two-body fragment model to account for relativistic kinematics. The experimental data are taken from
Ref. [14].

4He electromagnetic cross sections



• We computed the neutrino and anti-neutrino differential cross sections for a fixed value of the 
three-momentum transfer as function of the energy transfer for a number of scattering angles

12C neutral-current cross-section 

4

one- and two-body current matrix elements, and is con-
sistent with that expected on the basis of sum-rule analy-
ses [18]. Counter to the electromagnetic case [17], we find
that two-body terms in the weak neutral charge produce
substantial excess strength in R00 and R0z beyond the
quasi-elastic peak. In the 00, 0z, zz, and xx response
functions the vector (V NC) and axial (ANC) compo-
nents of the weak neutral current, jNC

↵ = jV NC
↵ + jANC

↵ ,
do not interfere; in these cases, R↵� =RV NC

↵� +RANC
↵� and

the separated RV NC
xx and RANC

xx are illustrated in Fig. 2.
By contrast, the xy response function arises solely on ac-
count of this interference. The ANC contribution to R↵�

is typically much larger than the V NC one (for example,
RANC

xx ' 3⇥RV NC
xx ). Furthermore, one expects in 12C the

00 and xx V NC response functions to be proportional to
the longitudinal and transverse electromagnetic response
functions RL and RT via RV NC

00/xx ' RL/T /4, since the

isoscalar and isovector pieces in jV NC are related to the
corresponding ones in the electromagnetic current jEM

by the factors, respectively, �2 sin2✓W and (1�2 sin2✓W )
(sin2✓W ' 0.23), and the matrix elements of these pieces
add up incoherently in the response of an isoscalar target
such as 12C. Lastly, we note that two-body terms in the
ANC increase the one-body RANC

xx response by about
20% in the quasi-elastic region. This increase is much
larger than the ' 2–4% that is obtained in the case of
Gamow-Teller rates between low-lying states near thresh-
old, induced by the axial component of the weak charged
current [24].

In Fig. 3 we show the ⌫ and ⌫ di↵erential cross sec-
tions for a fixed value of the three-momentum transfer as
function of the energy transfer for a number of scattering
angles. In terms of these variables, the initial energy E
of the neutrino, shown in the insets of Fig. 3, is given by

E =
!

2

"
1 +

s

1 +
Q2

!2 sin2(✓/2)

#
, (4)

and its final energy E0 =E � !. Because of the can-
cellation in Eq. (1) between the dominant contributions
proportional to the Rxx and Rxy response functions, the
⌫ cross section decreases rapidly relative to the ⌫ cross
section as the scattering angle changes from the for-
ward to the backward hemisphere. For this same rea-
son, two-body current contributions are smaller for the
⌫ than for the ⌫ cross section, in fact becoming negligi-
ble for the ⌫ backward-angle cross section. As the angle
changes from the forward to the backward hemisphere,
the ⌫ cross section drops by almost an order of mag-
nitude, and in the limit ✓= 180� is just proportional
to Rxx(q,!) � Rxy(q,!). In terms of initial and final
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is mostly due to constructive interference between the
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course, these considerations remain valid for the elastic
contributions alluded to earlier in Eq. (3).
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experiments—we note that E ranges from 1–2 GeV at
✓=15� to 0.3–0.5 GeV at ✓=120�, and so the present
results computed at fixed q=570 MeV/c as function of
! span a broad kinematical range in terms of the vari-
ables E and E0.
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• We recently computed the charged-current response function of 12C 

12C charged-current responses 

• Two-body currents have little effect in the vector term, but enhance the axial contribution at 
energy larger than quasi-elastic kinematics

12C, q=700 MeV



• We recently computed the charged-current response function of 12C 

• Two-body currents have a sizable effect in the transverse response, both in the vector and in 
the axial contributions

12C, q=700 MeV

12C charged-current responses 



• We recently computed the charged-current response function of 12C 

• Two-body currents have a sizable effect in the interference between the axial and vector 
current contributions, important to asses neutrino/antineutrino event rates 

12C, q=700 MeV

12C charged-current responses 



Negative muons can be captured into high-lying atomic orbitals, from where they rapidly cascade 
into the 1s orbital. Two possible outcomes: 

Muon capture in 4He 

• They decay via the process μ− → e− νe νμ with a rate which is almost the same as in free space 

• They are captured by the nucleus in a weak-interaction process resulting in the change of 
one of the protons into a neutron 

n
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The muon rest mass is converted 
in energy shared by the emitted 
neutrino and recoiling final nucleus 


A comparison with experimental data is important to validate our model of nuclear dynamics at 
intermediate values of momentum transfer ~ muon mass.


• Role of two-body terms in the axial-current operator

• Test possible parameterizations of the nucleon axial form factor 

⌫µ
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Muon capture in 4He 

|q| = E⌫
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The differential capture rate can be 
computed interpolating the response 
functions at
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FIG. 1. (Color online). The di↵erential rates obtained with
one-body (1b) only and both one- and two-body (2b) terms
in the vector (V) and axial (A) components of the charge-
changing (CC) weak current, and full CC current, are dis-
played as function of the ⌫µ-energy in the allowed kinematical
range. The theoretical uncertainites resulting from combining
statistical errors in the GFMC calculation with errors associ-
ated with the maximum-entropy inversion of the imaginary-
time data are shown by the bands. The arrow indicates the
kinematically maximum allowed E⌫ , see text for further ex-
planations.

body (2b) terms in these currents are listed in Table I,
and displayed in Fig 1, separately. Note that the re-
sponse function Rxy(E⌫) in Eq. (9) involves interference
between the matrix elements of the V and A currents, and
therefore only contributes when both are present. As a
consequence, �(CC) 6=�(V) + �(A); indeed, this V-A in-
terference leads to an increase in the �(V) + �(A) result
by ⇡ 10% in both the 1b- and 2b-based calculations.

In the 4He capture, the neutrino energy is in the range
0  E⌫  Emax

⌫ ⇡ 83.6 MeV; however, the distribution,
also on account of the E2

⌫ -weighing factor present in the
expression for d�/dE⌫ , is skewed towards the high end,
confirming the expectation that the energy release in the
capture process is converted primarily in energy for the
emitted neutrino [46] with the remaining balance being
absorbed by the final nuclear system. In the present case,
since 4H is not bound, the possible final breakup chan-
nels are 3H+n (3+1), 2H+2n (2+2), and 1H+3n (1+3),
which have slightly di↵erent thresholds. While the con-
tributions of these channels are fully accounted for here,
they cannot be individually identified over the allowed
E⌫ range—a limitation intrinsic to the present method
and apparent from Eq. (11), which relies on closure to
remove the sum over final states. Nevertheless, Caine
and Jones [50] estimated the branching ratios into the
3+1, 2+2, 1+3 channels to be, respectively, 97.75%, 2%
and 0.25%.

A related issue has to do with the behavior of the
response functions in the threshold region E⌫ . Emax

⌫ .

The kinematical constraint that R↵�(E⌫) vanish for E⌫

larger than Emax

⌫ is not imposed when performing the
inversion (see supplemental material). Even though rel-
atively high values of ⌧  ⌧max =0.1 MeV�1 are cal-
culated by GFMC, the maximum-entropy procedure we
utilize still produces some strength beyond Emax

⌫ , as
is apparent from Fig. 1. However, the integrals of
d�/dE⌫ , when evaluated over the whole E⌫-range includ-
ing the unphysical region, remain stable to within 1% for
⌧max =(0.1, 0.08, 0.05) MeV�1.
In Table I we list the results for the 1b and 2b to-

tal rates (indicated as fCC) obtained with a CC weak
current in which the term proportional to the induced
pseudoscalar form factor GPS(q2) (in the axial sector)
is ignored. The e↵ect is significant: retaining this term
reduces the fCC values by ⇡ 15% (14%) in the 1b (2b)
calculations. The parametrization for GPS(q2) adopted
here [44] is consistent with the recent determination of
this form factor by the MuCap collaboration [16]. It also
leads, in an accurate ab initio calculation based on es-
sentially the same dynamical inputs adopted here [52],
to a prediction for the 3He(µ�, ⌫µ)3H total rate that is
agreement with the (remarkably precise) measurement
of Ref. [53], 1496(4) s�1. Thus, muon capture provides
a sensitive test of the GPS(q2) form factor at low mo-
mentum transfers. By contrast, this observable is only
very marginally a↵ected (at a fraction of a 1% level) by
changes in the parametrization of the nucleon axial form
factor, as we have explicitly verified by calculating how
the total rate changes when the cuto↵ ⇤A is varied by
±10% about its central value of ⇤A ⇡ 1 GeV. The reason
is that GA(q2)= gA

⇥
1 + 2 q2/⇤2

A + · · ·
⇤
, and q2/⇤2

A ⌧ 1
in the allowed kinematical region.
In this letter, we have formulated an ab initio QMC

method for calculating inclusive muon-capture rates on
light nuclei (mass number A  12), and have presented,
as a first application, a calculation of the total rate in
4He. The predicted value is consistent with the lower
range of available experimental determinations (see Ta-
ble I). However, these measurements from bubble cham-
ber experiments of the late 60’s have large errors, making
it impossible to establish, at a quantitative level, the va-
lidity of the model for the nuclear charge-changing weak
current we have adopted here. We hope the present work
will motivate our colleagues to carry out a new experi-
ment on 4He.
Future plans in this area include (i) the application

of the method to other (light) nuclei, especially in cases
where more accurate data are known [46], and (ii) its
extension to more fundamental dynamical approaches
based on interactions and electroweak currents derived
from chiral e↵ective field theory. The presence of dis-
crete states in the final nuclear system substantially com-
plicates the calculation of the capture rate, since the
imaginary-time response functions E↵�(q, ⌧) would have
to be evaluated at large enough values of ⌧ to reliably

The neutrino energy is in the range
0  E⌫  Emax

⌫ ⇡ 83.6MeV
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and the distribution is is skewed towards 
the high end of the neutrino energy.
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with q=�E⌫ k̂⌫ and ! taken as independent variables,
carry out the Laplace transform

E↵�(q, ⌧) =

Z 1

0

d! e�⌧ ! R↵�(q,!)

=
X

i
hi|O�†(q)e�⌧(H�Ei)O↵(q)|ii , (11)

by evaluating the expectation value in the second line
above with stochastic techniques [41], invert the result-
ing Euclidean response function E↵�(q, ⌧) by maximum-
entropy methods [38] to obtain back R↵�(q,!), and fi-
nally interpolate the latter at !=!+mp�mn =�m�E⌫

to determine the response R↵�(E⌫) of interest here. No
approximations are made beyond those inherent to the
modeling of the nuclear Hamiltonian and weak current,
in particular interaction e↵ects in the discrete and con-
tinuum spectrum of the final nuclear system are fully and
exactly accounted for.

The dynamical framework adopted in the present work
is based on a realistic Hamiltonian including the Ar-
gonne v

18

two-nucleon [42] (AV18) and Illinois-7 three-
nucleon [43] (IL7) interactions, and on realistic charge-
changing weak currents with one- and two-body terms,

see Ref. [44] for a recent overview and a listing of ex-
plicit expressions. The (vector and axial) one-body terms
j�
1b

follow from a non-relativistic expansion of the single-
nucleon (charge-changing) weak current, in which cor-
rections proportional up to the inverse-square of the nu-
cleon mass are retained. The two-body currents j�

2b

con-
sist of contributions associated with (e↵ective) ⇡- and ⇢-
meson exchanges, and N -to-� excitation terms, treated
in the static limit. In the axial component, a ⇢⇡ tran-
sition mechanism is also included. Configuration-space
representations of these currents (used in the actual cal-
culations below) are regularized by a prescription which,
albeit model dependent, is nevertheless designed to make,
by construction, their short-range behavior consistent
with that of the two-nucleon interaction [44]—the AV18.
In the N -to-� axial current, the value for the transition
(axial) coupling constant is determined by reproducing
the measured Gamow-Teller matrix element contribut-
ing to tritium �-decay [44] (within the present dynami-
cal framework). The level of quantitative success these
currents have achieved, when used in combination with
the AV18/IL7 interactions, in accurately predicting many
electroweak properties of s- and p-shell nuclei up to 12C
is illustrated in Refs. [29, 31] and references therein.

V-1b V-2b A-1b A-2b CC-1b CC-2b gCC-1b gCC-2b Exp [47] Exp [48] Exp [49] Th [50] Th [51]
�(s�1) 65± 1 73± 1 171± 6 200± 6 265± 9 306± 9 310± 12 355± 12 336± 75 375+30

�300 364± 46 345± 110 278

TABLE I. The inclusive muon rates in 4He obtained by including one-body (1b) only and both one- and two-body (2b) terms
in the vector (V) and axial (A) components of the charge-changing (CC) weak current. The 1b and 2b rates obtained with the

full CC current and the gCC current without the induced pseudoscalar term are compared to available experimental values and
older theoretical estimates.

Having set-up the formalism and specified the dynami-
cal framework, we now proceed to discuss an application
of the method to muon capture in 4He. As noted by
Measday in his review [46], the only available measure-
ments of the total rate are from experiments in the 1960’s
with helium bubble chambers and helium gas scintillat-
ing targets [47–49], and have large errors, see Table I.
The only theoretical estimates we are aware of are from
Caine and Jones [50] and Walecka [51]; the former based
on closure approximations is rather uncertain, while the
latter obtained with the Foldy-Walecka sum rules for the
giant dipole excitation turns out to be remarkably close
to the value we calculate almost 50 years later!

The calculation of the 4He Euclidean responses in
Eq. (11) is carried out with Green’s function Monte Carlo
(GFMC) methods [37–40] similar to those used in pro-
jecting out the exact ground state of a Hamiltonian from
a trial state [45]. It proceeds in two steps. First, an
unconstrained imaginary-time propagation of the initial
bound state state |ii, represented here by an accurate
variational Monte Carlo (VMC) wave function (rather

than its exact GFMC counterpart), is performed and
saved. Next, the states O↵(q)|ii are evolved in imagi-
nary time following the path previously saved. During
this latter imaginary-time evolution, scalar products of
exp [� (H � Ei) ⌧i]O↵(q)|ii with O�(q|ii are evaluated
on a grid of ⌧i values, and from these scalar products
estimates for E↵�(q, ⌧i) are obtained. The statistical er-
rors associated with the GFMC evolution remain mod-
est, even at values of ⌧ as large as 0.1 MeV�1, the end-
point of the ⌧ -grid. Maximum entropy methods are em-
ployed “to invert” E↵�(q, ⌧) and obtain the correspond-
ing R↵�(q,!) [38]. Their implementation is briefly sum-
marized in the supplemental material.

Predictions for the total rate in 4He are compared to
the experimental values and older theoretical estimates
mentioned above in Table I, and the di↵erential rates
as functions of the energy of the muon neutrino emit-
ted in the capture are shown in Fig. 1. Results obtained
by considering only the vector (V) or axial (A) compo-
nents of the charge-changing (CC) weak current and by
including one-body (1b) terms only or both one- and two-

The total rate is obtained integrating the differential one
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by evaluating the expectation value in the second line
above with stochastic techniques [41], invert the result-
ing Euclidean response function E↵�(q, ⌧) by maximum-
entropy methods [38] to obtain back R↵�(q,!), and fi-
nally interpolate the latter at !=!+mp�mn =�m�E⌫

to determine the response R↵�(E⌫) of interest here. No
approximations are made beyond those inherent to the
modeling of the nuclear Hamiltonian and weak current,
in particular interaction e↵ects in the discrete and con-
tinuum spectrum of the final nuclear system are fully and
exactly accounted for.

The dynamical framework adopted in the present work
is based on a realistic Hamiltonian including the Ar-
gonne v
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two-nucleon [42] (AV18) and Illinois-7 three-
nucleon [43] (IL7) interactions, and on realistic charge-
changing weak currents with one- and two-body terms,

see Ref. [44] for a recent overview and a listing of ex-
plicit expressions. The (vector and axial) one-body terms
j�
1b

follow from a non-relativistic expansion of the single-
nucleon (charge-changing) weak current, in which cor-
rections proportional up to the inverse-square of the nu-
cleon mass are retained. The two-body currents j�

2b

con-
sist of contributions associated with (e↵ective) ⇡- and ⇢-
meson exchanges, and N -to-� excitation terms, treated
in the static limit. In the axial component, a ⇢⇡ tran-
sition mechanism is also included. Configuration-space
representations of these currents (used in the actual cal-
culations below) are regularized by a prescription which,
albeit model dependent, is nevertheless designed to make,
by construction, their short-range behavior consistent
with that of the two-nucleon interaction [44]—the AV18.
In the N -to-� axial current, the value for the transition
(axial) coupling constant is determined by reproducing
the measured Gamow-Teller matrix element contribut-
ing to tritium �-decay [44] (within the present dynami-
cal framework). The level of quantitative success these
currents have achieved, when used in combination with
the AV18/IL7 interactions, in accurately predicting many
electroweak properties of s- and p-shell nuclei up to 12C
is illustrated in Refs. [29, 31] and references therein.

V-1b V-2b A-1b A-2b CC-1b CC-2b gCC-1b gCC-2b Exp [47] Exp [48] Exp [49] Th [50] Th [51]
�(s�1) 65± 1 73± 1 171± 6 200± 6 265± 9 306± 9 310± 12 355± 12 336± 75 375+30

�300 364± 46 345± 110 278

TABLE I. The inclusive muon rates in 4He obtained by including one-body (1b) only and both one- and two-body (2b) terms
in the vector (V) and axial (A) components of the charge-changing (CC) weak current. The 1b and 2b rates obtained with the

full CC current and the gCC current without the induced pseudoscalar term are compared to available experimental values and
older theoretical estimates.
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to the value we calculate almost 50 years later!
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Eq. (11) is carried out with Green’s function Monte Carlo
(GFMC) methods [37–40] similar to those used in pro-
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on closure approximations is rather uncertain, while the
latter obtained with the Foldy-Walecka sum rules for the
giant dipole excitation turns out to be remarkably close
to the value we calculate almost 50 years later!

The calculation of the 4He Euclidean responses in
Eq. (11) is carried out with Green’s function Monte Carlo
(GFMC) methods [37–40] similar to those used in pro-
jecting out the exact ground state of a Hamiltonian from
a trial state [45]. It proceeds in two steps. First, an
unconstrained imaginary-time propagation of the initial
bound state state |ii, represented here by an accurate
variational Monte Carlo (VMC) wave function (rather

than its exact GFMC counterpart), is performed and
saved. Next, the states O↵(q)|ii are evolved in imagi-
nary time following the path previously saved. During
this latter imaginary-time evolution, scalar products of
exp [� (H � Ei) ⌧i]O↵(q)|ii with O�(q|ii are evaluated
on a grid of ⌧i values, and from these scalar products
estimates for E↵�(q, ⌧i) are obtained. The statistical er-
rors associated with the GFMC evolution remain mod-
est, even at values of ⌧ as large as 0.1 MeV�1, the end-
point of the ⌧ -grid. Maximum entropy methods are em-
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Predictions for the total rate in 4He are compared to
the experimental values and older theoretical estimates
mentioned above in Table I, and the di↵erential rates
as functions of the energy of the muon neutrino emit-
ted in the capture are shown in Fig. 1. Results obtained
by considering only the vector (V) or axial (A) compo-
nents of the charge-changing (CC) weak current and by
including one-body (1b) terms only or both one- and two-

Theory results remarkably close to the ones by Foldy-Walecka (almost 50 years old)!



More exclusive processes at 
relatively-large momentum transfers 



At large momentum transfer, scattering off a nuclear target reduces to the sum of scattering 
processes involving individual bound nucleons

Jµ !
X

i

jµi | A
f i ! |pi ⌦ | A�1

f i
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Ef = EA�1
f + e(p)
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“Standard” factorization scheme

Excitations of the A-1 final state with two nucleons in the continuum are included 
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The incoherent contribution to the response function is diagrammatically represented as 



A single-particle state completeness is used to isolate the current matrix element 

h A
f |J↵| A

0 i !
X

k

[h A�1
f |⌦ hk|] | A

0 ihp|
X

i

jI↵|ki .
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“Standard” factorization scheme

R↵�(!,q) =
X

f

h 0|J†
↵(q)| f ih f |J�(q)| 0i�(! � Ef + E0)

The response functions entail the structure and dynamics of the target

The incoherent contribution of the one-body response reads

The hole spectral function yields the probability of removing a nucleon with momentum k from 
the target ground state leaving the residual system with excitation energy E.

P 1h
h (k, E) !

X

f

|h A
0 |[|ki ⌦ | A�1
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f + EA

0 )
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The hole SF of finite nuclei is expressed as a sum of two contributions, displaying distinctly 
different energy and momentum dependences 

Ph(k, E) = P 1h
h (k, E) + P corr

h (k, E)
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The 1h terms corresponds to discrete excitations of the A-1 final states 

P 1h
h (k, E) =

X

↵2{F}

Z↵|�↵(k)|2F↵(E � e↵) ,
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P corr

h (k, E) =

Z
d3R ⇢A(R)P corr

h,NM (k, E; ⇢A(R)) ,
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Hole SF from correlated-basis function 

Computing this term in principle requires evaluating single-nucleon overlaps. Within the CBF 
theory, it is obtained from a modified mean-field scheme

The high-momentum component, corresponding to the A-1 final state in the continuum, 
is obtained from CBF  by calculations in infinite nuclear matter 
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The hole SF of finite nuclei is expressed as a sum of two contributions, displaying distinctly 
different energy and momentum dependences 

Hole SF from correlated-basis function 

P 1h
h (k, E)
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Using relativistic MEC requires the extension of the 
factorization scheme to two-nucleon emissions

3

e↵ect, not accounted for within the independent particle
model. As a consequence, the calculation of Wµ⌫

2p2h,11,
describing processes in which the momentum q is trans-
ferred to a single high-momentum nucleon, requires the
continuum component of the hole spectral function.

The second term in the right hand side of Eq. (7),

involving the matrix elements of the two-nucleon current,
is written in terms of the two-nucleon spectral function
[17]. The explicit expressions of Wµ⌫

2p2h,11 and Wµ⌫
2p2h,22

are reported in Ref. [16].
Finally, Wµ⌫

2p2h,12, taking into account interference con-
tributions, involves the nuclear overlaps defined in both
Eqs. (4) and (6). The resulting expression is

Wµ⌫
2p2h,12 =

Z
d3k d3⇠ d3⇠0 d3h d3h0d3p d3p0�hh0

⇠⇠0
⇤ h

�hh0p0

k hk|jµ1 |pi + �hh0p
k hk|jµ2 |p0i

i
(8)

⇥ hpp0|j⌫12|⇠, ⇠0i �(h+ h0 + q � p � p0)�(! + eh + eh0 � ep � ep0)✓(|p| � kF )✓(|p0| � kF ) + h.c. .

We have compared the results of our approach to the
measured electron-carbon cross sections in two di↵erent
kinematical setups, corresponding to momentum transfer
300 . |q| . 800 MeV. The calculations have been car-
ried out using the carbon spectral function of Ref. [18]
and the 1h contribution to the nuclear matter spectral
function of Ref. [19], as discussed in Ref. [16]. The 2h1p
amplitude, needed to evaluate the interference term, has
been also computed for nuclear matter at equilibrium
density. In the quasi elastic channel we have used the
parametrization of the vector form factors of Ref. [20],
whereas the inelastic nucleon structure functions have
been taken from Refs. [21, 22].

Figure 2 shows the electron-carbon cross section at
beam energy Ee = 680 MeV and scattering angle ✓e =
36 deg (A) , Ee = 1300 MeV and ✓e = 37.5 deg (B) .
The solid and dashed lines correspond to the results of
the full calculation and to the one-body current contribu-
tion, respectively. The pure two-body current contribu-
tion and the one arising from interference are illustrated
by the dot-dash and dotted line, respectively. In the
kinematics of panel (A) the two-body currents play an
almost negligible role. The significant lack of strength in
the �-production region, discussed in Ref. [25], is likely
to be due to inadequacy of the structure functions of
Refs. [21, 22] to describe the region of Q2 <⇠ 0.2 GeV2,
while the shift in the position of the quasi-elastic peak
has to be ascribed to the e↵ects of FSI, which are not
taken into account.

At the larger beam energy and Q2 corresponding to
panel (B), the agreement between theory and data is
significantly improved, and the contribution of the two-
nucleon current turns out to substantially increase the
cross section in the dip region.

In inclusive processes, FSI have two e↵ects: a shift of
the cross section, arising from the interaction between
the struck nucleon and the mean field generated by the
spectator particles, and a redistribution of the strength
from the quasi-elastic peak to the tails. The theoretical
approach for the description of FSI within the spectral
function formalism is discussed in Refs. [12, 13, 26].

FIG. 2. (color online) (A): Double di↵erential cross section
of the process e + 12C ! e0 + X at beam energy Ee = 680
MeV and scattering angle ✓e = 37.5 deg. The solid line shows
the result of the full calculation, while the dashed line has
been obtained including the one-body current only. The con-
tributions arising from the two-nucleon current are illustrated
by the dot-dash and dotted lines, corresponding to the pure
two-body current transition probability and to the interfer-
ence term, respectively. The experimental data are taken
from Ref. [23]. (B) same as (A) but for Ee = 1300 MeV and
✓e = 37.5 deg.The experimental data are taken from Ref. [24].

According to Ref. [26], the di↵erential cross section can
be written in the convolution form

d�FSI(!) =

Z
d!0fq(! � !0 � UV )d�(!

0) , (9)

where d� denotes the cross section in the absence of FSI,
the e↵ects of which are accounted for by the folding func-

4

tion

fq(!) =
p
TA�(!) + (1 �

p
TA)Fq(!) . (10)

The above equations show that FSI are described in
terms of the real part of the optical potential UV , ex-
tracted from proton-carbon scattering data [27] respon-
sible for the shift in !, the nuclear transparency TA, mea-
sured in coincidence (e, e0p) reactions [28], and a function
Fq(!), sharply peaked at ! = 0, whose width is dictated
by the NN scattering cross section [26].

A comprehensive analysis of FSI e↵ects on the electron-
carbon cross sections has been recently carried out by the
authors of Ref. [15]. In this work we have followed closely
their approach, using the same input.

FIG. 3. (color online) (A): double di↵erential electron-carbon
cross section at beam energy Ee = 680 MeV and scattering
angle ✓e = 36 deg. The dashed line corresponds to the result
obtained neglecting FSI, while the solid line has been obtained
within the approach of Ref. [15]. The experimental data are
taken from Ref. [23]. (B): same as (A) but for Ee = 1300
MeV and ✓e = 37.5 deg. The experimental data are taken
from Ref. [24].

Figure 3 illustrates the e↵ects of FSI on the electron-
carbon cross section in the same kinematical setups of
Fig. 2. In panel (A), both the pronounced shift of the
quasi elastic-peak, and the redistribution of the strength
are clearly visible, and significantly improve the agree-
ment between theory and data. For larger values of Q2,
however, FSI play a less relevant role. This feature is
illustrated in panel (B), showing that at beam energy
Ee = 1.3 GeV and scattering angle ✓e = 37.5 deg, cor-
responding to Q2 ⇠ 0.5 GeV2, the results of calculations
carried out with and without inclusion of FSI give very
similar results, yielding a good description of the data.

Note that, being tranverse in nature, the calculated
two-nucleon current contributions to the cross sections
exhibit a strong angular dependence. At Ee = 1.3 GeV,
we find that the ratio between the integrated strengths
in the 1p1h and 2p2h sectors grows from 4% at electron
scattering angle ✓e=10 deg to 46% at ✓e=60 deg.

The results of our work show that the approach based
on the generalized factorization ansatz and the spectral
function formalism provides a consistent framework for a
unified description of the electron-nucleus cross section,
in the kinematical regime in which relativistic e↵ects are
known to be important.

The extension of our approach to neutrino-nucleus
scattering, which does not involve additional conceptual
di�culties, will o↵er new insight on the interpretation
of the cross section measured by the MiniBooNE Col-
laboration in the quasi elastic channel [29, 30]. The ex-
cess strength in the region of the quasi elastic peak is in
fact believed to originate from processes involving two-
nucleon currents [31–33], whose contributions is observed
at lower energy loss as a result of the average over the
neutrino flux [34]. The strong angular dependence of the
two-nucleon current contribution, may also provide a clue
for the understanding of the di↵erences between the quasi
elastic cross sections reported by the MiniBooNE and
NOMAD Collaboration [35], which collected data using
neutrino fluxes of mean energies 880 MeV and 25 GeV,
respectively [34].

As a final remark, it has to be pointed out that a clear-
cut identification of the variety of reaction mechanisms
contributing to the neutrino-nucleus cross section will re-
quire a careful analysis of the dynamical assumptions un-
derlying the di↵erent models of nuclear dynamics. All ap-
proaches based on the independent particle model of the
nucleus fail to properly take into account correlation ef-
fects, leading to a significant reduction of the normaliza-
tion of the shell-model states—unambiguously observed
in (e, e0p) experiments [36]—as well as to the appearance
of sizable interference terms in the 2p2h sector. However,
in some instances these two deficiencies may largely com-
pensate one another, leading to accidental agreement be-
tween theory and data. For example, the two-body cur-
rent contributions computed within our approach turn
out to be close to those obtained from the Fermi gas
model. The development of a nuclear model having the
predictive power needed for applications to the analysis
of future experiments—most notably the Deep Under-
ground Neutrino Experiment (DUNE) [37]—will require
that the degeneracy between di↵erent approaches be re-
solved. A systematic comparison between the results of
theoretical calculations and the large body of electron
scattering data, including both inclusive and exclusive
cross sections, will greatly help to achieve this goal.

This research is supported by INFN (Italy) under grant
MANYBODY (NR and OB) and the U.S. Department of
Energy, O�ce of Science, O�ce of Nuclear Physics, under
contract DE-AC02-06CH11357 (AL).
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“Extended” factorization schemes
| A

f i ! |p1p2i ⌦ | A�2
f i
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The factorization scheme can be further extended 
to include “real” pions in the final state

Inclusion of pion-production mechanisms 

FIG. 9. Electron- 12C scattering cross sections for E
e

= 500 MeV, ✓
e

= 60� (upper panel),

E
e

= 620 MeV, ✓
e

= 60� (middle panel), and E
e

= 730 MeV, ✓
e

= 37� (lower panel). The blue line

and red line correspond to the one- and two-body current contributions, respectively. The meson

exchange currents have been modified to account for the �-decay in the nuclear medium by using

the density dependent potential of Ref. []. For the ⇡ production contribution, both the SL and

DCC approach have been used.
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FIG. 10. Electron- 12C scattering cross sections for E
e

= 960 MeV, ✓
e

= 37.5� (upper panel), and

E
e

= 1650 MeV, ✓
e

= 11.95� (lower panel). The blue line and red line correspond to the one- and

two-body current contributions, respectively. The meson exchange currents have been modified to

account for the �-decay in the nuclear medium by using the density dependent potential of Ref.

[]. For the ⇡ production contribution, both the SL and DCC approach have been used.

D. 12C(⌫, µ)

Our predictions for 12C(⌫, µ) are shown in Fig.11.

16

| A
f i ! |p1p⇡i ⌦ | A�2

f i
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The VMC Spectral Function of 4He
Since there are no excited states in 3H, the 1h contribution is simply given by

Figure 1: VMC mean-field and full momentum distributions of 4He.

Z
dE

d3k

(2⇡)3
Pn(k, E) =

Z
d3k

(2⇡)3
nn(k) = A� Z , (4)

where Z is the number of protons and A is the number of nucleons of a given
nucleus. This normalization is consistent with the one of the variational
Monte Carlo (VMC) single-nucleon momentum distribution reported in [2].

Spectral function of 4He

For clarity, let us deal with the proton spectral function first. The single-
nucleon (mean-field) contribution PMF

p (k, E) corresponds to identifying | A�1
n i

with | 3H
0 i, the ground-state of 3H

PMF
p (k, E) = nMF

p (k)�
⇣
E � B4He +B3H � k2

2m3H

⌘
. (5)

where B4He ' 28.30 MeV and B3H ' 8.48 MeV are the binding energies of
4He and 3H, respectively and m3H is the mass of the recoiling nucleus. In the
above equation we introduced the mean-field proton momentum distribution

nMF
p (k) = |h 4He

0 |[|ki ⌦ | 3H
0 i]|2 , (6)

in which h 4He
0 |[|ki ⌦ | 3H

0 i is the Fourier transform of the single-nucleon
radial overlap that can be computed within both VMC and Green’s function
Monte Carlo (GFMC) [3].

2

The single-nucleon overlap can be (and have been) computed by Bob Wiringa within VMC 
(center of mass motion fully accounted for) 

P 1h
h (k, E) =

X

f̄

|h A
0 |[|ki ⌦ | A�1

f̄
i]|2�(E � EA�1

f̄
+ EA

0 )

= h 
4He
0 |[|ki ⌦ | 

3H
0 i]|2�

✓
E � E

3H
0 � k2

2M 3H
+ E

4He
0

◆
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The VMC Spectral Function of 4He
To determine the correlation component we utilize the two-nucleon momentum distributions 
computed within VMC

WIRINGA, SCHIAVILLA, PIEPER, AND CARLSON PHYSICAL REVIEW C 89, 024305 (2014)
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FIG. 15. (Color online) The nucleon-pair momentum distribu-
tions in 8Be for back-to-back Q = 0 pairs as a function of relative
momentum q is shown by red circles for pp pairs and blue squares
for np pairs.

each pair in each MC configuration; see Eq. (3) of Ref. [2].
Nucleon-pair distributions for the special case Q = 0 were
evaluated for a number of A ! 8 nuclei in [2], to help
understand the results of a two-nucleon knockout experiment
on 12C at Jefferson Lab [19]. The experiment showed a ratio
of back-to-back np to pp pairs of nearly 20 (compared to
the simple total ratio of 2.4) in the relative momentum range
q = 1.5–3 fm−1. This is easily understood by the presence of
a noticeable dip in the Q = 0pp distribution for this range of
q relative to the np distribution, as shown in Fig. 15 for 8Be. In
addition to this case, our latest results at Q = 0 for 3,4He, 6,7Li,
and 10B are provided in the online tables [4]. Unfortunately,
12C is currently still too expensive to evaluate with this double
integral, but we are exploring more efficient ways of evaluating
Eq. (5) that should make it possible in the future.

Nucleon-pair distributions for 3He and 4He with finite
Q ∥ q were reported in [3]. We now have made much more
extensive calculations for these two nuclei averaged over all
directions of Q and q. The ρpp(q,Q) for 4He is shown in
Fig. 16 and the ρpn(q,Q) is shown in Fig. 17 as a series of
q-dependent curves for fixed values of Q from 0 to 1.25 fm−1.
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FIG. 16. (Color online) The proton-proton momentum distribu-
tions in 4He averaged over the directions of q and Q as a function of
q for several fixed values of Q from 0 to 1.25 fm−1.
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FIG. 17. (Color online) The proton-neutron momentum distribu-
tions in 4He averaged over the directions of q and Q as a function of
q for several fixed values of Q from 0 to 1.25 fm−1.

The trends illustrated by these figures are similar to the
single-nucleon momentum distributions. The pp pairs are
primarily in relative 1S0 states, and exhibit the usual S-wave
node for total pair momenta Q = 0. As Q increases, this
node begins to fill in, until it is only a dip for Q > 1 fm−1. The
pn pairs are predominantly in deuteron-like states, with the
D-wave contribution filling in the S-wave node and beginning
the usual broad shoulder above 2 fm−1. The overall magnitude
of the curves for both pp and pn pairs decreases as Q
increases, simply because there are fewer pairs with high
total momenta. The numerical values for these curves may be
found online along with similar results for 3He [4]. Additional
calculations for various fixed angles between Q and q are in
progress.

IV. CONCLUSIONS

We have calculated a large number of nucleon, nucleon-
cluster, and nucleon-pair momentum distributions for A ! 12
nuclei using VMC wave functions generated from a realistic
Hamiltonian containing the AV18 NN and UX 3N potentials.
The single-nucleon ρ(k) have a common characteristic shape,
with a peak at zero (for s-shell nuclei) or small (for p-shell
nuclei) momentum, a rapid drop of more than two orders
of magnitude followed by a distinct change of slope around
q = 1.5–2 fm−1, and then an extended high-momentum tail
that carries well beyond 5 fm−1. The dominant source of
this tail in the 1.5–3 fm−1 range is the NN tensor force,
which comes from the pion-exchange potential, and is in-
creased ∼15% by the 3N force with its two-pion-exchange
terms. Spin-isospin correlations appear to dominate at higher
momenta, and presumably are dependent on the short-range
structure of the Hamiltonian. Our calculations include a
breakdown between spin-up and spin-down nucleons in J > 0
nuclei and between protons and neutrons in T > 0 nuclei.
Nucleon-cluster distributions, with d, t , and α clusters, have
been calculated in A ! 8 nuclei, including a number of
excited states. They do not exhibit high-momentum tails but
have specific nodal structures that reflect the requirements of
antisymmetry for the given spin J of the nuclear state.
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The VMC Spectral Function of 4He
Ideally, one should orthogonalize with the single-nucleon overlap 

|k0i ⌦ | A�2
f i ! |k0i ⌦ | A�2

f i � | A�1
f̄

ih A�1
f̄

|[|k0i ⌦ | A�2
f i]
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Implementation in generators
The extended factorization scheme can be readily implemented in neutrino event-generators

• Single-nucleon knock out: 

• Two-nucleon knock-out 

PN1(p1) =

Z
d3k1d

3k2d
3k01d

3k02F (!; k1, k2, k
0
1, k

0
2 ! p1)
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• Pion production processes

PN1⇡1(p1, p⇡1) =

Z
d3k1d

3k2d
3k01d

3k02 F (!; k1, k2, k
0
1, k

0
2 ! p1, p⇡1)

<latexit sha1_base64="07GOl85uyKdRdoqf+WJGX+HD7ow="></latexit><latexit sha1_base64="07GOl85uyKdRdoqf+WJGX+HD7ow="></latexit><latexit sha1_base64="07GOl85uyKdRdoqf+WJGX+HD7ow="></latexit><latexit sha1_base64="07GOl85uyKdRdoqf+WJGX+HD7ow="></latexit>

Classical Monte Carlo cascade models 
do not modify the inclusive cross section

Test the reaction mechanisms on inclusive 
cross sections before implementing them 



Conclusions & Plans

 Ongoing Plans

Conclusions

• GFMC calculations of the spectral function of light nuclei using imaginary-time techniques 
Z

dEe�E⌧Ph(k, E) ⇠
h 0|a†ke�(H�E0)⌧ak| 0i

h 0|e�(H�E0)⌧ | 0i

• GFMC calculations of 12C electromagnetic responses in good agreement with experiments;

• Two-body currents enhance the electromagnetic, neutral- and charged-current responses; 

• Total muon capture rate in 4He in good agreement with available experimental data, 

• Complete calculations of the charged-current neutrino and anti-neutrino - 12C cross sections;

• Muon capture rate of 4He employing chiral-EFT potentials and consistent electroweak currents;

• Implemented pion-production amplitudes for electron and neutrino scattering; good 
agreement with data

• Started VMC calculations of the hole spectral function 

• Cluster expansion formalism to compute the interference between one and two-body currents



Thank you



   -full local chiral potential�
We have complemented the historical “Argonne” approach by considering a local chiral     -full 
potential giving an excellent fit to the NN scattering data that can be readily used in QMC.
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FIG. 1. (Color online) S-wave, P-wave, and D-wave phase shifts for np (in T=0 and 1 states)

and pp, obtained in the Nijmegen [36, 37], Gross and Stadler [52], and Granada [39] PWA’s, are

compared to those of models a, b, and c, indicated by the band. The left (right) panels show phase

shifts up to 125 (200) MeV lab energy.

Gross-Stadler [52] groups. The recent Gross and Stadler’s PWA is limited to np data only.

In Fig. 2, the np (top panels) and pp (lower panel) S-wave, P-wave, and D-wave phase

shifts are displayed for model b up to 125 MeV lab energy order-by-order in the chiral

expansion. Dashed (blue), dash-dotted (green), double-dash-dotted (magenta), and solid

(red) lines represent the results at LO, NLO, N2LO and N3LO, respectively. Of course, the

description of the phase shifts improves substantially, as one progresses from LO to N3LO.
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FIG. 1. (Color online) S-wave, P-wave, and D-wave phase shifts for np (in T=0 and 1 states)

and pp, obtained in the Nijmegen [36, 37], Gross and Stadler [52], and Granada [39] PWA’s, are

compared to those of models a, b, and c, indicated by the band. The left (right) panels show phase

shifts up to 125 (200) MeV lab energy.

Gross-Stadler [52] groups. The recent Gross and Stadler’s PWA is limited to np data only.

In Fig. 2, the np (top panels) and pp (lower panel) S-wave, P-wave, and D-wave phase

shifts are displayed for model b up to 125 MeV lab energy order-by-order in the chiral

expansion. Dashed (blue), dash-dotted (green), double-dash-dotted (magenta), and solid

(red) lines represent the results at LO, NLO, N2LO and N3LO, respectively. Of course, the

description of the phase shifts improves substantially, as one progresses from LO to N3LO.
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• Consistent MEC available

• Theoretical uncertainty estimation

• Closer connection with QCD

model order ELab (MeV) Npp+np �2/datum

b LO 0–125 2558 59.88

b NLO 0–125 2648 2.18

b N2LO 0–125 2641 2.32

b N3LO 0–125 2665 1.07

a N3LO 0–125 2668 1.05

c N3LO 0–125 2666 1.11

ea N3LO 0–200 3698 1.37

eb N3LO 0–200 3695 1.37

ec N3LO 0–200 3693 1.40

a N3LO 0–200 3690 2.41

b N3LO 0–200 3679 3.76

c N3LO 0–200 3679 4.52

TABLE I: Total �2/datum for model a (ã) with (RL, RS) = (1.2, 0.8) fm, model b (b̃) with (1.0, 0.7)

fm, and model c (c̃) with (0.8, 0.6) fm fitted up to 125 (200) MeV laboratory energy. For model

b, results of the fits up to 125 MeV order by order in the chiral expansion are also given; Npp+np

denotes the total number of pp and np data, including observables and normalizations.

LO and NLO and from N2LO and N3LO. However, the quality of the fit worsens slightly

in going from NLO to N2LO. At N2LO we fixed the chiral LECs, namely c1, c2, c3, c4 and

b3 + b8, from the ⇡N scattering analysis of Ref. [28]. In the range 0–125 MeV, the total

�2/datum at N3LO are 1.05, 1.07, 1.11 for models a, b, and c, respectively; while in the

range 0–200 MeV the total �2/datum at N3LO are 1.37, 1.37, 1.40. The total �2/datum at

N3LO for models a, b, and c when compared (without refitting) to the 0–200 MeV database

are 2.41, 3.76, 4.52, respectively. In both energy ranges, the quality of the fits deteriorates

slightly as the (RL, RS) cuto↵s are reduced from the values (1.2,0.8) fm of model a down to

(0.8,0.6) fm of model c.

The fitted values of the LECs corresponding to models a, b, c and ea, eb, ec are listed in

Tables II and III, respectively. The values for the ⇡N LECs in the OPE and TPE terms of

these models are given in Table I of Ref. [50].
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   -full local chiral potential�
The experimental A≤12 ground- and excited state energies are very well reproduced by the local          

    -full NN+NNN chiral interaction �

FIG. 3. Spectra of A=4–12 nuclei. The energy spectra obtained with the NV2+3-Ia chi-

ral interactions are compared to experimental data. Also shown are results obtained with the

phenomenological AV18+IL7 interactions.

6 Stoks, V.G.J., Klomp, R.A.M., Rentmeester, M.C.M. & de Swart, J.J. Partial-wave analysis of

all nucleon-nucleon scattering data below 350 MeV. Phys. Rev. C 48, 792 (1993).

7 Friar, J.L., Gibson, B.F. & Payne, G.L. Recent Progress in Understanding Trinucleon Proper-

ties. Annu. Rev. Nucl. Part. Sci. 34, 403 (1984).

8 Pudliner, B.S., Pandharipande, V.R., Carlson, J., Pieper, S.C. &Wiringa, R.B. QuantumMonte

Carlo calculations of nuclei with A  7. Phys. Rev. C 56, 1720 (1997).
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cation to 12C. Phys. Rev. C 62, 054311 (2000).
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4

gs ex
LO 2.334 2.150

N2LO –3.18⇥10�2 –2.79⇥10�2

N3LO(CT) 2.79⇥10�1 2.36⇥10�1

OPE –2.99⇥10�2 –2.44⇥10�2

N4LO(2b) –1.61⇥10�1 –1.33⇥10�1

N4LO(3b) –6.59⇥10�3 –4.86⇥10�3

TABLE II. Individual contributions to the 7Be ✏-capture
Gamow-Teller RMEs obtained at various orders in the chiral
expansion of the axial current (⇤=500 MeV) with VMC wave
functions. The rows labeled LO and N2LO refer to, respec-
tively, the first term and the terms proportional to 1/m2 in
Eq. (1); the rows labeled N3LO(CT) and OPE, and N4LO(2b)
and N4LO(3b), refer to panel (a) and panels (b) and (f), and
to panels (c)-(e), (g) and panel (h) in Fig. 1, respectively.

The contributions of the axial current order-by-order in
the chiral expansion are given for the GT matrix ele-
ment of the 7Be ✏ capture in Table II. Those beyond
LO, with the exception of the CT at N3LO, have oppo-
site sign relative to the (dominant) LO. The loop cor-
rections N4LO(2b) are more than a factor 5 larger (in
magnitude) than the OPE. This is primarily due to the
accidental cancellation between the terms proportional
to c3 and c4 in the OPE operator at N3LO (which also
occurs in the tritium GT matrix element [27]). It is also
in line with the chiral filter hypothesis [35–37], according
to which, if soft-pion processes are suppressed—as is the
case for the axial current—then higher-order chiral cor-
rections are not necessarily small. Indeed, the less than
3% overall correction due to terms beyond LO reported
in Table I (row N4LO) comes about because of destruc-
tive interference between two relatively large (⇠ 10%)
contributions from the CT and the remaining [primarily
N4LO(2b)] terms considered here.

Ratios of GFMC to experimental values for the GT
RMEs in the 3H, 6He, 7Be, and 10C weak transitions
are displayed in Fig. 2—theory results correspond to
�EFT axial currents at LO and including corrections
up to N4LO. The experimental values are those listed
in Table I, while that for 3H is 1.6474(24) [27]. These
values have been obtained by using g

A

=1.2723(23) [38]
and K/

⇥
G2

V

�
1 +�V

R

�⇤
=6144.5(1.4) sec [39], where

K =2⇡3 ln 2/m5
e

=8120.2776(9) ⇥ 10�10 GeV�4 sec and
�V

R

= 2.361(38)% is the transition-independent radiative
correction [39]. In the case of the � decays, but not for
the ✏ captures, the transition-dependent (�0

R

) radiative
correction has also been accounted for. Lastly, in the ✏
processes the rates have been obtained by ignoring the
factors B

K

and B
L1 which include the e↵ects of electron

exchange and overlap in the capture from the K and L1
atomic subshells. As noted by Chou et al. [14] following
Bahcall [40, 41], such an approximation is expected to be
valid in light nuclei, since these factors only account for

1 1.1 1.2

Ratio to EXPT

10C 10B

7Be 7Li(gs)
6He 6Li
3H 3He

7Be 7Li(ex)

gfmc 1b
gfmc 1b+2b(N4LO)
Chou et al. 1993 - Shell Model - 1b

FIG. 2. (Color online) Ratios of GFMC to experimental
values of the GT RMEs in the 3H, 6He, 7Be, and 10C weak
transitions. Theory predictions correspond to the �EFT axial
current in LO (blue circles) and up to N4LO (magenta stars).
Green squares indicate ‘unquenched’ shell model calculations
from Ref. [14] based on the LO axial current.

a redistribution of the total strength among the di↵erent
subshells (however, it should be noted that B

K

and B
L1

were retained in Ref. [11], and led to the extraction of
experimental values for the GT RMEs about 10% larger
than reported here).
We find overall good agreement with data for the 6He

�-decay and ✏ captures in 7Be, although the former is
overpredicted by ⇠ 2%, a contribution that comes almost
entirely from 2b and 3b chiral currents. The experimental
GT RME for the 10C �-decay is overpredicted by ⇠ 10%,
with two-body currents giving a contribution that is com-
parable to the statistical GFMC error. The presence of
a second (1+; 0) excited state at ⇠ 2.15 MeV can poten-
tially contaminate the wave function of the 10B excited
state at ⇠ 0.72 MeV, making this the hardest transition
to calculate reliably. In fact, a small admixture of the
second excited state (' 6% in probability) in the VMC
wave function brings the VMC reduced matrix element
in statistical agreement with the the measured value, a
variation that does not spoil the overall good agreement
we find for the reported branching ratios of 98.54(14)%
(< 0.08%) to the first (second) (1+, 0) state of 10B [14].
Because of the small energy di↵erence of these two levels,
it would require an expensive GFMC calculation to see if
this improvement remains or is removed; in lighter sys-
tems we have found that such changes of the trial VMC
wave function are removed by GFMC.

We note that correlations in the wave functions sig-
nificantly reduce the matrix elements, a fact that can
be appreciated by comparing the LO GFMC (blue cir-
cles in Fig. 2) and the LO shell model calculations
(green squares in the same figure) from Ref. [14]. More-
over, preliminary variational Monte Carlo studies, based

2

into account. These two-body operators, multiplied by
hadronic form factors so as to regularize their short-range
behavior in configuration space, were then constrained to
reproduce the GT matrix element contributing to tritium
� decay by adjusting the poorly known N -to-� axial cou-
pling constant (see Ref. [19] for a recent summary).

Yet, the calculations of Ref. [11] were based on ap-

proximate VMC wave functions to describe the nuclear
states involved in the transitions. This shortcoming was
remedied in the subsequent GFMC study of Ref. [12],
which, however, only retained the one-body GT opera-
tor. Adding to the GFMC-calculated one-body matrix
elements the VMC estimates of two-body contributions
obtained in Ref. [11] led Pervin et al. [12] to speculate
that a full GFMC calculation of these A=6–7 weak tran-
sitions might be in agreement with the measured values.

The last three decades have witnessed the emergence
of chiral e↵ective field theory (�EFT) [20]. In �EFT,
the symmetries of quantum chromodynamics (QCD), in
particular its approximate chiral symmetry, are used to
systematically constrain classes of Lagrangians describ-
ing, at low energies, the interactions of nucleons and �
isobars with pions as well as the interactions of these
hadrons with electroweak fields [21, 22]. Thus �EFT
provides a direct link between QCD and its symmetries,
on one side, and the strong and electroweak interac-
tions in nuclei, on the other. Germane to the subject
of the present letter are, in particular, the recent �EFT
derivations up to one loop of nuclear axial currents re-
ported in Refs. [23, 24]. Both these studies were based on
time-ordered perturbation theory and a power-counting
scheme à la Weinberg, but adopted di↵erent prescrip-
tions for isolating non-iterative terms in reducible contri-
butions. There are di↵erences—the origin of which is yet
unresolved—in the loop corrections associated with box
diagrams in these two independent derivations.

The present study reports on VMC and GFMC calcu-
lations of weak transitions in 6He, 7Be, and 10C, based on
the Argonne v18 (AV18) two-nucleon [25] and Illinois-7
(IL7) three-nucleon [26] interactions, and axial currents
obtained either in the meson-exchange [19] or �EFT [23]
frameworks mentioned earlier. The AV18+IL7 Hamilto-
nian reproduces well the observed spectra of light nuclei
(A=3–12), including the 12C ground- and Hoyle-state
energies [3]. The meson-exchange model for the nuclear
axial current has been most recently reviewed in Ref. [19],
where explicit expressions for the various one-body (1b)
and two-body (2b) operators are also listed (including fit-
ted values of the N -to-� axial coupling constant). The
�EFT axial current [23, 27] consists of 1b, 2b, and three-
body (3b) operators. The 1b operators read

j1b5,± = �g
A

AX

i=1

⌧
i,±

✓
�
i

�r
i

�
i

·r
i

� �
i

r2
i

2m2

◆
, (1)

where ⌧
i,± = (⌧

i,x

± i ⌧
i,y

)/2 is the standard isospin rais-

ing (+) or lowering (�) operator, and �
i

and �ir
i

are,
respectively, the Pauli spin matrix and momentum oper-
ator of nucleon i. The 2b and 3b operators are illustrated
diagrammatically in Fig. 1 in the limit of vanishing mo-
mentum transfer considered here. Referring to Fig. 1,
the 2b operators are from contact [CT, panel (a)], one-
pion exchange (OPE) [panels (b) and (f)], and multi-pion
exchange (MPE) [panels (c)-(e) and (g)],

j2b5,± =
AX

i<j=1

h
jCT
5,±(ij) + jOPE

5,± (ij) + jMPE
5,± (ij)

i
, (2)

and the 3b operators are from MPE [panels (h)-(i)],

j3b5,± =
AX

i<j<k=1

jMPE
5,± (ijk) . (3)

Configuration-space expressions for these 2b and 3b op-
erators are reported in Ref. [27].

FIG. 1. Diagrams illustrating the (non-vanishing) contribu-
tions to the 2b and 3b axial currents. Nucleons, pions, and
external fields are denoted by solid, dashed and wavy lines,
respectively. The circle in panel (b) represents the vertex im-

plied by the L(2)
⇡N chiral Lagrangian [28], involving the LECs

c3 and c4. Only a single time ordering is shown; in particular,
all direct- and crossed-box diagrams are accounted for. The
power counting of the various contributions is also indicated.
See text for further explanations.

The 1b operator in Eq. (1) includes the leading or-
der (LO) GT term and the first non-vanishing correc-
tions to it, which come in at next-to-next-to-leading or-
der (N2LO) [27]. Long-range 2b corrections from OPE
enter at N3LO, panel (b) in Fig. 1, involving the low-
energy constants (LECs) c3 and c4 in the sub-leading

L(2)
⇡N

chiral Lagrangian [28], as well as at N4LO, panel (f).
In terms of the expansion parameter Q/⇤

�

—where Q
specifies generically the low-momentum scale and ⇤

�

=1
GeV is the chiral-symmetry-breaking scale—they scale as
(Q/⇤

�

)3 and (Q/⇤
�

)4, respectively, relative to the LO.
Loop corrections from MPE, panels (c)-(e) and (g), come
in at N4LO, as do 3b currents, panels (h)-(i). Finally, the
contact 2b current at N3LO, panel (a), is proportional to
a LEC, denoted as z0.
The short-range behavior of the 2b and 3b operators

is regularized by including a cuto↵ C⇤(k)= exp(�k4/⇤4)

Chiral-EFT currents

S. Pastore et al. PRC 97, 022501 (2018)

• Chiral currents consistent with the    -full local chiral potential have been developed �
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• Mixed-approach calculations indicate a slight enhancement of the decay rates from MEC 
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Nuclear spectra and decays

• Triton and 3He average binding energies 
provide a correlation line between cD and cE
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