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The leading hadronic contribution - HVP

�2

The status of                    : BNL E821 experiment vs SM predictionIntro HLbL: gauge & crossing HLbL dispersive Conclusions Status of (g − 2)µ Approaches to HLbL

Status of (g − 2)µ, experiment vs SM
aµ

[

10−11
]

∆aµ
[

10−11
]

experiment 116 592089. 63.

QED O(α) 116140973.21 0.03
QED O(α2) 413217.63 0.01
QED O(α3) 30141.90 0.00
QED O(α4) 381.01 0.02
QED O(α5) 5.09 0.01
QED total 116 584718.95 0.04

electroweak, total 153.6 1.0
HVP (LO) [Hagiwara et al. 11] 6 949. 43.
HVP (NLO) [Hagiwara et al. 11] −98. 1.
HLbL [Jegerlehner-Nyffeler 09] 116. 40.

HVP (NNLO) [Kurz, Liu, Marquard, Steinhauser 14] 12.4 0.1
HLbL (NLO) [GC, Hoferichter, Nyffeler, Passera, Stoffer 14] 3. 2.

theory 116 591855. 59.

aµ = (g � 2)µ/2

aexp
µ � aSM

µ ⇠ 3 �

The Standard Model prediction for aµ

aµ [10−11] ∆aµ [10−11]

experiment 116 592 089. 63.

QED O(α) 116 140 973.21 0.03
QED O(α2) 413 217.63 0.01
QED O(α3) 30 141.90 0.00
QED O(α4) 381.01 0.02
QED O(α5) 5.09 0.01
QED total 116 584 718.85 0.04

electroweak 153.2 1.8

had. VP (LO) 6923. 42.
had. VP (NLO) –98. 1.

had. LbL 116. 40.

total 116 591 813. 58.

µ µ

hadrons

B. Kubis, Theπ0 and η Transition Form Factors and the Anomalous Magnetic Moment of the Muon – p. 5
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[Della Morte et al. JHEP 1710 (2017) 020 ]

            [Talk by A. El-Khadra, Mon. 14.00]
Summary of ways to enhance StN ratio:
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➡ In space-like momenta region

➡ Obtain aµ
had, LO by utilising the running of �QED  in a space-like process 

[Lautrup, de Rafael ‘69]ahad,LO

µ =
↵

⇡

Z
1

0

dx(1� x)�↵had[Q
2(x)]

Master formula

• Standard approach

aHLO
µ =

1
4⇡3

Z 1

4m2
⇡

ds K(s) �0
e+e�!had

(s)

K(s) =

Z 1

0

x2(1� x)
x2 + (1� x) s

m2
µ

• Alternatively (exchanging s and x integrations in a
HLO
µ )

aHLO
µ =

↵
⇡

Z 1

0

dx (1� x) �↵had[t(x)]

t(x) =
x2m2

µ

x� 1
< 0

Lautrup, Peterman, De Rafael, Phys. Rept. 3 (1972) 193

Hadronst

? �↵had(t) can be directly measured in a (single) experiment involving t-channel
(space-like) scattering

Arbuzov et al. EPJC 34 (2004) 267
Abbiendi et al. (OPAL) EPJC 45 (2006) 1

C.M. Carloni Calame (INFN, Pavia) MUonE 3 / 26

• A high precision measurement of aµ
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Z
1

0

dx(1� x)�↵had[Q
2(x)]

�4

➡ In space-like momenta region

➡ Obtain aµ
had, LO by utilising the running of �QED  in a space-like process

➡ Proposal to measure precisely the Q2 - dependent fine-structure constant:

             [See talk by C. Carloni Calame, Tue. 16.00]

Master formula
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↵(Q2) =
↵(O)

1��↵(Q2)
[Phys.Lett. B746 (2015) 325-329  by Carloni, Passera,Trentadue, Venanzoni] @e+e- detector
[Eur.Phys.J. C77 (2017) no.3, 139  by Abbiendi et al.] Physics Beyond Colliders@CERN
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↵(Q2) =
↵(O)

1��↵(Q2)
[Phys.Lett. B746 (2015) 325-329  by Carloni, Passera,Trentadue, Venanzoni] @e+e- detector
[Eur.Phys.J. C77 (2017) no.3, 139  by Abbiendi et al.] Physics Beyond Colliders@CERN

48 experiment + 20 theory and growing …!

[LOI submitted to SPSC@CERN in June 2019]
         https://cds.cern.ch/record/2677471

Collaboration:

https://cds.cern.ch/record/2677471
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M. Passera    PBC   March 2 2018 4

Carloni Calame, MP, Trentadue, Venanzoni, PLB 2015

 smooth integrand

A new space-like proposal for HLO (2)

Time-like Space-like

F. Jegerlehner, arXiv:1511.04473

MUonE: space-like evaluation of aµ
HVP, LO 

➡ combination of many exp. data sets

M. Passera    PBC   March 2 2018 4

Carloni Calame, MP, Trentadue, Venanzoni, PLB 2015

 smooth integrand

A new space-like proposal for HLO (2)

Time-like Space-like

F. Jegerlehner, arXiv:1511.04473

➡ smooth integrand
➡ single experiment enough - but high accuracy 

needed (one-loop effect)
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µ = (689.8± 2.3)⇥ 10�10

<latexit sha1_base64="xSkP9dNfabdM7jMo7JqHx/8G/3s="></latexit><latexit sha1_base64="xSkP9dNfabdM7jMo7JqHx/8G/3s="></latexit><latexit sha1_base64="xSkP9dNfabdM7jMo7JqHx/8G/3s="></latexit><latexit sha1_base64="xSkP9dNfabdM7jMo7JqHx/8G/3s="></latexit>

[Lautrup, de Rafael ‘69]

[T. Blum ‘03]
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➡ Theory in low-Q2 [dominating HVP integral]: To extract Δαhad(t) from this measurement, 

the ratio of the SM cross sections in the signal and normalisation regions must be 

known at ≲ 10ppm! 

MUonE: theoretical effort underway
Master formula

• Standard approach

aHLO
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1
4⇡3
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e+e�!had
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m2
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• Alternatively (exchanging s and x integrations in a
HLO
µ )

aHLO
µ =
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⇡

Z 1

0

dx (1� x) �↵had[t(x)]

t(x) =
x2m2

µ

x� 1
< 0

Lautrup, Peterman, De Rafael, Phys. Rept. 3 (1972) 193

Hadronst

? �↵had(t) can be directly measured in a (single) experiment involving t-channel
(space-like) scattering

Arbuzov et al. EPJC 34 (2004) 267
Abbiendi et al. (OPAL) EPJC 45 (2006) 1

C.M. Carloni Calame (INFN, Pavia) MUonE 3 / 26
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[Fixed-order NNLO+ Resumation Broggio; Banerjee Engel, 
Gnendiger, Signer, Ulrich JHEP02(2019)118]

[NNLO amp.: Mastrolia, Passera, Primo, Schubert JHEP1711(2017), 
Di Vita, Laporta, Mastrolia, Primo, Schubert JHEP09(2018)016] 
[NNLO had. contributions Fael JHEP1902(2019)027, 
Fael, Passera Phys. Rev. Lett. 122(2019) 19, 192001]

[MC@NNLO Carloni, Montagna, Nicrosini, Piccinini,Czyz]

[MC@QED NLO+weak Alacevich, Carloni Calame, Chiesa, 
Montagna, Nicrosini, Piccinini, JHEP1902 (2019)155]
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➡ Theory in low-Q2 [dominating HVP integral]: To extract Δαhad(t) from this measurement, 

the ratio of the SM cross sections in the signal and normalisation regions must be 

known at ≲ 10ppm!

➡ Theory in high-Q2: PT  

MUonE: theoretical effort underway
Master formula
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➡ Theory in low-Q2 [dominating HVP integral]: To extract Δαhad(t) from this measurement, 

the ratio of the SM cross sections in the signal and normalisation regions must be 

known at ≲ 10ppm!

➡ Theory in intermediate-Q2: Lattice QCD or analytic continuation of the R-ratios 

➡ Theory in high-Q2: PT  
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[Fixed-order NNLO+ Resumation Broggio; Banerjee Engel, 
Gnendiger, Signer, Ulrich JHEP02(2019)118]

[NNLO amp.: Mastrolia, Passera, Primo, Schubert JHEP1711(2017), 
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Hybrid method: MUonE experiment +lattice
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| {z }| {z }
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I1 I2
[Chetyrkin et al. ‘96]
[Harlander&Steinhauser ‘02]

• lattice QCD
• R-ratios
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•     contribution to the HVP from the lattice:

ahad,LO
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HVP: Intermediate-Q2 range integration   [MKM & N. Cardoso ’18]

�13

➡ I1 on CLS ensembles with Nf=2 O(a) improved Wilson fermions (A5,E5,F6,G8,N6,O7)

➡ mπ≈180-440MeV, continuum extrapolation (0.05-0.09fm), chiral extrapolation to mπ,phys

➡ Partially quenched: s, c    (κs,κc taken from [CLS/Mainz, JHEP 1710 (2017)])  

➡ Neglecting isospin breaking effects (mu≠md and αem≠0)

➡ mπL ≥ 4, long-distance effects effects in I1 not yet explored explicitly                                      
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Promising methods I have not discussed . . .

HVP at Q2 = 0

New way for direct extraction of zero momentum form factors on

the lattice [de Divitiis, R. Petronzio, N. Tantalo 1208.5914 ]

⇧12(Q) =
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1
V (x ,~q)S [x , y ; U, �p

]�
2
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anyway, on limited statistics, that the gauge Ward iden-
tities

P
µ p̂µĈµ� =

P
� p̂�Ĉµ�(p) = 0 are satisfied.

First, fixed µ = 1 and ⌫ = 2, we have computed the
integrated correlation at p1 > 0 and p2 > 0 and divided
it by the momenta,

�(p2 > 0) = � Ĉ12(p)
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Then we have applied the rules discussed in the previous
sections to define the second mixed derivative, acting on
propagators and vertices and evaluated at zero momen-
tum, according to

�(0) = � �2Ĉ12(p)
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(48)

where, for sake of brevity, we have dropped position ar-
guments and we have used the relations
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2
�k

T (x, ~p/2) ,

��k
T (x, ~p/2)

�pk
= � i

2
�k

V (x, ~p/2) , (49)

to obtain the derivative of the vertices (see section IV
above). Note that in the previous expressions the factor
1/2 appears because the currents here depend upon ~p/2
and not upon ~p.

To the lattice definition of �(0), eq. (48), it can be
given the following graphical representation (see also
eq. (18))
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In FIG. 4 we show our results. The black points corre-
spond to �(p2) obtained from eq. (47) and, as expected,
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FIG. 4: Black points correspond to the calculation of
�(p2) performed by using standard techniques (according to
eq. (47)) on two lattice volumes, 243 ⇥ 48 for the D2 ensem-
ble and 323 ⇥ 64 for the E2 ensemble. The red points corre-
spond to �(0) calculated directly on the lattice (according to
eq. (48)) for the two volumes. Data are in lattice units.

tend to be noisy for small values of p2. The red points
correspond to �(0) calculated directly on the lattice ac-
cording to eq. (48). The data, obtained with limited
statistics (150 gauge configurations for the D2 ensemble
and 138 gauge configurations for the E2 ensemble), cor-
respond to two di�erent lattice volumes (VD2 = 243 ⇥ 48
and VE2 = 323 ⇥ 64) and di�er at small momenta for
finite volume e�ects.

For each data set, the error on �(0) is comparable
to the error that can be obtained at (ap)2 � 0.05 but,
coming from a direct calculation, it does not need to be
corrected for systematic errors due to extrapolations and,
important to note, it scales with the statistics. Further-
more, the error on �(0) scales favorably with the lattice
volume.

VI. CONCLUSIONS

The method discussed in this letter allows the direct
calculation on the lattice of the derivatives of correlators
with respect to external momenta. We have described
the method and checked its validity for several correlation
functions.

In particular, we have derived expressions to be used
in order to compute both form factors parametrizing
semileptonic decays of pseudoscalar mesons into other
pseudoscalar mesons, directly at zero recoil. These rela-
tions, checked numerically in this paper, may have many
important phenomenological applications, for example in
the calculation of B � D�⌫ di�erential decay rate with-
out excluding the � = ⌧ case, etc. Similar relations can
be easily derived along the lines discussed in this paper

9

anyway, on limited statistics, that the gauge Ward iden-
tities

P
µ p̂µĈµ� =
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�p1�p2

�����
p2=0

= �

1

2

2

1

1

2

1 2

1

1 2

2 �

1

2

2

1

1

2

1 2

1

12

2

�1

2
1

2

2

1

1

2

1 2

1

1 2

2

� 1

2

1

2

2

1

1

2

1 2

1

1 2

2� 1

4
1

2

2

1

1

2

1 2

1

1 2

2

.

(50)

In FIG. 4 we show our results. The black points corre-
spond to �(p2) obtained from eq. (47) and, as expected,

������
�
���	

��

�
�������

�
���	

�������
�
�
�	

��

�
�������

�
�
�	

����

���

����

����

���


���
	
�

���� � ��� ��� ��� ��� ��� ��


FIG. 4: Black points correspond to the calculation of
�(p2) performed by using standard techniques (according to
eq. (47)) on two lattice volumes, 243 ⇥ 48 for the D2 ensem-
ble and 323 ⇥ 64 for the E2 ensemble. The red points corre-
spond to �(0) calculated directly on the lattice (according to
eq. (48)) for the two volumes. Data are in lattice units.

tend to be noisy for small values of p2. The red points
correspond to �(0) calculated directly on the lattice ac-
cording to eq. (48). The data, obtained with limited
statistics (150 gauge configurations for the D2 ensemble
and 138 gauge configurations for the E2 ensemble), cor-
respond to two di�erent lattice volumes (VD2 = 243 ⇥ 48
and VE2 = 323 ⇥ 64) and di�er at small momenta for
finite volume e�ects.

For each data set, the error on �(0) is comparable
to the error that can be obtained at (ap)2 � 0.05 but,
coming from a direct calculation, it does not need to be
corrected for systematic errors due to extrapolations and,
important to note, it scales with the statistics. Further-
more, the error on �(0) scales favorably with the lattice
volume.

VI. CONCLUSIONS

The method discussed in this letter allows the direct
calculation on the lattice of the derivatives of correlators
with respect to external momenta. We have described
the method and checked its validity for several correlation
functions.

In particular, we have derived expressions to be used
in order to compute both form factors parametrizing
semileptonic decays of pseudoscalar mesons into other
pseudoscalar mesons, directly at zero recoil. These rela-
tions, checked numerically in this paper, may have many
important phenomenological applications, for example in
the calculation of B � D�⌫ di�erential decay rate with-
out excluding the � = ⌧ case, etc. Similar relations can
be easily derived along the lines discussed in this paper
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➡Statistical precision in I1 (still) determined by Π(0)       

➡Expansion of the quark propagator around zero spatial momentum  

➡Strange & Charm contributions:                                                   [de Divitiis, Petronzio, Tantalo; Phys.Lett. B718 (2012)]

➡Light contribution: Q2—> 0 extrapolation                    
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strange

mπ = 311 MeV                       

light (u/d) charm

“derivative method”/“Rome method”

HVP: Intermediate-Q2 range integration   [MKM & N. Cardoso ’18]



Hadronic contributions to (g-2)μ, INT, Seattle, USA                                                             September 9 - 13, 2019�15

strangelight (u/d) charm

[D. Giusti, F. Sanfilippo, S. Simula, 

Phys. Rev. D 98, 114504 (2018)]

            [Talk by D. Giusti, Fri. 9.00]

            [D. Giusti @ Lattice 2019]             [D. Giusti @ Lattice 2019]

HVP: Intermediate-Q2 range integration   [ETMC ’18 and ETMC ’19]

https://arxiv.org/search/hep-lat?searchtype=author&query=Giusti%2C+D
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• Low momentum region

➡ Experiment (NLO, 

NNLO, radiative 

corrections … )

Q2

exp. 
data

Lattice:
models + num. integration

P.T.

⇧̂
(Q

2
)

Q2
cut Q2

max

MUonE: Theory Update

Massimo Passera 
INFN Padova

MUonE meeting 
Pisa 

29-30 January 2018

Q2
exp,max

Hybrid strategy for the HVP:            +             + P.T.

MUonE: Theory Update

Massimo Passera 
INFN Padova

MUonE meeting 
Pisa 

29-30 January 2018

Extracting observables on the lattice

SG

SF

R
D  D  e� (�µDµ+mq)  ⇡ det (�µDµ +mq)

hO[ , ,U]i = 1
Z

R
DUD D e�SG [U]�Sf [U, , ]O[ , ,U]

Non-local object on the lattice ! impossible to compute exactly!

Solving:
� = (�µDµ +mq)

�1 �

very expensive for: small quark mass m, large lattice extent L
a .
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            [Talk by D. Giusti, Fri. 9.00]
[D. Giusti et al., Phys. Rev. D 98, 114504]
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 MUonE after 2 yrs of data taking:
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HVP: Intermediate-Q2 range integration

�17

➡ A recent proposal [ https://cds.cern.ch/record/2677471 ] where I1 and I2  are evaluated directly from MUonE data [see 

talk by C. Carloni Calame, Tue. 16.00]

➡ ”Fermion-like” parametrization ansatz for 

➡ Recursively used for the NNLO contribution [see talk by M. Fael, Tue. 16.50]

➡ Systematics estimate: conventional wisdom of lattice QCD calculations
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https://cds.cern.ch/record/2677471
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• Open postdoctoral position at the University of Munich, Germany available from 1.1.2020: MUonE-related 
topics and lattice QCD(+QED) conceptual developments. Please share with potential candidates:                        

https://labs.inspirehep.net/jobs/1751820

Summary & Outlook
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• In the 2-3 years, 0.3% statistical uncertainty in HVP expected from

• Measuring  the running of�QED  in the Q2∈[0.001,0.14] GeV2  which dominates the HVP 

• Hybrid method (Exp.+Lat.+P.T.): I=I0+I1+I2 , first cross-checks with different lattice discretisations in progress

• Outlook: use mπ,phys, revisit strategy for aµ
light (TMR),  isospin breaking corrections, estimate discr. effects

MUonE: Theory Update

Massimo Passera 
INFN Padova

MUonE meeting 
Pisa 

29-30 January 2018

• MUonE: L.O.I. to SPSC@CERN submitted in June 2019! 

• MUonE strategy to utilize low energy data for the entire Q2 range [Talk by C. Carloni Calame, Tue. 16.00]

• Lattice invaluable for estimating the systematics of this approach [Sections IVA and IVC of the Muon g-2 
Theory Initiative white paper: Lattice QCD calculations of the HVP]

https://labs.inspirehep.net/jobs/1751820
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Thank you!
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MUonE Timeline

MUonE: Theory Update

Massimo Passera 
INFN Padova

MUonE meeting 
Pisa 

29-30 January 2018

[LOI submitted to SPSC@CERN in June 2019]
         https://cds.cern.ch/record/2677471

            [Talk by C. Carloni Calame, Tue. 16.00]

https://cds.cern.ch/record/2677471

