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⇧̂(q2) = ⇧(q2)�⇧(0)

⇧µ⌫ =

Z
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2)

Leading order HVP correction: 

• Use optical theorem and dispersion relation to rewrite the 
integral in terms of the hadronic e+e- cross section:  

aHVP,LO
µ =

m2
µ

12⇡3

Z
ds

K̂(s)

s
�exp(s)

aHVP,LO
µ =

⇣↵
⇡

⌘2
Z

dq2!(q2) ⇧̂(q2)

Hadronic vacuum polarization

• This talk: discuss !  calculated in lattice QCD aHVP,LO
μ
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Lattice HVP WP organization

I. Introduction 
A. The hadronic vacuum polarization 
B. Calculating and integrating !  to 

obtain !  
C.Time moments 
D. Coordinate-space representation 
E. Common issues 

II.  Strategies 
A. Connected light-quark contribution 
!  

1. Statistical errors 
2. Finite volume effects and long-

distance two-pion contributions 
3. Discretization and scale setting 
4. Chiral extrapolation/interpolation 

B. Connected strange and charm 
contributions !  

C. Disconnected term [! ] 

D. Strong and em IB contributions !

Π(q2)
aμ

aHLO
μ (ud)

aHLO
μ (s), aHLO

μ (c), aHLO
μ (b)

aHLO
μ discussion

δaHLO
μ
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III. Comparisons 
A. Comparison of total LO-HVP contribution 
B. Flavor-by-flavor comparison 
C. Toward lattice QCD consensus and permil-

level precision 
IV. Connections 

A. HVP from lattice QCD and the MUonE 
experiment 

B. HVP from tau decays 
C. Hadronic corrections to the running of !  

and !  
V. Summary and conclusions 

A. Current status 
B. Lessons learned 
C. Expected progress in the next (2?) years

α
sin2 θW
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Calculate !  in Lattice QCD:  

  

• Separate into connected for each quark flavor + disconnected contributions 
 (gluon and sea-quark background not shown in diagrams)  
 Note: almost always !     
 
 
      

• need to add QED and strong isospin breaking (!  ) corrections: 
 
 
 
- either perturbatively on isospin symmetric QCD background  
- or by using QCD + QED ensembles with  !

aHVP
μ

mu = md

∼ mu − md

mu ≠ md
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+ …

X

f
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+ f f’ f= ud, s, c, b

Lattice HVP: Introduction

aHLO
µ ⌘ aHVP,LO

µ =
X

f

aHVP,LO
µ,f + aHVP,LO

µ,disc

<latexit sha1_base64="QuLOsSJbj/2XJDr1dqEpUkjAtFQ="></latexit>
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Target: < 0.5% total error 

light-quark connected contribution, ! , is ~90% of total, with 1-3% error 

``heavy” flavor contributions, ! , ! , !  are ~8%, 2%, 0.05% of total 

! , can be calculated with sufficient precision 

disconnected contribution is ~2% of total ! , contributes ~0.3-1% error 
to !  

Challenges:   
✓needs ensembles with (light sea) quark masses at their physical values 

• finite volume corrections, continuum extrapolation:  
guided by EFT 

• include QED and strong isospin breaking corrections (mu ≠ md) 

• growth of statistical errors at large Euclidean times  
➠ noise reduction methods  
    include guidance from EFT 
➠ include two-pion channels into analysis

aHLO
μ,ud

aHLO
μ,s aHLO

μ,c aHLO
μ,b

aHLO
μ

aHLO
μ

aHLO
μ
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Lattice HVP: Introduction
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Leading order HVP correction: 

• Calculate !  in Lattice QCD:  
  

✦ Calculate !  and evaluate the integral  
[Blum,PRL 03, Lautrup et al, 71] 
+ use Padé approximants to parameterize function at low q2. 
 [Aubin, Blum, Golterman, Peris, PRD12]  

aHLO
μ

Π̂(q2)

Introduction Challenges and Progresses Discussion Summary and Conclusions

Objective in This Work

Hadron Vacuum Polarization (HVP):

⇧µ⌫(Q) =
R

d4x eiQx
hjµ(x)j⌫(0)i

= (QµQ⌫ � �µ⌫Q2)⇧(Q2) ,

jµ = 2
3 ū�µu �

1
3 d̄�µd �

1
3 s̄�µs + 2

3 c̄�µc + · · · .

Leading-Order(LO) HVP Contr. to Muon g-2:

aLO-HVP
µ = (↵/⇡)2 R1

0 dQ2 !(Q2/m2
µ)⇧̂(Q2) ,

⇧̂(Q2) = ⇧(Q2)� ⇧(0) .

HVP Time-Moments:

⇧̂(Q2) =
P

n=1 Q2n⇧n ,

⇧n = 1
n!

d
n⇧̂(Q2)
(dQ2)n

���
Q2!0

=
P

x

(�x̂
2
⌫ )n+1

(2n+2)! hjµ(x)jµ(0)i.

HAD
µ µ

�
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(mµ/2)2

ω
(Q

2
/m

2 µ
) 

^  Π
l (Q

2
) 

x 
1
0

1
0

Q2 GeV2

K. Miura, plenary talk  
@Lattice 2018

aHLO
µ =

⇣↵
⇡

⌘2
Z

dq2 !(q2) ⇧̂(q2)
<latexit sha1_base64="2aPbvL5en5z4B6S4OZtWtPapTYE="></latexit>

Methods

https://doi.org/10.1103/PhysRevD.86.054509
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Leading order HVP correction: 

• Calculate !  in Lattice QCD:  
  

✦ Hybrid method  
[Blum, Golterman, Maltman, Peris, PRD14] 
  

aHLO
μ

0 2 4 6 8 10

q
2
/GeV

2

-0.16

-0.14

-0.12

-0.10

-0.08

-0.06

-0.04

-0.02

 Π
(q

2
)

Model

Numerical 
Integration

Model
Perturbation 
Theory

‣ in low-q2 region use Padé or 
conformal polynomials, …  
(or MUonE results) 

‣ in intermediate q2 region 
integrate lattice data  

‣match to PT in high-q2 region

aHLO
µ =

⇣↵
⇡

⌘2
Z

dq2 !(q2) ⇧̂(q2)
<latexit sha1_base64="2aPbvL5en5z4B6S4OZtWtPapTYE="></latexit>

Methods

see also Marinkovic 
talk in MUonE session

https://link.aps.org/doi/10.1103/PhysRevD.90.074508
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Leading order HVP correction: 

• Calculate  !  in Lattice QCD:  
  

✦ Time-momentum representation:  
reorder the integrations with  
 
 
 
  

 

 

aHLO
μ

[Bernecker & Meyer, EPJ 12]

G(t) =
1

3

X

i,x

hji(x, t) ji(0, 0)i
<latexit sha1_base64="U+hOQ+JxARC4aWy8cTW3aWuSD7c="></latexit><latexit sha1_base64="U+hOQ+JxARC4aWy8cTW3aWuSD7c="></latexit><latexit sha1_base64="U+hOQ+JxARC4aWy8cTW3aWuSD7c="></latexit><latexit sha1_base64="U+hOQ+JxARC4aWy8cTW3aWuSD7c="></latexit>

• Need to extend G(t) for !  
using spectral representation 

• noise reduction methods to 
control growth of statistical 
errors at large t needed for 
light-quark contribution

t > T
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FIG. 1: Integrand of Eq. (1) in the time-momentum representation for the connected light, strange
and charm contributions. Left: ensemble D200 with a pion mass of 200 MeV. Right: ensemble
E250 at the physical pion mass. For better visibility, the strange and charm contributions have
been scaled by a factor six. The displayed discretization is the local-local one for the light and
strange contributions, and the local-conserved one for the charm. The muon mass is the f⇡ rescaled
one for the light integrand and the physical one for the strange and charm integrands.

A. The quark-connected contributions

The integrand of Eq. (1) for the connected light, strange and charm contributions is
displayed in Fig. 1 for our two ensembles with quark masses closest to their physical values.
The left (right) panel corresponds to a pion mass of about 200MeV (131MeV). The light
contribution is clearly very dominant; note that the charm and strange contributions have
been scaled by a factor of six for better visibility. On a given ensemble, the integrand
peaks at increasingly longer distances as one goes from the charm to the strange to the light
quarks, and the tail becomes more extended. At the same time, the statistical precision
deteriorates. Comparing the left to the right panel, it is clear that the light contribution
becomes harder to determine with the desired precision as the physical quark masses are
approached. Nevertheless, these plots by themselves do not fully reflect all the known
constraints on the TMR correlator, which is well known to be given by a sum of decaying
exponentials with positive coe�cients, as discussed in section II E.

Having described the state-of-the-art methods to handle the tail of the correlation func-
tion in section II E, we now describe how we applied these methods to our data. For the
strange and charm quark contributions, the TMR correlator is determined so accurately that
practically no particular treatment of the tail is needed. We apply the bounding method,
Eq. 14 with N = 0, and obtain the results given in Table IV.

As for the connected contribution of the light quarks, our choice for the final analysis is
again the bounding method on all ensembles; the only exception is the physical-pion-mass
ensemble E250, to which we return below. In applying Eq. (14), we employ the expression
containing the e↵ective mass as a lower bound, and use as an estimate for the lowest-lying
energy level in the channel the energy obtained by a one-exponential fit to the tail of the
TMR correlator. On ensemble D200, on which the ground state lies clearly below the ⇢ mass
and has a relatively weak coupling to the vector current, we use the auxiliary spectroscopy
calculation to determine its energy. We find it to be close to, but slightly below the value

aHLO
µ =

⇣↵
⇡

⌘2
Z

dq2 !(q2) ⇧̂(q2)
<latexit sha1_base64="2aPbvL5en5z4B6S4OZtWtPapTYE="></latexit>

aHLO
µ =

⇣↵
⇡

⌘2
Z

dt !̃(t)G(t)
<latexit sha1_base64="JmcyDFajgg/C0/4y42Ml2RQ5FTs="></latexit>

[A. Gerardin et al, 
PRD 2019]

Methods

https://arxiv.org/ct?url=https://dx.doi.org/10.1140%252Fepja%252Fi2011-11148-6&v=fb2111f5
https://doi.org/10.1103/PhysRevD.100.014510
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Leading order HVP correction: 

• Calculate !  in Lattice QCD:  
  

✦ Time-moments: Taylor expand 
 

Compute the Taylor coefficients from time moments  
                            :  
 
 

and obtain !  from [n,n] and [n,n-1] Padé approximants  
 
Can apply corrections (finite volume, discretization) to the 
Taylor coefficients before constructing   
  

✦ Note: The time-moments method yields results that are 
numerically equivalent to the time-momentum representation.   

 

aHLO
μ

Π̂(q2)

⇧̂(q2) =
X

k

q2k⇧k

G2n = a
X

t

t2nG(t)
<latexit sha1_base64="2W9nIiJlZikotqegtPXacfiYix0=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFiEuilJEXQjFF3UZQV7gTaGyXTaDp1MwsyJUEJXbnwVNy4UceszuPNtnKZdaOsPAx//OYcz5w9iwTU4zre1tLyyurae28hvbm3v7Np7+w0dJYqyOo1EpFoB0UxwyerAQbBWrBgJA8GawfB6Um8+MKV5JO9gFDMvJH3Je5wSMJZvH1X9tCzH+BIT3NFJ6AOG+8ypFuHUtwtOycmEF8GdQQHNVPPtr043oknIJFBBtG67TgxeShRwKtg430k0iwkdkj5rG5QkZNpLszPG+MQ4XdyLlHkScOb+nkhJqPUoDExnSGCg52sT879aO4HehZdyGSfAJJ0u6iUCQ4QnmeAuV4yCGBkgVHHzV0wHRBEKJrm8CcGdP3kRGuWSa/j2rFC5msWRQ4foGBWRi85RBd2gGqojih7RM3pFb9aT9WK9Wx/T1iVrNnOA/sj6/AGT7ZdD</latexit><latexit sha1_base64="2W9nIiJlZikotqegtPXacfiYix0=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFiEuilJEXQjFF3UZQV7gTaGyXTaDp1MwsyJUEJXbnwVNy4UceszuPNtnKZdaOsPAx//OYcz5w9iwTU4zre1tLyyurae28hvbm3v7Np7+w0dJYqyOo1EpFoB0UxwyerAQbBWrBgJA8GawfB6Um8+MKV5JO9gFDMvJH3Je5wSMJZvH1X9tCzH+BIT3NFJ6AOG+8ypFuHUtwtOycmEF8GdQQHNVPPtr043oknIJFBBtG67TgxeShRwKtg430k0iwkdkj5rG5QkZNpLszPG+MQ4XdyLlHkScOb+nkhJqPUoDExnSGCg52sT879aO4HehZdyGSfAJJ0u6iUCQ4QnmeAuV4yCGBkgVHHzV0wHRBEKJrm8CcGdP3kRGuWSa/j2rFC5msWRQ4foGBWRi85RBd2gGqojih7RM3pFb9aT9WK9Wx/T1iVrNnOA/sj6/AGT7ZdD</latexit><latexit sha1_base64="2W9nIiJlZikotqegtPXacfiYix0=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFiEuilJEXQjFF3UZQV7gTaGyXTaDp1MwsyJUEJXbnwVNy4UceszuPNtnKZdaOsPAx//OYcz5w9iwTU4zre1tLyyurae28hvbm3v7Np7+w0dJYqyOo1EpFoB0UxwyerAQbBWrBgJA8GawfB6Um8+MKV5JO9gFDMvJH3Je5wSMJZvH1X9tCzH+BIT3NFJ6AOG+8ypFuHUtwtOycmEF8GdQQHNVPPtr043oknIJFBBtG67TgxeShRwKtg430k0iwkdkj5rG5QkZNpLszPG+MQ4XdyLlHkScOb+nkhJqPUoDExnSGCg52sT879aO4HehZdyGSfAJJ0u6iUCQ4QnmeAuV4yCGBkgVHHzV0wHRBEKJrm8CcGdP3kRGuWSa/j2rFC5msWRQ4foGBWRi85RBd2gGqojih7RM3pFb9aT9WK9Wx/T1iVrNnOA/sj6/AGT7ZdD</latexit><latexit sha1_base64="2W9nIiJlZikotqegtPXacfiYix0=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFiEuilJEXQjFF3UZQV7gTaGyXTaDp1MwsyJUEJXbnwVNy4UceszuPNtnKZdaOsPAx//OYcz5w9iwTU4zre1tLyyurae28hvbm3v7Np7+w0dJYqyOo1EpFoB0UxwyerAQbBWrBgJA8GawfB6Um8+MKV5JO9gFDMvJH3Je5wSMJZvH1X9tCzH+BIT3NFJ6AOG+8ypFuHUtwtOycmEF8GdQQHNVPPtr043oknIJFBBtG67TgxeShRwKtg430k0iwkdkj5rG5QkZNpLszPG+MQ4XdyLlHkScOb+nkhJqPUoDExnSGCg52sT879aO4HehZdyGSfAJJ0u6iUCQ4QnmeAuV4yCGBkgVHHzV0wHRBEKJrm8CcGdP3kRGuWSa/j2rFC5msWRQ4foGBWRi85RBd2gGqojih7RM3pFb9aT9WK9Wx/T1iVrNnOA/sj6/AGT7ZdD</latexit>

[HPQCD (Chakraborty et al), PRD 14]

⇧k = (�1)k+1 G2k+2

(2k + 2)!
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TABLE II: Columns 2-5 give the Taylor coe�cients ⇧j (Eq. 6), in units of 1/GeV2j , for each of the lattice data sets in Table I.
The errors given include statistics and the (correlated) uncertainty from setting the lattice spacing using w0, which dominates.
Estimates of the connected contribution from s-quarks to aµ,HVP are given for each of the [1, 0], [1, 1], [2, 1] and [2, 2] Padé
approximants in columns 6-9; results are multiplied by 1010.

Set ⇧1 ⇧2 ⇧3 ⇧4 [1, 0]⇥ 1010 [1, 1]⇥ 1010 [2, 1]⇥ 1010 [2, 2]⇥ 1010

1 0.06598(76) �0.0516(11) 0.0450(15) �0.0403(19) 58.11(67) 53.80(59) 53.95(59) 53.90(59)
2 0.06648(75) �0.0523(11) 0.0458(15) �0.0408(18) 58.55(66) 54.19(58) 54.33(59) 54.29(59)
3 0.06618(75) �0.0523(11) 0.0466(15) �0.0425(20) 58.28(66) 53.93(58) 54.09(58) 54.04(58)
4 0.06614(74) �0.0523(11) 0.0467(15) �0.0427(19) 58.25(65) 53.90(57) 54.06(58) 54.01(57)
5 0.06626(74) �0.0527(11) 0.0473(15) �0.0438(19) 58.36(65) 53.99(57) 54.15(57) 54.10(57)
6 0.06829(77) �0.0557(12) 0.0514(17) �0.0490(22) 60.14(67) 55.55(59) 55.73(59) 55.67(59)
7 0.06619(74) �0.0524(11) 0.0468(15) �0.0430(19) 58.29(65) 53.93(57) 54.10(57) 54.05(57)
8 0.06625(74) �0.0526(11) 0.0470(15) �0.0429(19) 58.34(65) 53.98(57) 54.14(57) 54.09(57)
9 0.06616(77) �0.0531(12) 0.0483(17) �0.0450(22) 58.27(68) 53.87(59) 54.04(60) 53.99(59)
10 0.06630(72) �0.0534(11) 0.0487(16) �0.0458(20) 58.39(64) 53.98(56) 54.15(56) 54.10(56)

TABLE III: Error budgets for connected contributions to the
muon anomaly aµ from vacuum polarization of s and c quarks.

as
µ ac

µ

Uncertainty in lattice spacing (w0, r1): 1.0% 0.6%
Uncertainty in ZV : 0.4% 2.5%

Monte Carlo statistics: 0.1% 0.1%
a2 ! 0 extrapolation: 0.1% 0.4%

QED corrections: 0.1% 0.3%
Quark mass tuning: 0.0% 0.4%

Finite lattice volume: < 0.1% 0.0%
Padé approximants: < 0.1% 0.0%

Total: 1.1% 2.7%

mistuning of the sea and valence light-quark bare masses:

�xsea ⌘

X

q=u,d,s

msea

q � mphys

q

mphys

s

(10)

�xs ⌘
mval

s � mphys

s

mphys

s

. (11)

For our lattices with physical u/d sea masses �xsea is very
small. a2 errors from staggered ‘taste-changing’ e↵ects
will remain and they are handled by ca2 . The four fit
parameters are a2µ, ca2 , csea and cval; we use the following
(broad) Gaussian priors for each:

asµ = 0 ± 100 ⇥ 10�10

ca2 = 0(1) csea = 0(1) cval = 0(1). (12)

Our final result for the connected contribution for
s quarks to g � 2 is:

asµ = 53.41(59) ⇥ 10�10. (13)

The fit to [2, 2] Padé results from all 10 of our configu-
ration sets is excellent, with a �2 per degree of freedom
of 0.22 (p-value of 0.99). In Fig. 4 we compare our fit
with the data from configurations with ms/m` equal 5
and with the physical mass ratio.
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FIG. 4: Lattice QCD results for the connected contribution to
the muon anomaly aµ from vacuum polarization of s quarks.
Results are for three lattice spacings, and two light-quark
masses: mlat

` = ms/5 (lower, blue points), and mlat

` = mphys

`
(upper, red points). The dashed lines are the corresponding
values from the fit function, with the best-fit parameter val-
ues: ca2 = 0.29(13), csea = �0.020(6) and cval = �0.61(4).
The gray band shows our final result, 53.41(59)⇥10�10, with
mlat

` = mphys

` , after extrapolation to a = 0.

TABLE IV: Contributions to aµ from s and c quark vacuum
polarization. Only connected parts of the vacuum polariza-
tion are included. Results, multiplied by 1010, are shown for
each of the Padé approximants.

Quark [1, 0]⇥ 1010 [1, 1]⇥ 1010 [2, 1]⇥ 1010 [2, 2]⇥ 1010

s 57.63(67) 53.28(58) 53.46(59) 53.41(59)
c 14.58(39) 14.41(39) 14.42(39) 14.42(39)

The error budget for our result is given in Table III.
The dominant error, by far, comes from the uncertainty
in the physical value of the Wilson flow parameter w0,
which we use to set the lattice spacings. We estimate the
uncertainty from QED corrections to the vacuum polar-

• long-distance noise not a major source of error 
• FV corrections smaller    
• discretization effects (especially for charm) a more significant 

source of error, but controllable with improved actions and  small 
lattice spacings 

[HPQCD (Chakraborty et al), PRD 14]
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• Start with spectral decomposition:  
  

✦  bounding method: [Borsanyi et al, PRL 2018, Blum et al,  PRL 2018] 
for ! :  t > tc

G(t) =
1

3

X

i,x

hji(x, t) ji(0, 0)i
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[C. Aubin et al,  
arXiv:1905.09307]

Noise Reduction Methods

G(t) =
∞

∑
n=0

A2
n e−Ent

0 ≤ G(tc) e−Etc(t−tc) ≤ G(t) ≤ G(tc) e−E0(t−tc)
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FIG. 3: Bounding method for total contribution to the muon anomaly, using the weighting function

w. 483 (top), 643 (middle), and 963 (bottom) ensembles. T/a is the time slice where C(t) switches

over from the calculated value to the analytic value giving the upper or lower bound.
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! : effective mass of !  at !  

! : ground state energy   
 
replace !  with upper 
and lower bound, vary !  

Etc G tc
E0

G(t > tc)
tc

https://doi.org/10.1103/PhysRevLett.121.022002
https://doi.org/10.1103/PhysRevLett.121.022003
http://arxiv.org/abs/arXiv:1905.09307
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• Start with spectral decomposition:  
✦fit method: 

  

•

G(t) =
1

3

X

i,x

hji(x, t) ji(0, 0)i
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Noise Reduction Methods

G(t) =
∞

∑
n=0

A2
n e−Ent

-perform multi-exponential fits to 
!  in range !   
- replace !  with fit for 
!  

-tests of fit method using high 
statistics data and EFT guidance

G(t) tmin ≤ t ≤ tmax
G(t)

t ≥ t* ≃ 2 − 2.5fm

0 5 10 15 20
t/a

1e-08

1e-06

0.0001

0.01

G
(t

)

0 0.5 1 1.5 2 2.5 3 3.5

t (fm)

N
conf.

 = 997

N
conf.

 = 9362
!a ≃ 0.15 fm

[Davies et al,  
arXiv:1902.04223]

[Chakraborty et al, PRD 2017]

http://arxiv.org/abs/arXiv:1902.04223
https://doi.org/10.1103/PhysRevD.96.034516
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• Start with spectral decomposition:  
✦fit method: 

  

•

G(t) =
1

3

X

i,x

hji(x, t) ji(0, 0)i
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Noise Reduction Methods

G(t) =
∞

∑
n=0

A2
n e−Ent

-perform multi-exponential fits to 
!  in range !   
- replace !  with fit for 
!  

-tests of fit method using high 
statistics data and EFT guidance 

-consistent with bounding method 

-can add contributions from two-pion 
states to reconstruct G(t) at large t 

G(t) tmin ≤ t ≤ tmax
G(t)

t ≥ t* ≃ 2 − 2.5fm

0 1 2 3 4

t* (fm)

500

600

700

800

1
0

1
0
a

µll

N
conf.

 = 997

N
conf.

 = 9362

} data only

[Davies et al,  
arXiv:1902.04223]

[Chakraborty et al, PRD 2017]

http://arxiv.org/abs/arXiv:1902.04223
https://doi.org/10.1103/PhysRevD.96.034516
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• Start with spectral decomposition:  
  

✦ include resonant two-pion states into representation of 
correlation function  

G(t) =
1

3

X

i,x

hji(x, t) ji(0, 0)i
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Noise Reduction Methods

G(t) =
∞

∑
n=0

A2
n e−Ent

[D. Giusti et al, PRD 2018]

13

up to larger values of t, where the statistical uncertainties of the lattice correlator V
(ud)(t) do

not exceed ' 10% (i.e., t . 1.7÷ 2.0 fm).

The quality of the fits is illustrated in Figs. 5-6 in the case of few ETMC gauge ensembles
and it is nicely confirmed by the comparison, shown in Fig. 7, between the values of aHVP

µ
(ud),

evaluated using Eq. (8), and those corresponding to the analytic representation (26), namely
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dual + π π

a3  V
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(t
)

t / a
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M
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data
dual
π π

dual + π π

a3  V
ud
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)

t / a

A40.24

M
π
 ~ 320 MeV

FIG. 5: The vector correlator V (ud)(t) (in lattice units) in the case of the gauge ensemble A40.24
corresponding to a pion mass of ' 320 MeV versus the time distance t (in lattice units). The blue dotted
and the red dashed lines represent respectively the contributions of the dual correlator Vdual(t) and of the
two-pion correlator V⇡⇡(t). The green solid line is the sum of the two contributions. In the left panel a
logarithmic scale is used, while in the right panel the region of low values of t is better highlighted using
a linear scale. Errors are statistical only.
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FIG. 6: The same as in the left panel of Fig. 5, but in the case of the gauge ensembles B25.32 and
D15.48 corresponding to M⇡ ' 260 and ' 220 MeV, respectively. Errors are statistical only.

https://doi.org/10.1103/PhysRevD.98.114504
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• Start with spectral decomposition:  
  

✦  obtain low-lying finite-volume spectrum (! ) in dedicated 
study using additional operators that couple to two-pion states 

✦use to reconstruct !  
✦ can be used to improve  

bounding method:  
  

!  

use !  in upper bound  

En, An

G(t > tc)

G(t) → G(t) −
N

∑
n=0

A2
n e−Ent

EN+1

G(t) =
1

3

X

i,x

hji(x, t) ji(0, 0)i
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Noise Reduction Methods

G(t) =
∞

∑
n=0

A2
n e−Ent

Correlation Function Reconstruction - 48I

PRELIMINARY PRELIMINARY

GEVP results to reconstruct long-distance behavior of
local vector correlation function needed to compute connected HVP

Explicit reconstruction good estimate of correlation function at long-distance,
missing excited states at short-distance

More states =∆ better reconstruction, can replace C(t) at shorter distances

Aaron S. Meyer Section: Bounding Method and the Muon HVP 17/ 25

[A. Meyer @ 
Lattice 2019]

See also: 
A. Gerardin et al, PRD 2019

https://doi.org/10.1103/PhysRevD.100.014510
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• Start with spectral decomposition:  
  

✦  obtain low-lying finite-volume spectrum (! ) in dedicated 
study using additional operators that couple to two-pion states 

✦use to reconstruct !  
✦ can be used to improve  

bounding method:  
  

!  

use !  in upper bound  

En, An

G(t > tc)

G(t) → G(t) −
N

∑
n=0

A2
n e−Ent

EN+1

G(t) =
1

3

X

i,x

hji(x, t) ji(0, 0)i
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Noise Reduction Methods

G(t) =
∞

∑
n=0

A2
n e−Ent

Bounding Method Results - 48I

PRELIMINARY

No bounding method: aHVP
µ = 646(38)

Bounding method tmax = 3.3 fm, no reconstruction: aHVP
µ = 631(16)

Bounding method tmax = 3.0 fm, 1 state reconstruction: aHVP
µ = 631(12)

Bounding method tmax = 2.9 fm, 2 state reconstruction: aHVP
µ = 633(10)

Bounding method tmax = 2.2 fm, 3 state reconstruction: aHVP
µ = 624.3(7.5)

Bounding method tmax = 1.8 fm, 4 state reconstruction: aHVP
µ = 625.0(5.4)

Bounding method gives factor of 2 improvement over no bounding method
Improving the bounding method increases gain to factor of 7, including systematics

Aaron S. Meyer Section: Bounding Method and the Muon HVP 23/ 25

[A. Meyer @ 
Lattice 2019]

with N = 4

See also: 
A. Gerardin et al, PRD 2019

https://doi.org/10.1103/PhysRevD.100.014510
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Finite Volume (FV) Corrections

!20
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Figure 4: (Left) Difference of ahvpµ (rcut) on the 1284, 644, and 643 × 128 lattices in the light
quark sector. The hopping parameters are the same on both lattices. The solid (dashed) curve
denotes the leading order of the ChPT prediction for the FV effect between (10.8 fm)3 and (5.4
fm)3 spatial volumes with mπ = 135 MeV on [L/a = 128, T/a = 128] lattice and 139 MeV on
[L/a = 64, T/a = 128] ([L/a = 64, T/a = 64]) lattice. (Right) Ratio of the FV effect between
the LQCD and ChPT estimates with the same symbol as left panel.
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Figure 5: Difference of ahvpµ (rcut) on 1284 and 644 lattices in strange quark sector.

11

[Shintani & Kuramashi, 2019 PRD]

See also: 
A. Gerardin et al, PRD 2019, 

D. Giusti et al, PRD 2018,  

Della Morte et al, JHEP 2017 ,…

FV corrections appear to 
be larger than expected by  
NLO ChPT, but errors are 
large.  

• Finite Volume affects long-distance physics, driven by lightest states in 
the system: two-pion states (again) 

• expected size (based on NLO ChPT) ~2-3% on typical lattice volumes  
• hard to calculate precisely by brute force:

https://arxiv.org/ct?url=https://dx.doi.org/10.1103/PhysRevD.100.034517&v=62d32d64
https://doi.org/10.1103/PhysRevD.100.014510
https://doi.org/10.1103/PhysRevD.98.114504
https://doi.org/10.1007/JHEP10(2017)020
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Finite Volume (FV) Corrections

!21

• Finite Volume affects long-distance physics, driven by lightest states in 
the system: two-pion states (again) 

• expected size (based on NLO ChPT) ~2-3% on typical lattice volumes  
• hard to calculate precisely by brute force: 
• use theory guidance:  

include resonant two-pion states [D. Giusti et al, PRD 2018] 28
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FIG. 19: Values of �FV Ea
HVP

µ (ud) (see Eq. (34)), evaluated in the continuum limit according to our
“dual + ⇡⇡” representation at the physical pion point (red circles) and at a larger pion mass equal to
M⇡ = 300 MeV (blue squares). The dotted line corresponds to the predictions of ChPT at NLO [50, 60].

At the physical pion point FVEs of the order of the muon anomaly (i.e., ' 5%) are expected
to occur for L ' 5.5 fm. In order to reach a finite volume correction of the order of ' 1% or less
a lattice size L larger than ' 8 fm is required.

Recently, in Ref. [76] the slope and the curvature of the leading HVP function at vanishing
photon virtuality have been determined on the lattice at the physical pion point and in the
continuum and infinite volume limits. These quantities are derivatives of the HVP function
evaluated at Q

2 = 0 and they can be easily related to time-moments of the vector correlator.
The separate contributions arising from the (connected) light, strange and charm quarks are
also provided in Ref. [76]. Thus, for a comparison with the predictions of our “dual + ⇡⇡”
representation of the vector correlator V (ud)(t) we consider the following time moments

⇧(ud)
n+1 ⌘ (�)n

(n+ 1)!

(2n+ 4)!

18

5

Z 1

0
dt t

2n+4
V

(ud)(t) (54)

with n = 0, 1, 2, .... The quantities ⇧(ud)
1 and ⇧(ud)

2 correspond respectively to the slope and
the curvature determined in Ref. [76]. There, it has been shown that the time distances that
need to be reached to reliably determine the slope and the curvature are above ⇠ 2 and ⇠ 4
fm, respectively. At the physical pion point and in the continuum and infinite volume limits the
predictions of our “dual + ⇡⇡” representation are

⇧(ud)
1 = 0.1642 (33) GeV�2

, ⇧(ud)
2 = �0.383 (16) GeV�4

, (55)

which can be compared with the results ⇧(ud)
1 = 0.1659 (33) GeV�2 and ⇧(ud)

2 = �0.311 (16)
GeV�2 from Ref. [76]. The agreement is quite good in the case of the slope, while our curvature
is (in absolute value) larger than the corresponding result of Ref. [76] by ' 20%. We note that in
Ref. [76] FVEs are estimated using ChPT at NLO and, therefore, the di↵erence with our result
is likely to be ascribed to the treatment of FVEs.

In the case of the higher moments ⇧(ud)
3 and ⇧(ud)

4 our results are

⇧(ud)
3 = 1.394 (65) GeV�6

, ⇧(ud)
4 = �7.60 (28) GeV�8

. (56)

https://doi.org/10.1103/PhysRevD.98.114504


A. El-Khadra INT g-2 workshop, 9-13 Sep 2019

Finite Volume (FV) Corrections

!22

• Finite Volume affects long-distance physics, driven by lightest states in 
the system: two-pion states (again) 

• expected size (based on NLO ChPT) ~2-3% on typical lattice volumes  
• hard to calculate precisely by brute force: 
• use theory guidance:  

include resonant two-pion states [D. Giusti et al, PRD 2018], ChPT (NLO + 
NNLO) [Bijnens & Relefors, JHEP 2017, C. Aubin et al, arXiv:1905.09307, …], Gounaris-
Sakurai parameterization of timelike form factor [H. Meyer, 2011 PRL, …], 
modified chiral theory which includes !  interactions [Chakraborty et 

al, 1601.03071], Hamiltonian approach [Hansen & Patella, arXiv:1904.10010], … 
together with spectral  reconstruction (if possible) [A. Gerardin et al, PRD 2019, 
Lehner @ Lattice 2019,…] 

• staggered fermions:  
taste-breaking effects ➠ pion mass splittings (at finite lattice spacing)   
➠ affect FV corrections

ρ − γ − ππ

https://doi.org/10.1103/PhysRevD.98.114504
http://arxiv.org/abs/arXiv:1905.09307
https://doi.org/10.1103/PhysRevLett.107.072002
https://doi.org/10.1103/PhysRevD.100.014510
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Scale Setting

!23

• !  is dimensionless, but depends on the lattice indirectly, through 
masses in lattice units in the Kernel. In particular, ! :  

• need a good physical quantity  to determine lattice spacing to high 
precision (< 0.2%). Currently in use:  
 -  !  — depends on !  and requires radiative QED corrections  
 - !  baryon mass (RBC/UKQCD)

aμ
amμ

fπ Vud
Ω HVP:	Results	from	Mainz/CLSHartmut	Wittig

Scale	se3ng	error

20

Evaluate �ahvp
µ =

�������
a

dahvp
µ

da

�������
�a
a

TMR:		 ahvp
µ =

✓↵
⇡

◆2 Z 1

0
dx0 f̃ (x0) G(x0) x0 f̃ 0(x0) � f̃ (x0) = J(x0)

Use	expansion	of												to	obtain	J(x0)f̃ (x0)

) a
dahvp
µ

da
= �ahvp

µ +
✓↵
⇡

◆2 Z 1

0
dx0 G(x0) J(x0)

�ahvp
µ

ahvp
µ

=
1

ahvp
µ

�������
a

dahvp
µ

da

�������
|          {z          }
⇡ 1.8

�a
a

a
dahvp
µ

da
= 1.22 · 10�7 )

Rather	precise	determina6on	of	la_ce	spacing	a	[fm]	required!

[H. Wittig @ 1st Muon g-2 
Theory Initiative workshop]
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Continuum extrapolation

!24

• ….performed by every lattice group.  
• Having more than 3 lattice spacings is desirable.  
• Observed dependence depends on the details of the actions and 

current used, and on what corrections are added before extrapolation. 

[Borsanyi et al, PRL 2018]
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FIG. S4. Continuum extrapolation of the various flavor contributions to a
LO-HVP
` (Q2GeV) obtained using tc = (3.000 ±

0.134) fm for the ud contribution and tc = (2.600 ± 0.134) fm for the disconnected one. From left to right, ` = e, µ, ⌧ . From
top to bottom, the connected light, strange, charm, and disconnected contributions. The red open circles with errors are the
results from our 15 simulations for the ud and s, 13 for the charm and 12 for the disconnected contributions, with statistical
uncertainties. These points have been interpolated to the physical mass point using the fits to all lattice spacings (solid lines).
The di↵erent lines represent the fits obtained by imposing cuts in a (solid for no cut, dashed for a  0.118 fm, dotted for
a  0.111 fm, dot-dashed for a  0.095 fm). The fact that a few of the lines do not appear to fit the red points is due to the
dependence on other lattice parameters in those fits, which is slightly di↵erent from the one corresponding to the solid line. The
green squares are the continuum extrapolated results for the given Qmax and tc, with statistical and continuum extrapolation
errors only.

all of these situations in the same way and discuss them
together.

For the light-quark contribution to
a
LO-HVP
` (Q2GeV), the dependence on meson masses

is not significant statistically and the terms associated
with this dependence can be ignored. However, as can be
seen in the upper panels of Fig. S4, the dependence on
a
2 is strong, due to the sensitivity of this contribution to

low-energy, two-pion states which, in turn, are sensitive
to taste splittings. The fact that the anomalous moment
of the lighter e is more sensitive to these states than
that of the µ that is, in turn, more sensitive than that
of the ⌧ , explains the fact that a

LO-HVP
e (Q2GeV) has

the strongest a
2 dependence while a

LO-HVP
⌧ (Q2GeV)

has the weakest.

The situation is di↵erent for the strange contribution,
much less a↵ected by taste violations. As the second pan-
els of Fig. S4 show, the continuum limits are very mild.
They are much less so for the charm, as shown in the
third panels, due to the large value of mc in lattice units.
Here it is the magnetic moments of the more massive lep-
tons which are steeper, due to their sensitivity to larger
Q. In addition to the dependence on a

2, a linear depen-
dence on M

2
K� is needed for both contributions and one

on M⌘c is required to correct a slight mistuning of the
charm mass in that quark’s contribution.

Our results for a
LO-HVP
`,disc,lat(Q2GeV) have large lattice

artefacts, as shown in the bottom panels of Fig. S4. This
is because the taste violations of the ud contribution en-
hance the SU(3)-flavor cancellation against the s contri-
bution in a

LO-HVP
µ,disc,lat, as a

2 is increased. In these results we
neglect the charm contribution which we find to be less
than 1% of the total disconnected contribution on our
coarsest lattice, i.e. much smaller than the disconnected,
statistical error. In addition, because statistical errors
are quite large, no dependence on quark mass is required
to describe the lattice data.

As explained in the main text, the systematic error as-
sociated with these continuum limits and physical-point
interpolations are obtained by imposing four cuts on the
lattice spacing in the quark-connected case and three for
the disconnected contributions. The results of these cuts
are then combined, as detailed in the main text, to give a
central value and statistical and systematic errors. The
results for the various contributions to the magnetic mo-
ments of all three leptons with the four values of the
momentum cut Qmax considered are summarized in Ta-
ble S2.

column of Tab. II, 562(8), 595(10), and 623(28). All of the errors just quoted are statistical

only, and comparable, except for the 963 ensemble. Since the lattice spacing errors in the

valence quark sector are di↵erent between the two calculations, the above values need not

agree precisely except in the continuum and infinite volume limits. The value quoted in

Eq. (3.2) of Ref. [5] is 630.1(8.3) which is consistent, but somewhat smaller than, the value

given in Eq. (35). The authors of Ref. [5] also use a prior constraint on the coe�cient of

the a
2 term which reduces the uncertainty on the continuum limit extrapolation. At closer

inspection the results on each ensemble are not so di↵erent either. The points at 0.09 and

0.12 fm show similar behavior, and it could be informative to obtain the point at 0.15 fm

using our method to better compare the overall a2 dependence. The 0.06 fm points also

agree well within (larger) statistical errors. Our result is consistent within errors with other

recent computations, as seen in Fig. 5. However there is still a relatively large spread, with

the values on the low and high ends being incompatible with each other.
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FIG. 4: Continuum limit of the muon anomaly after correcting the data to infinite volume with

NLO staggered chiral perturbation theory (bursts), plus taste corrections (circles), plus pion mass

re-tuning (triangles). The uncorrected lattice data (squares) is shown for comparison.

the errors are statistical and systematic, combined in quadrature.
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• if not using only physical mass ensembles.  
• Having more than 3 lattice spacings is desirable.  
• Observed dependence depends on the details of the actions and 

current used, and, on what corrections are added before extrapolation. 

Combined continuum and chiral extrapolation

!25
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FIG. 8: Extrapolation of the connected light contribution to ahvpµ , using the physical value of the

muon mass in the kernel eK(t) on all ensembles (left panel), and using the rescaled mass mphys
µ · f latt

⇡

fphys
⇡

(right panel). The result of the fit based on Eq. (28c) is shown. The black curve represents the
chiral dependence in the continuum, and the black point the final result at the physical pion mass.

includes or excludes ensembles with m⇡ > 300MeV. The chiral and continuum extrapolation
is illustrated in the left panel of Fig. 7.

For the charm-quark contribution, the statistical error is below 0.3% for all the ensembles,
and the error on the tuning of the charm hopping parameter is of similar magnitude. The
error is again dominated by the scale-setting uncertainty. As can be seen on the right panel
of Fig. 7, the lattice discretization of the correlator using two local vector currents leads to
large cut-o↵ e↵ects: we observe a discretization e↵ect of almost 70% at our coarsest lattice
spacing. By contrast, for the local-conserved discretization the discretization e↵ect is only
8%. Thus we prefer not to use the local-local discretization in our continuum extrapolation
of the connected charm contribution. Furthermore, the data also suggest a very flat chiral
behaviour, and we therefore use the fit ansatz

ahvp,cµ (a, ey) = ahvp,cµ (0, eyexp) + � a2 + �1(ey � eyexp). (26)

At the physical point, we obtain

ahvp,cµ = (14.66± 0.45± 0.06)⇥ 10�10, (27)

where the first error is statistical and the second is the systematic error induced by the chiral
extrapolation. The chiral and continuum extrapolation is illustrated in Fig. 7 (right panel).

A comparison of the strange and charm contributions to ahvpµ with recent publications is
shown in Fig. 10.

B. The connected light-quark contribution

We have achieved a statistical error of just over two percent on ahvp,lµ on the physical-mass
ensemble E250, and of 1.0 � 1.2% on all other ensembles. An important role of the other
ensembles is to constrain the continuum limit, which would be very costly to achieve directly
at the physical pion mass. Our lattice data points are displayed as a function of ey in Fig. 8,

23

where, for the sake of simplicity, aHVP
µ

(ud) stands from now on for aHVP
µ

(ud)|L!1 (see Eqs. (33-
34)). The results of the combined chiral extrapolation and continuum limit obtained using either
Eq. (47) or Eq. (48) are shown in Figs. 14 and 15, respectively, with and without the use of the
ELM procedure. Similar results are obtained in the case of the ”free logs” fitting function (49).

250

350

450

550

650

0.00 0.01 0.02 0.03 0.04 0.05

β = 1.90, L/a = 20
β = 1.90, L/a = 24
β = 1.90, L/a = 32
β = 1.90, L/a = 40
β = 1.95, L/a = 24
β = 1.95, L/a = 32
β = 2.10, L/a = 48
physical point
continuum limit
fit at β = 1.90
fit at β = 1.95
fit at β = 2.10

a µ

HV
P (u

d)
 *

 1
010

m
ud

   (GeV)

physical point

NLO ChPT included

m
µ
 = m

µ

phys

450

500

550

600

650

0.00 0.01 0.02 0.03 0.04 0.05

β = 1.90, L/a = 20
β = 1.90, L/a = 24
β = 1.90, L/a = 32
β = 1.90, L/a = 40
β = 1.95, L/a = 24
β = 1.95, L/a = 32
β = 2.10, L/a = 48
physical point
continuum limit
fit at β = 1.90
fit at β = 1.95
fit at β = 2.10

a µ

HV
P (u

d)
 *

 1
010

m
ud

   (GeV)

physical point

NLO ChPT included

m
µ
 = m

µ

ELM

FIG. 14: Values of the (connected) light-quark contribution to the muon HVP, aHVP

µ (ud), corrected by
FVEs and evaluated using either mµ = mphys

µ = 105 MeV (left panel) or mµ = mELM

µ (right panel).
The dashed lines represent the fitting function (47), which includes the NLO ChPT prediction, evaluated
at each value of the lattice spacing of the ETMC ensembles. The solid lines represent the same fitting
function in the continuum limit. The full (orange) diamonds are the values extrapolated at the physical
pion point and in the continuum limit.
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FIG. 15: The same as in Fig. 14, but adopting the fitting function (48), which includes also the NNLO
ChPT prediction.

In the case of the NNLO fitting function (48) we get the following values for the LECs Lr

9 and

A. Gerardin et al, PRD 2019, D. Giusti et al, PRD 2018,

https://doi.org/10.1103/PhysRevD.100.014510
https://doi.org/10.1103/PhysRevD.98.114504
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Light-quark connected ! : Comparisonaμ
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 at !  and !mu = md mπ0 ≃ 135 MeV

[Davies et al, arXiv:1902.04223]

http://arxiv.org/abs/arXiv:1902.04223
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Light-quark connected ! : ComparisonΠ1, Π2

!27
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QED + Strong IB corrections

!28

• need to be considered together, since QED effects affect mass splittings, 
and QED !  and SIB !  effects are similar in size  

• start with QCD only + isospin (! ) with !  
• can obtain strong IB corrections from  

- looking at the difference between  !  and !  
  [Chakraborty et al, 2018 PRL]  

- perturbative expansion: 

(α) (md − mu)/Λ
mu = md mπ0 ≃ 135 MeV

md − mu ≠ 0 mu = md

Hadronic Vacuum Polarisation

Strong isospin corrections from the lattice

I use di↵erent up, down quark masses

I sea quark e↵ects:
! configurations with di↵erent up, down masses

I results [B. Chakraborty et al. Phys. Rev. Lett. 120 152001 (2018)]

�aµ = 7.7(3.7) ⇥ 10�10 Nf = 2 + 1 + 1
�aµ = 9.0(2.3) ⇥ 10�10 Nf = 1 + 1 + 1 + 1

I perturbative expansion in �m = (mu � md)
[G.M. de Divitiis et al, JHEP 1204 (2012) 124]

hOimu 6=md
= hOimu=md

+ �m
@

@m
hOi

����
mu=md

+ O
�
�m2

�

S

sea quark e↵ects:

I ETMC [D. Giusti et al, arXiv:1901.10462]

�aµ = 6.0(2.3) ⇥ 10�10

I RBC/UKQCD [T. Blum, VG et al,

Phys.Rev.Lett. 121 (2018) no.2, 022003]

�aµ = 10.6(4.3)S ⇥ 10�10

+ work in progress
[C. Lehner, Mon 14:20]

Vera Gülpers (University of Edinburgh) Lattice 2019 June 21, 2019 17 / 28

V. Gülpers @ Lattice 2019
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Hadronic Vacuum Polarisation

QED corrections from the lattice

I Euclidean path integral including QED

hOi =
1

Z

Z
D[ , ]D[U]D[A] O e�SF[ , ,U,A] e�SG[U] e�S� [A]

I Finite Volume corrections for QED on the lattice
! 1/(m⇡L)3 for QED corrections to HVP in QEDL [N. Hermansson Truedsson, Mon 16:50]

[J. Bijnens et al, arXiv:1903.10591], [D.Giusti et al, JHEP 1710 (2017) 157]

! negligible for required precision

I perturbative expansion of the path integral in ↵ [RM123 Collaboration, Phys.Rev. D87, 114505 (2013)]

quark-connected

quark-disconnected

sea-quark e↵ects

Vera Gülpers (University of Edinburgh) Lattice 2019 June 21, 2019 18 / 28

QED + Strong IB corrections

V. Gülpers @ Lattice 2019

Hadronic Vacuum Polarisation

QED corrections from the lattice

I Euclidean path integral including QED

hOi =
1

Z

Z
D[ , ]D[U]D[A] O e�SF[ , ,U,A] e�SG[U] e�S� [A]

I Finite Volume corrections for QED on the lattice
! 1/(m⇡L)3 for QED corrections to HVP in QEDL [N. Hermansson Truedsson, Mon 16:50]

[J. Bijnens et al, arXiv:1903.10591], [D.Giusti et al, JHEP 1710 (2017) 157]

! negligible for required precision

I perturbative expansion of the path integral in ↵ [RM123 Collaboration, Phys.Rev. D87, 114505 (2013)]

quark-connected

quark-disconnected

sea-quark e↵ects

Vera Gülpers (University of Edinburgh) Lattice 2019 June 21, 2019 18 / 28

• work in progress by RBC/UKQCD, ETM, BMW, Mainz,  
Fermilab-HPQCD-MILC 
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Disconnected Contribution, !  aHLO
μ,disc

!30

-30 -28 -26 -24 -22 -20 -18 -16 -14 -12 -10 -8 -6

(ahvpµ )disc · 1010

Mainz/CLS 19

FNAL-HPQCD-MILC 19

RBC/UKQCD 18

BMW 17

20

TABLE III: Results of the connected light-quark contribution in units of 10�10 using di↵erent fits
and cuts. Left: using the standard kernel. Right: using the rescaling of the muon mass using f⇡.

Standard kernel Kernel with rescaling using f⇡

cut 300 MeV cut 360 MeV no cut cut 300 MeV cut 360 MeV no cut

Fit Eq. (28a) 700(22) 695(19) 700(18) 675(14) 671(11) 671(10)

Fit Eq. (28b) 700(23) 689(19) 683(17) 669(14) 656(09) 645(07)

Fit Eq. (28c) 700(22) 697(19) 704(18) 677(14) 676(12) 681(11)

Fit Eq. (28d) 700(22) 692(19) 692(17) 672(14) 663(10) 657(08)
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FIG. 9: Extrapolation of the disconnected contribution to ahvpµ in the SU(3)-breaking variable
�2 ⌘ m2

K � m2
⇡. The data points for the local-local and the local-conserved discretizations are

shown. A linear fit (straight black line), as well as a fit based on ansatz (30) are shown.

Their statistical uncertainty is larger by about 50% than in the unrescaled case. Still, when
combining statistical and systematic uncertainties in quadrature of Eq. (29), the central
value of fit (c) only lies 1.6 standard deviations higher than our final central value Eq. (29).

C. The quark-disconnected contribution

The quark-disconnected contributions have been computed on a subset of the gauge
ensembles, as described in Section II B. Three ensembles at the same lattice spacing – N203,
N200 and D200 – allow us to study the chiral behaviour. Two other ensembles, N401 and
N302, enable us to constrain the discretization e↵ects.

The quark-disconnected contribution vanishes exactly for the ensembles generated at the
SU(3) symmetric point. In fact, it is a double zero in the SU(3) breaking combination
(ms �ml). Since our ensembles follow a chiral trajectory at fixed bare average quark mass

Gerardin et al,  

PRD 2019
Mainz lattice data at unphysical 
mass are consistent with BMW 
and RBC/UKQCD results. 
  

Fermilab/HPQCD/MILC work in 
progress

[prepared by K. Miura for WP]

https://doi.org/10.1103/PhysRevD.100.014510
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Complete ! : ComparisonaHVP,LO
μ

!31
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Another Hybrid Method: Windows

Hybrid method: combine LQCD with R-ratio data  

• Convert R-ratio data to Euclidean correlation function (via the dispersive 
integral).  

• Compare lattice/R-ratio data (after adding all the corrections and extrapolating 
to continuum, infinite volume).  

• Use R-ratio data where LQCD errors are large and vice versa.    

Direct LQCD calculations of HVP are still less precise than dispersive methods. 
But comparisons between R-ratio and lattice data are already useful.

How does this translate to the time-like region?

Supplementary Information – S1

SUPPLEMENTARY MATERIAL

In this section we expand on a selection of technical de-
tails and add results to facilitate cross-checks of di�erent
calculations of aHVP LO

µ .

Continuum limit: The continuum limit of a selec-
tion of light-quark window contributions aW

µ is shown in
Fig. 8. We note that the results on the coarse lattice di�er
from the continuum limit only at the level of a few per-
cent. We attribute this mild continuum limit to the fa-
vorable properties of the domain-wall discretization used
in this work. This is in contrast to a rather steep contin-
uum extrapolation that occurs using staggered quarks as
seen, e.g., in Ref. [42].

The mild continuum limit for light quark contribu-
tions is consistent with a naive power-counting estimate
of (a�)2 = 0.05 with � = 400 MeV and suggests that
remaining discretization errors may be small. Since we
find such a mild behavior not just for a single quantity
but for all studied values of aW

µ with t0 ranging from 0.3
fm to 0.5 fm and t1 ranging from 0.3 fm to 2.6 fm, we
suggest that it is rather unlikely that the mild behav-
ior is result of an accidental cancellation of higher-order
terms in an expansion in a2. This lends support to our
quoted discretization error based on an O(a4) estimate.
In future work, this will be subject to further scrutiny by
adding a data-point at an additional lattice spacing.

Energy re-weighting: The top panel of Fig. 9 shows
the weighted correlator wtC(t) for the full aµ as well as
short-distance and long-distance projections aSD

µ and aLD
µ

for t0 = 0.4 fm and t1 = 1.5 fm. The bottom panel of
Fig. 9 shows the corresponding contributions to aµ sep-
arated by energy scale

p
s. We notice that, as expected,

aSD
µ has reduced contributions from low-energy scales and

aLD
µ has reduced contributions from high-energy scales.

In the limit of projection to su�ciently long distances, we
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FIG. 9. Window of R-ratio data in Euclidean position space
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may attempt to contrast the R-ratio data directly with
an exclusive study of the low-lying ⇡⇡ states in the lattice
calculation. This is left to future work.

Statistics of light-quark contribution: We use an
improved statistical estimator including a full low-mode
average for the light-quark connected contribution in the
isospin symmetric limit as discussed in the main text.
For this estimator, we find that we are able to saturate
the statistical fluctuations to the gauge noise for 50 point
sources per configuration. For the 48I ensemble we mea-
sure on 127 gauge configurations and for the 64I ensem-
ble we measure on 160 gauge configurations. Our result
is therefore obtained from a total of approximately 14k
domain-wall fermion propagator calculations.

Results for other values of t0 and t1: In Tabs. S I-
S VII we provide results for di�erent choices of window
parameters t0 and t1. We believe that this additional
data may facilitate cross-checks between di�erent lattice
collaborations in particular also with regard to the up
and down quark connected contribution in the isospin
limit.
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arated by energy scale

p
s. We notice that, as expected,

aSD
µ has reduced contributions from low-energy scales and

aLD
µ has reduced contributions from high-energy scales.

In the limit of projection to su�ciently long distances, we
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may attempt to contrast the R-ratio data directly with
an exclusive study of the low-lying ⇡⇡ states in the lattice
calculation. This is left to future work.

Statistics of light-quark contribution: We use an
improved statistical estimator including a full low-mode
average for the light-quark connected contribution in the
isospin symmetric limit as discussed in the main text.
For this estimator, we find that we are able to saturate
the statistical fluctuations to the gauge noise for 50 point
sources per configuration. For the 48I ensemble we mea-
sure on 127 gauge configurations and for the 64I ensem-
ble we measure on 160 gauge configurations. Our result
is therefore obtained from a total of approximately 14k
domain-wall fermion propagator calculations.

Results for other values of t0 and t1: In Tabs. S I-
S VII we provide results for di�erent choices of window
parameters t0 and t1. We believe that this additional
data may facilitate cross-checks between di�erent lattice
collaborations in particular also with regard to the up
and down quark connected contribution in the isospin
limit.
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<latexit sha1_base64="Rzh0BmOIgPv64GCOi39iMLuQsnI=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevFYwX5Au5TZNNuGZpMlyQpl6Y/w4kERr/4eb/4b03YP2vpC4OGdGTLzRqngxvr+t7e2vrG5tV3aKe/u7R8cVo6OW0ZlmrImVULpToSGCS5Z03IrWCfVDJNIsHY0vpvV209MG67ko52kLExwKHnMKVpntXsR6jye9itVv+bPRVYhKKAKhRr9yldvoGiWMGmpQGO6gZ/aMEdtORVsWu5lhqVIxzhkXYcSE2bCfL7ulJw7Z0Bipd2Tlszd3xM5JsZMksh1JmhHZrk2M/+rdTMb34Q5l2lmmaSLj+JMEKvI7HYy4JpRKyYOkGrudiV0hBqpdQmVXQjB8smr0LqsBY4frqr12yKOEpzCGVxAANdQh3toQBMojOEZXuHNS70X7937WLSuecXMCfyR9/kDiKCPrw==</latexit><latexit sha1_base64="Rzh0BmOIgPv64GCOi39iMLuQsnI=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevFYwX5Au5TZNNuGZpMlyQpl6Y/w4kERr/4eb/4b03YP2vpC4OGdGTLzRqngxvr+t7e2vrG5tV3aKe/u7R8cVo6OW0ZlmrImVULpToSGCS5Z03IrWCfVDJNIsHY0vpvV209MG67ko52kLExwKHnMKVpntXsR6jye9itVv+bPRVYhKKAKhRr9yldvoGiWMGmpQGO6gZ/aMEdtORVsWu5lhqVIxzhkXYcSE2bCfL7ulJw7Z0Bipd2Tlszd3xM5JsZMksh1JmhHZrk2M/+rdTMb34Q5l2lmmaSLj+JMEKvI7HYy4JpRKyYOkGrudiV0hBqpdQmVXQjB8smr0LqsBY4frqr12yKOEpzCGVxAANdQh3toQBMojOEZXuHNS70X7937WLSuecXMCfyR9/kDiKCPrw==</latexit><latexit sha1_base64="Rzh0BmOIgPv64GCOi39iMLuQsnI=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevFYwX5Au5TZNNuGZpMlyQpl6Y/w4kERr/4eb/4b03YP2vpC4OGdGTLzRqngxvr+t7e2vrG5tV3aKe/u7R8cVo6OW0ZlmrImVULpToSGCS5Z03IrWCfVDJNIsHY0vpvV209MG67ko52kLExwKHnMKVpntXsR6jye9itVv+bPRVYhKKAKhRr9yldvoGiWMGmpQGO6gZ/aMEdtORVsWu5lhqVIxzhkXYcSE2bCfL7ulJw7Z0Bipd2Tlszd3xM5JsZMksh1JmhHZrk2M/+rdTMb34Q5l2lmmaSLj+JMEKvI7HYy4JpRKyYOkGrudiV0hBqpdQmVXQjB8smr0LqsBY4frqr12yKOEpzCGVxAANdQh3toQBMojOEZXuHNS70X7937WLSuecXMCfyR9/kDiKCPrw==</latexit><latexit sha1_base64="Rzh0BmOIgPv64GCOi39iMLuQsnI=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevFYwX5Au5TZNNuGZpMlyQpl6Y/w4kERr/4eb/4b03YP2vpC4OGdGTLzRqngxvr+t7e2vrG5tV3aKe/u7R8cVo6OW0ZlmrImVULpToSGCS5Z03IrWCfVDJNIsHY0vpvV209MG67ko52kLExwKHnMKVpntXsR6jye9itVv+bPRVYhKKAKhRr9yldvoGiWMGmpQGO6gZ/aMEdtORVsWu5lhqVIxzhkXYcSE2bCfL7ulJw7Z0Bipd2Tlszd3xM5JsZMksh1JmhHZrk2M/+rdTMb34Q5l2lmmaSLj+JMEKvI7HYy4JpRKyYOkGrudiV0hBqpdQmVXQjB8smr0LqsBY4frqr12yKOEpzCGVxAANdQh3toQBMojOEZXuHNS70X7937WLSuecXMCfyR9/kDiKCPrw==</latexit>

+ f f’
f= ud, s, c, b

+ …+ 
Lattice HVP sessions on Friday 

  

Status/update talks: 
Davide Giusti — ETMC 
Antoine Gerardin — Mainz:group 
Laurent Lellouch — BMWc 
Christoph Lehner — RBC/UKQCD 
Steve Gottlieb — FNAL/HPQCD/MILC 
Tom Blum — Aubin et al 
  

Connections:  
Marina Marinkovic — Lattice QCD for MUonE (Tuesday) 
Nils Hermandsson-Truedsson — FV effects QED corrections 
Mattia Bruno — Tau/Isospin-breaking corrections 
Marco Cé — HVP contribution to the running of !  and !  α sin2 θ



!34Farah Willenbrock

Thank you!


