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Paul’s Thesis (1980-81)

From CLEO measurements (hadronic and 
leptonic branching fractions, R … )

Calculate coefficient ⇒ new accurate 
determination of αs.
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A year later …

P.B. Mackenzie + G.P. Lepage  
Quantum Chromodynamic corrections to 
the gluonic width of the ϒ meson  
Phys. Rev. Lett. 47 (1981) 1244
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FIG. 1. Classes of diagrams whose imaginary parts
contribute to the O(o.', /Ir) correction to the gluonic width
of the &. The ultraviolet factor P is equal to & +ln4rr
—'Y@+Inp /~y, where & = 2 —n/2, n being the number2 2

of space-time dimensions and gz = 0.577. . . . In the MS
scheme with the renormalization scale p set equal to
i~&~, P is absorbed into the effective coupling constant
&~ {&&~). The numerical uncertainties quoted are two-
standard-deviation errors as estimated by vEGAs. The
coefficient for class n is for nf = 4 light-quark flavors.

hree-gluon cuts as de-
mion propagators cancel
s. The only infrared reg-
e regulated by giving the

(4)

the corrected leptonic

perturbative effects in the short-distance annihi-
lation amplitude, although they must contribute at
some level; for example, a linear potential gen-
erates relativistic corrections in region (b) of
O(v'/c') or less. If more singular nonperturba-
tive interactions existed, they would cause troub- b)

le not only here, but also in all other short-dis-
tance QCD calculations. c)

Potential models of quarkonia give (v'/c') T-0.08.' We therefore first ignore corrections d)

from region (a) and concentrate on the O(o. ,) rel-
ativistic corrections. Clearly, these involve only
short distances, as did the leading order, and so
we expect the corrected rate to again factorize f)

into i gNR(0)i' multiplying the perturbative on-
shell amplitude describing bb -3g, 4g, ggqq. g)

The necessary classes of Feynman diagrams
and our results for each class are summarized
in Fig. 1. As explained above, the contribution

24
due to Coulomb exchange must be dropped from
the result of class f, to avoid double counting.

j)We performed the y-matrix algebra using the
computer program REDUCE. ' We evaluated the
integrals numerically using the adaptive multidi-
mensional integration program VEGAS; the un- ~
certainties listed in Fig. 1 are two-standard-de-
viation errors as estimated by VEGAS. Since the
calculation involves on-shell amplitudes, the re-
sult is explicitly gauge invariant; the Feynman
gauge was used. Dimensional regularization was
employed to regulate the ultraviolet divergences. Totals

The loop integrals were done by closing the P'
contour at infinity, taking the residues of the en-
closed poles, and performing the remaining three-
momentum integrals directly. The total decay
rate of a pair of massive quarks is known to be
infrared finite by the Kinoshita-Lee-Nauenberg
theorem. However, the graphs with three gluon
vertices have infrared and collinear singularities
in the separate three- and four-gluon cuts. These
singularities cancel point by point in momentum
space when the various cuts of a given forward
scattering amplitude are summed, after performing the P' integration for the t
scribed above. In most classes of graphs, the infrared divergences in the fer
by adding together permutations of the gluons attached to one of the quark line
ularization required in the entire calculation is for classes a and f, which wer
gluons a small fictitious mass A..
Adopting the MS renormalization scheme, ' the gluonic decay rate of the Y is

r, = r,'I 1+ ' -19.4(5)+ —p, 1.161(2)+ln + 0n, (M)
S p ' ~ 0

T j MS
where P, = 11—& n& and n& is the number of light quarks. Combining this with
width,

r„„=r„„'(1—+'n, (M, )/n+ ~ ~ ~ ),
1245

Answer



Other activities at the time …



Problem #1: What scale μ? Mϒ, Mϒ/3…? Hypersensitive! 

Solution: BLM/LM scale setting 

Brodsky, Lepage and Mackenzie 
On the elimination of scale ambiguities in perturbative QCD  
Phys. Rev. D28 (1983) 228 

Lepage and Mackenzie  
On the viability of lattice perturbation theory 
Phys. Rev. D48 (1993) 2250
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Q* = 0.37 Mϒ

BIG!!



Problem #2: Is the QED-inspired formula  

true in QCD? 

Solution: NRQCD 
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⇒

local since far above 
ggg threshold
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Problem #3 (Eg, for muon decay) 

Muon NRQCD Hamiltonian has imaginary part — 

— but the Hamiltonian conserves the number of muons.  
How can it cause muons to disappear? 

number operator

Muon NRQCD: Czarnecki, Lepage and Marciano, Phys. Rev. D61 (2000) 073001
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Pn(t) =
X

Xn
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Xn
���̂(t)
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↵

= probability of finding n muons
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Multi-muon states from the density matrix: 

Define 

implies
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Probability leaking away 
like exp(–nΓμt), but where is 
it going? Number of muons  
is unchanged.



Solution: Need effective density matrix, tracing out the 
decay products (open effective theory), 

⇒ Lindblad Eq’n: 

⇒ for example, 

�̂e�(t) ⌘ Trdec�y
�
�̂(t)
�
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prob. lost from decays 
of n-particle states

prob. gained from decays 
of (n+1)-particle states

Braaten, Hammer and Lepage, Phys. Rev. D94 (2016) 056006



Solution for ϒs 

implies

                         annihilates bb̅’sL ⌘
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Stochastic Wavefunction Evolution 

Complex Hamiltonian:  

Evolve |ψ(t)⟩ in three steps: 

1. Define                                                       where 
 
 
 
 

2. Random choice:  
 
 

3. Normalize wavefunction to 1.

���(t + dt)
↵
�

(���(1)(t + dt)
↵

with prob. 1 �
P

m �pm

Lm
���(t)
↵

with prob. �pm
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decay occurs, 
wavefunction collapses
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Castin et al,  
0805.4002



Example: 3-level atom

Drive Ground → Bright and Ground → Dark transitions with 
tuned lasers:

Bright |B⟩
Dark |D⟩

Ground |G⟩

weak transition 
⇒ meta-stable

strong transition 
⇒ unstable 
⇒ can decay spontaneously
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Bright State

Dark State

decay photons

slow quantum jumps 50 lines of Python
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Happy Retirement  
Paul!


